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On the maximal p-ramified p-abelian extensions
over Z.-extensions
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Introduction.

Let p be an odd prime number and k be a finite algebraic number field. Let
k.. be a Z4-extension of k, that is, a Galois extension of k with the Galois group
G(k./k) isomorphic to a product of d copies of the additive group of p-adic inte-
gers Z, Let M(k.) denote the maximal p-ramified p-abelian extension of k..
Here, we say that a Galois extension is p-ramified if it is unramified outside the
set of all prime divisors lying over p. Moreover, let X (k..) denote the Galois group
of M(k.) over k.. and A the complete group ring of G=G(k./k) over Z,. Then
we can consider X (k.) as a finitely generated Aj,-module. Let o(k.) denote the
rank of X (k.) as a 4,-module and r,(k) the number of complex places of k.

Our main purpose in this paper is to study the following question.

¢)) o (k) = ry(k) forany Zd-extension k../k ?

On this question, Babaicev [1] and Greenberg [9] showed that this equality (1) is
valid for almost all Z,-extensions of k. But for a given Z,-extension, only following
criterions of the equality (1) are known:
(@) ke/k is the cyclotomic Z ,-extension. (Iwasawa [11], Greenberg [8]).
(b) Leopoldt’s conjecture is valid for k. (Greenberg [9]).
(¢) ke contains a Z,-extension of k for which the equality (1) is valid ([9]).

We shall first give another criterion under a certain assumption in section 1.
The result is as follows.

Theorem 1. Let k be a finite algebraic number field and k.. be a Z ,-extension
of k. Assume that k contains a primitive p-th root of unity. If there exists no prime
ideal of k over p which splits completely in k.. and if Iwasawa’s p-invariant u(k../k)
is zero, then we have

p (k) = ry(k) .

In this case we shall also give a necessary and sufficient condition for o (k..)
=ry(k) in terms of invariants of k./k (see Corollary 1.10 in section 1).
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Next we shall consider the behavior of o (k.) when k varies in a family of finite
algebraic number fields. Let H. be a Z,extension of k such that k..N H.=k.
For all positive integers n, let H, denote the fixed subfield of H.. for G(H../k)"".
Then we have a family of Z4%-extensions koH,/H, (n=0, 1, 2-+-). Let M(k.H,)
be the maximal p-ramified p-abelian extension of k..H, and X (k..H,) be its Galois
group over k.H,. Then, every X (k.H,) can be considered as a A,-module. Let
o(k.H,) denote the rank of X(k..H,) as a Ag,-module. In this situation, we shall
prove the following theorem in section 2.

Theorem II. There exist non negative integers o and c=c(k., H..), which are
independent of n, such that

p(kaH,) = pp"+c,
for all sufficiently large n.

We shall give an example for Theorem I in section 1 and two sufficient con-
ditions for the constant ¢ in Theorem II to vanish in section 2.

Notation and Terminology.

We shall use the notation in Introduction. Let #, denote the group consits-
ing of all p"-th roots of unity for a positive integer » and F, the finite field with
p elements. We use the following notations for any Z-module A.

(A), = {ADalpa =0}, (A) = A/pA .

Moreover, if A is a discrete module, r,(4)=dimg,(4), will be called the p-rank
of 4 and if 4 is a compact module, r,(4)=dimr, ,(4) will be called the p-rank of 4.
Let Q(R) denote the quotient field for any integral domain R. Then, for
any R-module M, rkg(M)=dimg)(M QQ(R)) will be called the R-rank of M.
Let Anng(M)={R>a|aM=0} and Tory(M)={M>m|am=0 (R2a=£0)}.
Let C(k) denote the ideal class group of k and Cy(k) the subgroup of C(k)
generated by all ideal classes containing prime ideals over p.

§1. The proof of Theorem I.

Throughout this section, we assume that d=1 and k contains z;. Let k.
be a Z,-extension of k and o be a topological generator of G=G(k./k). Let Ag
denote the complete group ring of G over Z,. Then, we can identify A, with the
power series ring Z,[[T]] in such a way as o corresponds to 1+7. From now on,
we fix this identification.

Let k, denote the unique cyclic extension of k of degree p” in k.. for all n=0.
Let X*(k,) denote the Pontrjagin’s dual group of X (k,). Then, X(k,) is a finitely
generated Z,-module (see [11] Theorem 2), therefore ,,(.«\7 (k,)) is a finite p-abelian
group. The dual group of 4(X(k,)) is just (X*(k,)),. Hence, we obtain

@ rX (k,) = r(X*(k,) -
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We shall give formulas for r,,(f (k,)) and r,,(X’ *(k,)) in Proposition 1.6 and
1.7. Theorem I follows from these propositions and (2).
We know the following result.

Proposition 1.1. (Bertrandias-Payan [2])

(€) rfX*(k)) = glk)+rok)+ry(P(K)) ,

where g(k) is the number of prime ideals of k over p and P(k)=C(k)/Cy(k).
Replacing k with k, in (3), we have

@ rfX*(k,) = glk,)Frylk,)+ryPk,)) .

We shall rewrite this formula (4) in such a way that we can see the asymptotic be-
havior of r,,(A7 *(k,)) as n grows.
Since any place outside p is unramified in any Z,-extension of k, we have

©) ril,) = (k) p" .
Next we shall consider the part of g(k,).

Proposition 1.2. Let A(k..) be the number of the prime ideals of k over p which
splits completely in k.. There is a non negative integer r(k..), which is independent
of n, such that

(6) glk,) = Bko) p"+r(ks)
Sfor all sufficiently large n.

Proof. Let A; (1=i=<g(k)) denote the prime ideals of k over p. Then, the
number of prime ideals in k, over p is the sum of the number g;(k,) of prime ideals
in k, over A; over all i. Let Z; denote the decomposition group of A4;. Then,
we have

gik,) = |Gka/k)| 1 Z:G(kfkys): G(keolk) | -

Since Z; is a closed subgroup of G(k./k)=Z,, we have either Z;= {0} or p"Z, for
some m=0. We have Z;={0} if and only if A4; splits completely in k... In this
case, we have gi(k,)=p". On the other hand, if Z,~p"Z, for some m=0, then
gik,)=p" if n=Zm. So, the proof is complete.

Remark. In the above proof, if we use the inertia group in place of the de-
composition group, we obtain the following result: there exists a non negative
integer e, such that each prime ideal of k, over p is either unramified or totally rami-
fied in k.. Until the last of this section, we shall fix this number e.

Next, we shall consider the part of P(k,). By means of Artin map, Cyk)
is mapped onto the composite group of decomposition groups of all prime ideals
over p in k. Hence, we have the isomorphism P(k)=G(L'(k)/k), where for any
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algebraic extension K over @, we denote by L'(K) the maximal unramified p-abelian
extension of K in which every prime divisor of K over p splits completely. Now,
we shall consider X'=G(L'(k«)/k.). This Galois group is a finitely generated
torsion Ag-module (see Iwasawa [11]). Using the structure theorem of a finitely
generated Ag-module (see Bourbaki [3], chaptre 7, §4, n°4), we have the following
decomposition of X",

™ v~ ("8 aar) @ ('S Aol

whete, a’(k..) and b’(k.) are non negative integers, ¢; and d; are positive integers,
Jf, are distinguished polynomials and “~" denotes a pseudo-isomorphism from
X’ to the right-hand side of (7).

Then, we can prove the following proposition.

Propeosition 1.3. We have
® ry(P(k,)) = a'(ke) p"+0(1)
where, O(1) means the bounded number as n grows.

Proof. Let Y'=G(L'(k«)/k-L'(k,)). It follows from Iwasawa [11] Theorem
8 that Y” is the Ag-submodule of X’ and G(L'(k,)/k,)=G(koL'(k)/k)=X']v,, Y’
for all n=e, where v, ,=140?"4-0% 4 e 4 0®" D' A Therefore, ry(P(k,))=
rG(L'(k)/k)=ry{X'[v,, Y'). From the exact sequence:

0—=Y/l,,Y—>X,,Y XY -0,
it follows that
P Y Ve YISy X [V YY1 y(Y' v, Y41 (X'[Y).
Since r,(X’/Y’) is obviously independent of 1, we have the following formula.
® rP k) = ry(Y'[ve, Y)+0().

Now we shall calculate r(Y'/v,, Y'). For simplicity, let E denote the right-
hand side of (7). We need the following two lemmas.

Lemma 1.4. We have
r(Elv,, E) = a'(k.) p"+O(1) forall n=0.

Proof. 1t is sufficient to calculate the p-rank of each direct summand. Since
Ag/(p, Ve)®z, Fy=Ag/(p, v.,,) and v, , = T?"~? mod pA, we obtain

Ag/(ps ve,s) = Ag/(p, TP ') = F4§'~*",

From the definition of distinguished polynomial, it follows that Ag/(f{/, v, )@z, F,
=Ag/(p, T2, T¥"0") If p"—p°>d; deg(f;), the last group is isomorphic to
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Fji%&)  Combining these results, we obtain the assertion of Lemma 1.4.

Lemma L1.5. Let X,, X, be finitely generated torsion A -modules. Assume
that X, is pseudo-isomorphic to X,. Then, we have

rp(Xl/Vc,n Xl)—rp(fyz/ye,n XZ) = 0(1) .

Proof. Since both X; and X, are torsion Ag-modules, X;~ X is equivalent to
X,~ X, (see Cuoco-Monsky [6]). Therefore it is sufficient to show that r,(Xi/v, , X;)
—ry(Xy/v.,, X;) is bounded to the above. Let N, and N, denote the kernel and
cokernel of the pseudo-isomorphism X;—JX,. Then we resolve the exact sequence
0—N,—X,—X,—N,—0 into the following short exact sequences: 0—N,—X,—
X{—0 and 0—X{—X,—N,—0. Taking the reduction of these sequences modulo
(p, v...) and estimating the p-rank of each term, we obtain r,(N;) =ry(Xy/v. . X;)—
ro(X\/v..» X1). Since r,(N,) is independent of » and finite, the proof of Lemma 1.5
is complete.

We return to the proof of the proposition. Since X'/Y'=G(L'(k,)k,) is a
finite group, we have X'~Y’. We have of course X'~E, so, Y'~E. From Lem-
ma 1.4 and 1.5, it follows that r(Y'/v, , Y')=rElv,, E)+O0(l)=a'(k.) p"+O(1).
Combining this result with formula (9), we obtain the proposition.

Combining (4), (5), (6), (8), we obtain the following expression of the asym-
ptotic behavior of r,,(X’ *(k,)) as n grows.

Proposition 1.6. We have
(10) ro(X* (k) =(ryk)+a' (k)4 Ak=)) p"+0(1)
for all n=0.

Now, we shall calculate r,,(X’ (k,)). Since z\i (k.) is a finitely generated Ag-
module, we have the following decomposition of X (k..),

an R~ S Adrr) Yo S Acler )

where o(k.), s(k.) and t(k.) are non negative integers, n; and m; are positive inte-
gers and g; are distinguished polynomials. Then we can prove the following
proposition.

Proposition 1.7. We have
(12) ri(X (k,)) = (o(ke)+s(k)) p"+O(1), forall n=0.

Proof. For simplicity, we shall write X=X (k..) in this proof. We first con-
sider the exact sequence of Galois groups: 0—G (M (k,)/kw)—>X (k,)—>G (ko/k,)—
0. Since G(k./k,) is isomorphic to Z,, this exact sequence splits as a sequence of
Z,modules. We know also G(M (k,)/k.)~=X/w,X as a Ag-module, where »,=
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o?" —1€ Ag (see Iwasawa [11]).  So, we obtain

@13) rdXk,) = rXjw, X)+1.

Next, we shall consider X¥/w, X. Let E denote the right-hand side of the decom-
position (11) and N, and N, denote the kernel and cokernel of the pseudo-
isomorphism X—E. Then we resolve the decomposition (11) into the following
short exact sequences: 0—>N,—>X—>X'—0 and 0—X'—E—N,—0. By means of
these exact sequences, we obtain the following estimation of the p-ranks,

(14) riXjw, X)+r (NyJo, N)=r Eo, E) .

Since @,=T*" mod(pAg), in the same manner as the proof of Lemma 1.4, we can
prove r(Ejw, E)=(o(k.)+s(k)) p"+O(1). Therefore we obtain

(15) rXjw, X)Z (o (ka)+-s (k=) p"4-0(1) .

Here, we need the next lemma to show the converse inequality.

Lemma 1.8. Let R=2Z,|[[T,, --+, T,l] and M be a finitely generated torsion-free
R-module. Assume that @ is neither a zero nor a unit in R. Then there is a A&R
and a R-free submodule M’ of M such that X is prime to @ and AIMSE M.

Proof. Let P,, -+, P, denote all prime ideals containing @ of height 1 and
S=R—L”J P;. Then the quotient ring Rs is a Dedekind domain. Since R is a
i=1

U.F.D., for any prime ideal P of height 1, there is an element fin R such that P=
fR. So, PNS=¢ if and only if f divide @, hence Rg has only finite number of
prime ideals. Therefore R; is a principal ideal domain. Since M @ R; is a finite-
ly generated torsion-free Rs-module, it is a Rs-free module. Now we can take a
basis of MQ, Rs over Rg from M®1. Let {mQ1|1=i<p} be a basis. We

P
define M'=@ Rm;, so M’ is a R-free module. It follows from the definition
i=1

M ®r Rs=MQ; Rs, hence (M/M')Q r Rg=0. Since (M/M’) s a finitely generated
R-module, there is a A€ .S such that A(M/M')=0. So, the proof of the lemma is
complete.

We return to the proof of the proposition. Let T=TorAGX’ and Z=X/T.
Then by means of the exact sequence: 0—>T—>X—Z—>0, we obtain the following
estimation of the p-ranks.

(16) rfTjw, T)+r(Z|ow, Z)Zr (X/o, X) .

We shall first consider the part of Z. We can apply Lemma 1.8 to Z and p.
Therefore there is a A& A;—pA; and a Ag-free submodule Z' of Z such that
AZSZ'. So, Z|Z' is a torsion Ag-module and Ann, (Z/Z')>2, hence Ann,,
(Z|Z)EpAg.

So, using the structure theorem, we have the decomposition:
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Z/Z’~é Ag/(P%), where a is a non negative integer, b; are positive integers and
i=1

P; are the prime ideals of height 1 of A; which are not in pA;. Therefore, using
the method of the proof of Lemma 1.4 and 1.5, we obtain

(17) r(Z/Z)]w(Z]Z2)) = 0(1) .

On the other hand, we can easily show that p(k.)=rk,, X=rk rg Z=rkp, Z'.
Hence, Z'=A%*). Therefore we obtain

(18) rZ' |0, Z') = pk=) p" .

Next, by means of the exact sequence: 0—Z'—=Z—Z/Z'—0, we obtain the esti-
mation of p-ranks,

(19 rl\Z'|@, Z')+r(Z|Z")]0(Z|Z ) 21 (Z]®, Z)
Combining (17), (18), (19), we obtain
(20) rfZjo, Z)So(ks) p"+O(1) .

Obviously, T is pseudo-isomorphic to the Ags-torsion part of E. Therefore, we
obtain

2D rfTjw, T) = s(k.) p"+0(1) ,

by means of the method of the proof of Lemma 1.4 and 1.5. Now, combining
(13), (15), (16), (20), (21), the proof of the proposition is complete.

By virtue of the above calculations and the equality (2), we obtain the following
theorem.

Theorem 1.9. Under the above notations, we have
(22) Plke)ts(k=) = ry(k)+Alke)+a' (k=) -
Now, we shall derive the necessary and sufficient condition for o(k..)=r,(k).

Corollary 1.10. Under the above notations, we have s(k.)=< f(k.)+a'(k..).
And the following conditions are equivalent:
D olkx)=ryk),
(i) ska)=p(ks)+a'(ks),
(i) s(ko)=plk)+a'(k=.).

Proof. We know that o(k.)=r,(k) (see Greenberg [9]). Combining this fact
and Theorem 1.9, we obtain the above assertion.

Next, we shall give the proof of Theorem I.

The proof of Theorem I. We preserve the above notations and terminologies.
Let X=G(L(k«)/k-) and Y=G (L (k«)/k-L(k,)), where, for any algebraic extension
K/Q, L(K) denote the maximal unramified p-abelian extension of K. Since X is
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a finitely generated torsion Ag-module (see Iwasawa [11]), we have the following
decomposition of X:

X~ (& Adrr0)a(( @ Acl)

where a(k..) and b(k..) are non negative integers, u; and v; are positive integers and

aCkood
h; are distinguished polynomials. Then, Iwasawa’s u-invariant u(k/k) is 33 u;.
So, we obtain u(k./k)=0 if and only if a(k.)=0. Therefore the assumptions of
the Theorem 1 are equivalent to A(k.)=0 and a(k.)=0. On the other hand, we
have also the isomorphism C(k,)=G (L (k,)/k,)=X]v,, Y for all n=e (see Iwasawa
[11]). Using the method of the proof of Proposition 1.3, we obtain

(23) rf(Ck,)) = alks) p"+O(1) .

Next, estimating the p-rank of each term of the exact sequence: 0—Cyk,)—C(k,)
— P(k,)—0, we obtain

(24) rlCok))+ry(P k) Zr(Clk))Zr(P(k,)) .

Cy(k,) is generated by the ideal classes of the prime ideals of k, over p. From
this fact and Proposition 1.2, it follows that

(25) r(Colk ) S k) p"+0(1) forall n=0.

Combining (8), (23), (24), (25), we obtain a'(k.)+Ake)=alk.)=a'(k.). From
this inequality, it follows that A(k.)=0 and a(k..)=0 if and only if A(k..)=0 and
a'(k.)=0. Obviously, s(k.)=0=p(k.)+a'(k.). Therefore using Corollary 1.10,
we obtain Theorem I.

Remark. We can prove Corollary 1.10 and Theorem 1 by modifying method
of Greenberg [8] Theorem 3. We can also express the necessary and sufficient
condition by means of Galois cohomology. Let F denote the maximal p-ramified
p-extension of k. Put G,=G(F/k,). Since H¥G,, Z) is divisible, we can express
H¥G,, Z)=(Q,/Z,)"" for some a,=0. Then, we have p(k.)=ryk) if and only
if a, is bounded with respect to n (see Brumer [4]).

On the assumptions of Theorem I, following results are known (see Green-
berg [7], Babaicev [1], Monsky [14], Kuz’min [13]). Let E(k) denote the set of
all Z,-extensions of k. Let Ey(k)={k.EE(k)| t(k/k)=0} and Eyk)={kEE(k)|
B(k.)=0}. Then, in a certain natural topology, E,(k) is a non empty open dense
subset of E(k). And if Ey(k)=¢, then Ei(k) is also an open dense subset of E(k).
Therefore if there is a Z,-extension k.. of k whose u-invariant is zero, E (k) N Ey(k)
is an open dense subset of E(k) and so there are many Z,-extensions which satisfy
the assumption of Theorem I.

Finally, we shall give an example.
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Example 1.11. We assume that the p-Sylow subgroup of C(k) is trivial and
that k has only one prime ideal over p. For example, if p is a regular prime, @(«,)
satisfies these conditions. Let k.. be any Z,-extension of k and k' a finite Galois
extension with degree a power of p such that all prime ideals of k, which is ramified
in k', do not split completely in k.. Then, for Z, extension k’k.. of k', we can
easily see A(k’'k.)=0 and have u(k'k./k’)=0 by virtue of Iwasawa [10] and [12]
Theorem 2. So, using Theorem I, we have o(k'k.)=ry(k’) for this Z,-extension
k'k. of k'. 1t seems that the case of k'k./k' cannot be treated by the criterion
of Iwasawa and Greenberg.

§2. The proof of Theorem IIL.

In this section, we do not assume that k contains #;, and d=1. We shall use
the notations in the statement of Theorem II in Introduction.

By means of the assumption k.. N H..=k, we can identify naturally G(k..H../H.)
with G(k.H,/H,) for all n==0. We denote by G this group. Similarly, we identify
G(koH.[k.) with G(H./k) and denote by B this group. Then we denote by Ag
and Ay the complete group rings of G and B over Z,. Let A, denote the complete
group ring over Z, of the Galois group 4=G(k.H./k). Let {o), -, o,} be a
system of topological generators of G and r a topological generator of B. Then,
a system of topological generators of A4 is given by {o,, :*+, 0,4, 7). Now we can
identify A, with Z,[[S), -+, S,;, T]] in such a way as o; (I=<i=d)—1+S; and
t—T. So, by means of this identification, we identify naturally A; and Ay with
Z,[[S,, -+, S,]l and Z,[[T]] respectively.

Our main purpose in this section is to study the asymptotic behavior of rky,
X(k.H,) as n grows. For simplicity, put K=k.H., A,=G(K/H,), X=X (K), M=
M(K), M,=M(k.H,) and X,=X(k.H,). Now, we shall consider the exact se-
quence of Ag-modules:
0—>G(M,/K)—X,—G(K/k-H,)—0. Since K/k is an abelian extension, G acts tri-
vially on G(K/k.H,). So, G(K/k.H,) is a torsion Ag-module, hence rk,, X,=rk Ag
G(M,/K). We know also that G(M,/K)=X/T,X as A modules, where T,=
(14+T)y"—1€A,. Hence, we have

(26) rkAGX’,, =rkAGX’/T,,.Y.
In the case of =0, we can calculate rk,, X/T, X as follows.

Proposition 2.1. Put f’zTorAA(X’ ) for a finitely generated A ,-module X, then
we have

rka, X/TX = tky, X+rky, Y/TY .

Proof. Let pzrkAAX’ and Z~=)?/17. Since Z is a torsion-free A 4-module,
we obtain an exact sequence:

Q27) 0— Y/TY - X/TX - Z/TZ — 0.
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So that we have rky, X/TX=rk,, Y/TY+rky, Z/TZ. 1t is sufficient to show o=
rky, Z~/TZ. We shall apply Lemma 1.8 to Z and T. Then there exist a A€ A 4
TA, and a free A ,-submodule Z' of Z such that Z’ contains 4Z. Let W=Z’//IZ
and W’=2/2’. Since both W/TW and W’'/TW’ are annihilated by (2 mod TA ,)
EALTA ;=~A;, we obtain rky (W/TW)=rk, (W' [TW’)=0. By means of the
following two exact sequences: 0—Z—>Z'—>W->0 and 0—Z'—Z—W'—0, we
obtain the equality of A-ranks:

rkAG(Z~’/TZ~’)=rkAG(Z~/TZ~). Since Z’ is a free A 4,-module and ZZC;Z', we have
also p=rk,, Z~=rkAA Z’zrkAg(Z'/TZ’). So, the proof is complete.

Before we go to the general case, we shall consider the part of rk,, X.

Proposition 2.2. A, is a free A, -module of the rank p", and rka,, X=(rk, A)? )
p" for all n=0.

Proof. We can easily show that {o,, -, g, v¥"} is a system of topological
generators of A4, and can identify A, with Z,[[S,, -+, S;, T,]] under the fixed
identification A ,=Z,[[S;, -, S; TJl, and T, is the distinguished polynomial.
From these facts and the use of Weierstrass’s preparation Theorem, our assertions
follow easily.

Since A 4 is integral over A, , we have easily Y=Tora A,,(Y ). So, if we rewrite
the equality of Proposition 2.1 in the terms of A, -module, we obtain

(28) rkao(X/T,X) = rkay (X) 41k (Y/T, Y)
=(tkp, X) p"+1kp(Y/T,Y) forall n=0.
Next, we shall calculate 17/ T, Y.

Proposition 2.3. Let c,=rk( Y/T,Y). The sequence of numbers {c,|n=
0,1, 2, -} increases monotonely and bounded to the above. Hence, for all sufficiently
large n, c, is equal to a constant c.

Proof. Since Yisa finitely generated torsion A, -module, we can take the
pseudo-null modules »;, N, such that the sequence of A ;-modules:

0—N,— Y@ A 4/(P%)—N,—0 is exact, where a is a non negative integer, n; are
i=1

positive integers and P; are the prime ideals of height 1 in A,. We resolve this
exact sequence into the two short exact sequences:

0—>N,—>¥—>7'—0 and 0—Y'— M,—~N,~0, where M,=A/(P") (1<i<a).
i=1

By means of these exact sequences, we obtain the following estimation of As-ranks:
29) tkng(No/ TuND Z 33tk (M| T, M) —1kp (Y] T,Y) .

By virtue of Bourbaki [3] chaptre 7, §4, n°8, Proposition 18, N, is also a pseudo-



Maximal p-ramified p-abelian extensions 433

null A, -module. From the definition of pseudo-null, it follows that Anna,, N,
T,A,,. Therefore rky (No/T,N;)=0. So, we obtain

tka (VI T, 1) 33 thp (M T, M) .

On the other hand, since both Y and @ M; are torsion A j-modules, Y~ M;
i=1 i=1
implies @ M;~Y.
i=1
So, the converse inequality can be shown in the same way.
Now, we obtain

(30) thag(F/T,¥) = 31 tky (M| T, M) .

Next we shall calculate rk, (M/T,M), where M is A /P’ for the prime ideal P of
height 1 in A, and a certain positive integer j. Since A, is a U.F.D., P is generated
over A, by a prime element F. Let f=F’ then P/=fA,. Moreover, we shall
define a Ag-isomorphism: A ,/T,A ,—(A;)" as follows. Using Weierstrass’s pre-
paration Theorem, for any element A& A 4, there are h;E A; (1<i< p”"—1) such that

-1 X
h= 23T mod T,A, and these /; are determined uniquely. Then we define
i=0

Ag-isomorphism by the correspondence /& mod T,A ;—>(hy, **+, hy_) E(Ag)".
For any element gEA ,, we define the endomorphism 6(g) of (A;)?" in such
a way as the following diagram is commutative:

AT Ay — (A

xg| | oo

AW T, g — (Ao}
where X g means the multiplication by g.

Then it is easy to show M/T,M==coker 6(f). Let Q(A;) denote the quotient
field of A;. Then we easily obtain: coker 6(f) is a torsion Agz-module if and only
if coker 6(f)® 2,0(A¢)=0 and this is so if and only if the Q(A;)-linear extension
of 6(f): QAP —Q(As)" is surjective. The last statement is equivalent to

det 6(f)=0.
Next we shall calculate det 6(f). We put f=hT,+g, where h& A, and g=

- . n . nyoo. .
Z}lbiT‘, b;€A; (0=i=p"—1). Obviously 6: A,—End,,((As)*) is a Ag-linear
i=0
ring homomorphism.

- X
So, 0(f)=0(g)= ng,.(i(T)‘. It follows easily from the direct calculation that the

set of all eigen values of 6(T) is {{—1|{eu,}. So, we find that the set of all eigen
values of 6(f)is {f(Sy, ***, Sy, {—1)|{Ep,}t. Therefore

det 6(f) = TII f(Sy, -+, Sy, £—1). So, we obtain
[4=12%
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(€2)) tka(M/T,M)=+0 if and only if

F(S,, -, S;,{—1)=0 forsome {ey,.
In this case, we can easily see also that such F is essentially the cyclotomic poly-
nomial v, that is FA ,=v, A ,, where v, is T if m=0 and is T,,/T,_, if m=1.

This follows from that v, is a distinguished polynomial and so we can divide F by

¥, and (31).
Combining the above results, we obtain

(32)  rkaM|T,M)=0 if and only if P =+,A, forsome n=m=0.

Next we shall calculate rk, (A 4(T,A ,4+v4A ). Let R, denote the ideal in Ap=
Z [[T]] generated by T, and v}, (n=m=0, j=1).
Let 7: Ag[[S;, -+, Syll—=(Ap/R) [[S,, -+, S;]] denote the Agz-homomorphism ob-
tained from the reduction modulo R, of coefficients of A ,=Ag[[S,, -+, S,]].

Then we can easily show that ker 7=T,A ;+v4,A,. So, we obtain

(33) (Ap/R) (IS, ==+, Sgll = A /(T A y+viA ) .
On the other hand, it is easily shown that
(34) tKag(Ap/R) [[Sy, +++, Syl = tkz (Ap/R)) .

By virtue of Weierstrass’s preparation Theorem, we obtain also AT, Ap=2Z,
[TVT, Z,[T]. So, we have A/R=Z,[T]/R, where R,=T,Z,[T]+v} Z,[T].
Next, we shall calculate rk, (Z,[T]/R,). We know that (Z,|T]/R,)® 2, @y=

QITIT, QT+ QIT), T,= I v; and that v, is irreducible in @[]
So, Q,[T] T,+Q,[T] ¥4 =Q,[T] . Therefore we have

(35) rkz (Z,[T)/R,) = dimg (Q,[T /v @,[T])
B { 1 if m=0.
p" Np—1) if m=1.

Combining (33), (34), (35), we obtain

(36) Kng( AT, A g+ 1A ) {1 rom =0
r n m =
a4 4 4 p" Np—1) if m=1.

Let 7, denote the set of all prime ideals P; which appear in the decomposition
Y~ é A 4/(P}i) and are generated by v, for some n=m=0. By virtue of (30),
(31) and (32), we have ¢,=rk,,Y/T, ?:Pz; rka (A /(PUi+T,A ).

€Iy

Obviously, I, is a monotone increasing sequence of sets as n grows and 7,
is stable for all sufficiently large n, because 1, {P;| | =i=a}. Moreover, for any
P.€1,, rky (A4/(Pii+T,A,)) is independent of n by virtue of (36). Combining
these results, the proof of the proposition is complete.
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Proof of Theorem II. Theorem Il follows from (26), (28) and Proposition 2.3.

Remark. We can prove the criterion of Greenberg mentioned in Introduc-
tion by means of Theorem II.

Corollary 2.4. Under the notations of Theorem II in Introduction, the follow-
ing two conditions are equivalent :
(i) o=rk) and c=0.
(i) o(koH,) = ry(H,) forall n=0.

Proof. We first assume (i). By virtue.of Proposition 2.3, we obtain ¢,=0
for all n=0. Therefore the relations (26) and (28) imply (ii). Next, we assume
(ii). Using Theorem 11, we obtain (rk,X) p"+c=r,(H,)=ryk) p" for all sufficient-
ly large n. Dividing both sides by p” and taking their limits as » tends to the in-
finity, we obtain (i).

Finally, we shall give two sufficient conditions for the constant ¢=0.

Proposition 2.5. Assume that k contains n, and k./k is a Z,extension such
that k. N Hw.=k. If there exists no prime ideal of k over p which splits completely
in ke and if Iwasawa’s u-invariant u(k./k) is zero, then the constant c=c(k.., H.) in
Theorem 11 is zero.

Proof. By virtue of example 1.11, we have A(k.H,)=uk-H, H,)=0 for all
n=0. Then our Theorem 1 assert that o(k.H,)=r,(H,) for all n=0. So, our
assertion follows from Corollary 2.4.

Proposition 2.6. Assume that k contains p, and d=1 and that H., be the cyclo-
tomic Z ,-extension of k such that k. N H.=k. If Iwasawa’s A-invariant A(H.k,/k,,)
is bounded with respect to m, then the constant c=c(k.., H..) in Theorem II is zero,
where k, denotes the unique cyclic extension of k of degree p" in k...

Proof. By virtue of the proof of Greenberg [8] Theorem 3, we have A(H..k,,/k,,)
=rkg, X(H k,)—r{H,k,)—1=06(H,k,) for all n=0, m=0. Let A=G(H.k[k),
G=G (k./k), o=1ky, X(Hok.) and p,=rk,, X(H,k..). Then we find from Gre-
enberg [9], 0,p" +O0(1)=r1kg4, X(Hk,)=ry(H,) p"+1+06(H,k,), where O(1) means
the bounded number with respect to m. So, we obtain

(37) (pn p_lon-H) 1)”1 :1)6(anm)__6(Hn+l km)+0(l) .

Put c=c(k.., H.), then Theorem II implies 0, p—p,,;=(p—1) c. Combining (37)
and Cuoco [5] Theorem 1.1, we obtain the following estimation:
(P—Dc=0,p—pu=p " (PO(H, k)0 (Hyr k) +p~" O)=(p+1) p~"(l p" +1)
+p™" O(1), where /,, /; are constants. So, taking their limits as m tends to the
infinity, we obtain (p—1)c=(p+1) /, so if [;,=0, then we obtain ¢=0. The proof
is complete.
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