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Introduction.

The purpose of this paper is to  discuss a conjecture of S h a rp  o n  th e  ex-
istence of dualizing complexes :

Sharp's Conjecture ([3 0 , 4 .4 ]) . A  ring w ith  a  dualizing complex is a homo-
morphic image of a Gorenstein ring.

W e have succeeded in  giving an affirmative answ er to  the conjecture above
in some special cases for local rings only . H ow ever the results are  interesting,
a n d  fu r th e r , th e  m eth o ds u sed  a ttrac ted  us and  seem  to  point to  one of the
directions in commutative a lgebra . T here fo re  the writers would like to release
th is paper.

The notion of a  dualizing com plex  w as in troduced  by  Grothendieck and
H artshorne  to  ex tend  the duality  theory to  a large class of schemes and rings
( [2 0 ] ) . The duality  theory has a long history, and has been and w ill continue
t o  b e  one of the m ost important themes in m athem atics. W e now  have many
versions of the duality theory in commutative algebra and algebraic geometry :
for example, Macaulay's inverse systems ([22]), Serre's duality theory, Grothen-
dieck 's duality  theory ( c f .  [1 ] ) ,  M athis' duality theory ([23]), G rothendieck's
local duality theory ([14], [15]), Herzog-Kunz's theory of the canonical module
011, G oto-W atanabe 's duality theory for graded rings ([12]), a n d  th e  theory
o f  dualizing complexes ([20]). A t  th e  p re se n t tim e  th e  theory of dualizing
complexes seem s to offer the  vastest version of the duality theory in  commuta-
tive algebra and algebraic  geom etry . In recent years it has becom e clear that
th e  theo ry  of dualizing complexes is very useful and powerful in commutative
algebra, and some important results are show n by using it (cf. Introductions of
[2 8 ] , [3 0 ]  a n d  [6]). In regard to  the existence of dualizing complexes, some
necessary or sufficient conditions are known (cf. §  1 , [8 ] , [2 5 ] , [3 3 ]) . Classical-
algebraic-geometric rings have dualizing complexes. However the class of rings
with dualizing complexes is not yet clarified. S h a r p ' s  conjecture asserts tha t
th is  c la s s  o f  r in g s  co inc ides w ith  th e  class of rings w hich are homomorphic
images of finite-dimensional Gorenstein r in g s . In  this paper w e shall tackle this
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problem, give an affirm ative answer in  some special cases and present an  in-
teresting subject in commutative algebra.

Section one consists of preliminaries. We recall some facts which we need
from the theory of dualizing complexes and state some results o n  finite local
cohomologies which provided us with a  useful tool. T he theory of finite local
cohomology (=(FLC)) has been generalized into a  theory using a  sequence pro-
perty called unconditioned strong d-sequences. A  comprehensive treatment of
such sequences appears in  the  paper by the second author and K. Yamagishi
[13]. I n  s e c t io n  tw o  w e show  th at an (FLC) local ring with the canonical
module is a homomorphic image of a Gorenstein ring. We give similar results
to  [10 , 5 .3 ] in  the  case  o f d im ension  1  o r 2 . In  sec tion  three we give an
affirmative answer to the conjecture for local rings of dimension 4  a n d  a n
analogous result to [10, 5.3] in the case of dim ension 3. Some of the ideas and
techniques used in sections two a n d  three a r e  related to those employed by
Ogoma [25] and [33] in his study of dualizing complexes and Sharp's conjecture.
They go back ultimately, however, to Faltings' work [8 ] on the existence of
dualizing complexes. In section four we study under some special conditions.
A  large part of this section is devoted to investigating th e  Rees algebra o f  a
certain local ring. This investigation seems to present an  interesting applica-
tion of the theory of finite local cohomology (or unconditioned strong d-§equences).
W e give an affirm ative answer to the conjecture for local rings of a special
ty p e . In  th e  appendix we give an alternative proof of [3 , 4 .2], an im portant
theorem in the theory of the canonical module.

1 . Preliminaries.

In this section w e first m ake conventions, g ive  notations and state  the
definitions of the condition (S e ) and the canonical m odule. Then we state the
definition of a dualizing complex and recall some facts which we need from the
theory of dualizing complexes. We follow the treatment of R. Y. Sharp . Finally
we summarize what we need concerning local rings of finite local cohomology
=generalized Cohen-Macaulay local rings, which we call (FLC) local rings in
this paper.

Throughout the paper a ring means a commutative noetherian ring with unit.
R  always denotes such a  r in g . L e t M  be a  finitely generated R-module and N
a submodule of M . We denote by MinR (M) (resp. MaxR (M )) the set of minimal
(resp. maximal) elements in SuPpR  (M ). In  the  case  where M  is of finite dimen-
sion, we put Assh (M )= fp e ASsR  (M) I dim R4=dim M I and Um (N )= n Q  where
Q  runs through all th e  primary components of N  in  M  such that dim M IQ =
dim M IN . Let a be an  ideal of R  and T  an R-m odule. E R (T ) denotes th e  in-
jective envelope of T  and H (T )  is  the p-th local cohomology module of T with
respect to a . F o r  a  system a1 ,••• , a , of elements in  R, 1-1,(a 1 ,•••,a 1 ;—) denotes
th e  p-th Koszul homology. We denote by R(R, a) the Rees algebra of R  with
respect to a, e . ,  R(R, a)=,  G a n R [a X ]g  R [X ] with an  indeterminate X .  We
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put V (a)= IpESpec (R)I p P.._ a} ,  CM (R) ,  (1) E Spec (R) 1R, is Cohen-Macaulay} and
Gor (R)= {pE Spec (R)1R, is Gorensteinl. W e denote by " the maximal ideal adic
completion over a local ring.

Definition 1 . 1 .  Let t  be an  in te g e r . A  fin ite ly  generated  R-module M  is
said  to  be (SO if  depth /17/, _ min It, dim 4 ,1  for every p in Supp R  (M).

Throughout the paper A  denotes a d-dimensional local ring w ith the maximal
ideal in, 71=U A (0) and E=E A (Alin).

Definition 1.2 ([21 , 5 .6]). (1) An A-module K is called the canonical module
of A if KO A A H o m A  (1-g (A ), E ). The canonical module of A is usually denoted
b y  KA if  it exists.

(2 )  Let M  be a  finitely generated A-module of dimension s. An A-module
C is called the  canonical module of M  if COA,4-:--=:HomA(H(M). E ) .  The canon-
ical module of M  is usually denoted by K m  i f  it exists.

If the canonical module of M  ex is ts , it  is  unique up to isomorphisms and a
finitely generated A-module of dimension s(=- dim M )  ([15, 6.4]). W h e n  A  is
com plete, th e  canonical module K m  o f  M  exists and is  the module which re-
p re se n ts  th e  fu n c to r  H o m A  (Hg,( — OAM), E), e., Hom A(1 -4(TOAM),
HomA(T, Km) (functorial) for any  A-module T  ([21, 5 .2]). For elementary pro-
perties of the  canonical module, w e refer the reader to  [15, § 6], [21, 5 und 6
Vortrdge] and [3, § 1]. H ere w e sta te  the following important fact, an alterna-
tive proof of w hich w ill be given in  the  appendix.

(1.3) ([3 , 4 .3 ]) Suppose th a t  the canonical module K  o f  A  e x is ts , and let
p  be in S u P P A ( K ) .  T h e n  K , is  the canonical module of A,.

W e also note the following fact.

(1.4) ([25, 4.1 and 2], [4, 1.1 and 2]) Suppose t h a t  A  h a s  th e  canonical
m odule. If A  is  (S ,), then Ass (A)=Assh (A ) and Â  is  a lso  (S2).

W e briefly recall w hat w e need about complexes f ro m  [28, § 2]. F o r  R-
m odules L , M  a n d  N , th e re  is  a  natural homomorphism Le) R HomR  (M,
Hom R (Hom R (L , M ), N ). From this homomorphism, for complexes X ', 17  a n d  Z'
o v e r  R ,  a  n a t u r a l  homomorphism of c o m p le x e s  x. HomR(Y', Z . )-4
HomR (HomR (X . , Y'), Z ') is  in d u c e d . In the case where Y' and Z' are bounded, we
have natural isomorphisms of complexes X'OR[Hninie(Y . , Z . )] .X.ORHomR(r, Z')
and HomR(HomR (X', Y . ), ZYZI-lomR  ([1-10mR(X, Y')], Z'). H e n c e  w e  have a
n a tu r a l  homomorphism o f  c o m p le x e s  72(r ,  y  Z ' ) :  .x.oR [Homx (Y . , Z*)] — >
HomR ([HomR  (X', Y .)], r ) .  Let be a  bounded com plex. W e define the map
a(f): R—>Hom R (1 . ,  l ')  b y  a(t)°: R--4EHomR(IP, JP) w hich m aps x(ER) to be the
multiplication ep x  in Hom R (/P, /P) vkihere e p =1, — 1, — 1, 1 resp. according as
p=-- 0, 1, 2, 3 (m o d  4) r e s p . T h e n  w e  d e f i n e  t h e  m a p  0 (X ', 1'):
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z d a a (P )
HOMA[HOMR(X. , r)] , I . ) t o  b e  th e  c o m p o s it io n  m a p  X - 2 -4 X 'O R R — +

( , 1. 1.)
X 'O R [HomR(I', I . )] (CHomR l ') .  For an integer t, we denote
by r [ t ]  the complex such that X It]P=-X P+' an d  dPx.[t]=( - 1 )Y P P . A  homomo-
rphism  of com plexes f  :X *---37 '  is  sa id  to  be  a  quasi-isomorphism if  it induces
isomorphisms on  the ir cohomology m odules, i. e ., H P(f ): H P(X )-4 /"(Y ) i s  an
isomorphism fo r every  p.

N ow  w e state  th e  definition o f  a  dualizing com plex after Sharp.

Definition 1.5 ([28, 2.4], c f . [20, p. 258]). A  complex I  o v e r  R  is called
a  dualizing complex o f  R  i f  it satisfies th e  following four conditions :

( D I )  I ' is bounded, i. e., / 7)=0 fo r  I  I  »O.
(D2) HP(F) is finitely generated fo r every p.
(D3) Each P ' is  an injective R-module.
(D4) Whenever X ' is  a  complex over R  satisfying (DI) a n d  (D2) f o r  X ',  the

m ap O(X*, l'): X*--FlomR(EHomR(X . , F )  is  a quasi-isomorphism.

(1.6) ([28, 3.6], [20, V. 2.11) Under the conditions (DI), (D2) and (D3), the
condition (D4) is equivalent to

(D 4 ')  T h e  m ap a(r): R - Hom R (1 ', I') is  a quasi-isomorphism.

A minimal injective resolution o f  a  finite-dimensional Gorenstein r in g  i s  a
typical example o f  a  dualizing complex (c f. [28, 3.7]), an d  it has a special form
(see [5, § 1]), w hich leads to the  following

Definition 1.7 ([30, 1.1], c f . [20, p. 304]). A  complex I ' over R  is called a
fundamental dualizing complex o f  R  if  it satisfies (D I), (D2) and

(D5)e e  ER (R ip)•
pEZ pespec (R)

A  fundamental dualizing complex is a  dualizing complex (cf. [29, 2.1 and 8],
[2 0 ,  V. 3.4], [28, 4.2], [20, V. 2.3]). I f  R  h as a  dualizing complex, th e n  R  has
a  fundamental dualizing complex ([18, 3.6], c f . [20, V. 7.3 and  VI. 1.1]).

F or the  elements o f  th e  theory o f  dualizing com plexes, the  re a d e r  is  re -
fe rred  to  [28], [29], [19]. [18], [30], [6] an d  [ 2 0 ] .  Here we recall some facts
w h ich  w e  n eed . I f  a  dualizing com plex exists, it is unique in a certain sense,
th a t is,

(1 .8 )  ([28, 4.6], [20, V. 3 .1 ])  L et I ' and f  b e  dualizing com plexes of R,
and  suppose  that Spec (R ) is  connected . T hen  there  ex ist a n  integer t ,  a n  in-
vertible R-module P  a n d  a  quasi-isomorphism I' --q•It]O R P.

(1.9) ([29, 3 .2]) I f  R  has a  dualizing complex, then CM (R) and Gor (R) are
open subsets o f Spec (R).
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(1.10) ([1 9 , 3 .3 ]) Suppose that F  is  a  dualizing complex of R , and let S be
a flat R-algebra of finite dimension. Then the following are equivalent :

(a) There exist a  dualizing complex J  o f  S and a quasi-isomorphism FO R S -4 '.
(b) For every prime ideal q of S, S q l(cinR )S , is a  Gorenstein ring.
(c )  For each prime ideal p of R  being the contraction of a maximal ideal of S,

S„IpS, is  a  Gorenstein ring.

In connection with (1.10), w e  no te  th at, i f  S  i s  a  finitely generated R-
algebra a n d  R  has a  dualizing complex, then S has a  dualizing complex ([28,
3.9], [29, 3.5]), and that, if  R  has a  dualizing complex, then every formal fibre
of R  is a  Gorenstein ring ([28, 4.2], [29, 3.7], [20, p. 300]).

A  ring which is a  homomorphic im a g e  o f  a  finite-dimensional Gorenstein
ring has a  dualizing complex (cf. [28, 3.7 and 9 ] and [20, V. 2.4]), and it is not
known whether there is a  ring  with a  dualizing complex which is not a  homo-
morphic image of a Gorenstein r in g .  Sharp showed the following theorem.

(1.11) ([3 0 , 4 .3 ]) Suppose that R  is  a C ohen-M acaulay ring. If R  has a
dualizing complex, then R  i s  a  homomorphic im a g e  o f  a  finite-dimensional
Gorenstein ring.

And he posed the following conjecture ([30, 4.4]).

(SC) Sharp's Conjecture: I f  R  h as a  dualizing complex, then R  i s  a
homomorphic image of a finite-dimensional Gorenstein ring.

In regard to the existence of dualizing complexes, we have  tw o  important
papers, Faltings [8] and Ogoma [25], from which we recall the following result.

(1.12) ([8 , Lemmata 3  und 5], [25 , 3 .7 ]) Let R=S i x T S2 be the fibre product
of ring homomorphisms f  ( i = 1 ,  2), and suppose that f ,  is  surjective and
f z makes T  a  finitely generated S,.-module. Assume that J ;  i s  a  fundamental
dualizing complex of S i  (i= 1, 2) and Horns , (T, J ; )  as complexes.
Then there is a  fundamental dualizing complex F  o f R  such that HomR (S i , F)
r-- 1 ;  as com plexes for 1 = 1 , 2 . In particular, if T  is  a local ring and both S,
and S z have  dualizing complexes, then R has a  dualizing complex.

For an A-module T , we define D(T)=Hom A (11g(T), E) for every integer p.
When M  is  a  finitely generated A-module, D3(M ) i s  a  finitely generated 471-
module and DI(M) DPA (/1-/) naturally ([15, 6.4]).

Let F  be a  dualizing complex of R  and p a prim e ideal of R .  Then there
is  a unique integer t such that 1--P(Hom8 ,(R„/pR,„ /")) 0 ([29, 2.1 and 8], [20,
V. 3 .4 ] ) .  We denote this integer by t(1); F ) .  ([29, p. 218])

Let M  be a  finitely generated A-module. Suppose that A  h as a  dualizing
complex. Let F  and J . be dualizing complexes of A , t=t(m; F) and u=t(m ; I ) .
Then we have an isomorphism 1--P- P(HomA  (M, r)):=-- Hu - P (Hom,i(M, .I. )) for every
P (cf. (1.8)). We denote this module by K (M ), that is, 101(M) Ht - P(HomA  (M, n )
--Y.-Hu- P(HomA (M, J . )). K ( M )  is a  finitely generated A-module ([28, 3.4]).
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(1 .13) ([6 , 2 .5], [20 , V. 6.3]) Suppose th a t  A  h a s  a  dualizing complex.
Then there  is a  functorial isomorphism H(M)H0111A(Kr4(M), E )  for every in-
teger p . Consequently K(M)0A44 .---=- D (M ) (functorial) for every p  and M  has
the canonical module Km :-=ICI(M) where s=dim M.

We now assume tha t A has a  fundamental dualizing complex F  such that
t(m  ;F)=0 (cf. [18 , 3 .6 ] and [2 8 , 4 .3 ]) . We consider the double complex C . =
{CP2 =HomA (HomA(M, / - 2 ), /P)}. As CP2 - M(DA  HomA (/- 2 , /P), w e  have CP2 =0
f o r  p d -q < 0 . W e a lso  have C7 2 = 0 if  p< — s or q >s  where s= d im M . Since
6(M , I): M -A - 10M A  ([HOIn A (M, 1')], F) is a quasi-isomorphism, w e have H ' (C )=0
for n#0 and H ° (C )_ M  where C  is the total complex associated with C. W e
have HUM(C . . ):.- ICI P (101(M)). Hence, from  the  filtra tion  FrCn = E  C ",p+q =n, par
we obtain the following spectral sequences.

(1 .1 4 ) (1 ) Suppose th a t  A  h a s  a  dualizing com plex . T h e n  th e re  is  a
spectral sequence K 1,1(K j(M)) ) M q - P  where M°=M and Mn=0 for n#0.

- P

( 2 )  There is a spectral sequence D10 2
A (M)) >k g  r  w here M. °= ft and Ian

- P
= 0 for n#0.

We note that w e have D ( ))=0  and an exact sequence 0->D1(DI(M))
-4ft-*DA(Dji (M))->0 if  dim M=1, and /-)1(/) 8

A (M))2-_-•-DA(PA (M ))-.0 if d im M = s2 .
Now we state the definition of (FLC).

Definition 1.15. A  finitely generated A-module M  is  s a id  to  b e  (FLC) if
H g(m ) is finitely generated (equivalently, of finite length) for p#dim M.

It is obvious that M  is  (FLC) if and only if  so is 1121.

(1.16) Suppose tha t M  i s  a n  (FLC) A-module of dimension s - 2. Then
there is an exact sequence 0--+Iig(M)-+A -1-- D(DsA (M))--+H,h(M)-+0 and lig(D (M ))

IPA
- P+1(M) for 2 - p < s .  Consequently, if  M  has the canonical module K m , K m

is also (FLC) and Hg(Km ) /YA
- P-" (M ) for 2 p<s.

P ro o f .  We have D2 (D (M ))= 0  if  q * s  and p*o (in fact 1-171(CP-)=0 if q * s
and p o  in the notation before (1.14)) a n d  D9i(DgA(M ))=-HOm A  (H(1A (M)) ,
Hom A (DqA (M), Hg1(M) for q # s .  Hence, by the standard  spectral sequence
argument, w e have the assertion from (1.14). q. e. d.

(1.17) ( [2 7 ])  Let M  be a  finitely generated A-module.
(1) If M  is  (FLC), then M,, is a Cohen-Macaulay A,,-module a n d  dim Alp +

dim A/p=dim M  for every in  SuPPA (M )\ { m }
(2) W hen A  h a s  a  dualizing complex o r A is a  homomorphic image of a

Cohen-Macaulay ring, the converse to  (1) holds.

(1.18) ([27], [31, Lemma 3 ] )  Let M  b e  a  finitely generated A-module of
dimension s. Then the following are equivalent :



A conjecture of Sharp 619

(a) M  is (FLC).
(b) There is an  m -prim ary ideal q  such that, for every system  x „, ••• , x , of

parameters for M  contained in q , (x 1 , ••• , x i )M: ••• , x ,)M : q holds
for O i<s.

When this is the case, al -M (M )=0  for p  s .

In the remainder of this section, w e  assume th a t A  i s  (F L C ) a n d  d  1.
Then w e have  n = H A (A ). L e t q  be such an  m -prim ary ideal as described in
(1.18) (b) for A, i. e ., for every system x l , ••• , x d  o f  parameters fo r A  contained
in  q , (x ,, ••• , x ,): xi+1=(x1, x , ) :  q  for

(1 .1 9 )  Suppose depth A  >O. Let a l , • • ,  a d  be a  system o f  parameters for
A  contained in  q  and a= (a ,, ••• , a d ). Then R (A , an) is a Cohen-Macaulay ring
for

P ro o f .  W e p u t  R =R (A , an), 911=  m R ± R , S -=R (A , a )  a n d  92=
By virtue o f [7 , 5 .1 ]  o r [2 6 , 4 .1 ] (cf. [2 6 , 3 .8 ]) , we have H ( S ) = 0  for

-1
min {2, d }  and 1-4(S )= [Hx(s)]i for 3 - 1) - d .  We denote by — (n) the Ver-

'= 2 - p

onesean functor of order u for graded objects, i .  e . ,  [  ] i=  CH . ,  Then we
have b y by [1 2 , 3 .1 .1 ] if n >O. Hence we have H (R )
= 0  for a n d  R  is  a Cohen-Macaulay ring , q .  e .  d.

(1 .20 ) Let (B , n,, •• • , u 1)  be a sem i-local ring. A ssum e that each  B 2 1  i s
(FLC) and depth B n i  > 0 if  dim B„ 1 > 0 .  Then there is an ideal b such that R (B , b)
is  a Cohen-Macaulay ring and / b  = n 1 •-• a t .

P ro o f .  By (1.19), there is an  a,B„ c prim ary ideal a, such that R (B „,, at ) is
Cohen-Macaulay for every i. Let b,-•=a1r1/3 for i=1, ••• , t and b=b, ••• b 1. Then
R (B , b)% is Cohen-Macaulay for every graded maximal ideal 92. Hence we have
the assertion , q .  e .  d.

(1 .21 ) Assume depth A =d -1  a n d  le t  a=ann (FM - 1 (A)). T h e n , for every
system x l ,  •« , x d  o f  parameters f o r  A  contained i n  a ,  (x ,, ••• , x ,): x1+1 .=

(x i , • ',  x , ) :  a holds for 0 5 _ _ i<d . Consequently R (A , bn ) i s  a Cohen-Macaulay
r in g  fo r  every parameter ideal b contained in  a  and every integer n  d -1  if

P ro o f .  It is not difficult to see that x,, • , x d _ , is  a n  A-regular sequence
(c f . (1.17)). Since (x„ • •• , xd-,) xd/(x i, • • • , xd-i)-g.-11,7,(A 1(x i,•••,xd-i))= M , - 1 (A),
we have (x 1 , ••• , • • ,  x d - 1 ): a. The opposite inclusion is obvious.

q. e. d.

2. The case of (FLC).

In this section we show that an  (FLC) local ring with the canonical module
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is a  homomorphic image of a Gorenstein r in g .  We also consider the  case of
dimension one or two.

Theorem 2 .1 .  Suppose that A  is (FL C). T hen the following are equivalent:

(a) A  is a homomorphic image of a Gorenstein ring.
(b) A  has a dualizing complex.
(c) A  has the canonical module.

Proo f . (c )(b )* ) : Let L . be a minimal injective resolution of the canonical
module K of A, F=11,?,(L . ) and I=L 7.1 - . From the exact sequence of complexes
0-->I*--- L . —tf—>0, we have a long exact sequence ••• -+HP- 1 (f)—>HP(F)—>HP(L . )—
H P(f )-- •-• . Recall H ( L ) =0  for p>O, HP(F)2t-Hg(K) fo r  every p
a n d  IP= 0 f o r  p< min {2, d} ( depth K ) .  F o r every p in  Spec (A)\inil, A, is
Cohen-Mocaulay by (1.17) and If , is the canonical m odule of Ap b y  (1.3) (cf.
(1.17) a n d  [3 , 1 .7 ]) . Hence, by virtue of [21, 6.1], J 9  E D  E A (A/p) for p <d

htp=p

and JP=0 for because J L I; is a minimal injective resolution of K .  B y
(1.16), K  is (FLC).

The case of  d 2 .  Applying the functor Hom A  ( , E) to  the exact sequence
0—>1t-- A—*HomA  (K, K)—>11,(A)—>0 (cf. (1.16)), w e  h a v e  a n  e x a c t sequence
.1,1(A)—>Hg(K)—>E—>13,i (A)—>0. Let us define a  map P - 1 —*E to be the composi-
tion map ja-1_,Hd-1(fp; çi P41-g(K )— >E. Then we have a complex D'=-0—).
D°=f--> ••• —>Dd - i=jd - '— Dd=E— >0. Since HP(D . ) - HP(T ) for p<d - 1, H°(f)

HP(J") HP+1 (1. ).---.'HA+1 (K ) for 0<p<d-1 , T ird -i(D . ) ,--DA (A ) a n d  Hd(IY )--
D (A ), the complex D . satisfies (DI), (D2) and (D5), that is, i f  is a fundamental
dualizing complex of A .

The case of d = 1 . Applying the functor Hom A  ( , E) to  the exact sequence
(K, K)— (), we have an exact sequence

There is an exact sequence 0--41-1°(L . ) -*H°(f)-- -r- - H 1 (1') H,1,(K)—>H!(L")=-0.
Let us define a  map J°--- E to be the composition map sr->.1-1,(K)c_>E. Let D . =
0—D°=J"—>D'=E—>0. Since H°(13. )- K  and 111 (IY )-;f-D(A), I f  is a fundamental
dualizing complex of A.

(b) (a) : The case of depth A>0. By (1.19), there is an  in-primary ideal q
such that R(A , q) is a Cohen-Macaulay ring. As R(A , q) is a  finitely generated
A-algebra, R (A , q) has a  dualizing com plex. Hence R(A , q) is a  homomorphic
image of a  Gorenstein ring by (1.11). A s  A_- . 1•R(A, q)IR(A, q)+ ,  w e have the
assertion.

The case of depth A = 0 . We have an expression (0)=Itnq in  A  with some
in-primary ideal q. Since Aht has a dualizing complex, IMA/n)=0 and lig(A/u)

Hg(A) for p>o, A/11 is a  homomorphic im age of a  Gorenstein loca l ring  R

* )  T he  proof o f  [25, 5.5] re m a in s  v a lid  a lso  to  p ro v e  the  im p lica tio n  (c) (b )  i n  our
T heorem  2.1 (se e  [25, 5.8]), b u t  i t  d e m a n d s  m ore prelim inary  know ledge than  ours.
On the other hand, our proof given here gives a  concrete  construction of a fundamental
dualizing com plex  using  only  the  charac teristic  p roperties o f th e  canonical module and
(FLC) local rings.
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b y  th e  ca se  o f  depth> 0. A s A/ci is artinian, A/q is a  homomorphic image of
a  Gorenstein local ring S .  W e m ay assum e dim R=dim S = d .  L e t  f  b e  the
su rjec tiv e  r in g  homomorphism from R x S  to Ahtx A/q an d  B = f - 1 (A ), the  in-
verse im age of the  unit subring A  o f  A/a x AA. W e have  the  following com-
mutative diagram o f B-modules with exact rows

0 B REDS REDS I B 0

f

O A A /tell/a A / t+q O.

Since REDSIB Alit+q is  o f finite length, REDS is fin itely generated  a s  a  B-
module and therefore B  is  a  local ring  with the maximal ideal n=f - Am). Since
A/a+q is a local ring and both R—>Ala+q and  S—>A1it+cf are surjective, B has
a  dualizing com plex  by (1 .12). W e have H f(B )= O  fo r  p * i ,  d  and H (B )
REDSIB if d >1 from the above exact sequence. Hence, by the  case  of depth>0,
B  is  a  homomorphic im age  o f a  Gorenstein ring  and  therefore so is A.

q. e. d.

C oro llary 2 .2 . Let d = 2 . Then A  has the canonical module if and only  if
A la is a homomorphic im age of a Gorenstein r in g . (c f . [3, 1.12])

C oro llary 2 .3 . Let d=3 and suppose A  i s  (S2 ). I f  A  h as  the canonical
module, then A  is a homomorphie image of a Gorenstein r in g . (cf. (1.4) and (1.17))

T h e  next proposition gives a  generalization o f  [10, 5.3].

Proposition 2 .4 .  Let d = 1 . Then the following are equivalent:

(a) A  is  a homomorphic image of a Gorenstein ring.
(b) A  has a dualizing complex.
(c) A  has the canonical module.
(d) Every  form al f ibre o f A  is a Gorenstein ring.

Pro o f . It is sufficient to sh o w  (d) (b). F o r  each  p rim e  id ea l p  o f  A,
E A (A/p)0 A i i - 3 E I (/ 21713) where q3 runs through all the  prim e ideals of Â such
that q3nA=p by t h e  assumption (c f. [25, 2.5]). L e t  D'=-0—D°--D 1—>0 b e  a
fundamental dualizing complex o f Â .  Since ED EI(A/q3)---( EA(A/P))0AA and

$*■'; P*nt

E,I(A/Til)-E0AA.. E, we have  a  compelx F=0— >/= E A (Alp)—+P=E-A over
4)*

A  a n d  a n  ',isomorphism of com plexes FO A A'. ..' ff. T h e n  I  i s  a  fundamental
dualizing complex o f A. q. e. d.

C oro llary 2 .5 . Suppose that A  has the canonical module and d 1 ,  and let a
be an ideal o f height d -1. T h e n  A la is  a homomorphic image o f  a  Gorenstein
ring.
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Pro o f . Let q3 be in  V(aA. )\ IC  and p = $ n A .  T h e n  11R. a  a n d  height p=
d - 1 .  B y [3 , 1 .9] and (1.3), is  in SuPPA (KA) and A , has the canonical module
(KA ),. Since (KA )1,0 4 , 21.13-2---KIOIA K213 an d  )113/11,413 i s  artinian, ill3/p.,24  is
Gorenstein b y  [3 , 4 .1 ] (see also Lemma 5.1). Hence the assertion follows from
Proposition 2.4 (d) (a). q .  e .  d.

Remark 2 .6 . B y  v ir tu e  o f [9 ] , there exists a  one-dimensional local domain
whose generic formal fibre is no t Gorenstein. H ence there is a  one-dimensional
local domain which does not have the canonical module.

In the case of d= 2, w e have the following analogous result to Proposition
2.4.

Proposition 2 .7 .  L et d = 2 . Then the following are equivalent:

(a) A  is  a homomorphic im age of  a Gorenstein ring.
(b) A  has a dualizing complex.
(c) A  has the canonical module and every formal f ibre of  A  is Gorenstein.
(d) For every ideal a( A ), A la has the canonical module.

Pro o f . It is sufficient to show (c) (d) (a).
(c) (d) : If dim A/a-=-2, then Hon -Li  (A /a, K A ) i s  th e  canonical module of

A /a  ([21 , 5 .14 ]). If dim A/a=1, the Gorensteinness of form al fibres guarantees
th a t A la has the canonical module (Proposition 2 .4 ). If dim A/a-=-0, it is obvious
th a t A /a h as the canonical module.

(d) (a) : If u=0, the assertion follow s from  Corollary 2.2. Suppose u= 0
a n d  le t  b  b e  a n  id e a l s u c h  th a t  unb--(o) a n d  dim A / b - 1 .  T hen  A/u is  a
homomorphic image of a Gorenstein local ring R by Corollary 2.2, and A/b is  a
homomorphic image of a Gorenstein local ring S b y  Proposition 2.4 or the case
of dim A/f3=-0. W e m ay assume dim R = dim  S= 2. Let f  be the surjective ring
homomorphism from  R xS  to  A/ux A lb a n d  B = f - '(A ), the inverse im age of
the unit subring A  of A/ux A /b . W e  have the following commutative diagram
of B-modules w ith  exact rows

O B — >  REDS — >  REDS! B ----> 0

0-- >  A — > AluEBIA lb — * Al t+b> 0 . .

Since REDSIB Aln+b is a finitely generated B-module, R S  is finitely generated
as a  B-module. Hence B i s  a  lo c a l r in g  w ith  the  m axim al idea l u= f
Since A/u+b is  a local ring and both R--A/u-l-b and S—>A/u+b are surjective,
B  h a s  a  dualizing co m p lex  b y  v irtue  o f  (1.12). A s  Hg(B)=0 and 1-g(B)--'
Hg(REBSIB) from  the  above exact sequcnce, B i s  a  homomorphic im age of a
Gorenstein ring by Theorem  2.1, and therefore so is A. q. e. d.
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Corollary 2 .8 .  L et d=2, and assume that A  has th e  canonical module and
Min (A)=Assh (A ). Then A  is a homomorphie image o f  a Gorenstein ring.

P roo f. Let a be any ideal (# A). I f  dim A /a= 2, then HomA (A/a, KA ) is
the canonical module of A/a ([21 , 5 .14 ]). Let dim A /a= 1. Then height a=1 by
th e  assumption, hence A /a  has th e  canonical module by Corollary 2.5. If
dim A/a=0, it is obvious that A /a  h as the canonical m odule. Hence A  is a
homomorphic image of a Gorenstein ring by Proposition 2.7 (d) (a). q .  e .  d.

Remark 2 .9 .  Let B  be a  one-dimensional local domain which does not have
the canonical module (cf. Remark 2.6). Let n be the maximal ideal o f  B  and
k=B1n. Put C=B EX ,Y ilpn(X , Y) with indeterminates X , Y  and p=nil[X , Y3.
Then dim C=2, Uc(0)=-10)(1(X, Y ) and C/Uc (0).:--i-- k IX, Y ] .  Hence C  h as the
canonical module by Corollary 2.2 o r [3, 1.12], but does not have a dualizing
complex by Proposition 2.7 as C la -B  where a=- (X, Y)/pn(X, Y).

Remark 2 .1 0 . By virtue of [24, Appendix Example 2 ] , there exists a two-
dimensional local domain B  which satisfies (i) the multiplicity of B  is equal to
1, (ii) B  is not regular, (iii) the derived normal ring C of B  is regular, and (iv)
C /B th e  residue field of B  as B-modules. If  B  has the  canonical module, then
B  is unmixed by [3 , 1 .8 ] and therefore B  is regular by (i) and [24, 40.6], which
contradicts (ii). By (iii) and (iv), every formal f ib re  o f  B  i s  G orentein. To
sum up, there is a  two-dimensional local domain B  such that every formal fibre
of B  is a  Gorenstein ring but B  does not have the canonical module.

3 .  The case of d im en sion 4 .

In this section we first show that an affirm ative answ er to  (SC ) for (S2)
local rings implies o n e  fo r  general local rings. Then we give an affirmative
answer for local rings of  d im ension4 .  I n  t h e  c a s e  o f  d = 3 , w e  show an
analogous result to Propositions 2.4 and 7.

Lemma 3 .1 .  A ssume that (SC) is  affirm ativ e for local rings of  dim ension
<is and (SO local rings of dimension n. Then (SC) is affirmative for local rings
of dimension n.

P roo f. Let B be an  n-dimensional local ring with a  dualizing complex and
suppose Ass (B) A ssh (B ). Then we have an expression (0)=- anb with a=U n (0)
and some ideal b such that dim B/b< n. Suppose th a t B /a i s  a  homomorphic
im a g e  o f  a  Gorenstein lo ca l r ing  R .  A s dim B/b< n, B/b is a  homomorphic
image of a  Gorenstein local ring S by the  assumption. We may assume dim R
=dim S= n. L e t  f  be the surjective ring homomorphism from R x S  to B/axB/b
and C= f - 1 (B), the inverse image of the unit subring B  of B / axB / b . Then by
the same argument as in Proof of Proposition 2.7 (d) (a), r is an n-dimensional
local ring with a  dualizing com plex. B  i s  a  homomorphic im age  o f C  and
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Ass (C)-=Assh (C). N o w  assum e th a t the assertion is  fa lse . T h e n  th e re  is  an
n-dimensional local ring B  such  tha t B  has a  dualizing com plex a n d  i s  n o t  a
homomorphic im a g e  o f  a  Gorenstein r in g  an d  Ass (B)=Assh (B ) by th e  argu-
ment above. By the assumption, B is  no t (S2). P u t T (B )=- - {pc Spec (B)I depth Bp
= 1  and d im  B > 1 } .  T hen  T (B ) is  n o t  e m p ty . L et Z  be  th e  cokernel of the
natural map B->HomB(KB, K B ). (Note that the kernel is (0) a s  Ass (B)-=-Assh (B)
(cf. [3 , 1 .8 ])) Let be  in  T (B ) . A s depth Bo = 1  and  depth HomB (KB , K B ) _2,
depth Z o -=0, whence T(B)..E_ Ass ( Z ) .  W e p u t s(B)=max {dim B o IPET(B)}, T o (B)
=IpET(B) dim B o -=s(B)}  and  T ,(B )=T (B )\T o (B ) . Consider all such local rings
stated above, and take a local ring B  from them whose s(B) is the sm a lle s t. Put
s=s(B ) . If a local ring (R, n) with a dualizing complex has the property Ass (R )=
Assh(R) and dim R then H (R ) is o f  fin ite  length . H ence there  is a non zero
divisor x n U l  such  tha t x11,IB ,(B o )=0  fo r every I) in  T o ( B ) .  By theuET0(B) p E r i (B)
assumption, B/U B (xB) is  a  homomorphic im a g e  o f  a n  n-dimensional Gorenstein
local ring G .  L et C be the fibre product of the surjective ring homomorphisms
B--->BIUB (xB) and  G->BIU B (xB). W e  h a v e  a n  e x a c t  sequence o f  C-modules
0.-- C-4Be)G--->B/U B (x B )->0 . By th e  same argum ent as in  Proof of Proposition
2.7 (d) (a), w e have th a t C  i s  a n  n-dimensional lo c a l r in g  w ith  a  dualizing
c o m p le x . W e  h a v e  Ass (C)=Assh (C). C  i s  n o t  a  homomorphic im age of a
Gorenstein ring since B  is  a  homomorphic im a g e  o f  C . Hence C is  no t (SO and
T(C)# Ø. P u t  t=s (C ) . W e have t - .3 b y  th e  choice o f  B .  L et 43 be in  T o (C).
I f  (B/U B (xB))$=0, B13 a s  G$  i s  Gorenstein o r  tr iv ia l. Hence 43B is in T o (B)
and $BBX, a contradiction. Hence we have (B /U B (xB))23*0. Put dim (B/UB(xB))13
= r .  Then dim C43=dim G q3= dim /343=  r 1  = t  s  > 1 .  F ro m  th e  e x a c t  sequence
0-->C$-÷B$EDG13-->(B/UB (xB))13--0, w e have depth B13= 1  a s  depth C13= 1 , depth Gi3

= r+ 1 > 1  and depth (B /U B (x B ))$>0. T herefore  43 B e T o (B ) a n d  t= s .  Hence
x1-113B43(B13)= 0 and 14 B (B13)-41-4B43(B13/xN ) is injective. Suppose that (UB(xB)/xB)9;3
is  no t o f f in ite  len g th . T h en  th e re  is  a  prim e ideal C  o f  C  s u c h  th a t  C c  43
and  (UB (xB)/xB)0 # 0 . O B D x  is  obv ious. B y  the  definition o f UB (xB), there is
a prim e ideal q o f  B  such  tha t 03 0 , Ass (B c /xB ia )\Assh (BoixB ia). T hen  w e
h a v e  depth B o= 1  a n d  dim B o B e  < d i m  B i3 = s ,  :therefore q EE T (B ) a s  cr x.
Hence we have dim Bo= l  and  tiBc, A ssh  (B c /x/3 0 ), a  con trad ic tion . Therefore
(UB (xB)/xB)13 is of finite length and 1-4 ,3 ((UB (xB)/xB)13)=0. Hence 1-4 B13(B13/x/313)
--4/43 B 9,(B13/UB (xB)13) is  injective. T herefo re  the com position m a p  1-4B i ,(B$ ) -3
1-143 B $ (B13/xB43)->I4B $ (/4/UB(xB)13) i s  injective. F ro m  th e  e x a c t  sequence 0=
1-4,4B13/UB(xB)43)-->T4c 43(C13)-- N c i3 (B$EDG13) -2 1-143B$ (1313)->1143B$ (B$/UB(xB)$), we
have 1-4 c 1,(C13)-- =0, which contradicts depth C13= 1 .  Hence we obtain the assertion.

q. e. d.

Theorem 3 .2 .  I f  A  has a dualizing complex and then A  is a homomo-
rphie image of a Gorenstein ring.

P ro o f. If d 2 ,  the assertion is already show n in section tw o . If d =3, the
assertion follows from Corollary 2.3 and Lemma 3.1. L e t d = 4 .  W e m ay assume
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that A  is  (S2 ) by virtue of Lemma 3.1. Furthermore we assume that A  is not
(FLC) by virtue of Theorem 2.1. There is an  ideal a  such that Spec (A)\CM (A)
=V (a) by (1.9). Since A  is  (S ,) and not (FLC), height a=3 and V (a) is a finite
set. F o r  every p in V (a)\ { ni } ,  A , is  a  three-dimensional (S2) local ring with a
dualizing complex, therefore (FLC ). Hence there is a non zero divisor a E a such
that aH L ,(A ,)=0 for every p in  V (a)\ {ni } . Let C = H o m  (KA l a A . - - A l a A ,  K A l a A ) .  As
A  i s  (S2), Ass (A/aA)-=Assh (A /aA ) a n d  A laA _ C  (cf. [3, 1.8]). Since every
maximal chain of prime ideals in C  has length three, C  i s  a n  (S O semi-local
r in g  ([3, 3.2]) and C has a  dualizing complex, C is a  homomorphic image of a
Gorenstein ring G by (1.20) and Proof of Theorem 2.1 (b) (a). We may assume
that Max (G) , {pnG I p e Max (C)} and dim G2 =4 fo r  every n in  Max (G ) .  Let B
be the fibre product of the ring homomorphisms A -+C and G-»C. We have an
exact sequence of B-modules -4A EDG-C--30. Since A  is surjective and
C is finitely generated as an A-module, C is finitely generated a s  a  B-module.
B y the same argument as in Proof of Proposition 2.7 (d) (a), it is known that
B  is a  four-dimensional local ring with the maximal ideal m r1 B . Let I•-=-0-4 0

-± ••• ->P->0 and J Ø JO--> • • • -T->0 be fundamental dualizing complexes of A
and G, respectively (cf. [18, 3.6] and [28, 4.3]). Both HomA  (C, I') and Homa (C,
are fundamental dualizing complexes of C  (cf. [8, Lemma 1 ] )

 a n d  HomA  (C, /°)
Hom0 (C, J°) - - '0. Let C=C i x • •• x C, be a decomposition such that each Spec (C )

is connected. Then HomA  (C„ (Cz, .f) as complexes for 1=1, «, t  by
(1.8) and [18, 4.2] (note that C  is a semi-local ring). Hence we have HomA  (C, I')

f )  as com plexes. Therefore B  has a  dualizing complex by (1.12).
Let 43 be a non maximal prime ideal of B .  If C$=0, A $  is  Cohen-Macaulay as
13A13a or A $=0 . Hence B $  is  Cohen-Macaulay as B $ L=V1$  or  G .  L e t  C # 0
and  pu t dim C$ = r .  Then and dim B$=dim A$=dim G$=r-1-1. If r=0
or 1, from the exact sequence 0->B$->A$EBIG$-)C$-q), w e h a v e  B $  is Cohen-
Macaulay a s  depth A $ =depth G $ = r + 1  a n d  depth C $ = r .  I f  r= 2 , w e  have
depth f r o m  th e  same exac t sequence a s  depth A$_>_2, depth G$ =3 and
depth C $>0 . A s  al-1141,(A$)=0, -1-113A$ (2443)-41-4A 4,(A $/aA $) i s  injective. Since
dim A $1aA $=2, Coker (A $1aA $->C$) is of finite length (cf. (1.3) and [4, 0.5.2] ),
therefore I-4,3/3(Aq3/nAq3)-÷1-4B,o (C$) i s  injective. Hence the com position map
1-4,343(A$)->H43B$ (A$/aAq3)--44/313(C$) i s  injective. Since C  i s  (S2 ), w e  have
depth C$ =2, hence 1-4 1313(C$)=0. From the exact sequence 0=1-143B13 (C$)->H4 53(B$)
-->1/43B13(A$EDG$)=-1-4,313(A13)->H4B$ (C$), we have 14/313(B$)=0 and  B $  is Cohen-
Macaulay. Hence B  is (FLC) as Ass (B) =Assh (B ) .  Therefore B  is a homomo-
rphic image of a Gorenstein ring  by Theorem 2.1. A s  A  i s  a  homomorphic
image of B , we obtain  the assertion , q .  e .  d.

Proposition 3.3. Let d =3. A ssum e that A  h as  th e  canonical module and
Min (A)=Assh (A). T h e n  A  is  a homomorphic im age of  a Gorenstein ring.

Pro o f . I t  is sufficient to show that A  has a  dualizing complex by Theorem
3.2. By virtue of [8, Satz 2], it is sufficient to show that A/V-(0)-  has a dualizing
com plex . B y  th e  assumption, we have -N,/- (V = N / T .  Hence it is sufficient to
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show that A /u has a dualizing complex. Since KA is th e  canonical module of
A/u ([3, 1.8]), we may assum e u=0. If A  is (FLC), the assertion follows from
Theorem 2.1. Suppose A  is not (FLC ). Let H=Hom A  (K A , K A ). By [3, 3.2], H
is  a semi-local ring which contains A  and is finitely generated as an A-module,
every maximal chain of prime ideals in  H  has length three, KA is  the canonical
m odule of H , a n d  H  i s  (SO. H ence, by the same argument as in Proof of
Theorem 2.1 (c)4(b), H  has a  fundamental dualizing complex F=0—J°--
-'0. P u t c =  {  a E A ! aHg. A }. S ince u=0 and A  is not (FLC), we have height c
=2 (cf. [4, p. 26]). By Corollary 2.5, A/c has a dualizing complex J such  that
P = 0  for p 2 ,  3 .  B o th  H o m H (H/c, I ' )  and Hom A ie (H/c, f )  a re  fundamental
dualizing com plexes of H /c (cf. [8 , Lemma 1]) and concentrate on degrees 2
a n d  3 . By the same argument as in Proof of Theorem 3.2, we have Hom H  (H/c, F)
-:-,Hom 4 l e (H1c, J . ) as complexes. As A:--fHx H ,,A/c ([25, 3.2 ] ) ,  A  has a dualizing
complex by (1.12). q. e. d.

Corollary 3.4. Let d=3. Then A  has the canonical m odule if  and only if
Alit is a homomorphic im age of  a Gorenstein rin g .  (cf. [3, 1.12])

T h e  following gives a n  analogous result to Propositions 2.4 and 7 in the
case of d=3.

Corollary 3 .5 .  L et d = 3 .  Then the following are  equivalent:

(a) A  is a homomorphie im age of  a Gorenstein ring.
(b) A  has a dualizing complex.
( c )  For every ideal a  (# A ), Ala has the canonical module.

Proof. It is sufficient to show  (c)(b) in  the  case  of u#  O. W e  have an
expression (0)=unb with some ideal b such that dim A/b . .2. B y  Proposition 3.3,
A/u has a dualizing complex. Since every factor ring of Alb has the canonical
module by the assumption, Alb has a dualizing complex by Proposition 2.7 or 4
or the case of dim  A /b=0. A s A  A/u X A/ u+bA/b and A/u-Fb is a local ring, A
has a dualizing complex by (1.12). q .  e. d.

Remark 3 .6 .  Let B  b e  a  two-dimensional local dom ain such that every
form al fibre of B  is Gorenstein but B does not have the canonical module (cf.
Remark 2.10). Let n be the maximal ideal of B and k = B ln . Put C=BEX,Y ,
n (X , Y , Z ) with indeterminates X , Y , Z  and p=n./31X, Y, Z 11. T h e n  dimC=3,
Uc(0)=p/P1\(X, Y, Z )  and  ClU c (0)- k[X, Y ,  Z .  Hence C  has the canonical
module by Corollary 3.4 or [3, 1.12], and it is obvious that every form al fibre
of C is Gorenstein, but C does not have a dualizing complex by Corollary 3.5 as
C la -B  where a=(X, Y, Z)Ipn(X, Y, Z).

Remark 3.7 . B y virtue of [25, § 6. Example 2], there exists a  four-dimen-
sional factorial local domain B such that B  has the canonical module but does
n o t have a  dualiz ing  com plex . Furh ter it is show n that, for every non-zero
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ideal a (*  B , the local ring given in  [25, § 6. Example 2]), B/a is  a  localization
o f  a  finitely generated algebra over a  f ie ld . Hence every factor ring of B  has
the canonical module.

Remark 3 .8 .  A  local ring A  has a  dualizing complex if and only i f  every
form al f ib re  o f  A  i s  a  Gorenstein r in g  a n d  every factor ring of A  has the
canonical m odule. ([25, 5.5 or 6])

Remark 3 .9 .  Ogoma proved that, if  a  r ing  R  (not necessarily a local ring)
has a  dualizing complex and w. K. dim R  (see [33, p. 4] for the  definition of
w. K. dim), then R  is a  homomorphic im age of a Gorenstein r in g .  ([33, 3.7])

4 .  A  special case of (Sa-2).

To Theorem 4.10, we assume that the following four conditions are satisfied :

( a l )  A  has a  fundamental dualizing complex g=0--->D°—> •••
(a2)
(a3) A  is (Sd-2).
(a 4 )  A  is not (FLC).

Lemma 4 . 1 .  1-P(D . )=- 0 f o r p>2,H 2 (g )  is of finite length, and dim H 1 (.1Y)=1.

Pro o f . We first recall Hom A (HP(D*), E)-1I 1
- P(A ) for every P ((1.13)). As

depth A  d —2, w e have H P(D )=0  fo r p > 2 . By the condition (S d _2) , w e have
H2 (D;)-=0 for every i) in S p e c ( A ) \ { m }  a n d  H 1 (D ;)=0  for every pESpec(A) with
dim A/13 2  (note th a t  D ; i s  a  fundamental dualizing complex o f AO. Hence
I-M Y ) is of finite length and dim 1-11 (D")=1 as A  is not (FLC). q .  e .  d.

Lemma 4 .2 .  I-14,7 (K A )=0  f o r p#2, 3, d, lig,(KA )'.=HA(H 1 (.1). )), and H,(K A ) 0.
Consequently depth K A =2  or 3, and depth KA =3#)depthl-P(.1Y)>0<=>111 (D.) is Cohen-
Macaulay.

Pro o f . Recall K A - H°(D . ). Let BP=Im (DP - '—>DP), ZP=Ker (DP--g)P+') and
HP=HP(D . )=Z P /B P . We have the following five exact sequences (note H P(a)
=0 for p>2):

K B 10 (  1  )— >  A  — > — > — >

0 B 1 1 H 1 0 ( 2)- - > - - > - - > — >

0 Z " - - › D' B2 0 (3)

0 B2 Z2 H2 0 (4)

0 Z2 D2 — D '- - - 0 (5 )

w e have HP„(D°)-=0 for every p ,  hence 1-11,;(K A I-R -'(/31)As EA(A/p),
htp=o
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fo r every  p  from  the exact sequence (1). As E A (A lp), w e  have
htp=p

H ( Z 2 )=O for p o d - 2  and Hg, - 2 (Z 2 ) - E  from the exact sequence (5). Hence we
have H ( B 2 )= O  fo r p o l ,  d - 2 ,  1-11(B2 )- H 2 a n d  H 2 (B 2 ) _•E from the exact
sequence (4 ) as H 2 i s  of finite length. From  the exact sequence ( 3 ) ,  w e  have
H P„(Z ')=0 fo r p*2, d-1, .11„,(Z 1)- H 2 and lig - 1 (r ) 2 .- E  as H ( D 1 )=O  for every
p .  Hence, from the exact sequence (2 ) , w e have H I(B 1-)= 0  fo r p#1, 2 , d - 1 ,
H,L(B 1 ).-- H ( H 1 ) ,  H (W ) H (1 -1 ') * 0  and I l (B 1 ):--zE  as dim 1/1 = 1 .  From these
we obtain the assertion , q .  e .  d.

We put a= an n (H 1 (g ) ) n a n n (H 2 (/ Y )) . By Lemma 4.1, V (a)=Spec (A)\CM  (A),
aHP(D . )=--0  for p # 0 , i. e ., aH ,g(A)=0 for p o d ,  height a = d - 1 ,  and V ( a )  i s  a
finite set. L e t  x 1 , ••• , x d _1 be any subsystem of parameters for A  contained in
a and b= (x i , ••• , xd- i )A  to Lemma 4.9. By our assumptions (cf. (1.4)), it is not
difficult to see the following lemma.

Lemma 4 .3 .  x ,, ••• , x d _ , is an A-regular sequence.

Lemma 4 .4 .  (x 1 , •••  x d - 2): ••• x a - - 2 ) :  x d - 1 f o r every integer n 2
i f  x d _1 E a 2 o r depth A = d - 1 .

Pro o f . Put •-• , xa-2 ): x l1 -1/ (x1 , " ' xd -2 )C A /(x i, ••• , x d _2 ) ,  and let
b e  in  V (x„ ••• , If p a ,  A , is  Cohen-Macaulay and L=-O. L e t
a. Then dim A p = d - 1  and A , i s  (S d _2 ). A s  a l i 1 (D ')= 0  and 1/1 .4 (A ,)-

Hom d i ,(H 1 (D ) , E A 0 (A pIpA p)), w e have (aL),,=-0 by (1.21). Hence aL  is of finite
length and aL .GTR (A /(x l, «S, x a - 2 ) ) = - 1 1 1 , - 2 ( A )  ( re c a ll a l ig (A )= 0  fo r p o d  and
Lemma 4.3). Since a lig - 2 (A )= 0  and Hg - 2 (A )= 0  in the case of depth A = d - 1 ,
we have x d _1 L =0 , i. e ., (x 1 , ••• , xd-2): x il-i_Z (x„ •-• , xd- 2 ):x d_ 1 . The opposite
inclusion is obvious. q. e. d.

Lemma 4 .5 .  Fo r ev ery  integer n > 0 ,  (x i ,  ••• x t )nbn-=(x i ,  •-• , x1)bn - - 1  f o r
O t ._ .d - 1  and ((x„ ••• x d - O n b n = ( x i ,  • • •  x d - z ) b n - i  i f  x d _i Ga 2  or depth A
= d - 1 .

Pro o f . ( x 1 ,  • • •  ,x d - O n V =( x „- - ,x d - i) b ' is  trivial. L e t  yE ((X i, X d - 2 ) :

X d - O n b n . Then y =u -Fx i w  with u E (x i , ••• , x d - 2 )bn - 1  and w E A .  As x a - o ie
(x 1 , ••• , x a-2), w E(x l, ••• , x d- 2 ): x 11-1- 1=(x 1 , ••• , x d-2):x d_ i  by Lemma 4 . 4 .  Hence

••• , x d - 2 ) x = 1  and y E (X i ,  • • •  ,  X d - 2 )b n - 1 . Therefore we have ( ( x 1 ,  •••
x d - i )n b n -= ( x i ,  • • •  ,  x d - 2 )bn - 1 i f  x d _ ,E a 2 o r  depth A = d - 1 . W e  have

(x 1 , ••• , xd-2)nbn.g-.((x i , ••• , xd -2 ): xd -i)nbn= (x i , ••• , ..• , x a-2)nb n .
Let t < d - 2  and suppose (x 1 ,  « ,  x  t+i)n b '=(x i,  x 2 + i ) b n - 4 .  As (x 1 , ,  x t )n b
=(x i ,  ••• x t )  is obvious, let n > 1  and suppose (x 1 ,  « ,  x t )(1bn - 1 =(x 1 , ••• , x t )bn - 2 .
Take y E (x i , ••• , x t )n b n .  T h e n  yE(x,, ••• , xt+1)(1bn=(x1, ••• , x2+1)b n - 1 , hence
y =u-1-x t + i w  w ith  u E (x i ,  « ,  x t )bn - 1 - and wEbn - J. Since x i , ••• x t + ,  is  an A-
regular sequence by Lemma 4 .3 , w E (x i , ••• , x2)bn_2. Hence
x t + i w E(x i ,  •••, x 0 6 '  and y  e (x i , ••• , x t )bn - 1 . ( x 1, ••• , x t )(1bn ••• , x t)V -1
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is obvious, q. e. d.

Lemma 4 . 6 .  x i ,  x2/x1, •-• , xd - i / x ,  i s  a  regular sequence i n  A [x 2 1x 1 , ••• ,
x d-1 lx 11  i f  x 1 E a 2 o r depth A = d - 1 .

P ro o f .  P ut B=A[x,/x i , ••• xa-1/x1]. F irst no te  th a t x ,  is  n o t a zero
divisor. Take f E ( x i , x 2 / x 1 , ••• , ( 1 t _ d - 2 ) ,  and write (x1+1/
x i)f =x 1f 1+(X 2/X 1)f  2+  •  • •  +( X 1 /X 0 f t  with f1 , •- • f t E  B .  We can write f =y 1 x 7
and f i = Y i / x ?  ( 1 = 1 ,  • ' ,  t )  w ith  y, y t e b n  and n > 0 .  Then xt+IY=x1Yi+x2.Y2

• • •  + x t y t .  Hence y1E((x2, ••• , xe+1): xi)nbn-=(x 2 , ••• , x 1 + i )bn - 1  by the  preced-
ing lemmas, and y 1 = x 2z2+ ••• -Fx t+iz t+,, with Z 1 E b n - 1 . Therefore x,+,(y—xizt+,)
=x2(y24 - 4 z 2 )+ •••+ x t(Y 1 - -F xlz t) and y — ( ( x 2 ,  •  • • ,  x t )  x  1 + 1 ) r l b n  -= (x 2 , ,  xt)
r1V -=(x 2 ,  « ,  x t ) n - ' by Lemmas 4 .3  and 5. Hence y= -- xIz1+1-1-x2u2.-F ••• +xtut
with u ,e b n - '  and f  -=y/x7=x,(zt+i/x7 - 1 ) +(x2/x1)(n2/x7 - 1 ) +  + (x t/ x 1 )(u t/ x 7 - ').

q. e. d.

Lemma 4 . 7 .  ( 1 )  UA (x ,, • • • x  - 2 ) =  (x 1, • • • , x a - 2 )  x 1 i f  x a-, E_ a2 or depthIA
= d - 1 .

(2 ) S uP P a  (Hi(xi, • • • , x d - 1  ;  A ))-=V  (a).

P ro o f .  (1) Let (x 1 , •••  , x a -2 )= q in  •••  (q t b e  a  primary decomposition such
that dim A /q 1 = 2  if and only if i s  (1. s 1) ,  and p i = A AÏ,7. For i s , Pz1D-xa-i.
For s < i_ t, dim A 1 , > d - 2 = d e p t h A 1 i ,  hence piT a k e  an  integer n>  0
such that x 71- 1 E q i  for T h en , by Lemma 4 . 4 ,  ( x , ,  • • ,  x d - 2 ) : x a - i=

f ,  x d _2 ): x 1d-1= (1(c ii: 4 - 1 ) = A (x i, ••• , xa-2).i=1
( 2 )  If p Supp(H i(x i, xa-i ; A )), x1,••• , x d - ,  is  a  subsystem of parameters

for A , and not an A 1-regular sequence. Hence 11. a. Let be a minimal prime
ideal o f  a .  Then dim A 1 = d - 1  and x 1 ,  • ' ,  x d - 1 is  a  system of parameters for
A,. Since A , is not Cohen-Macaulay, x 1 , •-• , x 1 is not an  A „-regu la r sequence
and therefore 1/1 (x 1 , ••• , xa_, ;  q .  e .  d.

Lemma 4 . 8 .  S uppose depth A = d - 1 .  T h e n  depth K A = 3  i f  an d  o n ly  if
A lU A (x i , ••• , x d _2 )  is  Cohen-Macaulay.

P ro o f .  We put U=U A (x i , ••• , xa -2 )/(x1 , ••• x a-2 ) , B = 4 1 (x l, •••  , x d _2 ) and
C=A/U A (x l , ••• , xa_ 2 ). We have an exact sequence 0—q/—*B—>C—)0. Since U =
(x 1 ,  • • •  ,  x d -2 ) :x a- il( x i ,  • • •  x a- 2 ) =-111(xl, ••• , x 2 , X  d - 1 ;  A ) (Lemmas 4 .3  and 7),
we have dim U = 1 .  A s depth B = 1 ,  U  i s  Cohen-Macaulay. A s d im C = 2  and
U ( 0 ) = O , C is  (F L C ) (note that C has a  d u a liz in g  complex). We have an exact
sequence 0—q3A(C)—*DA(B)--DA(U)-4). DA(U) i s  a Cohen-Macaulay module of
dimension one as dim U = 1 .  A s H ( B ) f.-_-- -zHIL - 1 (A ) , we have D.1

4 (B) -='H 1 (D . )0 A Â.
Since DA(C) i s  o f  finite length, we obtain depth K A =3 <=> depth Hi(LY)>O<=>
depth DA(B)>0 (=>DA(C)=0<=>C is Cohen-Macaulay. q. e. d.

Corollary 4 . 9 .  ( 1 )  I f  depth A = d - 1  and depth K A = 3 ,  then A /(x i , xa-i)
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is Cohen-Macaulay.
( 2 )  I f  A l(x i , •••, xd-1) is Cohen-Macaulay and x i  E a2 for some i, then depth A

= d - 1  and depth KA  = 3.

Pro o f . We put U=U A (x 2 , ••• , xd-1)/(x2, ••• xd-1), B =A /(x 2, •••, x d _1 )  and
C-- -- A /U 4 (x 2 , ,  x d _1). I n  (2 )  w e  m a y  assume x i E a2 . By Lem m a 4.7 (1),
U4 (x 2 , •••, xd-1)=(x2, •••, We have an exact sequence 0-4U—>B1x 1 B
-->C/x 1C - 0  from the following commutative diagram with exact rows

0   >C >

x i i x , x,

0 >U   >C >0.

(1) By Lemma 4.8 , depth C/x 1C >0 .  A s depth B > 0 , w e  have depth U>0.
Hence we have depth B lx ,B >0.

(2) A s depth B /x i B > 0 , w e  have depth U > 0 .  A s  depth C > 0 , w e  have
depth B > 0, e . ,  depth A = d - 1 .  As H (C )= 0 , 1-11(U)—>11(B) is injective. Since
11(B)a--:H '( A )  and x .11(B)—*H1(B I x ,B ) is  injective. Hence, from
th e  e x a c t  sequence 0=IR(B  I x,B)—*11°,(C1 x i C)—>Mt (U )--H gB lx ,B ), w e  have
11„,(CI x 1C)=0, which shows depth C > 1 . By Lemma 4 .8 , w e have depth K4=3.

q. e. d.

L et a1 , ••• , a d ,  be a  subsystem of parameters for A  contained in a and q=
(a 1 ,  « ,  a d _i )A . We put R =R (A , tin) with n d —2 and 91=m R +R + . Then we
have the following

Theorem 4 .1 0 . I f  depth A = d - 1  and depth KA = 3 ,  then H ( R )  is finitely
generated fo r p d+1.

Proo f . Let k  be an  algebraic closure of the residue field A /tn . B y virtue
of [16, 0.10.3.1], there exists a flat local A-algebra B  such that B l m B k .  By
(1.10), B  has a  dualizing complex F with a  quasi-isomorphism D'O d B -4 . a n d
/30 /pB , is Gorenstein for every p in Spec (A ) . Hence B  also satisfies (al), (a2),
(a3) and (a4), depth B==d -1, depth K B =- 3 (K B

-='K d e d B ), and aB=ann (H 1(F))(1
ann (H 2 (r)). Since R(B, qn13) -- R O A B  is faithfully flat over R , it is sufficient
to  sh o w  th e  theorem f o r  R(B , qnB). H ence  w e m ay  assume th a t  A lm  is
algebraically closed. Since R  has a  dualizing complex a n d  dim R /p = d + 1  for
every p  in  Min (R )  (c f . [32 , §  is sufficient to show that R $  is Cohen-
Macaulay for every homogeneous prime ideal $ * 9 1 .  Put p=T13n.A. First sup-
pose I f  p ct, R p z--!R(Ap, qnA„) is Cohen-Macaulay by (1.19) (cf. (1.21)).
If q , R,...c-A p [X ] and A „ is Cohen-Macaulay. N ow  le t  p = m . As
(a?, ••• , a 11_1)qn ( d- 2 ) and $ 1 R + , a7XEE 13 for some i. We may assume arXEE 43.
Put t=a7 X , S =R [lIt], B =S o  and  C1=13Sr\B ( m B ). Since S =B [t,1 1 t] and
t  is algebraically independent over B, .5 1 3 5  i s  Cohen-Macaulay if and only if  so
is  B .  H ence it is sufficient to show  tha t B o  i s  Cohen-Macaulay for every
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maximal ideal E  of B  containing m B . B =S 0 =A [x  la ?  x  cin 7=- ACx all x Eq]
•••, cia_1l a i ]C A R / a1 1 . Because A/m is algebraically closed, TR=

m B +((a 2 la 1 )—e 2 , •-• , (ad-ilai) — cd-1)B  with ci E A .  P ut b i = a ,  and b = a i — c a i
for i =2, •••, d - 1 .  T hen  (b 1 , ••• , b d , ) A = q .  By Lemma 4.6, b1 , b 2 lb 1 , ••• ,
is a  B-regular sequence. It is obvious that the natural map A-4B/(b 1 , b2/b1,
b d _i lb ,)B  is  surjective. L et x GU A (b2 , ••• , bd- 1 ). By Lemma 4.7 (1), b1x=b2x2
• ••• 4-ba-1x d ,  w ith  xG  A .  Hence x=(N/b 1 )x 2 +  ••• + (b a -i/ b i)xd , in  B  and
b ,A +U A (b2 , •-• , bd-i)E-(bi, b 2 /b 1 , ••• , b d , l b , ) B .  T ake f  A n ( b i , ••• , bd-11
bi )B. Then we can write f  bd . 14 - (b2lb 1).f. 2+ ••• d - 1  with f 1 =-x 1 /b,
x,E (le and e » O .  Then b r i f= bix 1 +b2 x 2 + ••• +b - 1 x .- 2 i n  A .  A s  qe=b7A+
(b,, •-• , b d „)qe - 1 , x 1 =b iy - Fb2Y 2+ ••• - -k b a-iY a- , with y A  and y j q8 . Hence
b r  f  =  y  d -b 2 (x 2 +b lY z )d -  ••• -Ebd_1(xd-1-1-10 d-,) a n d  f — b i y  E  (b 2 ,  • • •  b d - i ) :

b r i = U A (b 2 ,  • • •  ,  6,1 _ 0  by Lemmas 4.4 and 7. Hence we have An(b„ b2lb1, ••• ,
bri_,IbOR=biA+UA(b2, ••• , bd_ 1 )  and therefore BAbi, b2/b1, ,
+ U A (b2 , ••• , bd_ i ). By Lemma 4.8, A/U A (b2 , ••• , bd- i )  is Cohen-Macaulay, there-
fore so are  B/(bi, b2/b1, ••• , b 2/b1)  and B . q .  e .  d.

Now we can give an affirmative answer to (SC) for local rings of a special
type as following.

Theorem 4 .1 1 .  A ssume that A  has a dualiz ing complex, A  is (Sd-2), depth A.>__
d - 1  and depth K A 3 .  T h e n  A  is a hom om orphie im age o f  a Gorenstein ring.

Pro o f . We may assume d 5 and depth A =d - 1  (cf. Theorem 3.2 and (1.11)).
In this case A  is not (FLC) as depth KA  ( c f .  [2 , Lemma 1 ] or (1.16)). Hence
A  satisfies (al), (a2), (a3) and (a4). Then there is an  ideal a  such that H (R )
is finitely generated for p# d+ 1 where R = R (A , a) and 91= mR-ER, by virtue
o f  Theorem 4 .10 . R 9z i s  a n  (FLC) local ring which has a  dualizing complex.
By Theorem 2.1, R 91 is  a  homomorphic image of a Gorenstein ring, therefore so
is A  as A L=.'Rad(R + )9/. q .  e .  d .

A local ring is said to be quasi-Gorenstein if  it has a free canonical module
(Platte and Storch).

Remark 4 .1 2 .  Suppose that d 6, A  is  (S d _2)  and A  has a  dualizing com-
p lex . If  A  is quasi-Gorenstein, then A  is Gorenstein.

Pro o f . It is sufficient to show that Â  is  Cohen-Macaulay, hence we may
assume that A  is complete. (Hence it is sufficient to assume that every formal
fibre of A  is  (S d _a )  instead of assuming A  has a  dualizing complex.) Suppose
th at A  is not Cohen-Macaulay. Since dim D i - 1 (A ) . 1  by Proof of Lemma 4.1,
we have depth K A

- 3 (cf. [2 , Lemma 1 ] ) .  On the other hand depth K A d -2 . 4
as K A 2 ',  A. q. e. d.

Remark 4 .1 3 .  Suppose that d=5, A  is  (S ,) and A  has a dualizing complex.
If  A  is quasi-Gorenstein, then A  is (FLC), consequently a  homomorphic image
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of a  Gorenstein r in g . A  itself is not necessarily a  Gorenstein ring.

P ro o f. Suppose th a t  A  is  no t (F L C ). In our case A  is  (FLC) i f  a n d  only
i f  A ,  i s  Cohen-Macaulay for ev e ry  p in  Spec (A)\ {n}  (cf. (1.17)). Therefore
there is a prime ideal p such that dim A,=4 and depth A ,= 3 . A s A , is  (S3 ), A,
i s  (FLC) a n d  depth KA ,,-=2 (c f . [ 2 ,  L em m a 1 ] or (1.16)). On the other hand
depth KA 0 =3 as KA 1 AP. B y  v ir tu e  o f  [1 1 , 1 .1 ] , t h e r e  i s  a  five-dimensional
complete local ring (B, n) such that H (B )B l t t  and Hg(B)=0 for p # 3 , 5 . Let
A =B K K B , the idea liza tion . T hen  A  satisfies the assumption (cf. (1.16) and [3,
2.11]), but A  is  no t Gorenstein. q .  e .  d.

Remark 4 .1 4 .  Let n, s and t be in tegers such that n - 5 ,  n - 2 s < n  and
W e co nstruc t a  lo c a l r in g  B  such that dim  B =n , depth B =s, B  is

( S 2 ) ,  S is  no t (FLC), B h as a  dualizing complex and depth ICB =t.
Let (R, p) be an  n-dimensional regular local ring, al , ••• , a n _i  a  subsystem

o f  param eters f o r  R, a=(a i , ••• , a .- 1)R  and  L  a non-zero R-module of finite
le n g th . Let 0—)X,—). •• • —a 0 —q?la-41, •-• —, 11-

0— L -0  and • • •
—+Z0 --+R/p-4) be minimal free resolutions of R i a ,  L  and R/p, respectively. Put
X=Ker Y = K e r  ( Y . - 3 - - >Y.-4) and Z=Ker (Z„,—>Z 3 ). Then w e
have :  1-1,(X)=0 for p 7L- n —1, n and 11. 1 (X) H,i(Rla); H (Y)=O for p  n -2 , n
and 111, 2 (Y) L ;  H (Z )= O  fo r  p# n - 1 ,  n  a n d  1-1 '(Z ) R lp .  L e t q  b e  in
Spec ( R ) \ { .  T h e n  Y , and Z , a re  f re e . If  q I  a ,  X , is  f r e e . I f  q.2_a, ( R i a ) 1  is
o f  f in ite  len g th  and  H1),R 1 (X,)=0 for p #  n -2 , n -1  and 11 (X ,)= (R ia ),. Let
B=Rv X if (s, t)=(n —1, 3), B = R  (X@Y) if  (s, t)=(n —2, 3), B=RK(XEDZ) if
(s, t) , (n —1, 2). and B = R  (XeYEDZ) if  (s, t)=(n — 2, 2). Then it is not diffi-
cu lt to  see  that B  is  the required example.

Appendix.

In this appendix w e give an alternative proof o f [3 , 4 .2 ] w h ic h  is  a n  im-
portant theorem in  the theory of canonical modules.

In the following let B be a  faithfully flat local A-algebra with the canonical
module KB.

Lemma 5.1. Suppose that there is an A-module T  such that TO A B . - ---, K B  and
dim B lm B =0 . Then BlmB is a Gorenstein ring.

P ro o f. W e m ay assume th a t b o th  A  a n d  B  a r e  c o m p le te . L e t p  b e  a
prime ideal of A  such that dim A lp = d . Then HomA(A/P, T)(DA B - HomB (B1pB,
TOAB)Hom B (BIPB. K B )  is  the canonical module of B/PB ([21, 5.14]). Hence
w e  m a y  f u r th e r  assum e t h a t  A  i s  a  dom ain, considering A /p, B/pB and
HomA  (Alp, T ) .  Let R  be the derived normal ring of A  and S=RO A B . R  is a
finite local A -a lgeb ra . Put /=HomA (R, T ) and J=Hom B (S, K B ). As /0 4 B-2.-J,
Horns (,/, i) --=-HomR(I, 1)04B. I  is  iso m o rp h ic  to  a n  id e a l o f  R  because /
i s  torsionfree a n d  ranIcA 7' =1. T h e re fo re  HomR (/, I )  is  c o n ta in e d  in  the
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quotient field of A .  Since R  is normal, HomR  (I, I)=R  and Horns (J, J) -= S .  Let
9)1 be the maximal ideal of R  and 91 a maximal ideal o f  S. Then J  i s  the
canonical module of S91 ([21, 5.12]) and S9 rs-.:- Horns% (./91, Jg1). Hence 1-11(/)O 5 SR
:- .-Hgl s ,( J91)-- -E s ,(S 9i /97S 91) by the definition of the canonical m odule . Since R/951
is contained in H (I) , S N IT IS R  is co n ta in ed  i n  Esw (S91/91S9?). Therefore
Homs N (S91/91S91, S5 /ES) "=" S5 /91S91, th a t is, S9d9J1,35  i s  Gorenstein. A s  B I
m agA iniR ITZ 'S IT IS , we have the assertion , q .  e .  d.

Theorem 5.2 ([3, 4.2]). L e t T  be an A -m odule. If KB, then A  has
the canonical m odule and T  is  the canonical module of A .

Pro o f . First we note that T  is  a  finitely generated A-module. It is suffi-
cient to show  th a t  D  is  the  canonical module of Â .  Hence we may assume
that both A  and B  are complete. Let q be a minimal prime ideal o f m B . Then
T O A B,2-_-  (KB ) , is the  canonical module of 13, by [21, 5.22] as B  is complete (cf.
[3, 1.9]). Hence we may further assume dim B lm B =0 (considering /T). T h en
B lm B  is Gorenstein by Lemma 5.1. By [3, 4.1], K A ® A B K B . Hence we have
T 'L=fKA  by virtue of [17, IV. 2.5.8]. q .  e .  d .

Corollary 5.3 ([3, 4.3]). Suppose that A  has th e  canonical m odule K , and
let p be in S upPA (K ). T hen K , is the canonical module of A„.

EHIME UNIVERSITY

NIHON UNIVERSITY

References

[ 1 ] A. Altman and S. K le im an , Introduction t o  Grothendieck's du a lity  th eo ry , Lect.
Notes Math. 146, Springer Verlag, 1970.

[ 2 ] Y . A oyam a, O n  the d e p th  and the projective dimension of the canonical module,
Japan . J. Math., 6  (1980), 61-66.

[ 3 ] Y . A oyam a, Som e basic re su lts  on  canonical modules, J .  Math. Kyoto Univ., 23
(1983), 85-94.

[ 4 ] Y . Aoyama and S. Goto, On the endomorphism ring of the canonical module, J.
Math. Kyoto Univ., 25 (1985), 21-30.

[ 5 ] H . Bass, O n the ubiquity of Gorenstein rings, Math. Z., 82 (1963), 8-28.
[ 6 ] M. H . Bijan-Zadeh and R. Y . Sharp, On Grothendieck's local duality theorem, Math.

Proc. Camb. Phil. Soc., 85 (1979), 431-437.
[ 7 ] M. Brodmann, Local cohomology of certain Rees- and form-rings I, J. Algebra, 81

(1983), 29-57.
[ 8 ] G . Faltings, Zur Existenz dualisierender Komplexe, Math, Z., 162 (1978), 75-86.
[ 9 ] D . Ferrand and M. Raynaud, Fibres formelles d'un anneau local noethérien, Ann.

Scient. tc. Norm. Sup. 4e Ser., 3 (1970), 295-311.
[10] R . Fossum, H.-B. Foxby, P . Griffith and I . Reiten, M inimal injective resolutions

w ith  applications to dualizing modules and Gorenstein modules, Publ. Math. I. H. E. S.,
45 (1975), 193-215.

[11] S. Goto, On Buchsbaum rings, J. A lgebra, 67 (1980), 272-279.
[1 2 ]  S. Goto and K. W atanabe , On graded rings I, J . Math. Soc. Japan, 30 (1978), 179-

213.



634 Yoichi Aoyama and Shiro Coto

[13] S . Goto and  K . Yam agishi, T h e  theory o f  unconditioned strong d-sequences and
modules of finite local cohomology, to appear.

[14] A . G ro th e n d ie c k , Cohomologie lo c a le  d e  fa isc e a u x  cohérents e t  théorèmes de
Lefschetz locaux  e t g lobaux  (SGA 2), Advan. Stud. Pure M ath., 2, North-Holland
Publ. Co., 1968.

[15] A . G rothendieck, Local cohomology, Lect. Notes M ath. 41, Springer Verlag, 1967.
[16] A . G rothendieck, Éléments d e  géométrie algébrique III  (Premiere P a r t ie ) , Publ.

M ath. I. H. E. S., 11 (1961).
[17] A . G ro thend ieck , Éléments d e  géométrie algébrique IV  (Seconde P a r t ie ) , Publ.

M ath. I. H. E. S ., 24 (1965).
[18] J. E. H a l l ,  Fundamental dualizing com plexes for com m utative Noetherian rings,

Q uart. J . M ath. O xford (2), 30 (1979), 21-32.
[19] J. E. Hall and R. Y. S h a r p , Dualizing com plexes and flat homomorphisms o f com-

mutative Noetherian rings, M ath. Proc. Camb. Phil. Soc., 84 (1978), 37-45.
[20] R. Hartshorne, Residues and duality, Lect. Notes M ath. 20, Springer Verlag, 1966.
[21] J . Herzog, E. Kunz e t  a l . ,  Der kanonische Modul eines Cohen-Macaulay-Rings, Lect.

Notes M ath. 238, Springer Verlag, 1971.
[22] F. S. M a c a u la y , T h e  algebraic theory o f  modular systems, Camb. Tracts Math.

-Phys. 19, Camb. Univ. P ress, 1916.
[23] E. Maths, In jec tive  m odules over Noetherian rings, Pacific J. Math., 8 (1958). 511-

528.
[24] M . N agata , Local rings, Interscience, 1962.
[25] T . Ogoma, E xistence  o f dualizing complexes, J .  M ath . K yo to  Univ., 24 (1984),

27-48.
[26] P . Schenzel, Standard  systems of parameters and  their blowing-up r in g s , J . reine

u. angew. M ath., 344 (1983), 201-220.
[27] P. Schenzel, N. V. Trung and N. T. Cuong, Verallgemeinerte Cohen-Macaulay-Moduln,

M ath. Nachr., 85 (1978), 57-73.
[28] R. Y. S h a rp , Dualizing complexes for commutative Noetherian rings, M ath . Proc.

Camb. Phil. Soc., 78 (1975), 369-386.
[29] R. Y. Sharp, A  com m utative Noetherian r in g  which possesses a  dualizing complex

is acceptable, Math. Proc. Camb. Phil. Soc., 82 (1977), 197-213.
[30] R. Y. S h a rp , Necessary conditions for the existence of dualizing complexes in com-

mutative algebra, Sém. Algèbre P . Dubreil 1977/78, Lect. Notes M ath. 740, Springer
Verlag, 1979, 213-229.

[31] J. Stiickrad an d  W . V o g e l, Toward a  theory of Buchsbaum singularities, Amer. J.
M ath., 100 (1978), 727-746.

[32] G . V alla , Certain graded algebras are always Cohen-Macaulay, J. Algebra, 42 (1976),
537-548.

[3 3 ]  T . Ogoma, Associated prim es of fibre product rings and a conjecture of Sharp in
lower dimensional cases, M em. Fac. Sci. Kochi Univ. (M ath.), 6 (1985), 1-9.


