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Kayoko Tsuji (née Shikishima)

O . Introduction.

Let I  be a set of indices and K  a  differential field of positive characteristic
p  with a se t of (com m utative and iterative higher) derivation oparators LI=
{3, ; iE/I. We denote an  algebraic closure of K  by K a . Every derivation 3,=
(3„ ; IJEN) N  being the set of all natural numbers including zero, has a
unique extension derivation to th e  separably algebraic closure K , of K  in  Ka
which we denote also by 3i  ; moreover, since these extension derivations 3i

(iE/) are commutative, K , is uniquely regarded a s  a  differential extension of K
(see [1 ] ) .  By the paper [2 ] of myself, we get easily the  following two theorems
about the extensions of the derivations.

Let x be an  element of Ka, and 3i  any element of 4 .  W e say that a i  can
be extended to x ,  if  3i  h as an extension derivation to some extension of K , that
contains x .  For convenience, we shall denote the e-th power of the characteristic
p  by p(e).

Theorem A .  An element 3i  o f  LI can be extended to x  i f  and only  if the
condition

(1 ) 3,:,(xP<")=0 (0<v<P(e))

is satisf ied fo r  some element e E N  w ith xP ( e' E K , .  W hen that is so, setting y=
X P(", the subfield

If3,..=K 3((a1,p(e)Y )9('); vEN )

o f K a has a unique extension derivation 3 = ( 4 , ;  v eN ) of ai which is defined by
the ferm ula

( 2 ) 3Lz=-(3i(3)(zP")))P(-e) (1.) EN, z E K " ) ;

the equality K 3 , x =K 3 (5L x ; v E N ) holds true, and K ,„v  is  th e  sm alle s t extension
o f K , containing x  that has an extension derivation o f ai .

R em ark . We see by [1 ] that the condition (1) is equivalent to the condition

3 9 (x P "))=0 (Id N— {0} w i t h  p(e) .
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Theorem B .  The set M  of  all those elements xEK a  such  that ev ery  oi EZ1
can be extended to x  is an extension of K, which has a unique extension derivation
f o r every  &Ed. A ssociated w ith the extension derivations of (iE l), M  i s  the
largest differential extension of K  (and o f  K,) in  K a .

The largest differential extension of K  in K a , determined by Th. B, is called
differential closure of K  in K a  and  denoted by K J .  A pplying this notion, the
universal differential extension of differential fields of positive characteristic was
established (see [2]) : a  differential extenison U  of K  is called universal differen-
t ial extension o f  K , if  U=L 1J and, for every finitely generated differential ex-
tension L  of K in  U, every n EN— {01 and every prime differential ideal p of
the differential polynomial algebra L • • •  ,  X .}  having a  generic zero (z) over
L  such that L(z> is separable over L , there exists a  generic zero  (x )  o v e r  L
of p w ith x l , ••• , x„eU.

Professor Kôtaro Okugawa a n d  th e  au tho r repo rted  a t the m eeting of
Mathematical Society of Japan in  the autumn of 1981 tha t if the field of con-
stants C of K  is algebraically closed, Galois theory o f  Picard-Vessiot extensions
o f  K  and, more generally, of strongly normal extensions of K  can be developed
a s  a  whole. Recently, the Galois theory w as established also w hen C  is not
necessarily algebraically closed (see [3]). Throughout these works, it became
certain that the differential closure plays an  im portan t ro le  in  th e  theory of
differential fields. T h e  purpose of the present paper is to show some basic pro-
perties, newly obtained and applied, of the differential closure.

The author w ishes to express her sincere  gratitude to Professor Kôtaro
Okugawa for his kind advices.

1. The differential closure K j  o f  K  in K .

Throughout this paper, U  denotes a  fixed universal differential extension of
K ,  Every differential field considered is supposed to be a  differential subfield
of U .  Let C, K a , K, and K j  be as above in  the preceding section.

Thoerem 1. The f ield o f  constants o f  K, is  the  separably algebraic closure
of  C in  K a  and  the f ield of  constants of  K J is the algebraic closure o f  C in  Ka.

The proof is easy.

Theorem 2. L et M  b e  an  algebraic dif ferential ex tension of  K  an d  a a
differential isomorphism o f  K  in to  U . Then, any field-isomorphism a ' into U of
M  that extends a  is a differential isomorphism o f  M  into (aK)J in  U.

Pro o f . We may suppose tha t M cK a . Let x  be an  element of M.
( 1 )  Suppose tha t x  is separably algebraic over K .  Let

F(X)=a„X"H- •-• -1-a 1 X+a 0( a k E K ,O k S n ;  a„--1)

b e  the m inim al polynomial o f  x  over K ; then, for each i e I ,  3„x ( EN ) is
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defined inductively by the formula

( 3) 0-=(dF/dX)(x)•3„x+ Ei3z2(0)akatawx ••• co x

where the summation E '  ranges all over the (k+1)-tuples (2(0), ••• , 2(k))EN" -°
with 2(0)-F ••• +2(k )=v , 2 (1 )#v , ••• , 2 (k )#v . Since 0 =a/F(x )=F 6 (a'x )  where

FI(X )=-(aa a )X n+ ••• +(aa i )X -1-aa 0 ,

we can get inductively 3 (a 'x )  ( v G N )  by the formula

(4) 0 =(d F°  Id X )(ex )•(3 (ex )+ ,  E '5 ,.2 (0 )(aa a s z ( l ) (e x ) • • •  (3,.2(k)(a' x).

By induction assumption, for each 2<v ,

atacex =a'ailx

an d  a  is a  differential one ;  therefore, applying a ' to  (3), we get

(5) 0=--(dF°1dX )(a' x )• /(3i,x )+ ,  E 'aia(0)(aak)5z2(1)(ex)••• 3,z (k )(ex ).

Formulas (4) and (5) imply that

a'a i „x=,3 i „a' x

Hence, a ' is  a  differential isomorphism of K<x> into (aK ) 4 c U .
( I I )  On the contrary, suppose tha t x  is inseparably algebraic over K .  By

( I ) ,  w e m ay assume tha t K  is separably algebraically closed in  M ; then, x  is
purely inseparably algebraic over K .  Since x  is  in  K rj, by  T h . A,

5 x P " ) =- 0 0<v<P(e))

where p(e) is  the degree o f x  over K .  Then, w e have

5h,(ex ) P " ) =3i,,a(x p ( e ) )=a3,„x P ( e ) =0 ( i / , 0< v<P(e)),

and a 'x  is in  ( aK ) 4 .  By the definition,

afig'x=(5,p(e)(0.,x)p (e ) )P ( - 0

p(e)a(x P ( e ) )) p ( - - ) =-(aa,,,,,,(x P ( e ) )) P ( - e )

=(0((ôx )P`e ) ))P( ' ) =-((a'ai,x)p ( o )p ( - e)

= a '3 ,x (iG I, v G N ).

Therefore, a ' is  a  differential isomorphism of K  into (aK )4 in  U. q. e. d.

The following theorem corresponds to  the fac t tha t an extension of Ka, is
always regular over K a .

Theorem 3. I f  L  is  a differential extension of K,d , then L  is regular over K j .

P ro o f . K j  is algebraically closed in  L  by Th. B .  W e c la im  tha t L P and
K j  a r e  linearly disjoint over K li; let elements xi', ••• x  of LP (w ith  x 1 , ••• , x .
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e L )  be linearly dependent over K j  then we must show that they a r e  linearly
dependent over Kfi ,  an d  in  doing this we may suppose that n>1 a n d  that no
n - 1  o f  them a r e  linearly dependent over K j .  T h e n , there exist nonzero
elements Yi, ••• , y„._, of K i with

( 6 )
 

xg---yixT+ •"

There exist nonzero elements z t , ••• , zn-1 of K a  such that zPk =- Y k (1• k —1).
Assume that z h 's  are not all in If j . Changing the order if  necessary, we may
assume that z , is not in  K j . Th. A  implies that a t „y 1 * 0  fo r  some iE /  and
some positive integer v  with 1<v <  p. Applying 3,„ to (6), we get

0-=(.3z.Y0x 7i + •••

All 3„y k 's  are in K 4  and  5i.Y1 0 , therefore x i  ••• , xP1 a re  linearly dependent
over K j .  This contradicts the  above. Hence, zk 's are  in  K 4  a n d  then y k 's  are
in  K fd  q .  e .  d .

2. The purely inseparable closure If- o f K  in  K j .

We denote the purely inseparable closure of K  in  K a  b y  K , and the purely
inseparable closure of K  in  K j b y  K.., hence K.,-=Kt n K j .  If then
Ka = l f j  a n d  every element o f  K  i s  constant, because every derivation of a
perfect field of positive characteristic is trivial. Therefore, i f  K  h as a  non-
constant, K t #K.„ and K a * K j .

K a  is separably algebraic over K. Correspondingly, we get th e  following
proposition in the differential case.

Proposition. K . is a  differential extension of K  and K 4  is separably algebraic
ov er K .

Pro o f . Let x  be an  element of K., then there is a positive integer e  such
that x P"' is in K .  Since x  is in K j , by Th. A, cl x  is defined by (3i ,,,p ( e ) (xP" ) ))P ( ' )

and contained in K d r)K ,=K -  ( ic I , p EN ), therefore K -  is a  differential exten-
sion of K.

We show that K j  is separably algebraic over K.... Let x  be an element of
K i and

F (X ) -A X P " ) )n +a,,,(X " ) )n -1 + + a 0

the minimal polynomial of x  over K - where p(e) is the inseparable factor of the
degree. For each k —1), the  p(e)-th root bk  o f  a l,  is in  K t , but it may
be not in  K j .  Assume that br  is not in  K 4 for some r. By Th. A , for some
j e I ,  there exists a positive integer v  with p(e) ,1' v  such that 3 a r * 0  ; therefore,
2=m in 11) ; 6.,„a k# 0 , for some k  with p(e) v, (:1- k _ n - 1 1  is not z e ro . Applying
a i l  to F(x ), we get

+3.12a0.
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The coefficients are n o t a ll zero and the degree of this equation on x  is less
than nP(e). These contradict the minimality of F ( X ) .  Therefore, all bk 's  are
in  K j nK ,=-K . and the polynomial

G(X )=X n - 1 +  •  •  •  +bo

in X  over IL vanishes at x .  The minimality of F(X ) implies that n =deg
deg F-=np(e), and p(e)= 1 , therefore, x  is separably algebraic over K.

q. e. d.

Let L  be an extension of K , then, there is an extension M  of K  such that
the compositum L M  is separable over M  a n d  th a t M  is purely inseparably
algebraic over K , fo r  example, M =K . T h .  4  states that if  L  is differential
one, then K . is  a  differential extension of K  which has above properties.

Theorem 4 .  L et L  be a differential ex tension of  K . Then, the com positium
L K , is a dif ferential extension of K . which is separable over K ..

P ro o f . By Prop., LK,,, is  a  differential extension of K . .  Let H=K4r1LK00,
then K j  is separably algebraic over H  because K 4 is separably algebraic over
K .  b y  P ro p .. A s  H  is algebraically closed in  L K ., L K . and K i  a r e  linearly
disjoint over H  (see [ 4 ] ) .  On the other hand, LK -4 is regular over K j  by Th.
3 ,  a n d  LK,, is  regu la r o v er H  (see [4]). Since H  is contained in K j , H  is
separably algebraic over K . .  Hence, L K , is separable over K .. q. e. d.

OTOKOYAMA-YOTOKU 8 E4-401,
YAWATA-SHI, KYOTO 614, JAPAN.
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