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1. Introduction

Let m =(m,,..., m„), (m ;  e MO), and for multi-index a eNn

loe: ml +...+animn•

We consider the partial differential operator P given by

(1) P(x, D x )-= aŒ(x)D.
la :m l< 1

where ac t(x) is analytic in an open set R" . We assume that

(2) Pax, ) =  E  c i , c(xga +0 for any e Rn\O.
Œ:m1 1

Then we call this operator a semi-elliptic operator. We are concerned with Gevrey
hypoellipticity for semi-elliptic operators.

We note y{s}(w) the space of functions u of class Cœ) such that for every compact
set K of co, there are constants C and h such that

sup l/Y1u(x)I <Chlal(lal for a n y  cx e Nn.
IC

We shall say that P is y(s)-hypoelliptic in a neighborhood of xo if there exists a
neighborhood co of xo such that for any open subset al c co, the following implication
holds;

u e g'(co), Pu e y{s}(a ) > u eyts)(co').

Let P(x, be the symbol of P(x, Di ). Then, there are some constants Co , C,
and B such that

(3 ) ID9Ye(x, )1 13(x, DI< Co C i  la+flicid/3!(1 +11) - Plal fo r  x e K C O , 1 1  B>0,

where p = min Combining this estimate with (2), by [7 ], [1 ], [2 ], we
know that our operator P is y { } -hypoelliptic in a neighborhood of every point in
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52 if s so m ax  {m i/m; }.

Our purpose is to show that so is the smallest index for P to be y{s}-hypoelliptic
in a neighborhood of points in Q. Namely, let xo be any point of Q. Then we have

Theorem. Under the condition (2), f o r 1<s < so , P is not y(s)-hypoelliptic in a
neighborhood of xo .

Remark. For the operator with constant coefficients, more general results
have been obtained by L. I-16rmander. ([3]). For s= 1, our result follows from
the result of O. A. Oleinik and E. V. RadkeviC ([6]). When for any j, m;  is either 1
or 2, our result has been shown implicitly by G. Metivier ([4]).

In the next section, we shall give the proof of theorem. We shall do this by
contradiction. Namely, we shall construct the asymptotic soluton which violate a
priori estimate. This is inspired by [4].

2 .  Proof of theorem

Lemma 1. Suppose that there  a re  a  neighborhood eij of xo and constants
E>0, C>0 such  that f or any  e (  65),

(4) Il 4)11 H.(5)) C(M 13* 011 1,2((b) ± 114)111,2(6)), and

P  is y{s}-hypoelliptic in  a neighborhood of xo . Then, there is a  neighborhood co o

of xo  such that the follow ing fact holds; for any  neighborhood co' C coC coo , there
are constants L  and  C ' such that the follow ing inequality  holds; f o r any  ke N
and u e

(5) Î u M k,o)' C L k(111 Pu MIk,,5 + o ,w) •
Here, ;k k s I 1 1 ) 1114 14 11 L2(.), a n d  110 , . =  ;k1114ulibm .

Ia

This result was obtained by G. Metivier. (Remark 3.2 in [ 4 ] )  But there is a
little change in the definition of the norm III • III, in comparison with his original
form; i.e., we introduce 's' in it. S o ,  we shall give the proof of this lemma in the
appendix.

Without loss of generality, we may assume that

mi->m2%"•>mn and 1.

It is classical for P to satisfy the inequality (4). So, in view of lemma 1, in order to
prove theorem, it is sufficient to construct the function u,, such that the following
conditions hold; there are the constants C, L, e, e', lc, and a independent of p such
that

1 ii1) P U  p IlL2(,)<C(PL)s°I a l e- EP f o r  v Cod < aP,

IluplIk,w• .- C- 1 11A 'up(xo)I >  C-
2 p s o ( k - k o )  f o r  v k < u p , and

II up II / . 2 ( , , , )  <  CeE'P.
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In fact, let (a' is sufficiently small), then for s<s' <s o , (5) is not hold.
Let si = rn i /m;  and M= mi . We shall seek up in the following form;

up (x)=- eiwP(x)U(x, px,),

where, wp (x)=ps- • x„+ • • • +ps 2 . x2 . Let x = z, px, = t. W e shall work in the
set {(z, e  ebd x R } .  Here,

Then, we have

where .9p = .90 +

d =  {Z  e C" ; dist (z, co)< d} .

Pu p = pmeiwP(gp U)(z , 0,

g o =  E ci,c(x o )M i, and
12m1= 1

+1=  E
J= 1

Here, g i = g i (z, p, D 2 , D t )  is the partial differential operator of order j — 1 whose
coefficients are analytic functions in z  and polynomial in p - ';  especially,

g i =  E  (a2 (x)— a 2 (x 0 ) ) D p ,  and
Ice:m1=1

g i  = b8 ,,(z , p )ag 4 ,
Icc+PISi - 1

where b„,fi(z , p) is holomorphic and bounded in di d x {p> 1}.
Let Q (T )= E  a2(x 0 )- TŒI. Then by the assumption (2), Q(T)=O has the

la:m1=1
nonreal ro o t „ . . . ,  m  e C .  We take a positive number S o such that S o > max •
(lImbi l). We introduce some function spaces;

W,.= {u; caoltim uEL 2 (R), i= 0 ,  1,..., r}. and

= {u e W,.; sup L o
- illD-tiull w ,.< + oo}. L o = max {2Ma., 1} .

Then we have

Lemma 2 .  g o is surjective from  W m  to W o  and  has a rig h t inverse which is
continuous from W o  to W m , and from  V o  to Vm .

P ro o f . We may write

.90 =144" + E a . D r - i  (a • e C).
i = 1  j

Let vo = v, v, =D tv,..., vm  _ 1 = 141— v. Then, the equation .90 v = f  is transformed
into

D,V= AV+ F,

where V= r(vo ,..., vm _,), = 0, f ), and
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By Petrowsky's lemma (ex. see [5]), there is a non-singular constant matrix C such that

CA = DC,

where

d 11 0
D =

dm m  _

Idet CI =1 (lcu l < 1 ) ,  and

d1 j I (M_1)!2Mmax{l,, lail}

Let CV= W. Then, W satisfies

D,W= DW+ CF.

Namely, denoting W= t(w i ,..., wm ), we have

w ei6.10-og .(s)ds.
0

Here, g i (t)= E d i k w, + ci m f . Let IT/J (0= 141; (t)e - hit', and g i (t) = e -601 (Igi (t). Then,

0 ; 0) = i e ( i6 i - 6 - - ) ( L- s) e - ( 6 0- 4 - ) (f - s)
 i (s)ds if t > 0, and

Jo

"Wii ( t ) =iÇ  e - ( 6 ± - i 6 .1 ) ( t h- s ) e - ( - 6 + ) 1 t - s 1 4 i (S )d S  i f  t <0,

where (5_ =min {Re (i(5; )}  and 3  = max {Re (iS J )}. So we have

I1wi (0 11v( R) < C0119(0111.2(R).

Returning to y, we have •

11 e
-6 0 1 ( ial y(t)11 L 2(R ) <C i lle 6oirl f(t)111,2(R), ./ = 0 , 1 ,...,

Here, C1 is a constant depending only on {ai } .
Since Dir"V= E 'F, we obtain

0‹/<.;

Ile- h l i l Di+ 1  VII L 2 (R )< C E  (L0/2 ) Iv ( R )  •1=0
From this, we conclude that

A=
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Iivliv <CII f II v 0 . ( C  is a constant depending only on a j ). Q.E.D.

Let Ed (w, 17,.) be the space of functions analytic in z with values in V,. which can
be prolonged a s  bounded holomorphic functions o n  6 d • L e t  Ed(0,,v0=
max Ilu(z)11„,. Since a/Oz i  is a bounded operator from E d to Ed , (d> d') with norm
Z E  d

less than 1/(d— d'), taking the form of .9i  into considerations, we have

Lemma 3. There are  a neighborhood co of xo , a positive constant do and the
constants C;  (j=1 ,...,  M +1) such that f o r 0<d' <d<d o , and  ueE d (co, Vm ) ,  the
following inequalities hold;

ligiu vd(w,v0)-‹ C i (d diam co)11 14 11Ed (w,v

(c o ,V o )< {C j i ( d —  d')} i E d ( c p ,v m .) ,  •  j =2,..., Ms+ 1.

Now, we define {uk }  as follows;

A uk = k> 1, a n d  u0 = e " ,  (6 E {16 ;}7-1)

Then, by lemma 3, we have

Lemma 4. There ex ists constant C  such that f o r 0<d' <d<d o  a n d  p>1,
Ilukll + diamw+ p(d — d')+ • • • + (k p(d — d'))m+ 1 )}k

Summing up, we conclude that

Proposition. Let U , = u ,s z ,  t), and 52d= {X e I?" ; Ix — xo l < d} . Then there
k<pd2

are the positive constants do and C such that for 0<d <d o and p >1412 ,

II gpU p llF  d <  Ce - Pd2 , Il UplIF d < C,
kUp—  U011 F d<Cd' and U0 = e

Here, Il v I l F d =  s u p ,  e- 6 01 1 11)031v(z, t)i.d 7 +.1

f2a><R, j,y 
,

Pro o f . In lemma 4, let co=  f ld  and k <p d 2 . Then, we have

IlukliEd(Qd,vm )<Iluolivm(Cd) k.

Let d0 sufficiently small such that 60 <d - 1  if d <d o . Then, it is easy to see that

and

i 11
Ed(pd,Vm)*'9  0 u k  F  <  C  111,9 0U kll E d(f2 CC2,1114d,Vo) <

Also let d0 small such that Cd 0 < l / e .  Then, using the above inequalities, we have

II uplIFd <  E
k<pd2

il U p —  U011 F d
 2 C 1

 U011 vm (C d ),  and

11,9 p F  = PI 1 koll F d = gOU ko+ ill a

<C I C211 01'14 m( cd) k0+1<cic211 Uo Ilvme-Pd2.
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Here, we take /co = [pd2]. Q. E. D.

Let Up (z , t) be in the proposition, and

u(x)=eiwP(x ) U p (x, px i ) .

Then, we have

ID;',u(x)I < E 1( ih ) ( ; : ) . . . ( ; :  P

where z '=(z 2 ,..., z n). Since for IYI <d p

(Iv' —1)61 — OW-cm-1/31-o ‹ p ly i- ip i- h ,

ID D Jh  Elc7ft upl II uplIFe'°ItI(Ivl Vd-(1r1-1/31-0

<
From these two inequalities, we conclude that

lDu(x)II I  UpIlFdehltiplYIE ih  ) ( oficii )•••( ) 0 i - 1 )

II deoolxii p lylo p s2-1

<11UplIFd eool xil

Similarly, we see that for p  1/d2 and x e S2d < d

IM ,Pu(x)I<Ce - Pa 2  ePôoI I p s ( I y l + M )

xi Ip sn  I7 I,IDic( 1 1  — 1 4 ° )( 4  ‹  CdePhi

where u°(x)=eiwP(x ) e6 Px1.
Therefore, let d=1/2C, then we have

IDLu(x o)l ,,.(1/2)psnk, fo r  k < dp.

Moreover, let S2= f ld n {Ix,' <d 2 /250 }, we have

ID Y
x Pu l.<C e

- p d 2 1 2 p s n ( l y l + M ) ,  and{

I u I., < CePd212 .

Remarking that sn =s 0 , this proves theorem. Q. E. D.

3 .  Appendix (Proof of lemma 1).

First, we recall the following well-known result;

For any open set co' w c Rn ,  there are the functions xk (k E N) of C (w )  which
take values 1 on co' and satisfy the following inequalities;

(A-1) vkeN, VcL E N", 10(1 < k, lDXk lc,i <(r o k/ 0121.

f o r  ly1 <Pd,
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where r=Infdist(x, coc) and ro is a constant depending only on n. Then we have
XECO'

Lemma A- 1. L et 0  be a  neighborhood of  xo E R  and  B  be a  Banach space
w hich is imbeded continuously  into L 2 ( 0 ) .  We suppose that there ex ists a nigh-
borhood wCcQ of  xo such that f o r any  u E B, ul. e y(n}(co). Then, for any  neigh-
borhood co' Ca) of  xo , and  xk satisf y ing (A- 1), there are the constants C and C'
such that for vk E N and vu E B ,

E L 2 ( R )  and

I ) < C(C ' k)s k  "MU MB.RI k XkUM L2(Rn

Pro o f . For a compact set K R " ,  we denote by yikl(K) the space of functions
of class Ce° such that there is a constant C such that

vcceNn, sup IDul<Chl/i(jazi!)n.

Let ytk)(K)=1im indy {
kk} (K). Then, y{k}(K ) is  a  space of type 2 .F  in the

sense of A. Grothendieck. ([8])
So, by the closed graph theorem, the mapping ul-41, is continuous from B

to y(n)(cTi) and a Banach space B is in some An} (0 );

‹i]D;u110 , /lalphl. 1
C l lu l l a •

Let xk be the functions satisfying (A-1). Then

11MdkuliL2(Rn)< I3
 ( ; ) ( r o k / r ) 1 P l i a _ SI PP - PI Ilu

< C (h + (r o lr))lŒlkskillull B  f o r  lal <k .

So, we have

IlkXkullL2(R„)<nk/2C(h + (rolr»kkskliull B Q. E. D.

Let Gs = {u EL2(R"); eItjsû E L2 ( R " ) } .  Then, we obtain

Lemma A- 2 .  L et k  be  an in te g e r 1 .  T h e n ,  f o r an y  u e Hk(R n), w e can
write u in the following form;

u =E u i , u;  being in G1 and  satisfy ing: vs>l,

0i,s,Rn,Gs({u;})=EN3sk +e-2Nilluill6s)

<2(2C)s k  ill u

where N i =k2i (j=0,1 ,...) and C is a constant depending only on n.

P ro o f . Let N_ i =0 and set

u i (x )= (270-2 n eix,40(Ock.
N,-,<14111.<N,
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Then, Remarking that for 1 is N i  _ 1 , N i <2s(11+ks) 21', w e have the desired
inequality. Q. E. D.

Let B be in Lemma A-1; especially, there is a neighborhood co of xo such that
for u e B, u I, e y(s} ( ). Then, for co' C co, we have

Lemma A- 3. There is a constant C such that if  ui eB satisfy  Ok,,,,I ,B ({u ; } )<
+ co, then u= E LI;  converges in L 2 (0 ), and

u I. e Hk(co') w i t h  II
 u

 M u k( w

) < C k - F l Ok,s ,0 ,13({u i }). (v k  e N)

P ro o f . By Lemma A-1,

(A-2) M Ul/CNTXNu  M L2(R) < CI ullB •
By the hypothesis, E ui  converges to u e L2 (0 ) .  Let v= E xvii .  Then,

= u.

So, it is sufficient to show

1114 H k ( 1 2 " ) ‹  C k + 1  k,e,f2,B({ 1 j}) •

Let eu, =  B-Ni(111 NoNi and g; ( ) =  (1+ e( j, s ) x N j ui ( ) .  Then,

I k v () =  (1+ @(j, o ) ' g and

I l 21'lv()1 2 < (E  Ig0 i 2 N3s k)19(0

where e( )= E (11/N:1)2 1'(1 + e u ,  0) - 2 . By (A-2), we have

E 11g( )11 2L2(R.)N si s  k  (1 +  C 2 ) 0 i,s,c2,B •

Considering two cases: C'e2 N )< I1  and C'e2 Nsi > la  w e  have

le()lc-(Bn)< 0+ 1 w i t h  C = max (e/(e2 -  1), 2, (C' e2 ) 2 ) . Q. E. D.

Proof  of  lem m al. By hypothesis, there is a neighborhood 52 of xo  such that
P  has a right inverse R which is continuous from L2 (0) to  L2 (0) and for co
u e yts)(co) Ru e yto(co). Let w'ccwccQ a n d  xk s a t is f y  ( A - 1 G ) .  A ls o ,  let

G' ={u e L2 (Q ); ve Gs such that VI0=14},

1114 1I0' =inf Ilvilcs , {v e Gs ; vlo .=u}
v eV

Finally, let B=R(G') w ith norm  u B = Then, by hypothesis, the Banach
space B satisfies the assumption of lem m a A -1. Let

u e .9 '(co ) such  tha t Pu E H k (W ).

Put f= x kP u .  Then we have

111f Ill k,R.,s IIIPuillk,co,s with a constant L independent of k.

By lemma A-2,
f=  Eff  w i t h  f i e Gi  a n d
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E 11,T3sk( li fiMi2(1?”)+ e 2 j  11 f i M6s ) <2(20"1M fill L iz ' ,

Put yi = R(f ; In ). Then, we have

E N J ' (1Iv116,0 e- 2 N i dVillGs ) ‹  CIII fill k ,R " , s

Therefore, by lemma A-3, Ey i  converges to y E L 2 (Q) and

(A-3) 110. , 11, , ((»,
) <Ck+'111f111k,R.,s. (vkEN)

Since (u = 0, we have P(u — y)10,, = O .  Let .X= {u e .9('co'); Pu= 0} with the
topology induced by L o (a ) .  Then, X  is a Frechet sp a c e . So, by Baire's theorem,
for co" co', we have for some constant Co

(A-4) II (u — (k OsCr i—  v ) 1 . , II L2(w)

<(kO s C r i (llullo,..+11R11 . 11Pullo,..). ("Ice N)

By (A- 3) and (A - 4), we have the inequality (5). Q. E. D.
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