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0. Introduction.

In [1], S. Itd treated the following initial-boundary value problem to the
parabolic equation.

¢ (0.1) 0,u=Au in £

0.2) al, x)%—{—(l——a(t, )u=0  on o2

P ou . . . .
where o is the derivative in the direction
of outer-normal, and 0=Za(t, x)<1

L (0.3) u|¢=0=uo.

He proved the well-posedness and the properties of the solution by construct-
ing the integral kernel, and got the similar results on the elliptic boundary value
problem by Laplace transformation.

Later, several authors ([3], [4], [5], [7]) treated the elliptic case with the
same boundary condition by functional analysis, and some of them extended it
to the boundary value problems of oblique derivatives. K. Taira ([6]) proved
the well-posedness of the parabolic equation by semi group theory in the case
where the coefficients appearing in the boundary conditions are independent of .

Recently, discussing Itd’s paper with S. Mizohata, the author pointed out
that, in It6’s proof, the crucial lemma is not clear. This is one of the reason
why the author re-treat this problem.

Mizohata ([8]) treated (P) with the following situations.

03 a(x)g—;‘er(x)u:o on 99

where a(x), b(x) are real-valued and smooth functions
with bounded derivatives. And a(x)®-+b(x)*=1.
£ is a half space in R2

His result is the following.
(i) a(x) does not change the sign, therefore, we assume a(x)=0.
(ii) b(x)>0, on the set {x|a(x)=0}.



146 Masamichi Terakado

(i) and (ii) are necessary and sufficient for (P) to be H* well-posed.
In this paper, we shall treat the following problem.

(0.4) 0,u=Au in £
0.5 a(t, x)%’:—er(t, x)u=0 on oQ
(ﬁ) 0.6) ulio=1u,

where 2=/{(x, y)eR™ | x€R"™, y>0, n=2}

ou _ Ou  n2 ou
and W—_Wﬂaw’ x)ﬁ Veo”

We shall prove, under the following assumptions, the well-posedness of P

by constructing the integral kernel. Concerning the definitions of functional
spaces, see Section 1.

0.7) a(t, x), b(t, x) and ct, x) 1=j=<n—1) are
real-valued and belong to B([0, o)X R™1),
(A) a(t, x) is a constant on Ox={{, x)€[0, c0) X R*?
| 1x|=M>0, M is a suitable constant.}.
0.8) a(t, x)*+b(t, x)*=1, a(t, x)=0, and
on the set {(t, x) | a(t, x)=0}, b(t, x)>0.

Theorem. For an arbitrary u,< B7(R%) and satisfying the compatibility con-
ditions (see Section 4), there exists a unique solution u(t, x, y)e B7([0, T]XR™)
of the problem (P). Moreover we have

lut, x, M. r=Cr, T)lulx, |-, r=0,1, 2, ---.

Remark. Our boundary condition contains Ité’s. Our main purpose is to
show the existence, uniqueness, and regularity of the solution, under the singular
boundary condition a(?, x)=0. We treated the problem in the framework of
H>-functions (rather C>-functions) to make the principle of the proof clear. In
view of the application of this problem to concrete problems, it would be also
important to treat this under less regularity assumptions as in the case of the
original work of S. It6. Taking account of this, the author showed briefly in
Appendix that, also to this case, our arguments can be applied.

Finally, the author wants to thank Prof. Mizohata. Without his encourage-
ment, this paper would not exist.

1. Definitions of functional spaces.

Let » be an arbitrary non-negative integer and 7>0. We use the following
functional spaces. For readers’ convenience, we enumerate here several func-
tional spaces which we use hereafter.

p— ,i‘ ._i j— n n-1
11 a,j_-axj,a,_ 5 Ri=1x, y)eR™ | xeR™, y>0)
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B'(RD)= {p(x, »)€CT(RY) | 19205¢(x, )| —> 0,
as |x|+[y[—co (la|+k=r)}
for o B"(R™), lpl,= 3 sup [059}(x, ).

e S

E"([0, TIXRD)={p(t, x)=CT™([0, TD) | dip(t, x)eCI**(RY)
O=k=[r/2D)}.

B'([0, TIX RH={p(t, )€ E"([0, TIX RY) | sup 82d%p(t, x)|—> 0
as |x|—oo (2k+|a|=r)

for & B([0, TIXRY), lglrr=_3 _ sup [35dke(t, x)].
zeR}

BYT)=B5([0, TIx R* )= {o(t, x)€B7([0, TIXR") | [050%¢p ]| 1=0=0
Rk+la|=r)} for §DEBE(T), ISDIES(T):IQDIr,T-

Zoz{(p, g)eC*XC" ' | Re p>—eollm1>|—ec.n_i1 |Re a,l“—{—lnil | Im ojlz}.
Jj=1 €y J=1

n-1 1 n-2
Loo={peC|Re p=—¢,/Im p|—¢, 3 IRe o,|*+ =% |Im o;l*+a}
=1 € j=1
for s€C"* and a>0 where ¢, is a small positive number.

B0, TIXR*)={p(t, )eC=([0, TIXR"™) | sup |32dkp(t, )| <-+oo).

zer™ 1

A )=1{g(p, o) | g(p, ) is a holomorphic function in X,}.
Kr(Xo)={glt, 7, x. {, p, 0) | g€C=([0, T1.X[0, TI. X RE* X R¢™")
for fixed (p, )€, and g€ A,)
for fixed (¢, 7, x, ) [0, TIX[0, TIX R**X R},
KH(T)={geK(Z) | |000205:08205052g(t, <, x, ¢, p, o)
=CUT, 7y, 1, sy @z, By, Bo)([ P12+ 0| +at?)mHortratianitiazd —p(f1i+iBa)
on [0, TIPXR****X Ly, o (for any a>cT, ¢>0)} where 0=<0<p<1.
B((0, TIXRY)={o(t, x)e B"([¢, T]1X R%), for an arbitrary e=(0, T)}.
C'([0, TIX RY)={p(t, x) | 0{050(t, x)eC([e, TIXK), 2j+|a| <r.
for arbitrary e (0, T) and compact KCR?}.
CE(@)= o, x) | d3¢(t, 1)eCN([0, TIXQ), |a|<r, 0<r<1}.
Clri(S)= {e(t, x)=C*(S) and the first derivatives €C7([0, T]X S), 0<r<1}.
L(BYT), BiT)=1{G | G is a bounded operator from B(T) to ByT).}.
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2. Fourier-Laplace transformation.

If g(p, 0)€A(Zy) and |g(p, )| =(|p|**+|a|)*, then we can regard g(p, o)
as the Fourier-Laplace image of the function (or distribution) defined by

1 A 1
Ga, waS@”'“Wz—ﬁSe“g(p, a)dp.
In this Section, we treat the above transformation on K73(7T). Namely, for an
arbitrary g€ K3(T), we define K as follows:
K@, z, x, )= 1ir‘1£10 Kt z, x,0
5=
H 1 i(x-0) -0 1 p(t-1) ’ _“/P+—028
ZHPo R Snn-le daE—”TSRe p=1e g, 7, x, & p, a)e dp.

Moreover, we denote its symbols by
oK, 7, x, D1=g(, 7, x, §, p, 0)
olKit, 7, x, O1=g(t, 7, x, {, p, @)e V77",
In [2], R. Arima treated general boundary value problem for parabolic equa-
tions. Lemma 1 was proved by her. We use the result without proof.
Lemma 1. Let f(p, o) be a real-valued function defined for (p, e)CxXC™1,
And moreover f(p, a) satisfies
(1) homogeneity f(2*°p, 2a)=A"f(p, o) for 2>0 (h=0)

(2) positive-defineteness

f(p, a)=c(|p|*+|a])* for Re p=0, s R"*
(3) continuity

there is a positive constant 6 such that
for |ple+lol=1 |A*+|A|=d.

@O 1f(p, ) =M<+

D | f(p+A, a+A)—f(p, o) Zc/2.

Then, f(p, a)=c'(|ple+|a|)* in Xy where ¢’ and e, depend only on h, ¢, M.

Corollary 1.1.
Re vV p+ai=c(|p|V?+]|a]) in 2,
where ¢ is a positive constant does not depend on p and o.
Proof. Put f(p, 6)=Re v/ p+¢? then it is easily checked that f satisfies

the assumptions (1), (2), (3) with b=1, h=1, a=1/2. From this, we have the
above estimate.
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Remark 1. ¢, is defined in Corollary 1.1. Throughout this paper, we fix
&, as above.
Lemma 2. If geK¥T), then we have the following estimates.
D | K, z, x, C)IéC(t_z-)-(IIZ)(n+1+m)e-c|I-CI2/(t-r)-cszl(t-r)
) |3porazagK(t, 7, x, )] SO(T)(t—r7)~ 0/ (retemtriserysiai+ias)

Xe-cw-cﬂ/(t—r) -c82/(t-1)

where 0<s<1, 0Zc<t<T, ¢>0, C(T) depends only on T. And

. 1 i(z-0) 0 _I_S pU-7)
K¢, 7, x, )= @r)rt SRn—le do 271 JRe p=le
Y e 3
xglt, 7, x, ¢ p, a)e T dp.

Proof of (I). Since the proof is long, it is divided into four parts.
(I.1) We prepare the following estimates. On

n-1 1 »n-
Lmz{Re p=—co|lm p|—&, 3% |Re 0;]*+— '3 |Im o,|2+a}
J=1 &o J=1
where a is an arbitrary positive number >c¢T .
@ pl'P+lel=|plP+lal+aP=Zc(|p|2+a])

(i) c(llmp[t2+lo|+a)=[p|"*+|o|+a*=c(|Im p|"*+ || +a'%).

We have (i) from the following inequality,

n-1 1 n-1
a=Re p+e,|lm p|+e, X |Re ¢;1*—— X |Im 0;|*
j=1 €y j=1

=2(lpl+lal® on L, .
And since

Re pl= - lol*+a+ellmpl  on Lo,
therefore, (ii) is valid, too.
(1.2) At first, we treat the case where 0<s=<1. Using Corollary 1.1,
e VPt <cexp(—c'(|p|'*+]al)s  in Z,.

From the above estimate and (I.1), we can replace the path of integration
Re p=1 by L,,,.

(I.3) We put
bt o 5, G ay=g|  enUgl T x, G p, @) VP dp

Then, it is easily checked that k,(¢) is a holomorphic function with respect to
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geC™ ! And from (I.1), we have the estimate,
|ks| éch oRe p(t-r)(llm p|1/2+|0|+a1/2)me—c'(llm p|1/2+|0i+a1/2)sdp .
Taking the argument A=|Im p]|,

by gexp{—eo"i IRe 0, (t—o)+~"S |Tm o, %(t—7)+ a(t—r)—d,aws}
Jj=1 Ep j=1

x| oottt g 0t ymdz.

ct—7) ™14+ (t—1)' 2| 0 | +(t—1)2a ™ (m=0)
The last integralé{
c(t—7)" ™t —1)V2 | o | +(t—7) 2aB ™ (m<0).

Now, we define a positive number a. Let h be a small positive number such
that

h—dlhl/zz—d2<0 y

then we define a as follows:

h(-= Y for =1

t—r t—7)V2
= 1 s
— for (t—r)”2<1'
Then

s? s

—d, T for (t—r)1’2_1
a(t—r)—d,at*s=

s

=1 for (t—z')”2<1'

From the definition of ¢ and Remark 2 below,

[ks| Sc(t—7)"™* ' exp {—E—“i:i Re g;|%t—7)
=

SZ
t—rt } ’

1 n-1 .
+;j§ |Im ¢;|%(t—7)—d.

(.4) We treat the following integral :

K, 7 x, Q:Wsm_,ks(t, 7, x,§, 0)ei® 0 7dg,

We take the path Im g;=h(x;—;)/(t—7) (h*/e))—h=—c,<0). Immediately we
have the final estimate,

| I{sl éc(t_r)—(n—l)12-m/2—le2—62|z—Cl2/(t—() -dgs2/(t-1)

where constants do not depend on s, therefore this estimate is also valid at s=0.
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Proof of (II). Under the condition 0<s=1, we can take the derivatives

under the sign of integration. We consider the following case,

7 — 1 i(z-0 0 1 S (t-
K 7, x,0= (27:)""‘531»-16 do 57 e zFle”

X p*1o 1952025052082t T, x, §, p, @)e P o dp
where
a[[?,(t, z, x, C)]]8=OEng5+2sl+|a1|+6(s2+ss+|a2|+|a3|>(T).
Then,
|0'|:Ks:”s=o ] éC(T)(H)]”Z'f‘ | o.l+al/2)m+2s,+|a1|+6(52+53+|a2|+1a3|)

X(|pl*24la|+a'®®  on L,

where R is a positive constant which depends on 4, €., €;, a; and a,. By Re-
mark 2,

§C/(T)( [ P | 1/2+ | g l _|_01/2)m+251+m1|+5(sg+53+|a2(+la3|) .
Using the above estimate, we have the following,
|o[071072051082K,(¢, =, x, )]
éC(T)( [ p l l/2_|_ ] Vi | +allz)m+21'1+2‘r2+lall+lagl on Lo‘, @-

(Il) is easily proved by the above estimate and the result of (I).

Remark 2. From the definition of a, we have lower estimates, a(t—7)=c,
a=cT™? (¢>0).

We define integral transformations in the following way:
t
Ko=Kupt, 0={ Kt 7 z Oplz, Odede
Kgo=sl_gra K.
And we denote its symbol by
o[K]=0[K(, 7, x, Dl=g(, 7, x, §, p, 0)€KKT).
Lemma 3. If o[K]€Kz5Y(T) (m>0), then K& L(BYT), BYT)).

Proof. At first, we treat the case where 0<s<1. It is easily checked that

K,p(t, x) is a continuous function with respect to ¢t and x from the estimates in
Lemma 2.
t
Kaglt, DKoot 0=\ (Kt 7 x, 0—Ko(t, 7, x, O)plz, Odede

where 0<s'<s=<1.

Ks(t: T, X, C)_Ks'(t, T, X, C):@rl)—n_]—ge“x-o 'ﬂdazin'iSLo aep(l—f)
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Xg(tr T, X, C; p, U)(e-vm(s's')—l)e-ms'dp
‘Then,

e Vrr et dys/pt g

— s-3
e-~/p+02(s—s')_l|=lg -
0

<[ ydn(p gl @y on Lo

=c'(s=sV(Ip*+ o +a?) on Ls,.,
where y<(0, 1), ¢ does not depend on variables, and we used
{(Up1V24 o] +altyp)rTe-carpiiiaraliy <)
Therefore, from Lemma 2,
|K(t, 7, x, Q— Ko, 7, x, )| Sc(s—s')(t—1)" WD tl-min g-ciz-0iZ/c-n

If 7 is less than m, then the function on the right hand side is summable on
[0, TIXR™* After some simple computations, we obtain,

| Kpt, x)— Ko ot, )| Sc(s—s VT ™ P2|plor (0=t=T, xER").

Since the estimate implies that K;p tends to K¢ uniformly on [0, T]X R*"! as
s tends to 40, K¢ is a continuous function. Moreover,

tS e-c1z-C1Z/ -0

| Kot x)]écmlmj dedt

o RHW
=c"|plo,rt™?.

We have immediately Kol,—e=0, [K@lo,r=C(T)l¢l,r, and OEIEIETlKgp(i, x)|—0,

as | x|—oo.

3. Regularities.

Lemma 4. If o[K]€K™(T) (m>0), then Ke L(By(T), By(T)), where r=
0,1,2,3, -

Proof. (I). Special case.
At first we treat the case where ¢[K]1=g(t, 7, x, {, p, g) depends only on ¢, x, p
and ¢, namely,

KSD:S:SRn-lK(t’ 7, x, Qolz, Odzdl @By (T)

K(t: Ty x; C): lirr"_lon(t: Ty x’ C)

. 1 ) 1
= lim S ez(:—()oada S eP -1
s=+0 (2m)""! Jrn-1 277 JRe p=1

Xg(t, x, p, @) VPrRedp
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Since
ei(.z‘-() ~aep(l—r)

p+o* )

gt (E-0a,pt-D) =(—3r—Ac)

K, 7, x, O:(—ar——A()Wgei(x—()-ado.

1
o g(f’p’l b9 aistogy

:(—aT—AC)K3(2)<ty T, X, C)
where we put

oKty 7, % Ol amom BB e ipou).

Ko=(|  (-0—80Kw(t 7, % Dol, Odrdl

:Stskn_le(z)(l‘, 7, x, {)(0:.—A)e(r, {dzdl

0
where we used the following properties in integrations by parts,

Ko, 7, x, Ole==0, 0K, 7, x, {lgj=20=0

Koty 7, %, Qgj=20=0
which are .easily checked from Lemma 2, and ¢(z, {)|.-o=0 by the assumption.
Since ¢ & B (T), repeating the same argument,

Ko=|  Kunlt, 7 x, 0O—AYplz, Odzdl,

where we put

t
o[ Kyn] [s=o=%elf;§m-2rm.

Now, under the condition 2a+|B|=2r,

0808 Kp = ‘ 0708 K on(t, T, x, (0. —A) o(z, drdl
0

Rn-1

where we used 0208K;un(t, 7, x, {)|+=;=0 from Lemma 2. And

1 )
a0 B — = \pi@-D-e
ataxKx(Zr)(t: T, X, C) 82%2%0031 ﬁcﬁl (271,)7;-1 Se dO'

0:1081g(t, x, p, 9) oIy

X)) P (bt

2
The same argument as (II) in Lemma 2 gives the following estimate,

091081g(t, x, p, @)
(p+a®"
ST plM2+|a| at?)-m+2a+iBi-2r on L, .

i (z‘g)ﬂ—ﬁlpa-“l
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By this estimate and Lemma 3, we obtain

0708Kp= BYT)  at s=0.
For instance,
3.1) Ko=K (0, —A:) 0= BF(T) .

Remark 3. In general, if ¢[K]€Ky"*(T) (n>0) and p€& BS(T), then K¢
€ B#(T) by the same argument.

(II). Now we pass to the general case.

(—1)* C—x)*

(E:-tt a! ‘B!

e (E—x)B
vy w oD

a+1fi=N+1 al B!

gt t, x, ¢ b, 0)=a+|§ﬂ6$3‘ég(t, 7, %, ¢ p, 0)

Sl(l_ﬁ)Nﬂ
0
X0:0fg(t, t4+0(c—1), x, x-+0(—=x), p, 0)dd,

where we put N=[2r/(p—3d)]. Using the above expansion,
Kt 7, x C):;Seuz—()-adgLSep(c-n
e @)™ 2ri

xglt, 7, x, &, p, o) VPr s dp

(_1)la|+|ﬂ1 1
T a+iflsy a! B! @mr?

8 %Sew-”("_”“(x—C)ﬁg‘“'ﬁ’(t, %, b, Q)T p

Sem-o odg

tvy w EDEE L feoegg L (s

atip=Ns al Bl @Cm)! i
X(t—1)* (x—0PFF P, 7, x, , p, a)e VP*%*dp

where we put

g@P(, x, p, 0)=0508g(t, 7, %, {, D, 0)

=t
{=x
gPt, 7, x, 8 p o)
=['a—oy ozt t+6e—1), x, x+0C—), p, 0)d0.

Since
(x-—C)ﬁe“"c’ -a(t_z.)aep(t—t) -__itﬂ@;ag(ei(z—t) TgPt-D)

by integrations by parts,

1 (i)'ﬁ'

K ox 0= 2 o5 e

PSSRy P
Rn-1
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ZLﬂ:iSR 1ep([—r)a§a£(g(a’ﬁ)(f, x, p, ¢)e YProEsdp
e p=

PSS S L SR
+(N 1)a+|ﬂ|=N+1 a!l ﬂ' (2r)"! Snn—le do-z_m

XSR 1ep<t—f>a;8£(§<a,ﬁ)(t, 7, x, &, b, U)Q—J—”pwzs)di).
e p=

155

(IL1) We treat the first symbol in the above expression which depends only

ont x, p and g.
0508(g P, x, p, a)e P+7"s)

=030g P (¢, x, p, @)e VProRe

p aCa, ﬁCﬁla;‘alag'ﬁlgﬂx,ﬁ)(t, x, b, a)aglafl(e_“/m )

1sajsa
151811 Bisp

We put
=gll(t) X, p’ o)e—vp.“’z s+g12(t, X, P; g, s)e"\/p+028

And the following estimate on L, , can be checked easily.

| gue™ P SCT)ST( p |3+ 0| +a )™ (0<y <m)
We put
Kxx§0=K131S0+szzS0
where

d[Kis] =gue_vm 5 a[Km]=g,2e'“/m .
By the same argument as Lemma 3 and Lemma 4, we have
| Kisepler,r =0, as s—+0, and KipeBi(T)
(Kip= ETPOKNSD: &TOKmSD) .

(II.2) The symbol in the second term.
On the other hand, we can see

agafg‘“'ﬂ’(t, T, X, C, P, G)EK;,;’""”"” (N+1)(T) R

where
2r
(p—0)(N+1)=(p—0) 5 =2r.
o—
From Remark 3 and the argument in (IL.1),
K,p= lim Kype BY(T),
s+
(—1)t# ~ Y s
o[Kul= X (N+1)-——77050853 P, 7, x, {, p, 0, s)e "P+7"°,

a+1BI=N+1 al ‘B!
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For instance, we have the following decomposition.
3.2) Ko=K,p+Kxp
where

o[Kd=g., x, p, O)e K7 (T), olK.]=g.(t, 7, x,{ p, O)eKi"*(T).

Now we define the iterations of K in the usual way:

Kip=K(K''g)  (j=1,2,3, ) (K*=I).

Lemma 5. If ¢[K]1€KMT) (m>0), then Kie L(By(T), Bi(T)) and

) o j 1 -
| K] ar. 7 gC(Zr)T“”ch(%)]F( U er o) g lane

Proof. The proof is divided into two parts.
(I) Assume that ¢[K] depend only on ¢, x, p and ¢. Then

Ko=Kg@ne®" (see (3.1))
where we put

_ o[K] _gt,x, 5 0) i mos
o[Kenl= DteT — (pFoty eKm(T)

PP =", x)=(0,—A)¢(t, x) BYT).

Moreover we put
(ac—Ax)rKﬁlJ:(aL—Ax)r(K(er)SD(M):KE%;;SD(ZT)

where o[K 1€ K M(T).
Using the above, we get the following,

Kip=K(K"'0)=K ,,(K 33) " € Bi(T) .

And concerning the estimates,

¢ e—cl.’c—(lzltt—p) e-ch—r]l2/(p—t)
(3'3) gkn—lSr(l‘-—p)(n_”/2+l—(m/2)(p—‘[)(n-l)m“_(k/z)mdp dc
m  km e-clz—mz/(t—r)
=C,B(—2—, T)(t_f)(n—l)/2+l-(k+l)m/2
m km\_ L m km (B+1m\-1 .
60 B AR s
(M g (JF1)m -1
3.5 | Kplar,r CRAT eIl (5) T(~522) " plnr

where M depends only on 7, and c¢;, ¢, do not depend on » and j.
The properties (3.3), (3.4) are well known. The property (3.5) is obtained by
induction on j, taking account of (3.3), (3.4).
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(II) General case.
Ko=K, o+ K¢ (see (3.2))
=Kienp® +IGp  (see (3.1).

Repeating this argument, we have the following,
. i- R
K=K @n {(K.83) p® 4+ 21 (KL @R 1Ko K715} + KK o= BY(T).
&

And,

. j +1 -
| Kg |z =C@nTel+ () T(EY i glrr

<cenrar(y) () ol

Remark 4. In general, if g KJXT), then by integrations by parts, we can
see (t—1)*(x—0)fg(t, ¢, x, &, p, a)e K5 Pt F(T).

Finally, we define F as follows:
F=3 K.
j=o

Corollaly 5.1. If o[K]eKz(T) (m>0), then Fe L(B{(T), B¥(T)) (r=
0,1,2 3, ).

Proof. This is clear from the following,

oo oo . i y l -
| £ Koplr= 3 cnmmar () 1) ol p<oo.

In Section 4 and Section 5, we shall be mainly concerned with the follow-
ing symbol.

a(t, x)(\/p+a2+7;i‘; cit, x)ia;)+b(t, x)
= —1.

go(tr T) xr Cv .b, 0): n—1
a(z, OV pFo*+ T eilr, Do)+, O)

Lemma 6. We assume (A) in Introduction, then g, KiYZ(T) for some
sufficiently small T >0.
Proof. The proof is divided into three parts.

(I) At first, we consider the following symbol.

aCja(ry C)
a(z, OV p+toi+l—alz, §)

hl(T) Cy py 0'):

where we assume
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a(z, e B([0, TIXR*"), 0=a(r, H=1.
In %,
la(z, OVpFai+1—alr, Ol Zalr, Oc(|p]'*+1a])+1—alz, O).

In particular, on L,,,
>c’a(z, Qa*+1—a(z, §)
=min(l, ¢’a'’?)
=>C min(l, T-'/?) (Remark 2.).

The followings are well-known under the assumptions.

(3.6) |d.a(z, 1 and  |dgalr, O SCalz, O
where C does not depend on 7 and .
Therefore,
1/2
= Ca(z, O
a(z, OCU p1**+ o) +1—alz, O

C

=T, OCU P o N 1—aG, OV (p o+ 1ol " o

In particular, on L,, g,
<Cmax (1, T")(|p|"*+|a|+a'®)".
3.7 PY e S SN WV, v S/ M
2vVp+a® 4 v p+o?
Using (3.6), (3.7) and the above argument, h,€ K1{/3(T) is easily checked.

(I Next we consider
acja(rv C)
alz, OWPFo*+ 2 eifs, Vi) +b(e, O

hZ(Ty C) p! G):

We define E,, E,, E; and ¢ as follows:
E\={(z, [0, TIXR"* | a(z, {)=0,>0, d, is small.}
E;={(zr, O<l0, TIXR"' | b(z, H=0}
E,: E,EE.€E,

0 on E,
oz, 0= eB([0, TIXR™Y)  0=Z¢=1
1 on E,

Then,

a
-+ > < <
a ng—51>0 and 0= <1.

Now,
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a(s, O pFo*+ Z es(e, Dio)+b(z, O

=(a+ob) {a(\/p—|—02+7;z;)icjz'aj)+1—a+5}
where we put

_a _ (1—p)b
a= atob’ and 5_——a+¢b .

And moreover,
|a(\/j)+o'2+:§1 ciio)+1—a+b|

161

=(Ca(l pl*+ 0| +a" )+ 1-a) (I~ pormn =g

) on L, .,

= > (Callpl ™+ o] +a")+1—a)
where we used (3.8), (3.9),
(3.8)  since 5=0 on E,

6]

Wa—écﬁoa"”zécﬁm (see Remark 2.)

3.9) CgT”zé% for some sufficiently small 7 >0.

And we applied Lemma 1 to f(p, )=Re (\/p+az+:§_fc,(r, {iic;). The same
argument as (I) will give h,e K7{/2(T), which can be verified easily.

- n—1
at, x)(vVp+a+ Z ity x)ia)+b(, x)

n—1 -1
a(z, O pFat+ ez, Qio)+blr, O

(HI) go(t’ T, X, Cy pr U)Z

Taylor’s expansion and Remark 4 show that ge K7{/2(T).
For an arbitrary 7>0, we can take an integer d such that T<Td. There-
fore, the assumption in Lemma 6 is not serious for the application in Section 4.

4. Existence and Regularities of the solution.
Let us recall that our problem is the following.

“.1) 0, u=Au in 2
ou
4.2) Bu=al(t, x)W+b(t, x)u=0 on 02

(4.3) Ulico=u, €B(RY).
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4.1. Compatibility conditions.

We consider the above initial-boundary value problem. If there exists a
solution u(t, x, y)€B7([0, TI1X RHNB™((0, T1X RHNCT+*((0, T1X R%), then it
must satisfy the following :

O:a{(—@u [ y=o) [ t=o=(a{(-‘5'u)| =0 =0

. _[r—1
={ 2, corr@aml| o (0=i=[5]).
And
4.9 0tu(t, x, ¥)|i=e=A%uyx, ) in 2.

By (4.4), we obtain the following equalities.

_[r—1
(*.5) S0 D) ot =0 (05575 ]).

Since these relations are non trivial on {{=0Ny=0} between the cofficients of
the boundary condition and u, we assume that wu, satisfies (4.5) which are
called the compatibility conditions. (if »=0, then we assume u,(x, ¥)|,-,=0 on
{xeR" | a(0, x)=0})

4.2. Extension of the initial data.
We extend u,=B"(R?) to i, defined in the whole space R™. By well-known
method, we can get #, such that

u,=B(R™) and > sup 9505 io(x, 3)| SC(r)|uol-.

lal+ksT (T, Y)ER

Now we put v, as follows:

o , o~ (1T~ 124+ (y-y D /4t
vo(t, x, ;V)=S_wdy SRn—l (Axt)"'®
0=t, 0=y, xeR™ ).

uo(x’, ydx’

Then we have (4.6), (4.8). If u, satisfies (4.5), then (4.7) is easily verified.

(4.6) vo€ B7([0, T]x R%)
4.7 W alw=0  (055=[75))
(4.8) |020] Bu(t, x)—020] Bvy(t’, x')|

SC(t=t" [T [x—x" [T)() ™ T2 |

where 0<t/<t<T, 0<r<1, |a|+2j=r+1.
From (4.6) and (4.7), we can see By, Bi-Y([0, T]x R™"1).

4.3. Regularities.
We define U as follows:
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t

Up=Uptt, x, »={| . U 7 5 & net, Ode dt

0

where
Ut, 7, x, 8, y) :—I—Sei(v‘”—c’ odg Lgemt—r)
» & > (271')”_1 27[1’
X B e":_f’?-"_zy dp
azr, O(vVp+a*+ Z ooz, Qia))+biz, O
where

(4.9) we assume a, b, ¢; satisfy (A) in Introduction,
4.10)  @eBX[0, TIXR™) (r=1,2,3, )
if pe BY([0, T]x R™1), then we assume the following Hoélder continuity,
lo@’, x" )=, x)| =C(|'—t]*+|x"—x[") (0<p’, p'<1).
Although ¢[U]|,-0€Ku/5(T), the operator U is well-defined from (4.10).

Lemma 7. If u,€B"(R?) and satisfies (4.5), then
U B, B([0, TIX RH)NB™((0, TI1x RHNC=((0, T1X R%).
We only consider the following case for simplicity.

e‘*lmll
a(r, OV p+oi+l—alz, §)
Bve=alt, x)(—0,)vo+1—alt, x)vely-0

oU1=

where we assume the followings:

(4.11) a(t, x)e B=([0, T]xX R""?)
(4.12) 0=a(, x)=1
(4.13) U, satisfies the compatibility conditions of 3.

Proof. The proof is divided into two cases.
(I) At first, we assume that » is even.
We put r=2~k (=0, 1, 2, ---).
U3v,=0,3v,+0, 3, (see (3.2)
=0,00(Bv)®0+0,3v,  (see (3.1)

where Ul:ﬁl(zk)] [ y=0, 0'[[72] ly=0 € K1&,5,(T).

and moreover, |(Bv,)?¥(z, {)| <Cr *'%|u,|q.s. From the above decomposition and
4.8), U 3v,e B**([0, T]X RHNC=((0, T1XR}) is easily verified. More strictly,
we can see U @v,e B*+1((0, TIX R?). We only verify it in the case where
r=k=0.

U 3v,=0av)+ 01 —a)v,
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e'*/pﬂrzv/ 1

V3T ' ol OvVptert i at, O

From (4.14) and (4.8), aUvie B*(0, T1XR?).
We prepare the following properties of the kernel for considering U(1—a)v,.

xg(t, x, p, a)e VP+*vd p)dr d{

4.14) olUal=

)EKTl—u/z)(T) .

ZS:‘:Z;ITTSe”“"”gG, x, p, 0evrvdp ds

1

T om

ePt _
STg(t’ x, p, 0evrvdp.
Especially, if g(t, x, p, o)=0ch(t, x, p, o), then (4.15)=0. And,
(4.16) Volr, O=vo(zr, 2)+(—x)vilz, x)Fvs(z, %, §)
where

lvi(z, )| SCc7 % uple,  |valr, x, QI SC|x =T~ W2 |, (0<7<]).

And moreover,
(4.17) vo(T, x)=0v,(t, x)+vs(t, 7, x)

where
[vs(t, 7, )| SCE—D)z 7wyl (0<y<1).

Using (4.15), (4.16), (4.17), we can see U(l—a),= B0, T]X Rp).

(II) Now we verify the case r=2k+1.
Using (4.15), (4.16), (4.17) for Uav}, the regularities are verified. Applying (4.15),
(4.16), (4.17) and (4.14) for ﬁ(l—a)vo, the regularities are verified.

We treat the operator K, whose symbol is g, K74/3(T).
O‘[I(O:I:g()(t: Ty x) C’ p’ 0)
- n—1
at, x)(Vp+o*+ Z ity 2ia)Fb(, x)

- = —1
a(e. QWP T+  eslr, Dia))+bl, O

(see Lemma 6.).
Lemma 8. If u,=B"(R?) and satisfies (4.5), then

U( i Ki Bvy)e B7([0, TIX RHNB*((0, TIX RHNC=((0, T1X R%).

Proof. Ky 3v,=FK,av,+K,(1—a)v,.
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‘We consider the first term on the right hand side.

~ o (alt, x)—alz, O)Vp+alalz,
oliead= a(zr, OvVp+a*+l—alz, O

_ 0ga(r, O(x;—Ealr, OV p+a®
~ ale, QVptattl—alr, §)

_ 0g;a(t, x)(x;—Epal, OV p+a®
~ alr, OVptettl—a(r, ©)

Og;a(z, {)—0o,alt, x)(x;—Lalr, OV p+a*
a(z, OV p+a*+l—a(r, )

=0,a(t, x)g1+g.

9 +lower order

+lower order

+

+lower order

where g, €K740(T), g8:€K7%,5(T) (see Remark 4.).

By the above decomposition and (4.16), we get the following expansion.
(Boavi)(z, O=(Koavi)(t, O+vit, 7, Ddaalt, x)
(Roavi)(t, O=(Koavi)(t, x)+(x—0dzalt, x)vglt, x)
+H(x—0dzalt, v, x, O+vilt, x, O

‘where
[(0:—Az)vq(t, x, O SCt= D72y, .

Using the decompositions ¢[K,a] and K.av), we can see the following estimate
after simple computation,

|@:—ANK Koavi)(t, D)< [Ct D2 yl,  (0<r<1).

Immediately, we get K Savie BYT). On the other hand, by the similar decom-
positions of a[ﬁuj and I?O(I—a)vo, we get K f1—a),eBYT). Namely, we see

~

Ki#3v,e BAT). By this result and Corollary 5.1, we have fog KK Bvy) e BYT).
P
It is easily verified that
003 Ridvet+ 3 RiRiBv)e 30, TIXRY).

j=1 ji=0
4.4. Construction of the solution.

We want to find the solution under the following form.

t
0

ut, x, ) =vlt, x, N+ U < %, ¢ Dt Odr g

where v, is the function which is defined in 4.2. U is the kernel which is
defined in 4.3.

Lemma 9. We assume ¢ has Holder continuity and belongs to BY[0, T]
X R™1), then we have (i), (ii), (iii),
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G OJwu=Au in Q

(ii) _fBu:.CBvo—l—%go(t, x)+ Ko on 09
(iil) wuli=e=uo.

Proof. (i) and (iii) are clear. And moreover,

t

oSRn—l (_a;]‘)ﬁgeuz—m do 271”' Sep(t_f)

X e VPP p)o(z, §)dt dC| -t Kop -

$u=ﬁ9v0+5

From the assumption, the second term tends to (1/2)¢(f, x) uniformly on [0, T]
R™?' when y tends to +O0.

We put
o= 2 (—2K)(—23v,).

Jj=0
Then u(t, x, y) is a classical solution of (13). And we can see that if u,e BT(R™)

and satisfies (4.5), then u(t, x, y)e B7([0, T1X RH)NB™((0, T1x RHNC=((0, T]
X R%). Namely, we obtain the following result.

Existence Theorem. For an arbitrary u,€B7(R%) and satisfying the com-
patibility conditions, there exists a solution u(t, x, y)e B"([0, TIx RHNB™Y(0, T]
X RMNC=((0, TIXR?). And moreover, |u(t, x, y)|.r<Clr, T)|ux, ¥)|, (r=
0,1,2 ).

5. Uniqueness.

5.1. Ajoint problem.
We consider the following problem on [0, T]X R%.

—o,v=Av+h(t, x, y) in £
(P B*y=0 on 99

V|-r=0
where

B*rv=a(l, Jc)(—ayv—til cit, x)0.;0)+(b(2, x)—TE1 a(t, x)0z,¢;@, Nvly=o -
=1 Jj=1

Then, on the set {(¢, x)|a(t, x)=0}, b——;aaxjcpo.

Lemma 10. We assume (A) in Introduction, and moreover let h(t, x, y)E
C5([0, TYX R%). Then there exists a solution of (Py* v(t, x, y)EB”([O, TIX R7).

Proof. We can construct v(¢, x, y) by using the method in the previous
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Section. Since h(Z, x, y)€CH([0, T)X R%), we can verify easily that ve B2([0, T]
X R%).

5.2. Uniqueness.

Lemma 11. If u(t,x,y)€ B([0, T1X RHNB (0, T]1x RHNCT*(0, T1X R})
is a solution of the following problem (Py), then u(, x, 9)=0 on [0, T]X R%.

o,u=Au in Q
(o) Bu=0 on 082
u]=0=0.

Proof. Let u be a solution of (130), and let v be a solution in Lemma 10
corresponding to A(f, x, y). Then,
T
0

S:SRi(G,—A)u v dtdxdy—s SRiu(_at—A)U dtdxdy

%Snﬁ“ﬁdmxﬂgm a(: 52 dtdx+SR1u v dxdy‘::,

where
D,=[0, TIXR*\A4,, A={{ x)|a(t, x)=0}.

From the properties of » and v, we have the following :
T
SOS ult, x, Y, x, ydtdxdy=0.
R}

Since A is an arbitrary function €C%([0, T)X R%), u must be 0.

Appendix.

Our initial-boundary value problem can be considered as diffusion problem.
S. Ité treated his problem from this point of view. Then, the integral kernel is
understood as the smooth density function of transition probability.

In this Section, as in the case of the original work of S. It6, we treat our
problem under less regularity assumptions. If it is assumed that the coefficients,
a2 are more smooth, then we can see, by using the results of the previous Sec-
tions, that the solution also is more smooth.

We will give a brief proof only in the case where 2 is a half space in R™
But, by well-known method to our framework of Holder countinuity, we can give
the proof of this problem in the general region, also. Concerning this method,
for example, see [2] pp. 228-239, which is clear and simple.

We consider the following problem.
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a¢u=L(t, X, az)u

0.P) :lst,zj)snAU(t, x)aziaxjquls%n Bjt, x)05,u+C{t, x)u  in 2

Bu=alt, x)—%uT-I—b(t, x)u=0 on S(=0\9)
Ul =o=1u,

where £ is a bounded open region C R™
and S is a compact set and has smoothness.
More precisely, see (1) in (A,).

0 n
—a—]:—: J;l ))j(t, X)azju I zES -

We put the following assumptions.

(1) S(=0\9) satisfies the followings.
(i) S is a compact set. S=\IJV, (I runs over a finite set.)

(if) S has following smoothness.
S is represented in V; as x=F(x’) (x’€R"*1).
(FeC*, 0<r<1)
(2) Coefficients satisfy the following regularities.
() A, )ECENR), B, x)eCK(2), Ct, x)Cl, (D).
(i) a(t, x)ECEAS), v,t, x)ECHTA(S), b(t, x)ECh, :(S).
And sup lat, x)—a(z, x)| SC|t—| P2 (0<yr<1).

(A

(3) Positive Definiteness.
For an arbitrary £ R™, ]S.ZJ}S Ay, x)6:6;=clé|®

where ¢(>0) is independent of t, x and &.
(4) All coefficients A;j, Bj, C, a, b, v; are real-valued.

Moreover, 0=a(t, x) and —co< M= Z((I;’ j;)) <+4o0,

(5) Let Nx be the unit outer-normal vector to S at the point x.
Then, D, oy =Wit, x), volt, x), -+, v,(t, x) satisfies the following
inequality :
Doy Na>0 on [0, TIXS.

We treat (D, P) under the assumption (A;). Then we obtain the following
Theorem.

Theorem. For an arbitrary u,eC%(Q), there exists a unique solution

u(t, x)=SQU(t, x, 0, Mu(3)dyeC?7 (0, TIXQ)NCH'((0, T]X 2)

for some 7' >0
where U(t, x, T, y) satisfies the followings:
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(i1 a) U@, x,t, y)C?*((r, T1,X2INCH"((z, T1 X 2.)
for fixed (z, y)[0, T)X L.
b) [0.—L(, x, 0:)]UG, x, 7, y)=0 in (z, T1: X2, B.. UL, x, 7, y)=0
on (z, T1.XSa, for fixed (z, y)€[0, T)X 2.
T[] a) U@, x, 7, y)eC([0, 1).x2,)NC™*' ([0, ). X 2,)
b) [—0.—L*(z, y, 0,)UG, x, 7, ¥)=0in [0, ). X 2,, 8F U, x, 7, )=0
on [0, t)XS,, for fixed (¢, x)€(0, TIX Q.
where (L*, B*) is the adjoint system for (L, B).
i Jim | U, %, 7 pudy=ux)

t—=7+0

lim SQU(t, x, T, Mu(x)dx=uyy)

T-1-0,

where these are bounded convergences. And moreover, these are
uniformly convergent on each compact set CS.

Proof. To make the principle of the proof clear, we give the proof in the
case where the elliptic operator L(t, x, 0;) is A, and 2 is a half space in R™.
Concerning the treatment under general situations, the technique has already
been established completely. For example, see [2].

We verify Lemma 6 under less regularity assumptions,

= (a(t, x)—a(zr, ONV p+0’+Zics(t, x)iay
" al, QWpta+ e, Qia)+b(r, O

Concerning the main part,

+&.

att, x)—a(e, D=(alt, »)—alz, )+sa(z, O-(x—0
+{ eate, 4+ 0G—0)—Vcatz, )-x—0d0.

Then, using |Vea(z, §|=Ca™ " (z, ) (see Lemma 12), we have
la(t, x)—a(z, DI SC(|t—c| PP 4a(z, {1/ | x—|+ | x—L] H*7).

By the above estimate and the argument of (I) in Lemma 6, we can see g,
K-XT) (for some 7>0). Now we want to find the solution under the following
form,

e—l.r—m?/u

t
utt, 1 9= e w0y (], U7 5 & et Odedt
where U is the kernel which is defined in 4.3.
Then we can verify Lemma 9. Therefore, if we put
e-lz—vﬂ/u

o, 0= B 2k (-28] L windy),

then the above u is a classical solution of our problem. Concerning the regularity
of the solution, by the result of Lemma 12 below and the argument in Lemma 7,
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Lemma 8 under less regurality assumptions, we can verify that u(f, x)e
C*1'((0, TIX 2)C*7'((0, T]1x 2). Under our assumptions, uniqueness will be also
verified.

a(t, x) is defined on [0, T]XS. But by the local representation and suitable

extension, if we can see Lemma 12 under the following situations, then our aim
is accomplished.

Lemma 12. If a(t, x) satisfies the followings,

(i) 0=a(, x)
(i) a(, x)EB‘([O, TIxX R"Y), and moreover

Sup [9z,a(t, 2)—05;a(t, )| =Clx—yl7 (0<y<1),

where C is independent of x and y,

then, we get |Vja(t, x)|=Ca(t, x)7/+D,

Proof.
0=a(t, x+h)<a(t, x)+Vza(t, x)-h+C|h|T.

If we take h;=—sgn (a,ja(t, x))a(t, x) 2+ then we obtain the desired estimate.

L1]
£2]
£3]
[4]
5]
[6]
L7]
£8]
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