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1. Introduction.

In the paper of V. Ja. Ivrii and V. M. Petkov [5], they have proved
that the strongly hyperbolic operator is effectively hyperbolic. Here we
mean by the strongly hyperbolic operator that the operator for which the
Cauchy problem is C~ well posed independent of lower order terms. We
say that P is effectively hyperbolic (this terminology is due to L. Hor-
mander, see [4]) if the fundamental matrix of P has non-zero real
eigenvalues at every critical point of P.

In this paper, we shall prove the converse for second order operators
(in the microlocal sense). That is the effectively hyperbolic operator is
strongly hyperbolic. Recently this fact was also proved by N. Iwasaki
[71, [8]. In [8], he has proved that effectively hyperbolic operator of second
order has a special expression of symbols by solving nonlinear equations
and in [7] for such operators, the C~ well posedness was proved by the
method of V. Ja. Ivrii [6], which is based on transformations of operator
powers of operators.

Here, we shall apply directly the energy integral methods to two
standard forms in [13], which are obtained by a homogeneous canonical
transformation in the cotangent bundle on the space variables. We shall
derive the local energy estimate which indicates the loss of regularity of
solutions when they transverse a certain hypersurface in the cotangent
bundle. Our arguments follow those of [11], [12] quite far.

Let us consider the following operator.

P(xy, x, Dy, D)=D%—Q (x4, x, D) +R(x5 x, D)D,,

where Q (x,, x, D), R(x, x, D) is a classical pseudodifferential operator
of second and zero order depending smoothly on x, and

x=(x1a Sty xd), 5=(§1, Tty Ed) ERJ, -D:(l 9 .. L 0 ), Do=% 9 .

i ox,’ i 0x,
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We also write X = (x, x), £=(&, &), xP=(x, =, x2), EP=(§,, -+, &),
for 0<p<d. Denote by Q,(x, x, &) the principal symbol of Q, which is
assumed to be non-negative, and set

PZ(xO, X, EO, 8)255_Q2(x0, X, 'E)'

Assume that (0,0, 0, &) is a critical point, that is, grady gz P, vanishes
at this point. Then the effective hyperbolicity of P, means that the
fundamental matrix Fp, has non-zero real eigen values at this point,
where

P2.X.5 PZ,E.E'

*Pz.x,x _Pz.s.x

FPZ(X, E) ==

and P,y g is the (d+1) X (d+1) matrix with elements (0°P,/0x;0¢;); .
From [13], there exists a homogeneous canonical transformation inde-

pendent of (x, &,), defined in a conic neighborhood of (0, &), taking

(0, & to (0, &), under which P, is transformed to one of the followings.

8T (—x) (X, & = 81X, &) — ((x,— g, (x0#, goem))?

(1), .
T+, (x4, 049) ) g, (X, £), with (@, {f, )} (0, E0+D) =0, 0<p=d—1
88—%: (i=x:) 0 (X, ) = 56X, ) =g, E9M) 1,0 (X, 9,
(2)p 1= 1=

with 37,0, §)-1>>1, (8%,/dx2) (0, £#+D) =0, 1<p<d—1,
=1

where ¢;, r; is positive and homogeneous of degree 2, 0 respectively, and
&y 8y, vanishing at (0, &), is homogeneous of degree 0, 2 respectively,
non-negative, and ¢, is homogeneous of degree 0. We may assume that
the above functions are defined in I X R¢X U, where I=(—T, T) and U
is a conic neighborhood of é.

In this paper, we treat the operators of type (1), with grad ¢,(0, £®+D)
=0. Making a linear change of coordinates x®*?, if necessary, we may
suppose that £=(0, ---, 0, &), £,#0. In the last section, we shall give
some remarks on the case (1), with grad ¢,(0, £#*P) 0. Operators of
type (2), will be treated in a forthcoming paper.

Set

x,:(xla BT xp), x”:(_xp+ls "ty xd)a 5/:(51, RS Ep)’ EI/=(€p+ls'“7 54),

and make a change of scale of variables introducing a parameter g,

O<p=1)y;
no= %0, 0 =P T =E yo= ke, Y = Y =k

Then we are led to the operator
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g — ’z Ci=x ) (X, & 1) =5 60X, & W) —@(r— g, &, )X
G(X, &, 1) —pf (', &, 1 4(X, & ) +pTa(X, & ) + pTo(X, &, p)bo

where §(x", &, p)=p¢,(x", §), (', &, W) =¢,(x", €, and f(X, &, p)
=f (%0, (%, 2", p2E €.

Obviously, T;(X, &) is homogeneous of degree i. Set

Vg, &) =1{(x, &); |x| <p? |6—E18||<pt|&], 1&l=pD,
and denote by ¢(x", & u), ¢(x", & ), I':(§, ), ¢:.(X, & p), ri(X, & ),

T:(X, & p) an extension of &, &, &, §i, 7, T: which coincides with the
original one in V(6% €) and belongs to a class of pseudodifferential
operators of type (1, 0) (of L. Hérmander) with parameter g, where &
is a positive constant which will be fixed in later. These extensions will
be clarified in the next section.

After these modifications, we consider the following operator.

(1) Pu=8-w5 Yi(X, & WX, & =% (& (X, &
—ph(x"y & (X, & ) +uTi(X, & 1) + 17Ty (X, &, )&,

where Yi(X, & @) =x;—xi, 0SiSp—1, Y, (X, § p=x,—0(", & ).
We denote by Pi,(X, &) the subprincipal symbol of P.. Obviously,
£ '\Pi,y (0, 0, 0, &) does not depend on x>0, and we denote it by
P (0, 0, 0, §).
To formulate the energy estimate, we introduce some notations.
(L.2)  J&X, & m={Y(X, §& W' +{p&dV" Y(X, § )=
d
x0_¢(x”7 Ev #)7 <5>2=1+Zl 5?'
j=

Take x,(s) €C~(R) such that x,(s) =1 for s= —1/4, x,(s) =0 for s<—1/2
and define

(L.3) J.(X, & w=%20(£Y(X, § w{ptdV) —-1}Y(X, & w+
+pédA

Next, choose yx(s)eC~(R) with x(s)+x(—s)=1 for s€R, x(s)=0 for
s<—1, x(s) =1 for s=1, and set

(1.4 ay (X, & ) =x(£n?Y(X, & m)<pd.
Using these notations, we introduce the following semi-norm.
e | = (KDY, (n = 1) au P+ |[KeDYA ] o ( = =) aul %,

where I,(n—r), J,(—n—r), a¥ denotes the pseudodifferential operator with
symbol {uéd* J_(X, &, w7, J.(X, & w7, a(X, & u) respectively, and
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[|lu||; denotes the usual Sobolev norm in H*(R4). We set ||ully=/u||.

Theorem 1. 1. For any LEN, we have

Cny py L) (e t11P gl ot (o) 1Pl B ooz cvn e D s
+cznge-2xoﬂ|||u|||3+1,0dx0+c3oge—%ﬂl\1DOu1|1§,1,2dx0+c308e-%9\numﬁﬂ,_l,zdxo
+c4038e‘2"0"||u|lz_deo+c4t93/28e‘2"09||D0u[Iz_deo,

Jor n=C,C, 0 puZ p(n), 0=60,(n, p, L), usC;(I X R?), where
C=|P(0, 0, 0, &)| +1, C,=Cy(g:(0, &)).

Theorem 1. 2. For any s&R, we have

Cln, s) Se—%ﬂleulw,deoz03/2§e-2"o"|lDou||§dxo
+03ge‘2‘0"llul|§dxo,

for n=C,C, 0=6,(n, s), ueCy(IXR?.

Remark 1. 1. We note that

&y J-(X, & wra; (X, & W) +J. (X, § ) ar (X, & p),

is equivalent to {u&)" when x,—¢(x", & p) < —c¢, to {u&)"? when |x,—
d(xy & ) |Sc{uEDV? and to 1 when x,—¢(x", & u)=c with arbitrary
positive ¢.

2. Preliminaries.

We shall specify the extensions of §; and others. First we introduce
some notations. Let a(X, & p) eC~(IxXR¥), where p is a positive
parameter. We say that a(X, & p) belongs to (Es)7s(p=d, d=0) if
a(X, & p) satisfies the inequalities with some g, >0,

0§ (X, & )] SCy =010,

for all aeN?, BN, pe (0, 1) with C,, independent of p. We also
say that a(X, &, p) belongs to S™=(p), if for any [N, a(X, §, ) satisfies
the inequlities,

la@ (X, & )] SCqpi(p)KENT IR,

for all a, f, = (0, [(p)], where C,,:(¢) may depend on g It is clear
from Calderén-Vaillancourt theorem [3] that

lla(X, D, pull=CU Wl pe(0, ()], for any [EN.
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Here a(X, D, p)u is defined by

a(X, D, ﬂ)UZSei"‘a(X, &, wa(&)ds, ﬁ($)=ge"i“l¢(x)dx, ueCy (RY).

Without special mentions, we' denote by ¢(a(X, D, #)), op(a(X, & 1))
the symbol of a(X, D, p) and the operator with symbol a(X, &, ). But
sometimes, we do not distinguish operators and their symbols.

Let a;(X, &, /J)E(ES)Zigli(i=1, 2). Then it is not difficult to show
by standard methods that

(2.1)  o(a(X,D,pa,(X, D,#))—l |521:v—1 a‘“’(X §, 1) ase (X, €, 1)

my+my—N, 1 +1,— (p+5)N

belongs to (Es) %
write

mod §$~(g). This means that one can

a(X, D, Wa (X, Dy ) —op| £ a*(X, & Wase (X, & )} =o0p(ra)
+op(r_..),

with ry(X, & p) e (Es)ny "V @OV 1 (X €, u)eS (). Similarly,
for a(X, & p) e (Es)m;, we see that

(2.2) o(a(X, D, *)— 3, __(_l)lalaggg(X E, 1) € (Es)n N1+,
laiSV-1 a!

mod S™=(u).
Take 7,(s) €Cy(R) with 0=Z7,(s) £1, 7 (s) =1 for |s] Z1, ,(s) =0 for
[s| =22 and define ¢;,(X, &, u) by
(2' 3) qi.Z(X9 S) ﬂ)={qz(X, Ea ﬂ) —qi(oa x”a 0’ ‘S”)} X
X (072 & | 2|E| "D (072 [x"| ).
Obviously, @2p~1|&'|24 |€"|% is equivalent to [§|? uniformly in 0<60<1,

0<<p<l, 0<6<d, on the support of » (672¢~'|§'|2|£|7%. Then, from
Taylor expansion of order I, it is easy to see that

(2.4 lg:,(X, & 1) |SCOIE|% 0%0%q; (X, & p) € (Es)iq-ta-1br2,

(making a modification near £ =0, if necessary), where C does not depend
on ¢ and 0. Similarly we set

(2.5) g, )={g:(0, &, 0, ) =0, H I x
X7 (07E €] =€) 7075 +4:00, & 1€]%

with 7,(z) €Cy (R*?) satisfying 0<7,(2) <1, 7,(z) =1 if [z| =Z1, 9,(2) =
if |z| =2. Now we define ¢:(X, §, p) by

(2.6) (X, & 1) =qi (&, ) +qi2(X, & ).
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It is clear that this extended ¢;(X, & pg) coincides with ¢ in V(g% )
and we have

2.7)  ¢(X, & w={g:0, & —Cd} 1§12 g€ (Es)2h 0 ¢i1 (", &) E(ES)ES.
From the asymptotic expansion formula (2.2) and (2.4), we get

(2.8)  op{Y;(X)%:;(X,§, )} —op {¢PY:(X) % (X, &, )} * € (Es)LYE,
mod S (y).

By the same way, following the formulas (2.3), (2.5) and (2.6), #
will be extended to r, (X, & p)=r;,(x", &) +r (X, § n), where

(2.9)  n(X, & W20, £) —Cd}, 22dr; (X, & p) e (Es)hs-mr

Choose 7,(s) €Cy (R) so that »,(s) =s if [s| £2, 7;(s) =0 if |s] =3 and
set

T'i(&, 1) = p (260161 1= 80) 6], Zi(x, ) = p2ms (%), 1 Si<d.

We observe I';(§, @)% (X, & p) which coincides with &% in V(5p2 &).
Taking (2.9) into account, it follows that

(2.10) op{I'#} —op{I'r}* —LI; € (Es)$j,0, mod S~=(p),
Li(X, &, p) e (Es){HE

Next, we define the extensions of ¢,(x", §") and g2 4,(x", &").
Setting

F(E, ‘ll) =(F1($5 #)5 Ty Fd(59 Au))’ Z(x’ ,Ll)= (Zl(x, /“)s ) Zd(xi #))a

we define ¢ (x", & @) =@, (x", & 1)+, (x", & p) by
@11 G, & )= N — Z(x, wPT (€, meaasp,(0, &) (€],
latpl=2 alf!
” ” » l - A An
Gl & ) =[x, €)= B e (81671~ 6)02059,(0, )
Xy (U2 (8 |E] 1= E) ) (),

with 7, being as above. Since ¢,(x", §)=0, ¢,(0, £)=0, it follows
that ¢,(x", & ) is non-negative. It is also clear that ¢, (x", & p) e
(E)pam €' & 1) € (E) iy

Proposition 2. 1. ¢(x", & u)=0, ¢(x", & w) € (Es)l 1
ax,-aeigb (x”s E» #).zci(x”, 5, #).ax;ae,-(pp (0’ é”) |$[ —l+éi (x"’ Sa lu) I‘EI _1,

with C;(x", & p) € (Es)¥S.,, which is equal to 1 in V (2uY% &) and
Gy & 1) € (EN

Proof. To prove the second assertion, it suffices to note that
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(&¢,/0x:06,) (0, &) =0 and 7P (u2(&; 16|71 —£))§;9, 16| belongs to
(Es)ipis if j<d—1.

Consider u¢(x", &, #)q,(x, &, p) E(Es)?%,. In virtue of proposition
2. 1 and (2. 4), it follows that

3,9, (uhq,) — pC:0,. 9.4, (0, € 1817'q,€ (B3

Hence, we have

(2.12) op {pa,} —op (g} * —i [op (HC;d, 9,0, &) 18170 € E) e

Similarly, following (2.11), we extend g V%¢,(x", §) to ¢(x", & p)
which belongs to (Es)%)/?, Consequently, recalling Y,(x, & p)=x,—
é(x", & p), it follows from (2. 3) that

(2.13) op{¢fY3q,} —op {¢#Y}q,} * = (Es) V3% mod S™=(p), PY 3, € (ES) {5170

Finally, we extend T:(X, & g). Let 7,(s)eCy(R?) be 1 for [s| <1
and be 0 for |s| =2. We define Ti(X, &, u) by

(2.14) T (X, & p={(Tu(X, & p
—T:(0, &) 1€} 9 (37 2(E €] 7 =)0, (7 %0,
TO(X: ‘53 #) =T0.1(Xa ’Es /“)+To(0a é)a
(X, & m)=T.(X, § p

+T0, &) 18] =5 5 (1=C a2, 0, £) 18174,

where C; are the same ones in proposition 2. 1. The following properties
are easily verified.

(2.15) Ti(X, & ) € (E)ifan 1TinX, & ) [SCIIE,
Ti(X, & ) =TiX, & p) in V(©p 2, &).

3. Pseudodifferential operators with parameter g.

We shall say that a(X, & p) €C=(I X R¥) belongs to J'S7; if there is
>0 such that

la@ (X, & 1) | SCp EYm A S J(X, &, ),

holds for all multi indexes a€ N, y&N? and for pe= (0, g] with C,,
independent of g We donote by J'S™/ the set of all a(X, &, p) eC~(
X R#®) such that, with some g¢,>>0, the following inequalities are wvalid,

1a@B (X, & 1) | SC, KM M1 n2 (X, &, p)r,

for all ae N, yeN¢, pe(0, 4] with C,, independent of p.
Let a(X, &, p) € (Es)™; and take 7(s) €C~(R) with 7(s) =0 for [s| <1,
7(s)=1 for |s|=2. On the support of 7(u'*2¢+d{£>), it is clear that
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po e < uEY? hence pla(X, &, p)n(pt¥e+d{&>) belongs to J°S™° On
the other hand, obviously, 1 —x(p!'*2¢*9{£>) belongs to S~ (#) and then
we have p'a(X, &, p) e J°S™® modulo S™=(p). We write a(X, & ) e
@ JrS™H(resp. e Jr ST if pta(X, &, p) e S™ (resp. J'ST). Also we set
St =St

When deriving the energy estimates in the following sections, the
operator belonging to S™=(x) bring only error terms which will be treated
in section 8. Therefore we freely omit the term “modulo S~ (x)” throug-
hout this paper except for section 8. According to this abbreviation, we
can write
3.1 a(X, & p)epn J'S™° if a(X, & ) € (Es)m.

Let ReJ%S?;. On the support of n(#<¢>) we have <{£>=2u7! and
hence {u&>(E>°=Cr(s=0). Again, according to this abbreviation, we
get :

(3.2) Rep J°Srs'=(s20) if ReJoSy,.
Especially, we have
(3.3) 6D (x", & we S0 for |a+y| 1.

The following propositions are easily verified.

Proposition 3. 1. Y (X, &, ) =x,—¢(x", & p) €J'S%0, {(u&d>~12e J1800,
JrSmLC JoSm T2 with r-=max(0, —r). Let a:(X, & weJiS" (i=1,
2). Then we have

a(X, & ma (X, &, p)eJrragntreith,
Note that for any f(s) =% (R) with f®(s) eCy(R), we have
S (X, & m<ud?) e J°s".
Moreover we have the following estimates,
(3.3) |020Lf (Y (X, & i) | <Co J (X, & @) 71er e

Proposition 3. 2. Assume that a(X, & p) €JS™' and a(X, &, p)=
cJ (X, & p){uedKéEd>™ with ¢ >0 independent of p. Then we have

a(X, & wreJ S for any nER.
Especially it follows that J(X, & p)"ej"S*"

Proposition 3. 3. ¢, J(X, & m)=J.(X, & w=cJ(X, & 1) with ¢;>0
independent of p.

Proof. We shall show the inequality for J,(X, & pg). When
Y(X, & m)<{pfd?=20 or Y(X, & m)<uéd?< —1/2, we have J, (X, &, p) =
Y (X, & ) | +<u&E>7Y2 from the definition, then the inequality is immediate.
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When —1/2<Y (X, &, p)<{uéd2<0, it follows that
Jo(X, &, ) 2{pfd VP = 1Y (X, §, ) | 247H{IY (X, &, 1) | +<ué>.
Thus we obtain the desired inequality.
From this proposition, it follows that J, (X, & p)"eJ*S*° for any n€R.
Proposition 3. 4. 020}/, (X, &, p)y e J #1870 for Ja+y| <1.

Proof. It suffices to show that 9201/, (X, §, p) e J'-1e*71§-1710 for |a+
7| =1. If we note that {u&)?Y (X, & #) is bounded on the support of
X (£n?Y (X, &, u){ué>Y?), the assertion follows from proposition 3. 1.

Next we consider the composition of pseudodifferential operators.
Proposition 3. 5. Let a;(X, & p) ] S™"(i=1, 2). Then

o (a,(X, D, )a,(X, D, 1)) - [SZN_I —a{“’(X €, ay (X, €, 1)

Ejrl+r2Sm1+m2—N,ll+lz+N.
Let a(X, & p)eJ'S™' then a(X, D, m*eJ"S™ and

g(a(X, D, ,u)*)— n (_1)1a|mejr5m ~NN

1501 al

where a(X, D, p)* denotes the adjoint of a(X, D, p) with respect to the
scalar product in L*(R%).

Proof. (cf. [2], [1]) Set
d(y, & 7y ) =1HpE) [y +<pfd |2
Then remarking the following inequalities,

J o, x+y, & ) <CJ(X, & wd(Q, & 5, )"

JX, §4+07, 1) <CJ(X, & ped(y, & 9, )" for [§|=2(1+ |n]),
JX, §+0n, 1) <C.J (X, & pu)<p*12 for |&] <2(1+ |p|),
|020505d (9, &, 9, ) K| S C, 5, U110 ENITI (3, &, 7, 1) 7K,

with C,, C,,, independent of g, one can proceed in the same way as in

[12].

Proposition 3. 6. Let a;(X, & )] S “(i=1, 2). Then
a(X, D, way(X, D, p)eJ VS If a(X, D, p) e 'Sy, then
a(X, D, m)*&JSy;.

Now we study the sharp Garding type inequality.

Proposition 3. 7. Let a(X, &, p) €J°S™. Denote by ap(X, & 1) the
Friedrichs symmetrization of a(X, & p). Then we have
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ap(X, &, ) =a(X, & 1) +b(X, &, 1) with b(X, &, p) ] Spz 0

Proof. (See [9]) In the proof, we omit writing the variable x,.
Take ¢(¢) eCy(lo|<1) and set
F(&,0 =q((€=EKETVAEN, Ap (€, %, &, 1) =SF(€, Qal(x, & pF(, O

We assume that Sq(a)2d0=l, g(—o0)=q(s). First we remark that

G4 FFEO = F Jrn @ (E=HEOM X
7ISIBLT
(019) ((E—=&)¢&>VA),
with gbﬁ.,_,lesl__ém—”—rllmCS,'_(‘,'S'/Z. From [9], we have

aF(xy 8’ /“) = Z %A%(gg(sa X, S’ #)
lal=1 Q2

als

1 —
+2 3 (02D ((emaggcton, x4y, & wapindo

o 7!
where

AER (&, % & 1) =05050345(8, %, & p).
Since ¢(o) is even, it follows that

Ap(f, X, E, #) =a(x, 6, ﬂ)
+2 3 SS‘%(EMW) (x, E+a<EN0, u)aq(a)?dedo.

Ir1=2JJ0

From this expression, it is easily seen that Az(§, x, & p) —a(x, & pe
JSmHL As for AZY(E, x, &, p) (|la]=1), from (3.4) one can see
that these terms belong to J7S™ '+ Finally we observe the oscillatory
integral

(emagg@tron, x40 & wayan

If we remark that

o (&% & W =] (% §+al& ) =e] (%, & 1),

with positive ¢; independent of |¢| <1, g, using Cauchy-Schwarz inequality,
it follows that

|AEp (&, % & )| SCaprJ (£ § @) (uédHIPK G EyINre,

Then applying this estimate, the same reasoning as in the proof of
proposition 3.5 proves that this oscillatory integral belongs to J7S7;%'*L
And this completes the proof.

The following two propositions are analogies of the sharp Géarding
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inequality.

Proposition 3. 8. Let a(X, & p)e&J°S™' and supla(X, & p)X
{uEYKEY™| =¢. Then for any LEN, there is C(a, L, p) such that

llau|?< (£2+C (a) ) [IKDY™eD>'ul P+ C (a, L, ) llull2 .

Proposition 3. 9. Let a(X, & p)€J°S™, a(X, & p)=eusdEX™, with
¢>0 independent of p. Then for any LEN, there is C(a, L, p) such that

Re(au, u) = (6 —C(a) @) |[KueDYX D> "™u|*—C(a, L, p)|lul|®..

Proof. Set B(X, D, p) =a(X, D, p) —&pD>{D>". Then from proposi-
tion 3.7, it follows that

Bp(X, &, ) =B(X, &, ) +C (X, &, p) with C(X, &, ) €J°STz""

If we write C={uD)/XDY"?C{puDY"'X Dy"*with Ce J°S;4!, according to
(3. 2), we see that G belongs to u#S%,3 modulo S~~(x). Therefore from
Calderén-Vaillancourt theorem, it follows that

| (CDY""X uD?u, KDY uDY' 1) | < C (a) ul[KDY™* uDHH||?
+C(a, L, ) [lull2;.

This proves the proposition.

We shall make some observations on “elliptic” symbol in jJ7§™', that
is a symbol a(X, & p)eJ'S™ satisfying

(3.5) a(X, & pw=cJ(X, & 1) {pEHKEd>™, with some positive ¢
independent of .

Let (X, & p) =a(X, & p)~!, then from proposition 3.5, it follows that
a(X,D, )b(X,D, p) =1+r(X,D, ), r(X,§ 1) & J°S L

In virtue of (3. 2), we know that reuS)) modulo §™=(#). From [9],
=1+ X0(X, D, 1))’
=

defines a pseudodifferential operator in J°S);3 and hence

a(X, D, pb(X, D, m)q(X, D, p)=1. Here we note that b(X, D, p) X
¢(X, D, p) belongs to J~Si4~'. By the same way, we can construct a left
parametrix.

Proposition 3. 10. Let a(X, &, p) €J'S™ and satisfy (3.5). Then there
exists a parametrix (left and right) b(X, & p) of a(X, & p) belonging to
JSTE ‘

Proposition 3. 11. Assume that 4;(X, & p) e 'S™"(i=1, 2) is elliptic
in the sense of (3.5) and B(X, & )& J'S™'. Then one can write
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B=A,(C+R) 4, with Rep] 728,242,
where C(X, &, 1) =B(X, & A (X, & w14,(X, & wL
Proof. With the above choice of C(X, &, p), it follows that
A,CA,=B+r, with re& Jr§mtHic p 8™t

Whereas, using the parametrices A; of A; constructed in the above, one
can write r=A4, (ArA4,) 4, From proposition 3.10, A; belongs to
J S and then R=Ayrd, belongs to the desired class.

Denote E(c) = {(X, &); |Y(X, &, p) | {p&d?<c}. Note that if a(X, &, p)
eJ'S™! and supp[a] CE(c), then it is clear that

(3.6) a(X, & p)eJruasmt+ for any ¢ R.

Let a;(X, & p) Ejr"S"'"l‘(izl, 2) and assume that a;(X, & p) satisfies
the following estimates

(3. 7) |al(g)(X, E, p) I éca,rJ(X, E, #)yl_la+7’<ﬂ§>ll<€>ml_|7|’

for any multi-index ae N**!, re N? with C,, independent of p(0<p=< ).
If supp[a;] Nsupp[a;] is contained in E(c¢), then the above arguments
show that a® (X, & m)a (X, & ) belongs to J 2 VgmtmehitaV/2 g,
any NeN. On the other hand, from proposition 3. 5, it follows that

a(X, D, ay(X, D, p)—op{ T L afay,|e g,

lal<N
Consequently, we have a,(X, D, p)a,(X, D, p)c e Ngmtrantla=N72

Proposition 3. 12. Let a,(X, & p) eJ"'S"""l"(izl, 2) and assume that
a (X, &, p) satisfies the estimates (3.7). If suppla] N supp [a.] C E(c),
then

a,(X, D, )ay(X, D, 1), ay(X, D, ay,(X, D, p) € J¥+2 Mgzt a2
for any NeN.
4. Energy integral.
We start with the following identity.
4.1) —2 ImS I, (n—=1/2)(Dy—10)w, I,(n—1/2) (Dy,—10)w)dx,
=208||I,,(n —1/2) (D, —i0)w|P dx,
—QRCS (0l,(n—1/2) (D, —i®)w, I,(n—1/2)(Dy—10)w)dx,

where I,(m) =op({uéd>"J_(X,§, )™ and 9,/,(n—1/2) denotes the operator
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with symbol <ué)*o,J_(X, &, p)""'/2 Since
supp[d]_ (X, &, )" 2+ (n—1/2) J_ (X, &, ;)" 1 Nsuppla; 1= 4,

for n=16 and a; satisfies the estimates (3.3), proposition 3.12 shows
that

{aﬂln(n_l/Q)
+ =1/, (n=3/D}a; =1,(n—1)*a,(n—1) =I[,(n=1)*a, ], (—n—1),

with a;ep8%3. On the other hand, proposition 3.11 gives that
I(n—1/2)*1,(n—3/2)=[,(n—=1)*(14a)[,(n—1), with a;& pS}3.
Then, taking into account that a}4a; =1, we have

4.2) I,(n—1/2)*0l,(n—1/Da;=—n—1/) [, (n—1)*[,(n—1)a;
+I,(n—D*al,(n—Da;+1,(n—1)* ], (—n—1)a}, with a, bepSds.

The same reasoning gives that

(4.3) I,(n—1/2)*0,1,(n—1/2)Dya;+ (n—1/2)1,(n—1)*I,(n—1) Dy,
=I,(n—D)*al,(n—2)a; +1,(n—1)*b ], (—n—2)a}, with a4, b pSY3.

From (4.2) and (4.3), the right hand side of (4.1) with w=a;u is
estimated from below by

(4.4) 208]|In(n —1/2) (Dy—i0) azul i,
+(2n—1 —C(n)ﬂ)glll,,(n 1) (D —if) azulldx,
—C ) 11Dy =0 o — € (o)
modulo C(n, g, L)S|u|2_de0 with (]2, = {llul2, +][(Dy—i®) ull2.} .
Next consider
) ImS(I,,(n~3/2) (Dy—if)w-, 1,,(71—?,/z)ze)—)a'xo:2¢9S||1,,<n—:),/2)w—||2arx0
—2Re§(601,,(n—3/2)w‘, 1,(n—3/2)w")dx,

where w~=a;u. From the same reasoning obtaining (4.4), this is esti-
mated from below by

(4.5) (21—3—C(n) ) Slll,,(n —2)azuldx,

+2o§||1n<n —3/2>a;u||2dxo—C<n>y§|nu|||z,2dxn,

modulo C(n, g, L)SIIuIIZ_deO. On the other hand, remarking the following
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expression,

I,(n—3/2)*1,(n—3/2)=1,(n—2)*(1+a)l,(n—1), with acuS}),
it follows that

21(1,(n—3/2) (Dy—i®) azu, 1,(n—3/2)azu) |
=t (1 +C YW, (n—1) (Do —if) a;ul[?
+n(1+C(n) W, (n —=2) aul P+ 07%C (n, g, L)|| (D —i6)ul|2,
+6V2C (n, p, L)]u||? 1.

Then this inequality and (4.5) imply that
(4.6) (l+C(n)/u)S||I,,(n—l)(Do—iﬁ)a;ullzdxo
220n{1L,(n ~8/2) aulPd,
(=3 =C ) ) 12,0~ azul iy~ C ) | e

modulo C(n, g, L)S |u|2 ;. gdxo, with |u|2,s=0712|(Dy—160)ul|%,+6"*u|l% .
Similarly, it follows that

4.7) (l+C(n)p.)0glll,,(n—1/2)(D0—i0)a;u||2dxo
2202nS||1,,(n —Da;ullfdey+n(n—2—C(n)p) 0S||I,,(n —3/2)a;ul|%dx,

=€ I e

modulo C(n, g, L) 08 |u| 2, odx,.
From (4.4), (4.6) and (4.7), we have
Proposition 4. 1.
) ImS (I,(n—1/2) (Dy—i0)?azu, 1,(n—1/2) (Dy—ib) ayu) dx,
2 @21 —1) (1 =3—=C () W {[I1.(n—=1) (Dy=ib)asuldx,
+608||In(n —1/2) (D, —iﬁ)a;ullzdxo+50n3glll,, (n —2) azull*dx,
0|1, =3/2)azulPdza +o2n |12, (n = Dexgl sy = C ) 1l s

—Cn) 11Dy = i)l adxo— € ) 1l
modulo C(n, g, L) 80 lu |2y odx, where 0<pu= py(n).

Replacing I,(n—k), a; by J,(—n—k)=op(J,(x,& )" (k=1/2, 1,



Local energy integrals I 637

3/2, 2), a;} one can proceed exactly in the same way as in the preceding
arguments and this procedure gives the inequality of proposition 4.1

where I,(n—k), a; must be replaced by J,(—n—k), af. To sum up,
we introduce

P, (w,v) =—2 Im(I,(n—1/2)w, I,(n—1/2)v),
O (w,v)=—2Im(J, (—n—1/2w, J,(—n—1/2)0),
el 2 =111, (n — k) (Do —i0) agul P+11] 1+ ( —n —k) (Do —i0) agul [
(k=1,1/2).
Then we have by combining the inequalities for a;u and aju,
Proposition 4. 2.
ZS@:((Do—iﬁ)Za,fu,(Do —i0)arw)dxy= (2n—1) (1 -6 —C(n)p)gllu]lf,_,,‘ldxo
+608|lull%.n.l/zdxo+5m3(1 —C(n)p) Slllullli.zdxo
o0 (1 =C () )l c0n 1

—c<nm§u|wo—z‘mumz.ldxo,
modulo C (n, 1, L)ﬂglulz—z..adxo, where 0 pu=< pro(n).

5. Some basic estimates.

Let B(y) be one of pdq, pYiq:, 0<i<p, I''r, 1<i<p. From the
arguments in section 2, we know that

5. 1) 020, B () € (E) i for |a| + 7] <2

Following section 3, we may suppose that

. 2) 3235, B (1) €J°S'11 if |a| + |7 <2.

We begin with the following egality.

5.3) 2 Img (I,(n—1/2) Bw, I,(n —1/2) (Dy—i6) w) dx,
=20RcS (BL(n—1/2)w, I,(n —1/2)w)dx,
~tBaro-1/2w, 1.0a-1/2w)
+(BI,(n—1/2)w, 0I,(n—1/2)w)}dx,

—S ((9,B)I,(n—1/2)w, I,(n —1/2)w)dx,
+Im{(B=B*)L,(n =1/2w, I,(n=1/2) (Dy =it w)dx,
+2 Im{ (L2, (n—1/2), Blw, £,(n —1/2) (Dy—i0)w)ds,
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—08(1,,(;2 —1/2)w, (B—B*)I,(n—1/2)w)dx,

In the following, for the simplicity of notations, sometimes we write w;,

wy instead of J_(—1/2)I,(n—1/Da;u, J,(—1/2)J,(—n —1/2)afu. We
also denote

d d
13+ Bull'= 3 [IBYwi|+ SII<DY BywzF,
i=p+ i=

where BY, B, denotes the operator with symbol aéjB(p), %aij(y).
We study the second term of the right hand side of (5. 3).

Proposition 5. 1. Suppose that B=B(p) satisfies (5.2) and B—B*c
JS%L Then for any 6>0, we have

—Re{(Ba,(n—1/2)w™, I,(n—1/2)w™)+ (Bl (n—1/2)w", &I, (n—1/2)w")} =
= (2n—1)Re(Bw;, w;) — (071+C(n) )11~ () Bul’ — | (R\Bwy, wy) | —
— [(RyBwy, w) | —C(n) 3+l —C () 12 [ul|[Z11.0,

with R;& pSY3, modulo C(n, y, L)||ul|® ..
Proof. Since one can write

0l,(n—=1/Qa;=—(—=1/2)J_(=1/2)J_(=1/DI,(n—1/2)a; —
—J-(=1/2)*R J_(=1/2)I,(n—1/2)a; —
—J(=1/D*RoJ, (—1/D) J.(—n—1/2)at,
J(=1/D*[,(n—1/2)=(1+R)J_(—1/2)I,(n—1/2), with R;& uS}3,
it follows that

5.4) — B, (n—1/Dw, I,(n—1/)w )=mn—-1/2)(Bw;, (1+R)w;)+
+ (Rw; + R, Bw;) + (n—1/2)([B, J_(—1/2)Jw;, I,(n—1/2)w™)
+ (Ruw; +Ruw}, [J-(—=1/2), Bll,(n—1/2)w™) +
+ (Ruw; +Ruwi, J_(—1/2)(B—B*)I,(n—1/2)w™).

If we note that J (X, & pg) does not depend on «’, it follows from the
assumption (5.2) that

5.5) [J.(—1/2), B]EilB(j)op( J20) — 5 BOop(JHR) +1J-(—1/2) =

=p+l

_

I

= $0p(J29) By, — 3 0p(J B +7]-(~1/2)
J 1=
with r, 7& J73S7/%  Writing
op(JZPN) =L ] (=1/2), op(JZE) =L;J-(=1/2), e J7S5°, LieJ 7S,
and consider [B;,, L'1(1£j<d), [BY, L1(p+15j=d).

Noting again that L7, L; does not depend on x’, we see that these
commutators belong to J7'S7%¥*!. Consequently we get



Local energy integrals 1 639

d . d .
(5.6) [J-(—1/2), B]_=_Z:1 L’B(,)J_(—I/Q)—.ZP] leB"’]_(— 1/2)
i= i=p+
+rJ_(—=1/2),
with r& J7iS7/%*!. On the other hand, for any reJ '\Si¥*!, we have

L(n=1/2)*J_(=1/2)*rJ_(=1/2)I,(n —1/2)
=1,(n) *{uD> AL D)1, (n), A€ p/*Sip,
Ji(=n—=1/2)* J . (=1/2)*rJ_(=1/2)1,(n —1/2)
=], (—n)*{uDYApD>I,(n), A 12835,

Also, the following expressions follow by the same arguments.

(LKDY)*J-(=1/D)1,(n—1/2) =A{I,(n—2),
Ly J (=1/DI,(n—1/2) =4jl,(n-2),

op (J=V29)*1, (n—1/2) = Ail,(n —2),
op(JU *1,(n—1/2) = 4il,(n -2),

with A{, AJESVZ
Then taking (5.5), (5.6) into account, and using the above expre-
ssions, the third and fourth term of (5.4) is estimated from below by

—C(n)ZHA’I (n =2)w|[I[KD>'Bjw; || — (n) Z. IIA’I (n—=2)w|[l1BVw; || —
—C(")#Hlulll —C(n) pl|3~ (n) Bul " — C(ﬂ)#‘”lllulllmo

In virtue of the fact that R,epSY3,B* —Be J°S"!, it is easy to see that
the last term of the right hand side of (5.4) is estimated from below by
—C () pf|lul|17., = C () el |00

Analogous arguments give the same estimates for
—(Bl,(n—1/2) w=, 0,I,(n—1/2)w™), and this completes the proof.

Next consider the term ([/,(n—1/2), Blw, I,(n—1/2) (Dy—i0)w).

Proposition 5. 2. Suppose that B=B(p) satisfies (5.2). Then for any
6>0, the following inequality is valid.

(1, (n=1/2), Blw~, I,(n—1/2)(Dy—if)w") | 67|13 (n) Bul[*+
+C(n) 0+ )1, (n—1) (Dy—10) w2+ C (n) ]| B 1.0

modulo C(n, p, L) |u|?,.
Proof. The same arguments deriving (5.5) gives that
d
[1.(n—1/2), B]= Z]lop(tf(l,,(n —1/2)9) B;—
=
d
— 3 op(a(L(n=1/2)) ) BV +1,
i

with reg Jv3%2§-1/21+  Here we note that
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I,(n—1/2)*op(a (I,(n—1/2)) D)
=L, (n—D*LJ_(—1/DI,(n—1/2), LISy},
I(n—1/2)*op(a(I,(n—1/2)) ;)
=I,(n—1)*L;J_(—1/21,(n—1/2), L;&8%s.

Admitting the following proposition 5.3, it follows that
1, (n~1/2)*[1 (n—1/2), Bl= ZJI (n=1)* LI{D>(KD>"'By)) J-(—1/2)I,(n—
1/2)—— Z} I(n—1)*L;B9J_ (—1/2)1 (n—1/2) +r, with r g i 1§-1/2m+3/2

Whereas for re Jl§Tamis2 we can write
r=1,(n—1)*R{uD>I,(n), Re %8},
and this proves the proposition.
Proposition 5. 3. Let B=B(y) satisfy (5.2). Then

LJ-(=1/D1,(n=1/2), Byl €] S1577, 15j=d,
[J-(—=1/2)1,(n—1/2), B e J*'Sih™*2, p+1<j<d.

Proof. We show the second assertion. Write
J-(=1/DI,(n—1/2)=I,(n—1)+T, with Te J*3§-tnc Jr-1§-La+l

where T does not depend on x'. Since [T, B®] g Jr1§-2r+5/2
pJr1871n+32 it suffices to consider [[,(n—1), B?]. But it is also easy
to see that

[I,. (n— 1) , B(i)] EJn—ZS—I.n+l C]n—IS-l.n+3/2,
and this completes the proof.

Proposition 5. 4. Suppose that B=B(p) is positively homogeneous of degree
2 in & for large &, non-negative and satisfies (5.1). Then we have

16+ (n) Bul ’=Cp Re (Bwy, wy) +C (n) | lul|[ 41,0+
+C(n) A1 lul] .24 C (ny Il

modulo C(n, p, L) ||ul|®
Progf. From the assumption, it follows that
|Biy (X, &, )T’ =CuB(X, €, 1), 15j=d, |BY(X, &, 1) |’SCpB(X, &, p),

p+1=j=d, with C independent of g The arguments in section 2 show
that B;<{D>7?B; —op(|[{&>7'B;|?) € (Es)4.1,, modulo S~ (x), hence it
belongs to pJ°S%!.. On the other hand, we know that B¥% —B; belongs
to (Es) i/t modulo S~ (u). Therefore it follows that

BELKDY "By =0p([KE)7'By| *) +1i, ey’ J°S™, 15j=d.
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Similarly, we get
B9*BY =0p (|BY ) +1, r,e 8%, p+1=j<d.
Then, by Melin’s inequality [10], one has

(5.7)  CpRe(Bo, ) +[[KpDXV%| 2+ C (v, ) |0l = KDY Byl P — | (10, 0) |,
CpRe(By, v) +u[KpDY | P+ C (v, ) 0| PZ|BD0|P— | (rv, 0) |,

for any positive v. Here note the following expressions.

I(n=1/2)*J (=1/2)*uD>J (—1/2)I,(n—1/2)
=I1,(n=2)*ALuD>I,(n), 4,€5%),
J-(=1/2)I,(n—1/2) =4,1,(n—1), 4,E81),
I,(n=1/2)*J_(=1/2)*rJ_(—=1/2)1,(n—1/2)
=1,(n—2)*AuD>I,(n), A p?S%3,

for rep2J°8%t In (5.7), taking v=p"% v=w;,, and using the above
expressions, (5.7) yields the desired inequalities.

Proposition 5. 5. Let B=B(u) be as in proposition 5.4. We assume
that B—B* & J°S*! and A=A(p) epSi3. Then for any e20, we have

L* | (ABwy, wy) | = (ce+C (n) ") Re 3 (Bwyt, wyr) + (ce+ G (n) p2) [[lu 3410+
+ (ce+C () W22 4 C (n, g, ]I 1,

for 0<pu=py(n, ), modulo C(n, p, L)||ul|,, where Y * denotes that the sum
is taken over all combinations of (4, +).

Progf. Since B —B*e& J°S™, A*epS)) it suffices to estimate
(BAwz, wr).
For any given ¢>0, we set

X(p)=e+(A+4%)/2.
Then for 0<p=p,(e), there exists X(g)?€Sy3 which is defined by

X)X, & m) = go-{ CrE—X (),

i
where [I' is a contour containing the spectrum of X () and lies in
Im{>0. From [9], it follows that

=X (1) e J°8Y, X () EpJoS{HA if Jaty| Z1.
This implies that
(5.8) BgagX(/J)l/Z(X,}S, ) e pJoS{g -2 for a4y =1.

Since (X(p)¥)*=X(u)? we get

(5.9) Re(BXY2u, X'%)=¢ Re(Bu,u) +Re(BAu,u) £27'Re([4, Blu, u) —
—Re(Xu, (B—B*)u) —
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—Re(XV%, [ X2, Blu) £27'Re (u, A(B* —B)u).

Similarly, if we set Y () =ie+(4—A4*)/2, then it follows that Y(u)?e
JOSY% and 0201Y (p) % (X, &, p) epJ°S{E 170720 for |a+4y| =1. Taking into
account that (Y¥?)* = —iY¥% the same arguments give that

(5.10) Re(BY Y%, YV%) =¢ Re(Bu,u) +Im(BAu, u) +
+27' Im([4, Blu,u) —Im (Yu, (B* —B)u) —
—Re (Y%, [YY?, Blu) £2 1 Im(A(B* —B)u, u).

On the other hand, Melin’s inequality shows that

(5.11)  Re(BXY?u, XY%) +Re(BYY2u, YY) = —v{|[KuDY? X 2|2+
+ KDY Y Vol = C (v, p) {1 X2l P41 Y 2] 7

Using the expressions
DYV X1 2= AL uDYV2, {uDYV?Y V2 = A uDYV?, A, A€ S5,
it follows from (5.9), (5.10) and (5.11) that

(5.12) 2¢Re(Bu,u)= | (BAu,u)| — | ([4, Blu,u)| — | (X%, [ X% Blu) | —
— [(Xu, (B*—=B)w) | —| (Yu, (B*=B)u) | — [(A(B*—B)u,u)| —
= [(YY2u, [Y'2, Blu) | —vC () [[KpeD)You| P —C (v, p) [ull”.

From the hypotheses on B and (5.8), the following estimate is easily
verified,

(5.13)  Z*|(Xwy, (B*=B)wy) | + 1* | (Yw?, (B* —B)wy) | +
+ 2= [(A(B* = B)wi, w) | = (ce+C(n) ) {1l 41,0+
+II1 172}, modulo C(n, g, L) |lul| .

Next we shall estimate (X%, [ X2, Blu). Here we remark that X2
does not depend on x'. From the expression

d d
(X, Bl =3 AKDY Bo, — & ALB+1, Al i S/, reust,
i=1 i

i=p+1

we see that

I,(n—=1/2)*J_(=1/2)*[ X%, B] J_(—1/2)I,(n—1/2) =
=1,(m)*{pD; é AKDY By, J-(=1/2)1,(n—1/2) —

I, (n) *<#D>,§14‘EBU)J-( —1/2)1,(n —1/2) + I,(n) *{uD>AI,(n—2),

with Aie p/28%3, A puS?3. Hence one can easily estimate
D (XVwy, [XY2, Blwy) by

C(n) ¢ Z110* (n) Bul[*+C (n) [l 31,0+ C () (1|20

Applying proposition 5.4 to [|0*(n)Bu|’, this is also estimated by
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(5. 14) C(n) p*"Re 3 (Bwg, wE) +C(n) pM4[ul] 2410
+C(n) flul] 2.5+ C (ny ) |l 2.

It is clear that the same estimate holds for }*|(YY2w%, [Y'?, Blwg)| and
2= 1[4, Blw;, w;) |-

Then, in virtue of the identity,
4(BAu,v) = (BA(u+v), (ut+v)) —(BAu—0), (u—0)) +i(BA(u+iv), (u+iv))
—i(BA(u—iv), (u—1v)), the estimate (5.12) with v=p yields the required
inequality in view of (5.13) and (5.14).

6. Estimates of commutators with aZ.
We start with the identity,

[(Dy—i0)*— Blay =a;y [ (Dy—i0)* — Bl +2Dya;f (Do —i6) + Diaz +[ai, B].

We need to estimate the last three terms of the right hand side of the
above equality. From proposition 3.12, we know that

I,(n—1/2)*I,(n—1/2) Da, € J~1-N§02+1-N/2 for any NEN,
and hence one can write

(6. 1) I(n—1/2)*I,(n—1/2)Dia; =nl,(n —1)*(A+b)I,(n—2) =
=nl,(n—1)*(A+b)J,(—n—2),

with b, b pS)3, where

(6.2) A(X, & p)=J-(X, & WXpedx® (—n'?Y (X, &, ))p€dV?),
AX, 6, ) = KpfdJ (X, &, ) ]+ (X, &, )" (X, &, )X péd x
X x(Z)( _nl/ZY(X, E’ #) <#$>I/2).

To handle 4, A, we prepare the following proposition.

Proposition 6. 1. Let n=16. Then there exist positive constants c; inde-
pendent of n such that the inequalities

clé {<‘U$>J+ (Xy Ey #)J_ (X, S, /j)} i"écz,
hold on {(X,&); |Y(X, &, )| {ué&d’<n17},

Progf. When |Y(X,§&, p)|<{pEd?<4"Y, we know from the definitions
that J, (X, &, ) J_(X, &, p) =<ué> =Y (X, §, 1)% Then the inequalities

a=(l—1/n)*"=c,, with positive ¢; independent of =,
prove this proposition,

From the above proposition, it follows that

|A(X, &, p)|, |A(X, & )| £C, with C independent of 7 and A
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Therefore, applying proposition 3.8 to 4, 4, it follows from (6.1) that

|(I,(n—=1/2)Déayu, I,(n—1/2) (Dy—if)a;u)| =
S|, (n—1) (Dy—i0) aul*+n*(c+C (n) ) [lull]Z ..

By exactly the same way, we have

|0 (Diaiu, (Dy—i0)afu) |S|1J, (—n—1) (Dy—if) arfull+
+n2(c+C () ]|l |5 2.

Summing up, we get
Proposition 6. 2.

210 (Diagu, (Dy—i)au) |=|lull}, .. +n2(c+C(n) I [lu][},2
¥ |9F (Dyaz (Dy—10)u, (Dy—if) afu) |
S ul[p, .1+ n2(c+C (n) WI[(Dy— i) |2 5,

modulo G (n, p, L) |u|%..

Proposition 6. 3. Assume that B=B(y) satisfies the conditions in propo-
sition 5.4. Then we have

2 19; (Lax, Blu, (Dy—if) a;u)| =Cp*Re 2 (Bwi, wi) +C (n) /4| lull 10+
+C () 1|72+ C (n) 274 ull5, 1+ C (ny 1 5,

modulo C(n, p, L) |u|2;.

Proof. Since the arguments of deriving the estimates for @, (---), @F
(-++) are parallel each other, we shall estimate only ®@;(---). Consider
I,(n—1/2)*1,(n—1/2) [a;, B]. Remarking that «,; does not depend on
x’', we see that

) d d
(6.3) [, Bl=2, a; By — 2, la,T(;)B""‘l—’, reJ’sA
1= i=p+
In addition, the fact that r&J¥S§2*72 for any NN follows from
proposition 3.12, Taking (3.6) into account, we get

I(n—=1/2)*1,(n =1/ ez =1,(n—1)*L{J_(—1/2)1,(n—1/2) =
=1,(n—1)*L{J, (—-1/2) ], (—n—1/2),

with LieS$?9. Here using proposition 5.3, one can write
172 g prop

I,(n—1/2)*1,(n—1/2)a;;,B?=I,(n—1)*LiB?®J_(—1/2)1,(n—1/2) +
+1,(n—1)*B{{puD>I,(n)
=I1,(n—1)*LiB®J, (=1/2) J,(—n—1/2)
+1,(n—1)*BKuD> ], (—n),

with BieuS%. Thus, from a;+a}=1, we have
w31y
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|0; (B, (Dy—if)a;u) | <671 5)|0% (n) Bul [P+
+C(n) 3+ lulld, 5+ C () ] ] B0

modulo C(n, g, L) |u|2;, for any 6>0. If we take 6=p"* in the above
inequality, by virtue of proposition 5. 4, the right hand side of the above
inequality is estimated by

(6.4)  Cp*¥Re(Bwk, wy) +C(n) f4ll[[en0+ C () 4|72+
+C () " fullp,n1+C (ry |1

The same arguments show that |@; (a; P®B;u, (D,—if)a;u)| is estimated
also by (6.4) modulo C(n, #, L) |u|%,.
As for reJ°S72 in (6. 3), recalling that r&J¥S§12V/2 we have

I(n—1/2)*1,(n—1/2)r=1,(n—1)*o{uD>I,(n) =
=1,(n—1)*6puD) ] (—n), b, be pSY5.

Now, the rest of the proof is clear.
Next, we consider T:(X, &, ¢). Since
IL(n—1/2)*I (n—1/2)[a;, T\] € J? 1-V§-L2#==N2 for any NEN,
one can express it as follows
I,(n—1)*alpD>1,(n)a; +1,(n—1)*6<uD> ], (—n)aj, with a,beEpuSis.
Thus this implies that
(6.5) 19, ([a;, T1]u, (Do—i®)ayu) | ZC (n) plfullp,n1 4 C (n) ]l 3100

On the other hand, in view of the fact [Ty, I,(n —1/2)] &35 1n+3/2
it follows that

(6.6) ([T, 1,(n —1/2) Jazu, I,(n—1/2) (Dy—i0) azu) | =
=C () plllullfa 11,0+ C (n) [l 5,510

Combining (6.5) and (6.6) we get

O (a;Tw, (Dy—10)a;u)
=—=2Im(TI,(n—1/2)a;u,I,(n—1/2) (D,—i®)a;u) +K; (u),

where |K; ()| =C ) pllully, ..+ C(n) @llulll?410. After having done the
same arguments for @} (---), we have

Proposition 6. 4.

0% (arTw, (Dy,—1i0) atu)
=—2Im{(TI,(n—1/2)a;u,I,(n—1/2) {(D,—i0)a;u) +
+ (T J, (—n—=1/a}u, J, (—n—1/2) (Dy—if)a}u)} + K, (u),
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where |K,(w)| £C ) pllully, ..+ C (n) plllul|f2 11,0, modulo C(n, g, L) |u|?;.

Assume that Ty J°S*°. Then the similar arguments to that of obtain-
ing (6.5) show that

Y10 ([ax, T (Dy—i0)u, (Dy—if) afu) | =
éc(”)#”u”%,n.l-l_c(n)IUIH(DO_ia)ul“ﬁ.lﬂ'

Therefore it follows that

(6.7) 210y (axTo(Dy—if)u, (Dy—if) ayu) | =
= e+ Cm)mllulld,nnet (¢ +C @ WD —i0)ul|f7 12

Here, using proposition 6.2, we rewrite the estimate in proposition

4.2,
Proposition 6. 5.
ZS‘D,% (af (Dy—i0)%u, (Dy—i) atu)dx,= (2n—1) (1 =6 —n~1/2—
—~C ) ) 11t O 1,0+ 3en (L —n™ =

—C) §|nu|nz,2dxo+c0n2<1 —C)w §|nu|||3.3,zdxo+

+cazngmumz.ldxo—<cn1ﬂ+c<n>m S|||<Do—w>u|n3.1dxo,
Jor 0<pu= py(n), modulo C(n, p, L)HS lul2, odxp

7. Energy integral (continued).

In this section, we specialize B=B(y) in section 5. First we sum up
the results in sections 5 and 6. Assume that B satisfies the conditions in
proposition 5.4 and B*-Be& J°S*. We take d=p!* in propositions 5.1
and 5.2, then from propositions 5.1 through 5.5 and 6.3, the estimate
(5. 3) yields

7.1 —z(0xazBu, (D —iazu)dnz205) ReS(Bw:al,z, wi ) dxg+
+ @n—=1-Cn)e—C(n) p’*) > RCS (Bw?, wE) dx,+

+ImS (((B=B*)I,(n—1/2)azu, I,(n—1/2) (Dy—if) azu) +
+((B=B*) J,(—n—1/Datu, J,(—n—1/2) (Dy—i6)atu)} dz,—
- ZReS ((0B) w21, w1 ) dty— C () (e + 127%) Slllul [ -

—C(n) e+ p/9) Smumz,zdxo —C(n) wﬁnunsn,ldxo -
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—C(n, p,¢, L) S”Iu”Lz..ldxo_aZReS (wE 1/ (B—B*)wk.,),)dx,,
where w;_,,=1,(n—1/2)a;u, wi,=]J,(—n—1/2)afu, 0p=py(n,¢), mo-

dulo C(n, g, L)S [u] 2, odx,.

Let B be one of p2Y. (X, &, (X, & ), 0=i<p. From (2.9) and
(3.1), one may suppose that B—B* & y/2]°§*!, whereas, this implies that

I,(n—1/2)*(B—B*)I,(n—1/2) =1,(n —1)*A{pD>I,(n) =
=1I,(n—3/2)* A puD>I,(n+1/2),

with 4, Aep/28%3. Therefore, the integrand of the third and the last
term of the right hand side of (7.1) is estimated by

C () 2|l 1+ C () Al 41,05 C () O AN |17 52+ C () O 272 [l 71, -1/

respectively, modulo C(n, g, L)0 |u|%, .
Next consider 9,B. Suppose that 1=i=<p, then since Y; does not de-

pend on x, and |¢;(X, &, )| =c¢ |€]% ¢ >0, it follows, with some 6, >0,
that 6,B—0,B=0. Then from the inequality of Melin, we have

(7.2) Re((6,B—0,B)w, w) +v|[{puD>*w||*+C (v, p)||w|*=0, for any v>0.
Remarking the following relation,
I, (n=1/2)*puD>I,(n—1/2) =1,(n—1)*AuD>1,(n), with AES87y,
it follows from (7.2) with v=p, w=w,_,,, that
Re((66B —0,:B)w; 170 wi172) Z — plulllZs1,0—C (ny i1 ]]7,10

Similarly, ((6,B—0,B)w;_,,, wi_1,,) has the same estimate as above from
below.

We proceed to consider d,B when B=p?Y,(X)?%,(X,§&, ). We know
that B belongs to (Es)}3, and then we see that

[Kpé>~10,B(X, &, 1) |*=¢B(X, &, ),

with ¢ independent of g. We note that one can take ¢=2]q,(0, 8| +1,
if 9, defining V(342 €), is sufficiently small and 0<p=<p, Noting the

expression
(0,B)*{uD> 29, B=0p( [<pé>'0B (X, &, ) |®) +1, rEp? ]S,
and again applying the Melin’s inequality, it follows that
¢ Re(Bw, w) +v|[KpD>V2w| [+ C (v, 1) |lw| "= K pD> 70, Bwl|” — | (rw, w) |,

with any v>0. On the other hand, it is easy to see that
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L (n=1/2)*J_(=1/D*pD>J-(=1/2)1,(n —=1/2) =1,(n) *{peD>Al,(n —2),
Lin=1/2)*] (=1/2)*rJ (=1/)1,(n—1/2) =I,(n) *{uD> Al (n —2),

with 4€8%3, Aep/?8y), where rep?J°S%. Then taking v=y"% in the
above inequality, we get

(7.3) ¢ Re(Bw;, w;) Z|KpD>7 8 Bw; [P —=C (n) g4 lul 7410 —
—C(n) (Al |17.2—=C (ry ) |11 117,10

We turn to ((0,B)w;_ i/, w;_1). Using the expression
I(n—1/2)=]_(=1/2)*(1+R)I,(n), RcpuS%S
this is reduced to

([J_(—1/2), %Blwi s (1+R)L,(n)azu) +
+ (DY 13,Bw;, {pDY (1 +R) I, (n) a;u).

Since [J_(—1/2), 6,B]J *?8§"%% the first term 1is estimated by
C(n) |l 41,0+ C (n) Yllul|2,. Whereas the second term is estimated by

[IKpeD>710,Bw, [|*+ (1 +C () )l 1,0-
Then from (7. 3), it follows that

(7.4)  1((8B)w;_1)5 wi_1yp) | =¢Re(Bwy, w;) + (1+C(n) /2| [u]Z41,0+
+C (n) ||+ C (ny )] [ud]| 171

Similarly we have

l ((aOB)w:—-l/Zv w;'—l/z) | =¢Re(Bw/,w;)+ (1+C(n) ﬂl/z)”|u|||f.+1.o+
+C (n) (2 4[ul| 2.+ C (n, ) |l [17, -

Summing up, from (7.1), we have

Proposition 7. 1. Let B be one of Y. (X,§&, w¥4q:(X, &, 1), 0=i<p.
Then

— 2(0% (aBu, (D—i0)agu)d22(0 —00) T Re| By, witr ot
+@n—1—5—C(n)e—C(n) g/ 3" ReS(Bw,,*, w*)dxy —
= (1+C ) G+ ) (1l = € n) (e 279 |l g —

—C(n) Wgnunz".ldxo—c(n)awguwuﬁ_andxo—
—C) 0¢/2S|||u1||z+1.-l,zdxo—c<n, 1 L) Slnums.ldxo,

modulo C(n, p, L)S lu|2 1 odxo.
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Now we assume that B is one of I';(§, )% (X, &, 1), | Si<p. Obviously,
with some 6,>0, we have ,B—1%=0. Then it follows that (see (7.2))
Re(0,Bw; 15, w; 1) Zlmwn‘-l/zllz— | sr,0—C(n, ) [ll]lf}:. On the other
hand, from (2.10) we can write

B—B*=LT+r, with L€ p”]°8, r,c J°S*,

and therefore |((B—B*)w;_, 5,1 (n—1/2)(Dy—i0)a;u) |,0| (B—B*)w;_1/505-1/2)]
is estimated by

(7.6) Re (6,Bw;_y s, wi_1/5) +C (n) 2 2ullp, .+
+C () (1| f11,0+C (ny [l [Z1,
Re (0on§—1/2y w;—l/z) +6%(C(n) ﬂ1/2+
C(n, ) 0Dl 1+ C (n) g ledl| 211,06

respectively. Thus we have

Proposition 7. 2. Let B be one of I';(§, wu:(X, & ), 1=i<p. Then
we have

— ZSQZ% (aBu, (Dy—if)azu)dx,=2(0—6,) %, RCS (Bwz_, 5, WE ) dxe+
+ (@1 —1=Cme=Cn) ¢ T Re{ (B, wi)dr=C ) e+ ) (1B
—C ) Cet 149 (s = ) .ty = 07(C ) 22+
+Ca, 907 |1 e
modulo C(n, p, L) 08 |u| 2 1 ed%,.

Now we are in a position to consider B=u¢(x", §, 1)q,(X, §, (z). Set
~ . d £ "y —
K(X,§, #)=1#ZICiaxj3¢j¢p(0,§) 1§" 1qp
o

then we know from (2.12) that B—B*=K+r, with repg/2]°8", If we
note that K*+Kep2]°8%° the following estimate is immediate.

0 |Re((B—B*)w,_1/5 wi_172) | SC (n) A1l 21,0+ C () 0227 Jul]IZ 1.
Consequently, taking proposition 6.4 into account, we have
(7.6) — zga); (a (B— pTyu, (Dy—if)atu) dzg=
>2(0—6,) 5 ReS (Bt 1 w1 ) dxo+ (20 —1 —C (n)e—
—Cm) M % RCS (Bwi, w)dx,+

+2 ImS (7R — uT)wr 1 I, (n—1/2) (Dy—i0) eu) +
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+ (27K — T w1y Jo (—n—1/2) (Dy—i0) aru)} dxy —
—Cn) et ) 1l Bz = C (o) et ) ., —
—C(ﬂ)ﬂ”“gllull}";.n.ldxo —6*(C (n) p*+C(n, #)'ﬁ‘l)glllulllﬁ.ldxo,
modulo C(x, g, L)GS lu|2 1 od%,
From the definition of T,(X, ¢, i), we see that
9-1R — uT, =2—Ii§"1 8,000, €0, 18| 71— uTy 1 (X, €, 1) — T30, ) |£].

In addition, taking ¢ in the definition of ¢, and T;,, sufficiently small,
it follows that

(7.7 &y=sup | (27K —pT)){pé> < |P(0,0,0,€)| +1.
Then using this &, the third term of (7.6) is estimated by
n=071 (&5 + C () Il [0+ [ul 3,100

Let us set
(7.8) B, 800 = 1% Yi(X, &, 0)0:(X, & )+
+1§p,; I, (X, 6, )+ pd (7, 6, 1) 9,(X, €, ).
From the definition of Y (X, ¢, ¢), it follows that
YK, & ) =Y (X, 6 ).
Hence, with positive constants ¢ >0, independent of y, we get
B (X, 6 ) ZAY (X, & X +0% [, 1)

Here ¢, is determined by {g:€0, &)}2_,. Set K(X, &, p)=Y(X, & p){ut,
then

K*K=o0p(Y (X, &, )X utd® +r, repjosL
(in virtue of Y (X, ¢, p) €J'S*° and (3.3)). Using the expression

I,(n—=1/2)*J_(=1/2)*r]_(—1/2)I,(n—1/2) =
=1,(n) *¢uDYAI,(n—2), Ae pSiy,

Melin’s inequlity shows that
(7.9)  Re(Bw,,w;) +v[KpeD> w4+ C (v, W) |lw; | 6| Kwy; ||*+

b
+é 2 1l |1 = C () (|0 — C () il 25
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for any v>0. Remarking that

L(n=1/2)*J_(=1/2)*eD>] - (=1/2)1,(n=1/2) =
=1,(n)*uDYAI, (n—2), AESY,
J-(=1/D1,(n—1/2) =4I, (n—1), A€S}

the inequality (7.9) with v=pu gives that
Proposition 7. 3. Notations being as above,
ERe(@wt, wh) 26 ZIKwi+6% 2 1737 —C ) pll e
—C () pllll|2,2 = C (ry 1l
modulo C(n, g, L) |u|2;.
Similarly, we have

Proposition 7. 4.

TRe( By wha) 26 SlKwt ll+ 6% 3 1 a0kl -
—C () plllllBarr, <12 — C () 12 50— C (ry I,
modulo C(n, p, L) |u|?;.
Here we prepare the following lemma.

Lemma 7. 1. Notations being as above,

ZlIKw| P+l .= (65— C () )|l Far.0 = C (my 1y LY |l 2,
Ll Kwi 1l Pl 722 (65— C () )l s, 12— C (2 L) Va2

Proof. We shall prove the first assertion. Noting that K& J'$%!, we
see that

(7.10)  L(n—1/2)*J_(—1/2)*K*K]J_(—1/2)I,(n—1/2) +
+1,(n=2)*1,(n =2) =1,(n) D) (A+b){pD)1,(n), b € Si,

where

AX, &, W) =K(X, & mXped ] (X, &, )2 +{ué>? ] (X, &, )™=
=(x— ¢ (", & AT (X, §, ) 2+ pbd (X, &, 1) 7%, (€ J°50).

As for A(X, ¢, p), it is obvious that

AX, 6, ) =]-(X, & ) H{(x— (", &, )2 (X, & )2+ =
Zc] (X, & W) H{xo— (", &, 1)) +<ué>7? 2 6,>0.

Thus, from proposition 3.9, it follows that

(7.11) Re(Aw, w) +C(p, L) |[w]|2 = (&—C(A4) ) ||wl|%
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Putting w=<{uD>I,(n)a;u in (7.11), in virtue of (7.10), the estimate
(7.11) vyields

Ky |+ 111, (n —2) aul P+ C (o, D)2 1= (&—C (n) )| DY, (m) e ul |
By the same way, we get

[ Kwi| P41 (—n —2)aul 24+ C (g, L) |Jull? L= (65—
—C ()W |KpD> ], (—n)ajull?

and these prove this lemma.

Finally, from proposition 6.5, lemma 7.1 and the arguments of this
section, we have

Proposition 7. 5.
ZS@F (@2 Py gtt, (Do —i0) au)dxy= &y(2n —1 — & — &7 '~ —C (n)e —
—C(n) p%) Slllulll?.+1,odxo+60(53 —C(n)p") Slllullli+1.—1/zdxo +
@0 =1) (1 =38, =12 =C (n) ) o 00 15, e+
o+ 3en? (1 —en ™ = C (w)e—C (n) ) (|l o+ 002 (L =G () 2 (|
et (1=C(n) 2 =C (n, 167 I o= Ccn+ € () 11 (Do
—i0)u|||?,.1dx0—C(n)ySHI(DO—i())ul[lﬁ_l/za’xo, modulo C(n, p, L)0S lu| 2 L 6d%0
where P, = (Dy—10)?— B + pT+ p"*T (D, —16).
Next we handle the term |lu|lp .. (=1, 1/2).
Proposition 7. 6.
nllull, 012 27l || (Do — i)l s —n? (e + C () DIl I17, 25
Ol ,1/22 27201 (Dy — i) |12 1 /o =10 (c+ C (n) DIl [[7,5/25
modulo G (n, p, L)6 |u|?%,.
Proof. We write
I,(n—1)Doa; =n*(A+a)1,(n —2) a; +n'2(A+a) J . (—n—2)af, a, ac pSY),
where

/{(X, g, #) =J_ (X, &, #) <#E>U2X(D( —n?Y (X, &, #)<#§>1/2)’ (EJOSO,O),
AX, 6, 1) =KpsJ (X, &, J (X, &, )T+ (X, § W (X, &, )7 uéH 2 x
AP (—n2Y (X, &, ) {uéd?), (€J°5%0).

From proposition 6. 1, it follows that

|A(X, & )|, |A(X,& 1) =C, with C independent of g, n.
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Hence proposition 3.8 implies that ||Z,(n —1) Dya;ful|?<n(C+C (n) || |ull[2 .
Similarly, we get ||J,(—n—1)Dyfull?=n(C+Cn)p)l|lul|lZ, Combining
these, we obtain the first assertion. The proof of the second assertion
is similar,

Consider @%(afP, qu, (D,—i0)atu). Since one can express
In—=1/)*I,(n—1/2)=[,(n—1)*(1+a)],(n), J.(—n—1/2)*] . (—n—1/2)
=J.(—n—=D*(+bJ,(—n), with a, bepSy) it is clear that
2 |0 (a£P, gu, (Dy—i60)aFu) | is estimated by

(7.12) (1P g.eullli o+ (1+C ) 014 C (ny 2, LY |[P oy oullZ 1,

modulo C(n, g, L) |u|?;.

Now using proposition 7.6 and (7.12), we rewrite the estimate in
proposition 7.5. First we fix n so that n=C(g:)é, where C(g) is a
suitably chosen constant depending only on {¢:(0,&)}. Next we take
>0 so that C(n)e is sufficiently small. Then we have

Lemma 7. 2.
1P gl 4 C (o, 1, L) (1P gl st 2 cin| s oo+
eI (Do=i0)ullEadro+ 0\l v+ 11Dy =0l
a2 o0 1 B s+ e e

fOf nzC(Qt) fO, O</‘t§#0(n)a 0;60(71’ #)’ modulo C(ﬂ, Hy L)eg |u| 2—L.0dx0-,

8. Estimates of error terms.

From the relations
1=4,J,(—n—Daf+A4,1,(n—Da;,
1=4,J, (—n—=1/2a} + 4,1, (n—1/)a;, 4, 4;:E 8%,
it follows that
8. 1) = (e +C (n) |14 C (ry 1y L) [Jul 2,
(Do —i0) ul*= (¢ + C (n) WDy —i0) |, 1/2+ C (n, g2, L) || (Dy —i6)ul|2.
On the other hand, the following inequalities are immediate.

(8.2) 20%ul 2. L = 0% [ul >+ 6| ul |2 51,
2652 (D — i) ul 2 L = 01| (D —i0) ul P+ 07| (Do —i6) ] |2 ..
Therefore, from (8.1) and (8.2), we have
(8.3) 6*(2—Cn,p, L)) [[ull2=0*(c+ C (n) llulll7 1+ 0% [u] 25z,
622 —C(n, g, LY 072 || (Do —ib)ull2 .=
0(c+C () WDy —i0)ul|[2,1/2+ 0% (Dy —i0) u] 2 5.



654 Tatsuo Nishitani

A rough energy estimate gives that

SIIPW(,ul idxy> c.ﬁng (Dy—if)ul |2dx0+col94gllu| l?dx, —C (1) BZSII<D>u| .
Then if we note that

DY Py 6= Py, 6{DD7 +q<{D>~* +1 (D, —i0)<{D)>~*,
with g8}, r€87} depending on g, we see easily that
(8.4) SHP(#),ouIIZ_ZdeOg (02 —C () S]I (Dy—10)u)|% 1 dx, +
+c004S||u||2_2de0—C(p)ﬁzgllyllz_uﬂdxo.

Proposition 8. 1. For 0<u=Z py(n), 0=0,(n, n, L), L=1, we have

§11P .l s+ 011 (Do =i s ro 07l s 2 07 12 s

Proof. Since —L= —2L+1, and |u||®> 4 6*%||(Dy— i0) |2 ;= 6% |u| 2, ,,
this proposition follows from (8.3) and (8.4) immediately.

In view of this proposition, one can absorb the error terms. Then

Lemma 8. 1. For any LEN,

§1P s oo+ C (n, g1, 1 §11P s 2 ncnoZ on( -+
11Dy =0Vl o~ sl o+ e8| Dy —i8) 2o+
o car Il o+ e 1o, B g+

+c503f2§||(Do—z'o)ulIadeo+c503§||u||2.,,dxo,
for nZC(Qz)éo, 0<ﬂ§ﬂo(n), 0200('2, H, L)-

Now, to prove theorem 1.1, it suffices to note that (Dy—if)e =
e—x°9D0. Next, we shall prove theorem 1. 2. Observe M, =[{D>*!, #I<KD>1,
where & is defined by (7.8). From (2.7), (2.9) and (2.13), it is clear
that M, belongs toJ°S*!. Moreover it is also immediate that

(8.5) M,= Zp] KDY+, op(I'#) 1<(DY>~*"*+R,, with R,& p/2]J°8%,
i=1
[<D>$+1, Op([',gr;)]<D>—’_1 EL;F;-F?%, L;E#I/ZJOSO'O, riE#I/ZJOSO,O.
From proposition 6.4, it follows that > |®% (afMu, (D,—if)afu)| is
estimated by

2| (M1LU;—1/2: I,(n—1/2) (Dy—i@)ay;u)| +
+2 [ (Maia, J 4 (—n=1/2) (Dy=if) aiu) | +C (n) pllul [, 1+ C (n) gl | 2,05
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modulo C(n, g, L) |u|%;. In addition, in view of the expression (8.5)
(cf. (7.6)), it is also estimated by

L Re (0o Bwi1/ wii1y) +C(n) (lull}, 14 C (n) 22| [741,0+C oy )11 1 e

Denote R,=[<D)>**!, uT,JKD>*"Y, R,=[{D>**', ?T,]<XD>~*"}, then tak-
ing proposition 6.4 and (6.7) into account, it is easily seen that
1@ (@R, (D,—i0)azu) |, 3|0 (axRy(D, —if)u, (D,—if)au)| is esti-
mated by

C () llul 3,1+ (e +C () ) |[ull3, 01727+ C (1) 1l |10+
=+ (6+C(n)ﬂ)m(Do“‘ia)ulllﬁ.l/z-

If we operate {D>**! to P, it results that
(DY*'P = P, (DY*, Py=Di— B+ pT,+ 1 ?T,Dy+ M, + R, + R, D,

Thus the above arguments show that lemma 8.1 holds also for B,
without any change. On the other hand, since I,(n) €J"S""CS}21
J+ (—n) ]SS2 it follows that [[IKDX*Pull[Z o= C(m)[|1Pulliesss
and hence

HIP(/z><D>S+1u||li,o§C(n) ”P(ﬂ)uHth+s+b 1|P(/1)<D>S+lu”2—2L=|IP(ﬂ)uH§+1—2L'

Then from lemma 8.1 with L=1, applied to P, and <{D)>**4, it follows
that

Cny g1, L) [ 11P ol s Z 0™ Dol + el
After changing a scale of variables, we get theorem 1.2,

9. Some remarks.

In this section, we make some observations on operators of type (1),
d

with grad ¢,(0, go+vy 40, If dp, is not proportional to > &dx; at
i=p+l
(0, £2+D) then one can construct a homogeneous canonical transformation

{X;(x®tD, getLy - B (x@tD, E@+D)}4_ ., such that
Xp+1:¢ps Xj(O’ é(“‘l))ﬂzoa p+2§]§d, Ej(oy é(p+1)) =05
p+1=j=d—1, 5,(0,£%0) +0.

d
When dg, is proportional to Y &dx; at (0, £#*D), making a linear change
i=p+1

of coordinates x“*V, if necessary, we may suppose that

0B/ %5110, 06,/0x;=0, p+2=j=d, 3¢,/06;=0, p+1=j=d,

9.1 ¢,/082,,=0 at (0,8), £=(0,-,0,&,,,,0, -0).

Therefore, we are led to the following operators.
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(9.92) SS—;;,') (i —x:1)%: (X, §) — é §iri(X, &) — ¢, (2?0, §00) g, (X, )
WIth (62¢P/a$§+1) (Or é([:+l)) :09 é: (0! ) éd)’

53—%2:: (x;—x:,1)2%q: (X, &) — i}lé?r;(X, E) — {(x,— @, (x@D E@FD) )24
+ ¢, (x®tD DY g, (X, §), with @,, ¢, satisfying (9.1).

(9.3)

We consider the operators of type (9.3). Set

2= (Xpa1s )5 €= (§pu1, ), 8" (1) = (pxy i, 1178, €7 (1) = (i, 1M26),

and make a change of scale of coordinates; y,=px, 9 =px’, Yp1=txp.1,
J=ur%

X.

Then it results

B—p'D (i) G ) — 3 (X, 6 ) —

— 1, = & )G (X, 6, ) =G (5, &, 10 G (X, 6, 1) +
+uT (X, &, )+ Ty (X, & )&,

where §(x", &, 1) = p7'¢, (x" (1), £ (), (", &, 1) =, (x" (1), & (1)) and
JX, 6w =f(#xo,v#x/, (), &, 8 (w).

When we define extensions of §; and others following section 2, a little
modifications are needed, but for extended symbols, exactly the same
reasoning as in section 3 through 8 are applicable to this case and we
obtain theorems 1.1 and 1.2.

Here we shall indicate the needed modifications briefly. We define

Gio( X, 6, 1) =Gi (&, &, 1) +¢:,(X, §, 1) by

9i.2(X, &, 1) = (g (X, §, ) —:(0, %" (1), 0, &" ()} (8727 * | €7 2 [€] 75 X
XN, (072(&" |§] 1 —£)),
Gin(x", &, 1) ={g:(0, x"(11), 0, 8" (W) —
q:(0,8) |&] G 0, (071 (E" 6] 1 —£"))+4:(0,8) ]2

It is clear that g¢;; € (Es)§), ¢..€ (Es)}i, 02044, € (Es)?).  Similarly,
7; will be extended to r,(X, &, ) =r1(x", &, ) +r1.,(X, & p). & is exten-
ded to I'i(& p)=pn(p (&€ ' —€)) || E(Es)ki Then the following
properties are easily verified.

Y (X)), e (Es)kd, 0205 (1Y (X)), 0504 () € (Es)Ty,
op (££2Y:(X)%q:) —op (Y (X)) * € (Es)1E,
op(Is)) —op(F#r)* —L; « I € (Es)}S, with L, (Es)$S.

Next, we define ¢(X, &, u)=¢,(x", &, ) +¢,(x", &, #) which is an exten-
sion of ¢(x",§", ) by

b & =p 3 L

Bl=2 a!ﬁ!

Z(x, 1) I (&, 1) *3293¢,(0, £ |&| 7',
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G, 6D =10 (0, 8 () = T e (e () (& () 18] 7 -

—&°08050, (0, €D} m (e 161216 D mp Gpua1§] 7=
&) ) m(pt X)),

where Z;(x, 1), I':(&, 1), p+2=i=d are the same ones in section 2 and
Zy(x, ) = p*M%%,,,. Since (0%),/03,,)(0, £o+dy =0, it follows that ¢,&
(Es)Shaye ¢E(Es)YY, and 020L¢E (Es)i7y! for |a+y| =2. Moreover, for
instance, we have

d A
op (99,) —op(¢4,)" —i 2, 0P (C;0,,9:¢,(0, € 1€]7g,) € (E} G

with C;(x", &, p) € (Es)$5.,, being equal to 1 in {|§] <2p272 (€], %] <24Y%.
In the same way, we extend $(x",&", ) to ¢é(x", & p) which belongs
to (Es){{, If we remark the following expression,

¢(x”y gy ll) =axp+1+§2§(x”y E: #)7 With a= (a¢P/axp+1) (Oy é(p+1))’
S{;(xﬂy E’ ‘Ll) e (ES)?:%/z,

it follows that ¢ (x", &, p) € (Es) 1750 if |a+7| =1,
Now it is easy to verify that the extended symbols have the required
properties listed in section 2.
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