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§ O. Introducrion.

L et G be a  locally compact unimodular group, and S  a  closed subgroup of
G .  Suppose that there exists a compact subgroup K  of G  with G =S K ( S n K
is not necessarily trivial). L e t  {t ., T(x)}  be a  topologically irreducible repre-
sentation of G  in  which the  multiplicity of an equivalence class 3 of irreducible
representations of K  is finite, and {H, A (s)}  a  representation o f  S. We shall
denote by {V , T A (x )}  th e  representation of G  induced from {H, A (s)} . Let
L(G) be the convolution algebra o f  continuous functions o n  G  w ith compact
supports, and L (S ) sim ilarly. Then there exist L (G) submodules V  of .f),

respectively, which are m ore essential in this paper and in  [5 ]  than whole
spaces (for definitions, see § 1). They are , at the  same tim e, L(S)-submodules.

In the preceding paper [5 ] , we proved that

Horn z. (s)( 00, H ) L(o)(k)o, W) •

After that the author studied whether another relation

Hom z ( s ) ( H , L ( G ) ( ,  00)

is true or not, and, under the assumption dim H < + c o ,  obtained a  result that
th e  vector space Hom L(s)(1-14, 00) is naturally imbedded into Hom (AA )L(G). 0, •
Here H 4  denotes the vector space H  regarded a s  a n  L(S)-module v ia  linear
operators

A 4(ço)=- LA(s)w(s)/1 - 1 (s)dp(s) (wm L(S))

where d p  is a  left Haar measure on S  and 4 - 1 (s) th e  modular function o n  S.
Present paper is devoted to prove this result and to give an  example for which
we have

dim Horn L (S )(H  )0) <dim Hom L(G)(0( k ) 0) <+ 0 °

(in  this example 4 - '(s)=1  since S  is abelian).

§ 1. Notations and results.

In this paper a n d  in  [ 5 ] ,  w e  u se  common notations to denote common
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ob jec ts . But, for the sake of convenience, we shall give an explanation of each
notation in this paper even if  it is defined in  [5].

Let G be a  locally compact unimodular group which can be decomposed
in to  th e  product G=SK of a  closed subgroup S  and a compact subgroup K of
G, here M=Sr\K is not necessarily  trivial. W e  sha ll deno te  by  L (G ) the
convolution algebra o f  all complex valued continuous functions o n  G  with
compact supports. For the subgroup S , the algebra L (S ) will be defined in the
same w a y . T h e  product in  L(S) is given by

q)4, 0(s)= . s ço(t)0(t - is)dp(t)

where d a  i s  a  left Haar measure on S. For the topologies in L (G) o r  L(S),
see § 1 in  [5].

A  topologically irreducible representation {0, T (x)} of G  is the same as in
[5 ] .  The space 0  is  a  locally convex Hausdorff topological vector space, not

necessarily complete, but we assume that the integrals T (a)= T (x )da(x ) define

continuous linear operators on 0  for any Radon measures a  on G.
Let 3 be an  equivalence class of irreducible representations o f  K  which is

assumed to be contained p-times in  {0, T (x)} with 0<p < + c o .  This is also the
same situation as in [5]. For an arbitrary non zero vector y  in  0(3), the space
of all vectors in 0 transformed according to 3 under u—>T(u) (u E K ), the subspace

t>o= {T(f)v; f  E L(G)}

is an  L(G)-submodule o f 0  generated by 0 (3 ). Here the operator T (f ) is given

by the integral T ( f )H * GT (x )f (x )dx  w ith respect to a  Haar measure d x  on G.

For any function ÇoE L (S ), w e put

T (w)=- ,f s T(s)gp(s)d !As) ,

then 0 0 can be seen a s  an  L(S)-module.
Let {H, A (s)}  be a  fixed finite-dimensional representation of S .  In  [5] we

did not assume finite-dimensionality. But, in this paper, finite-dimensionality of
H makes it possible for us to prove Propositions 1 a n d  2. The representation
space H can naturally be considered a s  a n  L(S)-module v ia  continuous linear
operators

A(v))=.rsA(s)(s)diu(s)

for all we L (S ) . But, in this paper, we mainly consider H  a s  a n  L(S)-module
via continuous linear operators

A  i(O H ' s A(s)d - iço(s)d p(s)=.  s A(s)W(s)ZI - 1 (s)d p(s)

in place of A ( ) ,  where 4(s) is a positive function such that d p(st)=Z1(t)d ti(s).
T o d istinguish  these  tw o, w e shall denote  by  H4 th e  L(S)-module H in the
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latter sense.
Recall the definition of the representa tion  {V , TA (x)}  o f  G  induced from

{H , A (s)} . The space OA consists of all continuous H-valued functions w on K
satisfying

(p(mu).= A(m)yo(u) ( m E g  U K ) .

The operators TA (x) on OA  a r e  defined as

(TA(x)0(u)= A(s)ço(k)

w here u x =s k , s E S , k E K . A s in the case of { , T (x )} , w e sh a ll deno te  b y
.f)4 (5) the space of all vectors in  OA  transform ed according to ô under u— q'i(u),
and b y  0 1,1, the  L(G)-submodule of OA  genera ted  by  0 '1(3). O f course  0 '01 c a n
be considered as an  L(S)-module as in the case of 00.

Let Horn L(s)(H4, 00) b e  the vector space of all linear operators of 114 to 00
which commute w ith  L(S)-actions, and Hom L (o)(0ô, 00) the vector space of all
linear opera to rs o f  0 0

1 t o  w h i c h  commute w ith  L(G)-actions, then our aim
is to  prove the following

Theorem. T h e  v ector space Horn i ( 8 ) (114, 0 o) is naturally  im bedded into
Hom L (G)(0ô, 00).

The proof of this Theorem  w ill be pursued as follows. W e will define four
o t h e r  v e c t o r  s p a c e s  Hom A (C '0 1 /4 , Arl9N(av)),Hornm(C a  m 114, A ° 10 (av)),
Homti(C d emHzi, A ° / ( a ) )  and Horn L.(3)(01(5 ), 01(ô)) (fo r defin itions see  3, § 4
and § 5). The following diagram shows the scheme for the proof of the above
Theorem.

Hom L(s)(H.i, 00)
r-24

Horn A (C dO H J, 21,19)1(av ))
Prop. 1

Horn m (Cda lf H4, A ° /0 (a) )  D Hom eA(Cd0m1/4, A ° 10(av))

I----' Identification

Hom L.(3)(01(5 ), 01(ô))  >HomL(c)(01, 00)
Prop. 2

The notation m eans "linearly isom orphic". The first i s  the statement of
Proposition 1 in  § 3. The second one is clear by Definition of the vector space
HomeA (Cd emH4, A ° / ( a ) )  in § 4. The th ird  one is identification of two vector
spaces to which § 5 is  d e v o te d . The last one is the  statem ent of Proposition 2
in  §6. § 2 is devoted  to  prepara tions. In § 7, w e consider the case of a semi-
d irec t p rod u c t g ro u p  G =S •K  w h e re  S  i s  a  no rm al abelian subgroup of G.
Moreover we assume th a t the degree of 3 is equal to  1. U n d e r  th is  situation
w e  s tu d y  th e  vector spaces Hom L(s)(1/, 00), Hom L(s)(00, H), HomL(o)(01, 00)
and HomL(c)(00, 0ô). In  § 8 , w e  d ea l w ith  the  m otion g ro u p  G =S •K  where
S =R 2 a n d  K =S 0(2 ), a n d  determ ine the dimensions of the above four vector
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spaces. A s a  result we know that there exist some cases when the inequality

dim Horn L (S )( 11, 0) <dim Horn L(G )( W ,  0 ) < + 0 0

holds.

§ 2. Group algebras on  G and matrix algebras on  S.

L e t  d u  th e  normalized Haar measure o n  K , then, using th e  left Haar
measure dp on S given in  § 1, dx=dp(s)du (x=su) is a  Haar measure o n  G.
T h is  Haar measure d x  is decomposed into the another form dx=4(t)dvd p(t)
(x = v t ).  An irreducible unitary matricial representation u--q3(u) o f  K  which
belongs to 6 , t h e  (i, j)-coefficient do (u ) of D(u), the  degree d of 3, and the
normalized trace Xs(u)=d•trace D(u) are  the same as  in  [5].

The algebra A, which is defined in  [5 ] , consists of all compactly supported
continuous 912(d, C)-valued functions on S, where 931(d, C ) denotes th e  se t o f
all complex d x d -m a tr ic e s . The product in  A  is given by

F *G(s)=LF(t)G(t - 1  s)d p(t).

For the topology in  A, see § 2 in  [ 5 ] .  Putting

A,= { FE A ; F(sm)-=F(s)D(m) for a l l  rnE MI

we defined in  [5 ] a  linear bijective transformation 0  o f L(G)*Z 6 onto A , as

(f)(s )-=  K D(u)f (su - 1 )du (f E L(G)*2 6).

P u t  L° (6)= if  ° 4 6 ; f E  L(G )} where f ° (x) A c f(u xu - i)du, then L° (3) i s  an

important closed subalgebra of L ( G ) * .  For arbitrary functions f , gE L° (6),
we proved the relation

0(f*g)=-0(f)*0(g)

in  [ 5 ] .  This shows that 0  gives an  isomorphism o f L° (3) onto the subalgebra
A° =0(L° (3)) of A .  W e defined a projection F—>F° of A , onto A ° as

F° =0(f °)

where F =0(f), f E L(G)*2 6. This projection can be extended to that o f  A
onto A° by defining

F° =(F*D m )° w h ere  F*D m (s)= 1F(sm - 1 )D(m)dm

(dm is  the normalized Haar measure on M).

Lemma 1. For any  function FE A , it holds that

(Dm *F )°=F°

where Div*F(s)--=
m

D(m )F(nri. )dm.
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Pro o f . Our aim  is to  prove the  equality

(Dm *F*D m )° =-(F*D m )* .

Putting G=F*D m _=(g i ; ), h=-0 - i(D 1 *G) and g =0 - 1 (G), w e have only  to  show
th a t h ° = g ° .  By the inversion formula of 0  in  [5 ], w e  have

le (su )= .çi c h(vsuv - 1 )dv

=d dit(m)gii(m-i • o(v, s))d j ,(K(v, s).uv - i)dindv

(w here  vs=c(v, s)/c(v, s), a(v , s)ES , K (v , s)EK )
a r r

=d s))d.fi(i(v, s).uv - Im)elmdv
;,1=1 K  M

d
= d gii(m -i•a (m v, s))ci i ,(tc m v, s)- uv - ')dvd7n

;,1=1 m K

g(m - lnivsuv - 1 )dvdmm K

=g °(su ). Q. E. D.

Now we define another transformation T .  o f  L °(6) into A , as

gf(f )(s)=4(s)L c D(u)f (u - 's)du (f  E L° (a)).

Since f  (u 's)= f  (su - 1 ) (u K )  for fE  L '(3 ), it is c lear that ?If (f )(s)-= 4(s)0(f)(s).
W e shall denote by °A the image of W . The mapping F - Z I F ,  w here  LIF(s)=
4(s)F(s), is clearly an  isomorphism of the a lgebra  A  o n to  itse lf . H e n c e  Yr is
a n  isomorphism o f  L °(3) onto the closed subalgebra °A  of A r . T h e  inversion
formula of 0  in  [5 ] induces that of /T ;

W- 1 (F)(su)= d  .J'(s) trace [F(s)D(u)] (F E °A).

L et a  be  a (non-trivial) closed regular maximal le f t  id e a l in  L ° (5 ) . Then
0(a) is  of course a closed maximal left ideal in A °, and

Tt(a)=. IF E A , ; (G*F)° E 0(a) for all GEA}

is  a  closed (left) A-invariant subspace of A , (see § 3  in  [5]). Then w e clearly
have the following

Lemma 2 .  L et B  be a lef t A -invariant subspace o f  A , such that B °={ F°
F E  B } c0(a), then we have Bc911(a).

S in c e  9)1(a)nA°----0(a), w e  n a tu ra lly  regard A 0 / 0 ( a)  a s  a  subspace of
24,19N(a). W e  sh a ll denote b y  [ F ]  the elem ent in  Ar /T1(a) o f  which F EA r

is  a  rep resen ta tiv e . If F E  A °, then  w e  use the notation [ F ]  again  to  denote
th e  elem ent corresponding  to  F  i n  A 0 /0(a). I t  fo llo w s  fro m  t h e  equality
(9)7(a))°=0(a)(see Lemma 4  in [5 ]) tha t w e can  define  a projection [F]--*[F]*
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-= [F  °] of A r /911(a) onto A°/0(a).
The space A V O W  can naturally  be considered a s  a n  irreducible left 24°-

m o d u le . For every  e lem ent FE  'A  w e put

0  j(F )[G ]= (4 - 1 F )* [G ]= [(Z N F )*G ]

for a l l  [ G ]  A 7 0 ( a ) .  W ith  respect to  th is  action, A° I 0(a) can be considered
as an  irreducible left 'A-module.

§ 3 . D e fin itio n  o f the  vector space Horn A(C d Oli.d, AT/T1(a0) and p ro o f  of
Proposition 1.

Under our situations it  fo llo w s th a t d im  (5)=pd (see  §  1 ) . The integrals

E(.3).= K T (u) Xi,-(u)d u

and

E dLT (u) d 1 (u)du (1<i, j <d)

define continuous linear operators on and the subspace (/3) is decom posed
into the direct sum

)(3) ,(3)E1)
w h e r e  ,(43)=  E „ (3 ) (1 d). These subspaces (5) of are  mutually iso-
morphic p-dimensional irreducible L °A-submodules.

W e choose a non trivial K-irreducible subspace V o f  )(3) a n d  a  b asis  el ,
• • , ed  o f  V  such that

il

T (u )e = d (u )e 1( 1 d)i=1

H ere  it is  easy  to  show e, ,(5) for
For the above K-irreducible subspace V, the set

av _= if e L° (a) ; T (f)V = {0}1

is  a  closed regular maximal left ideal in L° (6). (For a right unit in L° (ô) modulo
a r, w e m ay take any function w hose a c t io n  o n  (3) is  the  id e n tity .)  Then, as
in  § 2, a  closed left A-submodule M a y ) o f  A r  i s  d e f i n e d .  F o r  any complex
dxd - matrix P ,  w e  h a v e  PF E9J1(av ) for all FE911(a v ) , w h e re  PF denotes the
product of tw o matrices P  and F.

On the other hand , w e  s h a ll d e n o te  b y  C d 0 1 /4  th e  vector space of all
a,

column vectors a =  : -= ` ( a i ,  • • •  ,  a )  w ith  a1 EH4 (1 - i.- d), w here H j-=H  is(
ad

the representation space of {H, A(s)} given in  § 1. T his vector space Cd01/4
can be considered as an A-module in the following way ;
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1 .44 (f 11 )••• A z i(f id )\ 1 (21 \ i - A z i ( f r i ) a i \

R 4 (F ) a =

\A 4 ( f d i) • • •  A z i( f d d )1 1 ad l A .4 4 (f d i)ail

w here F — _ ( f ) A ,  a = t ( a i , • ••  , a d ) E C d 0 1 1 4 .  M oreover any  com plex  d x d -

matrix P = ( p )  naturally acts on Cd0114, th a t  is,
d

I P 11 Pld\ al\ f E P lia ii=1
Pa=-

d

P d i P dd l \ a d  I E P d ia i

Now le t Horn A(Cd 0 1 -14, A r/g (a v ) )  b e  th e  v e c to r  sp a c e  o f  all (algebraic)
A-module homomorphisms o f  C d 0 1 /4  t o  A r /9)1(av ). On the other hand, both
C d 0 1 -14 and A I E ( a )  can  b e  co n sid e red  a s  le f t  9,j1(d, C)-modules, and the
action of a m atrix  PE9)1(d, C ) o n  C d0H 4 c a n  b e  a p p ro x im a te d  b y  th o se  of
suitable elements in  A . S in c e  dimH4 G+00, it follow s that every elem ent 72E
Horn A (C d 0 1 -14, Ar/Fill(av)) commutes w ith  the action of P.

L et 13 be  an  arb itra ry  e lem en t in  Horn L(s)(1/4, F o r  a n y  v e c to r  a=
t (ai, •••  a C d 0 H 4 , there exist functions f t E L (G)*Z 5 such that

13(a i )= T ( f 1 )e i

Of course these functions f  •  are  not uniquely  determ ined. F o r these functions
f i ,  w e put F = ( f )  with

f i i (s)= . , , d „ ( u v i ( s u - i)du  .

T hen  w e have the following

Lemma 3. Under the above situation, the function F  belongs to A r  a n d  is
uniquely determined modulo 9)1(a v ).

P ro o f. The first assertion is easily proved by simple calculations.
Assume that T ( f 1)e 1 =  • • •  = T ( f d ) e d = 0 , th e n  w e  m ust show  that F = ( f 1)

 w i t h  f ii(s)= , c d ii(u ) f  i( s u ')d u . Put f = 0 - 1 (F), then

d

T ( f ) e t =  E T ( f i .d e ;

d
= K T (s)f c(su - l ) d o ( u ) e id u d p ( s )

= Ç  Ç K T ( s ) f cli ( s u ) i i ( u ) e i d u d p ( s )

-=. 11 T ( s ) T ( u ) e i f i ( s i t ) d i t ( s ) d u

= T ( f ) e = 0 .
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This m eans that FE  n(a v ) by Lemma 4 in  [4]. Q. E. D.

N ow  w e can define a  linear mapping 72,3 of CdOHJ to  IL/11(a,) as

)2,8(a)= [F] ,

w here  the  (i, j)-coefficient of F is given by

f ,,(s )= d „(u )f ,(su - l)du
K

fo r a  function f i E L(G)*Za such that j9 (a)=T ( f )e .

Lemma 4 .  T he linear m apping 77,3 belongs to Horn A(Cd 0 1 -14, Arlffi(av)).

P ro o f .  L et 72,9 (a)=[F], then, for an arbitrary element G= (g i i )E A , we have

13 (;t i  A j(g i i )a ; )-= T(g i i )p(a ; )= T(g i i )T (f i )e;J-1

;i i T(g i i ),ÇK ,f s T(su)f i (su)e i dtt(s)du

T(g i i ).U s T (s)( ii i clu (u)e i ) f i (su)dp(s)du

= i * , T(g i i )U T ( s ) e z d i i (u)f,(su - 1 )dp(s)du

=  ± ( ±  T ( g o )T(f 51 ))e l .

Therefore, putting 0(h)-=(h i ,)=-G*F w ith  h L (G)*73, it follows that

p ( T(hii)et=T(h)ei1-1

for This means that

22A(R i(G)a)=[0(h)]=G*EF]

by definition of Y2,3. Q. E. D.

T h e  m apping )3.-7,3 o f  HomL(s)(1-ii, <0) to Horn A(Cd 01/4, A r /gR(av ) )  is
clearly linear and injective. N ow  it is our place to  prove the following

Proposition 1. T he m apping 13 - 3 i s  a  linear bijection of  Horn L (s)(1/4, 0)
onto Horn A (C d OHJ, A (In(av)).

P ro o f .  W e have only  to  show th a t the mapping is surjective. Let 7) be an
arbitrary element in  Horn A(cder/4, ArIgN(av)), and fix  a  vector aE H 4 . Denote
b y  a t ='(0 , ••• , a, ••• , 0) the vector in  Cd01/4 whose i-th coefficient is equal to
a  and the others are  equal to 0, and b y  E j2(d, C) the  m atrix w hose (i, j)-
coefficient is equal to 1 and the others are  equal to 0 .  Let F, be a  function in
A r  s u c h  th a t  72(a)=[F i ] ,  then the  equality



Frobenius reciprocity theorem 531

77(cti )-=7)(E i i a i )=E i i 72(ai )

shows that F m E F 1 modulo Way).
Putting f i = 0 - 1 (F i ) ,  w e  show that

T ( f i )e -=T (h)e ,

For the function g_=0 - 1 (E 5 i Fi )  it ho lds that T (h )e ,=T (g )e , by Lemma 4 in [4].
Moreover, denoting by f i , i k  t h e  (i, k)-coefficient of F i =0 ( f  i ) , w e  have

T (g)e,= k=T (f i)e i

by Lemma 3  in  [ 4 ] .  Therefore  w e know  that T ( f i )e i =T ( f i )e i .
Since the vector T ( f i )e i  is  independen t o f  th e  choice o f  th e  function F i

such that 77(a i )= [ F i ] ,  w e can define a  linear mapping IS of 114 to as

j9 (a)=T (f 1)e1 = • • •  =T ( f ) e .

W e first show th a t  A is  an  element of HomL(s)(H..i, Let ço b e  an arbitrary
function in  L (S ), then

ç.E(s)= 0

ço(s)/

is  a  function in  A  and w e  have

t(A i(yo)a, 0, ••• , 0)=R J(yoE)t(a, 0, ••• , 0).

Now from the equality

)7(R i(ÇoE)t(ci, 0, • • , 0)) = (çt , E)*7)(a1)=(ç PE)*[Fil

[p F i ]= 0 (y o f

it tu rns out that

/3(il J(ço)a)=T(ço*f i)ei=T(ço)T(fi)ei=T(yo)A (a).

N ext w e must show the equality 77,9 = 7 7 .  For this, it is sufficient to prove
th e  equality  72p (a)=72(a) f o r  any vector  a C d ® H 4  o f type  a=t( a ,  0, •••, 0).
Then, by definition of 7 9 ,3 , the  vector 7) A(a)=---[F] with  F = ( f )  is  g iven  by

(s) -= cli ,(u)h(su - ')du

f ( s ) = 0

w here  h  is  a  function in  L (G)4,3 such that A (a)=T (h)e 1 . Note that the function
f  =0 - 1 (F)E L(G)* -26 satisfies

T (f )e 1 = T( f 1J)e J= T (s)e,h(su-l)di,(u)dud p(s)J=1 S  K
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T(s)T(u)e i h(su)dp(s)du=7(h)e i ,K  S

T ( f ) e =  i T ( f ) e = 0 (2 i d).

O n the other hand , the  equality

Enr)(a)=77(E n a)=7)(a)

shows that w e can choose a  function G =(g i ,) e A r  satisfying

g i ,(s)=0

a s  a  representative o f  th e  c lass 72(a) i n  A r/FDI(av ), t h a t  i s ,  7 )(a )-= [G ]. Then,
fo r the  function g = 0 - 1 (G), it follows that

T(g)e 1 =13(a)=T(h)e 1 =T (f )e 1 ,

T ( g ) e ,= i i T(g, 1 )e ,=0 =T (f )e 1

and th is m eans tha t [F ]= [G ] .  Therefore w e obtain 72 p(a)= 7)(a). Q. E. D.

§ 4 . A  linear injection 72—>,-,2- o f  Hom A(Cd e lb , A rlE (av ) )  i n t o  Hom.A(C d OmH4,
A °10(a v )).

Recall the  definition o f th e  vector space C dg m 114=CdO m H  i n  [5]. I t  is
th e  space o f a ll vectors a=  t (a i , ••• , ad)EC d 0 1 /4  satisfying

d
A (m )a,= E d i  (m )a,,=1

o r  symbolically

o

  

a =` D(m)a

   

A(m) /

fo r all elem ents m E111=-K r\S . For any vector a e C 4 0114 w e  put

am  =1 (D(m )0A (m ))a dm ,

then  a—*am  i s  a projection of C dO H J onto CdO m 1/4. A s is  p ro v ed  i n  [5 ], it
h o ld s  t h a t  R (F)(CdO m i/j)OECdO m H j  f o r  a l l  F e A ° ,  w h e re  R (F)=R 4(4F).
Therefore CdO m H4 can be considered a s  a n  °A-module on  which the action of
a  function F e ° A  is g iven  by  R j(F).

Lemma 5. Let 72 b e  an arbitrary  elem ent in Horni b i g i t ( a v ) ) ,  then
we have (72(a))° -=(7(a"))° fo r  all v ectors aeCd0114.

P ro o f .  By Proposition 1, there exists a homomorphism peHomL(s)(1-14, 0 )
such that 72-=-Y lg . W e fix an  arbitrary vector a=t(a i , • ,  ad)ECd011 j , and put
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72(a)=72p(a)=[F]. Here the representative F =( f 0) can  be  chosen  so  a s  to
satisfy

f Kd i i (u)f i (su - 1 )du (1<i, j <d)

where f i  a re  functions in  L(G)*2 3 such that p(a i )= T ( f i )e1 . Putting a m ,

• • •  ,  ay), w e have

19(af) , /3( ii
1

 f i l dii(m)A(m)aidm) = ( (  m A(m)dii(m)dm)at)

ci o N T(M)d ii(M )dM )13(a mT (m)d i z (m )drn)T(Pe

d d
=  E  T g * f  NI= E  T ( T rii* f 1)E ii(6)e i = T (g i )e ,

1=1 1=1

w h e re  d  is  the restriction of cl1 1 on M  and

g i = d Jet* dt=i

Therefore we can choose a  function GE A ,  a s  a  representative o f th e  class
77s(e)=EG1 of which the (i, j)-coefficient g 1 5 is given by

g i i (s)=.). d i i (u)g i (su - 1 )du=d * f i * a i i )(SU - 1 )dU
1=1 K

(CTF1* f 1 *  1 j)  (S ) = * f u (s ) .
1=1 1=1

This means that G-=-Dm *F, and hence we obtain

(7)(e))°="Dm *F] 0 =[(D m * Fri[F 0 ]=(72(a)) ° ,

where the third equality follows from Lemma 1. Q. E. D.

Let 72 be a  homomorphism in  Horn A(Ca01/4, Ar/n(ar)) , th en  w e  de fine  a
linear mapping of Cd0 3 / 1/4 to A °  / (a ) as

i-2- (a)=(72 (a))* (a E C d OmH4).

L em m a 6. For any  functions FE-  °A  and GE A , it f ollow s that

(F *G)* =4'F*G° .

P ro o f .  Let f L° (3), gE L(G)* 23  be functions such that F = T (f), G =  (g ).
Since 0 - 1 (4 - 1 -F* G*)= f*g° , w e  have only to show tha t h °  f * g °  where h=
0 - 1 (F *G), and it is proved as follows:

h° (x)=Lh(uxu - ')du

=d • trace ,ç  (F*G)(a)D(Ku - ')du (ux=a1c, (TES , K)
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= d • trace F(s)G(s - 'cr)D(Ku - ')d p(s)duK S

=d  trace K D(vw Ku - 1 ) f (sv - ')g(s - 1  w - 1 )4(s)dvdwdp(s)du

d • trace D(vw)f (s - 'irlu')g(scrKw - 1 )dvdw d ft(s)duK S K K

=d • trace.f .ç D(vw)f(u - ls - lv- i)g(suxw - 1 )dvdwdp(s)duK S K K

=d • trace D (v w )f  (y v - ')g(y - lxw - ')dvdwd yG K K

= .f.J . K.Çief ( Y w v - 1 ) g ( Y - 1 x w - 1 ) 4 3 ( v ) d v d w d y

= .ÇG .ÇK f (y )g (w y ' xw - l )dw dy

= f *g° (x). Q. E. D.

For arbitrary elem ents F A  and aE C d O m H j, if  follow s from  Lem m a 6
that

77(1? j (F)a)=02(R j (F)a))* =(F497(a))* =4 - 1 F*(77(a))* =6 j(F)(a).

Therefore 2 ')  is an  element in  Hom A (Cdav Hi, A ° / ( a ) ) .
N ow  w e show th a t  the linear mapping i s  injective. A s s u m e  7 =-(),

th e n  B = {22(a); aEC d 01 -14} i s  a  le f t  A-submodule o f  Ar/9J1(av )  and  satisfies
B = O} (see Lemma 5). Hence, by Lemma 2, w e obtain B =  {0 } ,  e., 77=0.

Definition. W e shall deno te  by  Hom ti(Cd OmHz, A ° / ( a ) )  the im age of
th e  lin e a r  injection 22-- .72 o f  Hom A(Cd 0 1 /4 , Ar/Wav)) in to  Homm (CdOm H4,
A 70(av )).

§5. Identification of two vector spaces Hom.A(C d Ow114, A ° /0(av))
and Horn L . (3)(W (3) , < 1(3)).

Since p-dimensional irreducible L°() -modules • • • ,  o c i ( a )  a re  mutually
isomorphic, we pick up the module 0 1(ô) in th is  section.

For the induced representation {0A, T A (x)}  of G, as in the case of {0, T(x)},
we consider the continuous linear operators

E = T A ( u )X( u )d u

and

Ei',(5)=d K TA(u)d i ,(u)du d)

and put 0A(3)-=-EA(5)0 0/2
1.(3 )= E (5 )0 A . The L °(ô)-module 0 h (3) is decomposed

into the direct sum
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0 A (3)=01(3)ED ••• @IWO),

and these L °(ö)-m odules OM ) a r e  m u tu a lly  iso m o rp h ic . S o  w e  p ic k  u p  the
m o d u le  -1(3) as above.

W e shall denote by d i i a  ( a  H = 4 )  the H-valued continuous function u-->

K S

=  K .  s A (S * (V U ) f (sv)d p(s)dv

= SA(s)a i d i i (vu) f (sv)d p(s)dv

= i d , i (u) 1 A (s )a ,d „ (v ) f( s v )d  p(s)dv

= ,i(u) ( S A(s),2,4 - 1 (s)f , i (s)d p(s))

=  A , ( Ad i (u) A 4 (f , t )a i )

w h e re  T ( f)= ( f „) E ° A .  N am ely th e  function T h ( f ) ç o  is  id e n tif ie d  w ith  the
vector R j (F)a w here F = T ( f ) .  This shows that, through identification of L° (a)
and °A via P , th e  L°()-module  - (11(3) is identified with the  °A-module CdO u Hj.
In addition the L°(3)-module ,N(3) is also identified with the  °A-module A° 10(av).
The following diagrams show these identifications :

ill (3 ) D SD= E< > a=t(a i , ••• , o d )ECdO m H 4

'TA ( f ) R j(F) I

' 111(a)D TA U* )  R j  F)Ct C d OmH4

.N 5)D T (g)e,  [G] E A ° 10(av)

T(f)f ) e,(F)i

.N6)D T(f)T(g)e 1 •<- - - - >04(F)[G]-=[4 - 1 F*G]E A° 10(av)

d
d t i (u)a o n  K .  N ow  w e identify  the function çc).= E d ,,a, w ith  the vector a=

L(ai , ••• , a d )ECd01-14 . T h en  a  belongs to CdOm 1/4 if  a n d  o n ly  i f  p  does to
0 - (3 ) . Moreover, for a  function f (a), the vector TA(f)yoE (3) is given by

(TA (f)ço)(u)= (TA (u)T A ( f )0 1 )

= (T A  ( f )7' A  (u)ÇD)(1)

(TA (s)TA (v)TA (u)sc))(1) f (sv)d p(s)dv

w here f, gE L° (a) and F =T (f) G ° A, G=0(g)E A° .  Therefore we may identify
the vector space Hom L.(5)(01(3 ), 01(5)) w ith  Hom (C d O m ilj, A° I (Q V )) .
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§  6 .  Proof of Proposition 2.

L e t r  be an arbitrary element in Horn L-(3)(01(3), 01(ô)). Since U(6)-modules
0 ,(6 ) a r e  isomorphic to 01(3), 0,(6) respectively, r naturally induces an

U(3)-module homomorphism (which is denoted by r again) of 0 A (3)=01(3)(1)--(1)
W (ô) to 0(ô)=0i(6)ED ••• eo d A  sa tisfy ing  E 1 (5).1-=:-.E;(3). F o r  a n  element
u E K  and a vector spEW(6) we have

(roT h (u)) =(zoT h (u ).E (5 ))9 )= r( d» (u )E (ô )0

= cl) ,(u)E„(3)r(0=T(u)E i i (5).r(ya) , (T(u).-1-)9

Since dim (ô)<+o0 and since th e  se t {s„*f ; uEK, f E U(3)} (where so,f (x )
f(u --1 4 )  is total in  L(3)=2-CoL(G)*Z a ,  it follows that r is an LA-module homo-

morphism of (3) to t.(3).
Suppose r#0, then the kernel ,X(3) of r is a proper L(3)-submodule of , ^ (3).

L e t  S .  b e  th e  largest proper L(G)-submodule of such that iC(3)c,K. and
that ,X(3)=E^(3),K..

Lemma 7. The L(G)-module WI X. is irreducible.

P roo f. Let SC be an arbitrary L(G)-submodule such that JC.c,q( 0 1 . Then
0A(a)n1c is of course an L(3)-submodule and is not equal to ,5A (6) since JC*W.
Therefore {,5A (3)r1SC}[X(5) is a  proper L(3)-submodule of 04 (3)1X(3) which is
isomorphic to the  irreducible LA-module O A , and  hence 01(3)nsc=c1c(6). It
follows from  th e  fact dim0A(3)<-1-00 that a n  arbitrary vector speW can be
written in the form so=E TA(f i )q) i  (finite sum) where f,E  L (G ) and  ço,E0A (3).
Hence if  soesc, then EA(3)w=ETA(Zof i )T i Esf, and therefore we have E A (S)JC
CO A (a )nSf= X(3). Hence, by the definition o f X ., the  equality = <X ,. holds.

Q. E. D.

L et e, be the vector in  N 3 ) given in  §  3 , and  choose a  vector ço_EO.i1(3)
such that r(y;,)=e 1 . Suppose that TA(f)ço,E,X. for some function f E L(G), then
T A (g)T h (f)gor E X(3) for every function gE20L(G), namely,

T(g)T (f)e 1
, T(g)T(f)r(yo,)=z- (T 4 (g)T A (f)ço,)=0 .

Since L(G)-module 0 0 is irreducible and since ,f)(5)# {0} , it follows that T(f)e 1

=0. By Lem m a 7, it holds that

0,1= (TAU*, ;  f E  L(G)}

Therefore we can define an L(G)-module homomorphism of .N onto ,f),, as

z"=(T A (f)v ,
r + 0 )= T (f)e , (f E  L(G), çb S .).

Note that i= is independent of the choice of go,. T o  s e e  th is ,  le t ço; be another
vector in such that r(st4.)=e 1 . Then ço r —ço'r E,K(3). If TA(f)tp:+0=TA(g)st/t.
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+0' ( f , gE L(G), 0, O' E  S .),  then the relation
TA(f_ 7' A ( T A (g)w TA ( g ) ( ç c . wr)+ 0,  O E  s c o

means that T(f)e i =T(g)e i .
Conversely le t  r ' be a n  arbitrary elem ent in  Horn L(a)('frol , :0). W e  s h a l l

d e n o te  b y  r  th e  re s tr ic t io n  o f  r ' o n to  0 1 (6 ) . This mapping r is clearly an
L°()-module homomorphism of 01(3) to .to,(5). Because of the fact that

..N= 1E TA ( f)ço (finite sum ); f ,G L(G), tv,1(5)}

the injectiveness of the linear mapping is clear. Since the L(G)-module
homomorphism corresponding to this r is also the one whose restriction on
01(6) is equal to  r, w e have

Proposition 2 .  Every element r E Horn L . ( o ) (01(3), ,N 3 )) is uniquely extended
to an element z= GHom 1.(a)( -61, ,f)o), and this linear mapping r—>i= is an isomorphism
of  Horn L. (a)V (3), ,f)1(3)) onto Horn L (G)V ,

g 7 .  Case of a semidirect product group.

L et G =S.K  be a semidirect product group o f a  closed normal abelian sub-
group S and a compact subgroup K.

For simplicity we assume that 3 is a unitary character of K, i. e., the degree
of 3 is 1. T h e n

L(G)*Z 3 = If G L(G); f (xu)= f (x)(3(u) f o r  14 K}

1,*(3)= If G L(G); f (u xv)=3(u)f (x))) fo r  u , v G K I.

For any function f  L (G )*2 5 , F  = 0 (f) is given by

F (s )=  K 6(u)f (su - l)du= f (s).

Particularly for any function f (ô), it is clear that 0( f)=T (f) since 4(s)=1.
The function f = 0 - ' ( F )  for FE A (in this case A = A  since m=snx= {1}) is
given by f (s u )= F (s ) i )  and hence we have

f f (vsuv - 1 )dv= f (vsv - 1  • vuv- ')dv=1 F(vsv - ')6(u)dv

Therefore the projection F —>F ° of A  onto A ° is given by

F° (s)=LF(usu - l)du

We shall denote by L° (S) the vector space of all continuous functions F on S
with compact supports such that F(usu - ') = F (s ) for a l l  u  K .  Now our situa-
tion is as follows:

A= L(S), A° =° A = 0(.1: OD= L° (S).

Let {0, T (x)} be a  topologically irreducible representation o f  G  such that
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0 < dim , ((3)< ± 00. S ince  th e  a lg eb ra  L°((3) i s  commutative it fo llow s tha t
dim , (6 )= 1 . Taking an arbitrary non zero element eE , ((3), it is c lear that

e ,

{T (Pe ; f  E L (G)4 6 1 { T (F)e ; F E A = L (S )}

(If F =0 ( f )  for f  L(G)43, then T (f )e=T (F)e.)
L e t IH, A(s)} b e  a  one-dimensional representation of S .  T hen the  induced

representation {,W , TA(x)}  is  as follows :

L (K ),

(T A (x)ço)(u)=A(utu - ')gD(uv) (x=tv ).

Regarding 3  as a  function in W = L (K ), w e easily  have

Wo)=C
,f4= IT-4 (Pa ; J E  L(G)46} = {TA (F)3 ; FE A = L(S)}  .

For any function çoE ,f)A it  is  e a sy  to  show that

(T A (F)ço)(u)= A(F.)ço(u)

w here  Fi i (s)=- F (u -  s u ) .  Therefore if  F is  in  A° th en  w e  have

TA(F)yo= A(F)yo ,

i. e., T A (F ) is  a  scalar multiple of the identity operator on for F  A°.
Since an  L(G)-module homomorphism L ( G ) 0 ,Hom h4 ) is determ ined by-

its  value ã(e)E (ô)=C(3 a t  e , it is clear that dim Hom z,(G)(o, ,f)101) Similarly
an  L(G)-module homomorphism 7z-- E Hom (a)(W, ,N) is  de te rm ined  by  i- (3)E , (5)
= C e  a n d  hence dim Hom L ( G ) (,N , ,N )  1 .  Therefore it follow s that

dim Horn L(s)(O, H)=dim Hom L  (G )('N , N ) 1 (see  [51),

dim Horn L(s)(II, ,f)o) dim Horn L(G)(W, .

N ow  w e put

a= av = IfE L° (3); T(f)e= 0} ,

(a)= {F E A° ; T(F)e-=0} ,

Ffft(a)=  { F  A ; (G*F)° E 0(a) for all A }  { F E A  ; T (F)e=0}

Ker A = IF E A ; A (F) =0}

Then the following four cases possibly occur :

(a) Ker A =9)1(a) (then A° nKer A = A° n9R(a)= (I) (a)) .

(b) Ker A O(a) (then A° (ThKer A= 0(a)) ,

(c) K e r  A 1)911(a) a n d  A ° nKer A =0(a) ,
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(d) A° nKer A*0(a) (then Ker A IDT1(a)).

Here we show that A°nKer A = 0(a) if  Ker AD9J2(a). L et cE L*(3) be a  func-
tion such that T(e)e=e, then 0(e) is a right (also two-sided) unit in  A  modulo
9R(a), namely F44 — F E 9)2(a) f o r  a l l  F E A. Assume A° nKer A 0(a ), then
it follows that K erAD Am  a n d  hence F=F 44—(F F ) E  Ker A  for all F E A.
This is a contradiction.

Proposition 3. Under the above situation we obtain the following results.
Case (a). The representation T (x )} is one-dimensional and

dim Horn L (s)( 0, H)=1-= dim Horn L (G) ( o ,

dim Horn L(s)(1 -1, 0)=1=dim Horn L (a)(.N , ,N) •
Case (b).

dim Horn L (s )(O , 11)=1 =-dim Horn L (a )((),

dim Horn L(s)(1 -1, too)- 1 =dim Horn L(a)( , ,N) •
Case (c).

dim Horn L (s )(O , H)=0=dim Hom L cm

dim Horn L (s )(H , .t.0)=0<1=dim Horn L (a)(W ,  .N) •
Case (d).

dim HomL (.9)( O, H)=0=dim Horn L (G) ( , ,N1),

dim Hom L (s )(H , ,f)0)=0= dim Horn L (c)(N , ,N) •

Pro o f . Case (a). T a k e  the function --=.0(e)E A °  a s  a b o v e . T h e n  it  is
clear that A = C V + B (a). Thus we have f)o -=- {T(F)e; E AI =C e and hence to=
t■o = C e .  T h e  operators T(s )(sES ), T (u )(uEK ) ac t on i n  such a  way that
T(s)e , A(s)e, T(u)e=5(u)e. Moreover the relation T(xy )=T (x )T (y ) means that
A(usu - ') =A (s) for all u = K .  Therefore this is the case when we have

A(s)=A°(s) , A(usu - l)du,

T(x)e= A(t)3(v)e (x=tv),

(TA(x)w)(u)=A(t)yo(uv) (x=tv, soE,W).

The assertion is now clear.
Case (b). Assume tha t T(F)e=0 for a function FE A =L (S ), then F E 9)7(a)

CKer A ,  e . ,  A (F )= 0 .  Thus, choosing a  n o n  z e ro  elem ent a E H, we can
define an  L(S)-module homomorphism a  of ,f),, onto H  as

a(T(F)e) ,  A(F)a (Fe A ).

This means that dim Hom L (s)( O, H )= 1 . Next we prove that dim Hom L(a)( ,N ,
•N )= 1. Assume that TA(F)5=0 fo r a  function FE A . T hen  for all G A  and
uE K, w e have
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0, (T A (G*F)3)(u)= .çs A(utu - 1 )3(u)G*F(t)dp(t).

Since 3(u)*0, it follows that .Ç
s
A(t)(G*F)°(t)d1z(t)=0 or, in other words, (G*F)°

EA ° nK er A =0 (a ). Thus, by definition o f an (a ), the  function F  belongs to
9)2(a), e . ,  T (F )e = 0 . T h is  fac t m akes it possible for us to define an L (G ) -
module homomorphism of .fv(1 t o  o as

i(T A (F)3)=T(F)e.

Therefore dim Horn L(G)(1 1, .f)o)=1.
C ase (c). L et a be an arbitrary element in Horn L(s)(0, H ) .  By assumption,

th e re  e x is ts  a  function FE 931(a) which does not belong to Ker A .  Then
t h e  equalities A(F)a (e)=a(T (F )e)=0 m e a n s  th a t a (e )= 0 . Thus w e obtain
dim Hom L(s)(0, H )= 0 . N ex t w e  take  an arbitrary element pEliom L(s)(H,
For a non zero element a EH, we choose a  function G A  su ch  th a t p(¢)=
T (G )e .  T h e n , fo r  a  function FE E(a) which does not belong to Ker A, we
have

A(F)p(a)=13(A(F)a)=T(F)T(G)e=T(G)T(F)e=0,

tha t is , i9 (a )= 0 . Hence dim Horn L(s)(H, .N )= 0 . B y  the same arguement as in
Case (b) we know that dim Horn L(u)(,N 1, N = 1 .

C ase (d). Since Ker A1DE(a), we obtain that dim Hom Lcsg ,o, H )= 0  in the
same way as in  C ase (c). L et 48 b e  a n  arbitrary elem ent in  Horn L(s)(H,
Since it is impossible to hold A 'n K er A O (a ), there  ex ists a  function F E  A°
nK er A  such that F EE 0(a). For a non zero vector aEH and a  function GE A
such that j3(a)=T(G)e, it holds that

T(G)T(F)e=T(F)T(G)e=13(A(F)a)=0.

Here the vector T(F )e  is a non zero constant multiple of e. Thus w e obtain
T(G)e=0, and this means that dim Hom L(s)(H, ,

o)= 0 . N ow  let r be an arbitrary
element in Horn L(G)(t'101, .0 ) .  For a function FE  A°nKer A  which does not belong
to  0(a), w e have

T(F)r(6)=r(Th(F)3)=r(A(F)3)=0 .

Since the vector r(B) belongs to .(3 )=Ce, T(F )r(3 ) is a non zero constant mul-
tiple o f z (3 ). Thus it holds that r(3)=0. This shows that dim Horn L(o)( , too)
=0. Q .  E .  D .

§  8 . Examples.

L et S=R 2 b e  the 2-dimensional column vector group over the real field R,
and put K = S 0 (2 ). The motion group G =S•K  is  a sem idirect product group
of S and K, in  which the action of an element u E K  on S is
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cos 0  —sin 0 si cos 0 —.3, sin 0
s usu-l=

sin 0 cos 0 si sin 0+s, cos 0

w h e r e  u = u ( 0 ) =  

(cos 0
sin 0

— sin  0 )

0 < 7 r ) a n d  s =(
s i

)E R 2 .cos S2

Every one-dimensional representation o f S  is given by

A a  ' ■L3 (s ) -=  eas1+Ig32 =exp (as1+gs2) ( (S 1 )S= E S )
S2

with a, A E C .  By H a p  we shall denote th e  representation space o f  A°. /3 (s).
T h e  representation {,f)"' P, Ta'A (x)}  o f  G  induced from  {116 09 , Aa.19 (s)}  is  as
follows :

t la ' = L (K) ,

(Ta.P(x)v))(u)=A a (U til - 1 )çD(1,10 (X = tV)

An arbitrary irreducible representation of K  is given by

3.(u(0))=3„(0)=e i n ° ( n = 0 ,  ± - 1 ,  ± 2 ,  . . . ) ,

and it is clear that, regarding 3„ as an element in

(a .)
=

Can.

Now consider the following one-parameter subgroups of G:

0
0 1 (t)= (02(o= (03(t) (  cos t —sin t

(

\

0 t t cos t

a n d  deno te  by  T 1 , T ,  a n d  T ,  th e  derivatives o f  Ta.49 (co1 (t)), T " ( o 2 (t)) and
T P(a) 3 (t)) a t t= 0  respectively. The functions b e l o n g  t o  d o m a i n s  of
these derivatives and it is easy  to  show that

(T 13n )(0)=(« cos 0+-A sin 0)3 7,(0),

(T 237,)(0)=(— a sin O+3 cos

(T330(0)=-in3n(0).

Putting H+ =T 1 ± iT 2 , H -=T 1 —iT 2 ,  w e have

H+3,,=(a±iA )3n-i,

T 3 3„=in  3n .

From this fact, we obtain the following

Lemma 8. (  i  )  The subspaces •N'°=C5 7,(n=0, ±-2, • •.) o f  V .°=L (K )
are invariant under T "(x ), and these one-dimensional representations { °, Tg.°(x)}
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of G are mutually inequivalent, where Tg'°(x) denotes the restriction of the operator
T°'°(x) on

(ii) I f  13 =ia# 0 , then the complete set of all closed invariant subspaces of
.13 are

00

E C a l, (n=0, -±1, ±2, ••.)
k=n

which are the closed subspaces generated by {5 k ; k _n} .
(iii) I f  43 , —ict#0, then the complete set of all closed invariant subspaces of

P are

C ak (n=0, ±1, ±2, ••-).

(iv) I f  13#-±:ia, then Oa ' P ,  Ta'P(x)}  is topologically irreducible.

Lemma 9 .  For any function F A °=L *(S ) the operator T (F) is a scalar
multiple of the identity , and it holds that Ta 9 (F)-=T a'"(F)  f o r  all A °  i f
and only i f  ced-p 2 =a"H -p".

Pro o f . It is clear that T a 'P ( F ) =A ( F ) I  for all functions F A ° where /
is the  identity. S in c e  a n y  fu n c tio n  F E A °  is essentially  a  function o f  r=

w e use the notation F(s i , s 2)= F ( r) .  If  a 2 4- 132 * 0 , w e have

A a (F)= .f R 2 exp (as i + isz)F(s 1, sOdsidsz

F(r)rdr . e x p ( r a  cos 0+1- 15 sin 0)d0

—Yo F(r)rdr exp (r-Vced-p 2 cos (0 ±z))c10 (zEC)

= exp (7-Va2 +132 cos Cd 0

—27r E-  ( 6 1 2 - H 3 2 ) m .  f ' F(r)7-2 7 " - Yr.
m=0 4(m !)2 0

=-H-ia, then we have

11", ±i a(F)=Ç F(r)rdr 7  ex p(rae± i°)d0=27T F(r)rdr.0

Therefore Lemma 9  is now clear. Q. E. D.

In general, for two topologically irreducible representations 0, T (x )}  , { 0',
T '(x )}  of G  which contains finitely many times a  common equivalence class 3
of irreducible representations of a compact subgroup K , we say that T (x)}
and  {V , T' (x)1 are SF-equivalent if tw o L°(3)-modules )1(ô) and , ( a) are  equi-

valent (see [4]). W e use the notation "X" to denote SF-equivalence.

Lemma 1 0 .  I f  g#± ia, 13 /* ± ia ',  then {,fr' , Ta' P(x)} ;Z,  { ' ' P' , (x)}
if and only i f  a2+,82=a/2-1-4(3".
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Proof. For a ll functions  f L ( ô ) ,  w e  h av e

T  ( f )ô =T a P (F)ô =A a' (F )ô ( F = ( f ) ) .

Thus the assertion is clear by Lem m a 9. Q.E.D.

By Lemmas 8 and 10, we obtain a family of topologically irreducible repre-
sentations

{ o T ° ( x » (n=O, ± 1 , ± 2 ,  « . ) ,

{. R O  T R o ( x )}( R > 0  o r  3 tR >0 )

where m R  denotes the im aginary  part of R , a n y  tw o  o f  w h ic h  a re  n o t  SF-
equivalent.

Lemma 11. (1) For the one-dim ensional irreducible representation O,

we put

a = {f  L ( ô ) ; T '° ( f ) ô = 0 }  =  {f  L ° ( ö ) ; f (s)dp(s)=0} ,

(a)= { F A °;

93(a)= { Fm A ; f l ° (F)5=0}  =  { F  A ;

then we obtain the following results.

a=/3=0 = ± i a 0

K e r AT, 8 = r 9 ( ) 33(a)

A0fl\K e r A = l ( a ) = I ( a )

( i i )  For the topologically irreducible representation O  T' °(x)}  we put

a = {f  L ° ( ö ) ;  T R ,  °(f)Th=0} =  { f  L °(ó);

(a)= { F A °;A R 0 ( s )F ( s )dp( s ) = 0},

3J(aa ) = {F A :

— _{ FeA ; A R 0( u s u 1)F( s )dp( s )=0 f o r all u K} ,

then we obtain the following results.

a=j3=0 i9= ± ia ^ 0
js^ ± ia

a2+192^R2 a 2+j3 2=R 2

KerA" 8 9l(a) D3Jl(a) 9Jl(a) Wl(a)
A f lK e rA aa ^ ( a )
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Pro o f . It is not so difficult to show the above results except only one case
when ce 2 -1-132 =R 2 i n  ( i i ) .  So we prove Ker Aa•P W S(a.) in this c a s e . First of
all it is clear that Ker 11 6 •13 *911(an ) because  th e  representation {V", TR.°(x)}
is not one-dimensional (see Proposition 3). Next we choose a  complex number
zo such that a= R cos zo , — R sin zo. For every function F E L ( S ) ,  put

exp (Rs i  cos z—Rs,sinz)F(s i , sOds i ds,( z  C ) .
R 2

Then 2.7F (z ) is  a holomorphic function o f  z. F o r  any function Fgjt(ayy), it
holds that

•E'F(0)=
2

. exp (Rsi cos — Rs, sin 0)F(s 1 , s2)ds1ds2R

s

Aa' ,3 (usu - ')F(s)dti(s)=0

for a ll u= u(0)G K .  Thus -E'',F (z) .-.0 for all function F EE(a n ). Hence we obtain

0= E F (z 0 ) = exp (Rs i  cos z0 —Rs 2 sinz 0 )F(s 1 , s2)ds1ds2

R 2
exp(as1-H3s2)F(s1, s 2 )ds 1 ds2 = -A " (F )

for all function FE911(a n ) , and this means that 911(a)CKer A'•P. Q. E. D.

To describe a Frobenius type reciprocity theorem, we m ust give canonical
subspaces of representation spaces which correspond to •1,, or Vc

t,  in  general
th e o ry . For the representation IV '• Ta•A(x)} w e put

t■g• 49 (n) , ( f ) 3  ;  f  E  L ( G ) * } (n=0, ± 1, ±2, •••).

W hen a=3=0, it is clear that

•tIg'(n) -=V,• °( n = 0 ,  ± 1 ,  ± 2 ,

W hen ,8*± ia , the subspace • f t ' (n ) does not depend on n since I•Vfi, Ta(x)}
is topologically irreducible, so we put

= 49(n) (n=0, ±1, ±2, •••).

Proposition 4. For the motion group G =S•K  where S-=.R2 and K=S0(2),
four cases (a)-(d) in Proposition 3 really  occur and, on the Frobenius type reci-
procity, we have the following results fo r  any integer n:

(i) (Case (a)) It holds that

dim Horn L  ( s ) (,N , 0 , H°°)=1—dim Hom L(G)(
°,

dim HomL(s)(1-1", tig ,0 )=1=dim Horn Lw)( O ,

(ii) (Case (b)) I f  a 2 H-1S2 =R 2 # 0 , then it holds that

dim Horn L (S)(' 1(f. H a ' ,') =1=dim Horn L(G)(Vo''',P )

dim Horn L(s)(1-1 a. P , ,M1' °)=0 < 1-= dim Horn L(G)(ti■I' P , °) •
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(iii) (Case (c)) I f  1 8 = ± ia 0 ,  then it holds that

dim Hom L(s)(tig .° , He" 19) =0=dim Horn L(c)( ,-Wc ° , fn • P(n)),

dim Horn L(s)(11." P °) <1=dim  HomL(G)(fn' 13(n), ,N )
L'
°
)•

(iv) (Case (d ) )  It holds that

dim Horn L (S)(Vo
?' H°. °)=0= dim Horn L(c)(•Ni' ° ,

dim Horn z(s)(11 ° ' 0, V I'')=0=dim  Horn L(G)(,N '' ,  Vo °) •

then it holds that

dim Horn L(s)( ' ° , Ha' 15) =0=dim Hom L(c)(‘Ni) ' ° , fn . P) •

dim Horn L(s)(H "'P, ,N),' °)=0=dim Horn L(G)(,N'P, f>g' °).

I f  13 =-± ia*O , then it holds that

dim Horn L(s)(Vo", Ha' 13)=.0=dim Horn L(G)Wo" , P(n)) •

dim Horn ( s ) (Ha'P, tq' °)=0=dim Horn L(G)(*ftP(n), Vo''') •

Moreover i f  p * ± ia ,  a 2 +132 *1?2,  then it holds that

dim Horn L(s)(V,I• O, Ha'19)=0=dim  HomL(G)(V1' °, P)

dim Horn L (8)(H" . P , V o
?' ° ) 0  dim Horn L(c)(,N . P f)11 ' ) •

P roo f.  (  i  ) ,  (iii), (iv) and the first equality in  ( ii) are  c lear by  Proposition
3  a n d  Lemma 11. We prove dim Rom L(s)(H a ' P, t l ' °)=--() under the condition
Ker A a .P  FB2(crn ). Assume dim Horn L(s)(1-1 ' 13, V o")*0, then there exists a non
zero vector yoE•M' ° such that

( AR. °(us u - 1 )F(s)dte(s))ço(u)= (T R  ° (F ) ) (u ) ,  11". P(F)w(u)

for all functions F  A= L (S ) and u G K .  Therefore it holds that

A a ° (F )= - s AR''(usu -1 )F(s)d 11(s)

for all elements u  in the open subset U =f u E K ; çD(u)#01 of K .  But the right
hand side is equal to EF(0) (U =7 ,(0 ) )  in the proof of Lemma 11, which is analytic
w ith  respect to O . H e n c e  th is  e q u a lity  h o ld s  for a ll u  K .  Now since we
assume Ker Aa• Ffift(a,,), there exists a  function F  Ker Aa' 13 w hich does not
belong to M a n ). For such a  function F, the above equality is clearly not true
for some u EK (see definition of Wa n ) in  Lemma 1 1 , (ii)) , and  th is  is  a  con-
tradiction. Q .  E .  D .

Rem ark. Contrary to our results ( ii) and (iii) in Proposition 4 , C. C. Moore
[ 3 ] ,  A . Kleppner [ 2 ] ,  a n d  R. A. Fontenot and I. Schochetman [1] proved the
Frobenius reciprocity theorem stated in such a  form as

Hom s (H, to) Hom 0 ( , • ) ,
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w here H is  the space o f a  representation A (s) of S , ,f) the  space of a represen-
tation  T (x ) o f G, and .511 th e  space o f th e  representation o f  G  induced from
A ( s ) .  Of course the re  are  some differences between definitions given by these
people.

C. C. Moore assum ed that both {H, A (s)}  a n d  { , T (x )}  were unitary repre-
sentations on separable Hilbert sp a c e s . A. Klepnner dealt with representations
b y  isometries on Banach spaces on ly . And to  a p p ly  to  o u r  motion g rou p  the
resu lt ob ta ined  by  R . A . F on teno t a n d  I . Schochetman, w e  must assume that
a, 18 and R  are a ll pure im aginary  num bers. A s  a  re s u lt  w e  k n o w  th a t  the
cases ( i i)  and (iii) in Proposition 4, excep t w hen  a, p and R  are all pure ima-
ginary numbers, are  le f t out of consideration by these authors. So w e assume
now  that a, p and R  are pure imaginary numbers and th a t ced-192 .--R 2 # O.

For w e  sh a ll d e n o te  b y  gc;',' 19 = L P(K ) the B anach space  of
measurable functions so on K  such that

K
IÇO(U)I P  dU<+ 0  0 ,

and b y  T a P(x) the operator on 27)
. l

e such that

(Ta. P(x)yo)(u)= ./1"' P(utu - 1 )go(uv) (x =tv ).

For tw o Banach representations {g ,  T (x )}  , { g ', T '(x )}  of a  group  G  w e shall
denote by  H o m ( ,  g ' )  th e  vector spaces of bounded intertwing operators of
B t o  _V.

Applying the result by  C. C. Moore to  our case, it follows that

Hom b,s (H"' P , °)-= Hom '6(g  g, ..B/1• °).

The left hand side is equal to {O}.  T h e  r ig h t  h a n d  s id e  is  a lso  e q u a l to  {0}
since any operator in Hom 66(27 . P, a l l  is a scalar multiple of the translation so(u)

,,, cos 00 — sin  00) .—>so(uVu) w h e re  u u ( 0 , ) =

(s in  0 0 cos  (9 , 
w ith  a= R cos O, p= — R sin 00,

and since g'I'g-, /, 1 (K ) L 2 (K) , - gl•°.
In the Frobenius reciprocity theorem  by A . K leppner the space .5 of the

given representation o f  G  is assum ed to  be a  reflexive Banach sp a c e . So, to
apply  h is resu lts to  our case, w e  m ust ta k e  .5= g ° ( 1 <  p  <  0 0 )  a n d  T(x)_=
TR,o( x ).

Hom 1(1/'. g, 4.°)=-Hom b6(g  g, .07,' 0)

for 1< p < + 00  in  which both sides are equal to  {01.
In the case of R. A. Fontenot and I . Schochetman, the space .5 is assumed

to  be  a Banach space which has a  p re-dual. S o  a  result w hich follow s from
their theorem  is as follows :

Hom bs(H a. , g ip ° )=HomN..07' P ,

for i< p -E o o  with both sides equal to MI .

The equality Hom (.B7. P , 37) .
0 )= { 0}  for 1 < p.-1-0.9 is a simple consequence

T hen w e have
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of the fact that there exist n o  regular linear transformations on L 1 (K )  whose
images are contained in  L P (K ) .  Contrary to this situation, we considered in
this paper dense subspaces ,fr,•g, Vo"  of .B11),° (1._ .-pco) respectively.
Then it holds that . 4(1' g-=,Vo" as vector spaces, so our result that dim Hom L(a)

VT.°)=-1 in Proposition 4  ( i i)  is a  natural conclusion.
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