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1 .  Introduction.

L et D be a domain in the complex plane, and H ( D )  be th e  Banach algebra of
bounded analytic functions o n  D .  We assume that H°°(D) contains a  nonconstant
function. T hen, by point evaluations, th e  domain D can be identified with an
o p en  subset o f  th e  maximal ideal space 8 2(D) o f H " (D ) . T h e  corona problem
asks whether D  is  dense in .51(D).

Since L. Carleson [3] solved th e  corona problem fo r  th e  u n it  disk affirma-
tively, several attempts a re  m a d e  to generalize this result to larger class of
plane domains. Among them we a re  particularly interested i n  t h e  results of
T. Gam elin [ 6 ]  and  M . B ehrens [ 2 ] .  In  [6 ]  Gamelin proved t h e  localization
principle fo r .31(D), and  by use that he showed some class o f  p la n e  domains
f o r  which t h e  corona problem has an affirmative answ er. In  th e  same paper
he also introduced some constants C(D, in, 3) associated with each o p e n  s e t  D
in  C , integer nt and 3 > 0  (see § 2).

I n  § 2 w e  s h o w  th e  localization principle concerning th e  so r t  o f  Banach
algebras used in  th e  proof of Behrens [2 ] (Theorem 1). And as its corollary, we
know that the  Gamelin's constants are finite for the open sets considered in  [6]
(Theorem 2).

Following W . Deeb [4], we mean by a  4-domain, a  domain obtained from
th e  o p e n  u n it  disk 4 by deleting the  origin a n d  a  sequence of disjoint closed
disks 4 = 4 ( c n , 7-0= {z ; jz— c 7- }  contained in 4 \ { 0 }  w ith  cn  tend ing to  0.
In  [2] Behrens showed that if  th e  corona problem has a  negative answer for
some plane dom ain, th en  it h as a  negative answer even for some 4-domain.
Therefore th e  corona problem fo r general plane domains is reduced to the case
of 4-domains.

In  § 3, using th e  result o f § 2, we shall construct some new examples of
4-domains f o r  which th e  corona problem has still an affirmative answer. Actu-
a lly  th ere  is  a  4-domain with X 11-.1 = + 0 0  f o r  which t h e  corona problem is
affirmative.
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T. Fujiie  for their valuable  suggestions and encouragem ents. A nd the author
also thanks to Doctor M . Taniguchi for his  advices.

2. L e t  {D } 1 be a sequence of uniform ly bounded open sets in C  (i.e . there

ex is ts  a  b o u n d ed  se t w h ich  co n ta in s  ev e ry  D u ), an d  le t (J (D x  {n }) be the
n 1

form al disjoint union of {D } .  L e t  H ( { D } )  be the Banach algebra consist-

ing of bounded functions on  \ J (D x  n } )  which are analytic on each  D x  {n},
n=1

and let ±4i({D}) be  the  m axim al ideal space  of th is a lgebra . W e can  identify

U (D ,x  n } )  w ith  a  s u b s e t  o f  .541({D}) by usual point evaluations. D efine a
n=1

coordinate function Z H °({D })  b y  Z(A, n)=A
N o w  w e  sh o w  th a t th e  lo c a liz a tio n  p r in c ip le  is  v a lid  fo r  .51({D}) with

respect to Z .  The proof is an analogue of that of  Gamelin (cf.  [ 6 ] ,  [7 ]  Chap.
2). In  the  fo llow ing w e denote  the  Gel'fand transform  of  F H ( { D , } )  b y  Ê.

L em m a. Let FH00({DJ), and extend each F(., n) to C by taking O outside
D. If the sequence of functions {F (., n )} 1 is  equicontinuous a t  a n d
F ( ,  n)=O  (n=1 , 2, . . ) ,  then Ê = O  on  Z - 1 ( { } ) .

P roof. F o r each  ?n N, l e t  g  be a C 1-function w ith  com pact support in

_ _ ) = { z _ ( '  } ,  

g = l  in  a  n e ig h b o rh o o d  o f  ,  a n d   ^ 4 m .

Extend each F (,  n )  to  C as above, and set

1F ( z  n ) -F (w  n )  a g m  (T g F)(w, n )= — d x d y ,  w m C ,  z = x + 1 y .

Then T g m FH°°({Dn}) and

T g F sup supI(T g F)(w, f l )

^8supsup{F (z, n) -F (z ',  n );  z ,  z ' 4 ( ,  1 »
-+0, a s  m — +00

(cf. [ 7 ]  p. 4-5). Further, le tting  F,(z, n)=F(z,  n ) - ( T g , F ) ( z ,  n )+ (T 2 7 F )(,  n),
e a c h  Fm ( ,  n )  is analytic  in  a  neighborhood  z c n C ;  g m (z)=1} o f  w h i c h  i s
independent of n, and  Fm ( ,  n )= 0 . S o  ( Z _ Y 1 F m H00({Dn }) and consequently
çb(Fm ) çb(Z )ç&((Z-Y'Fm)=0  for 2 1 ( { } ) .  S in c e  F - F  -O  a s  n i —+ 0 0 ,

çb(F)=0 as desired.

Theorem 1. Let {D } be a sequence of uniformly bounded open sets in C,
and let U be an open set in C. Let Q  : M( {D,flU})- .5Ji({DJ) be the projection
induced by the restriction map H ({D ?) } ) - H ( { D Thr\U}). Then the restriction of

toi s a  h o m e o ? n o r p h i s n i  onto i (D J )r '\ Z '(U ) .  Moreover,

fo r (, U and{ D U } ) 2 1 ( { i ) ,  ç o  belongs to Û ( (D f lU )X  n } )  in

3 i({D (U } )  if and only if (ço )  belongs to ( J (D x  {n}) in .fM({D}).
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Pro o f . Obviously 0 is continuous and 2 (0 (0 )= 2 (0  for any ÇO {DnnU} ).
W e shall now construct the inverse gr of i3r1({Dnnul)n2 - '(u ). For CEU
let 0E5kt( {D J) for which 2(0)=C and let f  E ll - ({D .r1 U 1 ). A nd let g  b e  a
C'-function w ith  compact support in U  such that g = 1  in  a neighborhood of C.
Extending each 

f ( . ,
 n) to  C  by taking 0 outside Dn nu, w e define T g f  as in

the proof of lem m a. P ut F (z , n )= (T  ,f)(z , n )— (7  f)((, n )+  f(,(C, n). Then we
see that FE11 - ( 1 D ) ,  each (F— f)(., n) is analytic in  a neighborhood {g=1 } of
C, and that (F—  f)(, n )= 0 .  Hence F— f satisfies the condition of lemma. Now
we define (W (0 ))(f )= 0 (F ). Clearly T(0) is  lin ear. Let f„  f . 1 H - ({D 71 r1U}) and
let F„ F 2 , F2 be defined as above corresponding to .1'1, f2, f l  f 2  respectively. Then
F1F1— f1f2, and hence F1 F2 —F3 also , satisfies the condition of lemma. Conse-
quently (T. (0))(f1g  -=-0 (F3)=0(FIF2)=0(F1)0 (F2)= (r0 ))(fi)(r0 ))(f  e. gf(tp) is
also multiplicative, and so W(0) is  a  complex homomorphism on H"({D,,,nul).
N ow it is im m ediate that i s  the desired inverse of oin({D 71 nui)n2 - 1 (u)
and this correspondence is a  homeomorphism between .5 ( {D71 nu})n2 - 4 (u) and
n ({D 71 })n2 -

1(U ).  The last assertion follows from this fact.

For each open subset D  of C, positive integer in a n d  3>0, le t  C(D, m, 6)
b e  the sm allest constant such that for given f„ •-• , fr,,E11 - (D ) with

in

(i =1, ••• , ni) and Ifd  --13 there exists ••• , g i g ŒII - (D ) satisfying i f z g i =1
i=1

w ith 11g,11c., C(D, m, 5) (i=1, • , m). And if no such constant ex is ts  w e  set
C(D, in, 3)=00.

As a consequence of the well known equivalent form of the corona problem,
if C(D, m, 6) is finite for each 3>0 and m 1 , then D  i s  dense in 5 1(D ) .  But
in  general the converse is  n o t kn o w n . So  the following theorem is a slight
improvement o f  Gamelin's re su lt ( [6 ] T h . 3.2). F o r th e  proof, note that

U  (D .x  {n }) is  dense in „V  {D J) if and only if each D . is  dense in .51(D71) and
71=1

limsup C(/)„, in, 6 )<co  for a ll m E N  and 5>0 (cf. [2 ] Th. 8.1).

Theorem 2. Let ID 71 } -7,=, be a sequence o f  uniform ly  bounded open sets in
C .  I f  there ex ists a positive constant e such that the diameter of every component
of C\D 71 exceeds 6 fo r all n, then sup C(D., in, 6)<00 fo r all m N  and 6>0.

P ro o f .  Let {WO Z=1 be a  sequence of open sets such that each Ï 4 2 is equal
to some D i ,  and every D . appears infinitely often in this sequence. For each

AEC, let 4(2, —

s

)=IzEC ;1z - 21 G—

e

Then by hypothesis, each component2 2

of w ,n4(2, is simply connected for a ll k. Therefore, by Carleson's result

(w hich asserts that fo r the un it disk 4, C(4, 7n, 3) is finite for a ll m EN  and

(3>0), u ((wkn4(2, -D)x {k}) is  dense in ,9i({Tv kn4(2, )}-). T h en  it  fol-k=7.
lows from Theorem 1 that U (Wk X {k} ) is also dense in ,32(11v kl). Therefore

k=7
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limsup C(Wk , in, 3) < O a and hence sup C(D n , m, (3)<00 for a ll mEN and 3>O.

3 .  T h e  sequence o f  disks {4n} c;ts=i, 4.=4(c11, r0= {lz — cnI rn} c 4 \  {0} is called

" hyperbolically-rare "  if  there exists num bers R n >r n  su c h  th a t E  
 r , ,

<00 and
7,1 ic n

t h e  d isk s  W 71 =4(c 71 , R n ) a r e  contained i n  d  a n d  m utually  disjoint. I n  t h e

fo llo w in g  w e  f ix  a  4-dom ain D'=4\ U 4'n  w i t h  hyperbolically-rare sequencen=i
{41`77=1. Let {D 71 } 1 b e  a  sequence o f uniformly bounded domains a n d  E n  b e
a  closed s e t  i n  ZI'n  w hose  com plem ent in  t h e  extended plane is  conformally

equivalent to D„ f o r  e a c h  n. Behrens [ 2 ]  p r o v e d  t h a t  \ U E n  i s  dense in
n=1

.32(4 \U E n )  if  an d  only if  U  (Dn X  {n }) is  dense in .32( {DO ). A n d  a s  a  corol-n=1 n=1
lary he show ed that if  th e  corona problem has a negative answer fo r some plane

CO

dom ain, th e re  e x is ts  a  4-domain D= 4 \U d m  such  tha t each  dm =d(c m , r m )  isni=1
contained i n  som e 4 ',  a n d  D  is  n o t dense in n (D ). I f  {LW  itself is hyper-
bolically-rare, o r  satisfies th e  following condition given by Deeb and Wilken [5]

urn k IE , r m  I  e

=0 ( * )
m =1 1C m 1 1C k — C m lnt. k

(which contains the hyperbolically-rare case), then  D is  dense in .52(D).
T h e  result o f  § 2 offers som e new  exam ples o f  4-dom ains f o r  w h ich  the

corona problem  is affirm ative. L et D ', Dn ,  E n  b e  a s  above. B y Theorem  2 if
th e  diameters o f  th e  complements o f  D n  a r e  uniformly bounded from below by

a  p o sitiv e  co nstan t, th e n  4\ U E 71 i s  dense in 31(4\U E 71). I n  th e  c a s e  thatn=1 n=1
each E n  i s  the  union  of a  finite number of disjoint disks, these are the 4-domains
fo r which th e  corona problem  has an  affirm ative a n s w e r . W e  n o te  t h a t  the
above condition ( * )  requires ce rta in  smallness and mutually rareness o f  fzi n i l ,

"  r 1„,f o r  exam ple ( * )  im p lies E < 0 0 . S o  i t  w ill b e  m e a n in g fu l to  show  the77,11 cm

existence of a 4-domain for which the corona problem is affirmative and satisfies
c°the  opposite condition : E =00 • I n  f a c t ,  w e  h a v e  th e  following example7,1 lc m I

which even satisfies E  r m =00.
777=1

E xam ple. N ow  w e construct a  4-domain fo r which th e  sum  of radii of the
deleting disks is infinite and  the  corona problem has an affirmative solution.

For positive integers j, k, p, v, w e set

7rEp,i 2 k 2j 2 j-1  , k = iz = x + iy ; y = p x +  < x <

p
U  U  E P . .i, kj=1  k =i

, j , 1 =  ie'; kl

on
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le' ;

D,'„,=4\E4.

Then t h e  s e t  o f  domains ; p satisfies th e  hypothesis o f Theorem 2.

CA nd each D , '  is conformally equivalent to a  domain D, p = i l\ U 4 , , , ,  k  by a
j=1

conformal map go w ith  go(0)=0, where 4 p ,  k  ( j = 1 ,  • • •  ,  ;  k=1, ••• , p) are
mutually disjoint closed disks in 4  and each 4 , 2 , k  corresponds to E,' ,,, k through
the  boundary correspondence. L e t a/(z)=e 2 7ri/Pz. Then a=goou'orl is  a  con-
formal automorphism o f D ,  with order p, cf(a4)—a4, an d  a(0 )=0. It is easy
to show that a can be extended, by the  repetition o f reflections, to a  conformal
map a. ,  o n  a  domain W  where We G A D  ([1] C hap. IV  Theorem 16D), and then
6r1 is a  restric tion  of a  Möbius transformation to W ([1] Chap. IV Theorem 2D).
So a(z)=0 7 "Pz. S in ce  p ,  k )

- 4
p , j. hi-1 (k = 1 , • • •  ,  p -1 ), a (4 ,, p )= 4 , , i ,  we

can put 4 k = 4 (S p , j e 2 "/ P , bp )  (p - 1  ; j=1, ••• , k=1, ••• , p ) .
We want to show that fo r each v , there exists a n  integer p=p(v)_>4.) such

that

(i) D,,p(oDlIzl< 1 }- and

(ii) p(1))

For this purpose, we utilize the module of quadrilaterals and of ring domains
(for definitions see [8 ] ) .  Now we fix v, and set

27r 7r2 j I
Qp ,i =iz =-x ± iy ; px+ < y < p x+

4

 , < x <  
2 j - 1  

P P P
Q,,= lez ; z E  Q p ,„}

We regard Q„,, a s  a  quadrilateral with its " a-sides "  E,,,,, 1 a n d  E , , , .  Then
the module M (Q 5 ) o f  Q,,,, is independent o f  j ,  and tends to co a s  p—>00.
Since th e  a-sides of the  im age quadrilateral go(Q ,) a re  contained in a n d

p  .1, 2  respectively, we see from Chap. I lemma 6.5 o f  [8],

d is t ( 4 , , 1,p ,  . 7 , 2 ) 0 .lim max ( 1 )b,,,,
O n the other hand , le t d,„, be th e  largest number such that th e  r in g  domain

,}

is contained in D u ,,. T h e n  ç) - 1 (R , )  separates E , 1 a n d  E,,,,, _ 1 , (or 11z1 )
fo r some j ' ,  and we see from Chap. I lemma 6.2 o f  [8],

lirn max d,, ,=0 . ( 2 )

Finally it is obvious that
lim max b,, J =0.
/1 - 0 0  1 5 jg ,

From (1), (2), (3), it is easily concluded that f o r  sufficiently la rg e  tt=1/(v) the
above conditions (i), (ii) a re  satisfied.

Now let 1,41,;=,, 4',=4(c;„ r'n )  be a hyperbolically-rare sequence o f  closed

( 3 )
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disks in 4  w ith  c--40  a s  before. Then by taking appropriate subsequence v(n)

sa tisfy in g  th e  c o n d itio n  E r (n )=oo , a n d  conformal mappings çon(z)=n=i 2z
we find that

A
G - 4 \  U ç O n (U  \ D v ( n ) , p ( v ( n ) ) )

n=1

gives a  desired 4-domain.
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