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Almost periodic solutions of one dimensional
wave equations with periodic coefficients

By

Masaru YAMAGUCHI

1. Introduction

Let 2 be an open interval (0, #). Consider the following one dimensional
wave equation:

Ou+e(p(t)u+q(t)d,u) = f(x, t) in (x, t)E2 %R, (1.1)

where [] is the D’Alembertian 82 —8%, p(t) and ¢q(t) are periodic with period 2z/w
and f is quasiperiodic in ¢ (For definition see §2), and ¢ is a small parameter. We
impose initial and boundary conditions:

u(x, 0) = ¢(x)
8,u(x, 0) =¥ (x), xeg (1.2)
u©, t) =u(x, t) =0, tER. (1.3)

The aim of this paper is to show that all the solutions of the initial boundary value
problem (IBVP) (1.1)—(1.3) are almost periodic under some incommensurability
conditions between the autonomous almost periodic oscillation and the forcing term
f(See Theorem 3.1 and Theorem 3.4).
We remark that this paper mainly deals with the case where (i) the ratio of the
2:
0
to zero. In the rational ratio case or in the damped case there are very many works
on qualitative behavior of solutions of the wave equations with periodic terms
(even with semilinear terms) (see Vejvoda [7]). However it seems to the author
that both in the irrational ratio case and in the undamped case they are scarecely
investigated in detail. Especially (ii) contains the case q(¢)=0 (i.e. the undamped
case).

As is known from Hill’s operator theory (Magnus and Winkler [4]) even a
scalar ordinary differential equation ii+a*u+p(t)u=0 has unbounded solutions in
t ER! if a® belongs to one of instability zones. Thus the IBVP (1.1)—(1.3) is not
necessarily expected to have time-bounded solutions, much less almost periodic

/o
period 2x|w and the length = of 2 has an irrational ratio, and (ii) S q(t)dt is equal
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solutions. As for this direction we know only the results of Vaghi [6]. Vaghi
showed that the IBVP (1.1)—(1.3) has a unique almost periodic solution for almost
periodic f, under the assumption that the solution is a-priori bounded. But general-
ly it is difficult to show the boundedness of the solutions in the undamped case.
As we show, the problem is of very subtle character. To clarify this structure,
our starting point is the work owe to [5,11]. Secondly, it needs number-theoretic
relations of the period of p and g, the basic frequencies of f and the approximate
eigenvalues of —&Z.

Finally we note that different from other works, the coefficient g(z) of the
damping term can take both positive and negative values, more precisely the

27 [w
damping effect is determined by the signature of the mean S q(t)dt but not the
0

signature of ¢ itself.

In §2 notation and definitions are introduced. §3 deals with the IBVP (1.1)—
(1.3) and main theorems are shown. In §4 some examples are given in which the
incommensurability conditions are not satisfied. In such cases the solutions are
generally unbounded in time f€R. In §5 we mention some results on semilinear
wave equations with periodic coefficients which are the extension of Yamaguchi
[9,10]. In Appendix we explain some results on second order ordinary differential
equations with periodic coefficients, mainly owe to [5,11].

I would like to express my sincere gratitude to Professors S. Mizohata and
S. Miyatake for their valuable advices and to Professor T. Kakita for his constant
encouragement and advices.

2. Notation and Definitions

Let B be one of the following sets: the real numbers R!, the nonnegative
numbers R*, an interval [0, T], an m-dimensional torus T™=[0, 2z]" and any pro-
ducts of them. Let X be a Banach space. Let C*(B, X) be the class of k-times
continuously differentiable mappings of B into X. We set C(B, X)=CB, X).
Let L%(2), H*(9) and H%(2) are the usual Lebesgue space and the Sobolev spaces
(resp.) with norms |- |2 and |« |gz. K?(8) (p=>1) is a subspace of H?(2) whose
elements u satisfy 92*ucs Hy(2), 0<a<[(p—1)/2). K?(2) is a Banach space with
norm |« |4s. We set, for s>1,

[u(®)| 5,s = [u(®) | get|Beu(t) | go-1 .

Definision 2.1. A function f(t, )€ C(R' X R®, X) is called a &-quasiperiodic
(é-g.p.) function in ¢ if there exist a function f°(0, a)eC(T" xR, X) and a vector
E=(&,, -, £,) ER" such that f(z, a)=f°(£t, a). The function f?ﬁ, a) is called the
corresponding function (c. p. function) to f(¢, a) and is always denoted by a o over
the g.p. function f(¢, @). Without loss of generality we assume that the numbers
£, -+, &, are rationally independent. The numbers &, .-+, &, are called basic
frequencies (b.1.) of f(z, a).
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Definition 2.2. A matrix function M(¢) on R! is called é-g.p. if every compo-
nent m;;(t) of M(t) is £-q.p. in . We define a norm of £-g.p. matrix M(t) by

| M |, = max 3% max |#,00)] .
i j eer

Definition 2.3. A function f&C(R', X) is almost periodic in X if for any
e>0 there exists a relatively dense set {r} such that

f(t+7)—f () | x<e
for all t ER".
Remark 2.4. (i) It is well-known [1] that for any almost periodic function f{(t)
in X there exists a real sequence {#,} such that f (@) =}'i_1)1i (1/T) ST f(t)exp (—iat)dt
is equal to zero if a#x,. We call ::21 frexp (fut) the Fourieroseries of f, where

fi= f (#,). The above {u,} is called the Fourier exponents of f. If the Fourier
series is uniformly convergent, then it is identically equal to f(t). More generally,
given an almost periodic function

FO~Z fr exp i)

there exists a sequence of trigonometric polynomials {33 r; ,fi €Xp (i 4t)} m=1,
k=1

n=n(m), which converges uniformly to f(z). The numbers r;, are rational and
depend on g, and m, but not on f.

(ii) Two distinct almost periodic functions have distinct Fourier series.

(iii) If a sequence of almost periodic functions in X uniformly converges to a
function, then the limit function is almost periodic in X.

3. Almost periodic solutions and quasiperiodic solutions of IBVP (1.1)—(1.3)

In this section we deal with the IBVP:

Oute(p(u+q(t)0,u) = f(x, t) in (x,1)E2xXR, (.Y
u(x, 0) = ¢(x)

du(x, 0) = y(x), xE2 1.2)
w0, 1) = u(z, 1) =0, tER. (1.3)

We assume:
(A1) p(t) and q(t) are (2r/w)-periodic and C~-functions.
(A2) The frequency o satisfies the following incommensurabilty condition:

|nw—m| =Cln

for some C>0, all neN and all meZ.
(A3) ¢ and y belong to K°(&2) and K*~%(£2) (resp.), where s >3 is an integer.
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From now on through this paper s is a fixed integer > 3.

Remark 3.1. (A2) is satisfied for a dense set in R!. This set contains all
irrational solutions of algebraic equations with rational coefficients of degree 2

(see [2]).

Existence and uniqueness of the global solution is known for the IBVP (1.1)—
(1.3) (see for example [3]):

Proposition. Assume (A1) and (A3). Let f be an element of C(R', K*~Y(2)).
Then the IBVP (1.1)—(1.3) has a unique solution in ﬁ Ci(R, K*74(2)).
i=0

Now we show the representation theorem of solutions of IBVP (1.1)—(1.3)
which plays an essential role in investigating various properties of behavior of the
solutions. To this end we use the modification of the result in [5]. See Appendix
A, Part II for more detailed version, but we very shortly state the difference for
explanation.

Remark 3.2. Condiser a second-order ODE:
(%) d+@4r@)u =0,

where r(t) is g.p. in ¢t with basic frequencies @ =(w,, -:+, w,,) and F(6) is /-times
differentiable in 6 T™ and A is a positive parameter. One can construct a linear
transformation V(6) and a constant 2,>0 so that Eq. (¥) is reduced to

iy =0 (u—ueR) by []=ven[t],

provided that 2>2, and 2 does not belong to a set GC U {4: |A—(n, ©)/2| <
neg™

C/(14+ | (n, )|) for some constant C>0.

In the above result 4, is given by ¢|7 |,/M° for a given small M°, where c is a
constant depending only on / and m (see Lemma 1, (5), (6) in [5]). In our case r(¢)
is replaced by ep(¢t), m is equal to 1 and 2* is equal to k% In this case also the
argument of [5] holds. In fact, we have eP, instead of P, in (5), (6) in [5]. If
22> 1, then the above reduction holds for any ¢ in [—&,, &, where &=M°(c|#])).
Here C, #(2) and 2, in the above are replaced by C,, #,(2) and 1 (resp.), It holds
that lim C,=0 and lim g,(2)=2. We note: y_gl C.=0 implies that one can take

e->0 250
C,<<CJ2 for small ¢, where C is the constant given in the assumption (A2). That
is, (A2) is the condition that all k, the roots of the eigenvalues k%, do not belong
to the exceptional intervals.

Thus we have obtained the Green function of (x).

Using this function we respresent the solution of nonhomogeneous ODE:

V+Av+-e(p(t)v+q(t)y) = f(2)
(Sec Theorem A.l and A.2).
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Expanding the solution u of (1.1)—(1.3) into Fourier series formally, we have
an infinite number of second order ODEs of the form (¥). Applying Theorem
A.1 and A.2 and the energy estimates, we have the representation theorem.

Before stating the theorem, we note the following example concerning the con-
dition (A2). By Hill theory it is clear that the above G with m=1 contains all
instability zones of the Hill equation Z-+(A%+¢ p(t))z=0.

Example Consider IBVP (1.1)—(1.3) with f(x, £)=0 and ¢q(:)=0:
Outepft)u =0,  (x, 1)ELIXR',
u I e = 0 ’ t ERI >
u@0) =¢, o,ul) =y, xe2.
Using the continued fractions ([2]), one can take @ so as to satisfy

1K) < m;—k;02< 1/k5* .

for two suitable sequences of natural numbers {k;} and {m;}, where kj, mj—>o0 as

Jj—>oo. Then (A2) does not hold. One may assume without loss of generality that
{k;} consists of odd numbers ([2]). Let p,(¢) be a negative-valued 2z/w-periodic
function whose n-th derivative is as follows:

—1 0<t<r/w

(”)t=
Pi(r) { | —rfe<t<0.

Let ¢€>0. Then it holds (cf. Theorem 4.1 and 4.2 in [12]) that the endpoints e,
and g, of the k-th instability interval J,=[e,, 8,] have the property:

[Cn+2>/2]

0y = ko2t S @SR —e || (k) Bk
j=o
[Cn+2)/2] 3

Be = ko2t S abia /KRt ef | (K)o k|
j=0

where a3, are real constants depending on ¢ and j, but not on k and a3;,,=0(e),
(e—0), the real sequences {03} and {0;°} belong to /2 and &}, 6;°=0(¢) (¢—0), and

2z /@ )
e — (w)27) S =t pi (£)dr. Tt holds
0

e = (/) {1+(—=1)*""} .

Since
at =2 | (—pe)ar (@2)

and p,(1)<0, we have ai>0. Hence for sufficiently large k; one can take e>0
suitably small so that m; belongs to Ji;. Thus if pm;=(8, sin m;x),240 or g, =
(¥, sin m;x),2=0, then the solution of the above IBVP is unbounded in & R', for
the solution of Z;+(mj+epy(t))z;=0, z;(0)=p; or z,(0) =q; is unbounded in z.
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Theorem 3.1. Assume (Al), (A2) and (A3). Let f be an element of C(R,
K*"Y@)). Then there exists €,> 0 such that for any eE&[—e¢, & the solution of
(1.1)—(1.3) is of the form

[u(x, D 1-% [uk(t)] sin kx, @.1)

du(x, 1)d =1 Lin(r)

[u,,(t)] — exp (—¢/2 S:q(r)df)[ : 0]

in(t) (—eDq(r) 1
X OB || OB giH=+0 5 (32
XGRS M 0¥ (33)

where
(i) each Vi(t) is a regular 2z|w-periodic 2X2 matrix depending on k, €, p and q
but not on ¢,y and f,
(i) By(?) is equal to [CXP (i) 0 .

0 exp (—iayt)
depending on €, p and gq, satisfying lim @, =k. It also satisfies an asymptotic

20

property

]. Here each a, is a real constant

la,—k| <Clk (3.4)

Jfor some constant ¢ and any kEN,

0
(iii) - gy(t) is equal to [( £, sin kx),2 exp (¢/2 S:q(r)dt)]’

1 0 ][ (¢, sin kx) ,_z]
—(¢/2)90) 1Ly, sin kx)2d

Proof. The functions f, ¢ and ¥ have the Fourier expansions:

and z, is equal to [

f(-,t):?';l f)sinkx in KTYQ), (3.5)

¢ = i ppSinkx, ¢ = ﬁ q, sin kx in K°(£2) and K*~'(2) (resp.), (3.6)
k=1 k=1

where fi(t)=(f(¢), sin kx),2, p,=(¢, sin kx),z and g,=(¥, sin kx);2. We look for
a solution of the form:

u(, t) = ,,i uy(t) sin kx . (.7

Substituting (3.5)—(3.7) into (1.1) and (1.2), we obtain
i+ Koup+-e(p(u+q( i) = fi(t) (3-8
w(0) =pis w0) =qs, k=12, (3.9

Applying Theorem A.1 to the problem (3.8) and (3.9), there exists >0 such that
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for any e[ —¢,, €] (3.8) and (3.9) has a unique solution of the form (3.2) and (3.3).
We show the convergence of the series (3.7) in ,_[:‘L Ci(R!, K*7{(2)). First we show
the following estimate:
K2 luy(2) |24 | iy(2) |2
<cexp (¢ [ g (| exp 12 | qw)an) 1 i) 1aey
+K pitqil (3.10)

where C is a positive constant not depending on k, f and (p,, ;). Set |z|3=
|z,|24 | z,|? for z=(z;, z;). From (A.11) in Theorem A.2 in Appendix A we observe

K2 uy(2) |2+ (1) |2
=|[& Tt

- l [’5 (1)] exp (—e/2 g: 4(2)d7) [(_e /;)q © ?]Jk(t)Bk(t)

X1 [ @B exp 2] a0)aee)de+5,0) 2|

<4exp(—e S: q(z)dr) [ ]
I

[( ¢/2)q(t) oo '

x| @B exp @12 a0)iIg 502

<Bexp (—¢ S: q(2)d%) [’5 ‘])]

b [(—e/2l)q(t) (1)] ‘zl AP OE

X (| S: (Ju(z) By (7))~  exp (¢/2 S: q)dv)gy(r)dz |3+ | J,(0) 2, |3)

<chedt exp (—¢ | a@anl( | exp 12 | q0)d) | GOBD) i) oy
+ 15Oz 11],

where we used (A.9) and (A.10) in Theorem A.l in Appendix, and ¢, *++, ¢; are the
same constants as in Theorem A.l and ¢, is a positive constant depending on p, ¢
and ¢,. We have

| (Tu)Bi(#))~"8u() | < ercs(1/K) | fil®) |

and
[ (J3(0) 7'z, | 3< cies(1/KP)(K? pi+-q7)

for suitable positive constants ¢; and ¢; depending on ¢ and ¢, whence (3.10) is

proved. Now we show the convergence of (3.7). Let u,, equal to é u,(¢) sin kx.
Using (3.10) we have =t
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I a;uﬁq(' ’ t) I %2+ I 69‘1)6,14“(- » t) I sz

= 330 () P+ i) [
< Const. exp(—e S: q(z)dr)
XIS R || exp (ef2 | q0)an)| f(6) e+ 33 (optHhxe-vgg
Applying the Minkowski inequality

31, pas <t G ine e,

we have
| a’s‘uﬁq(' , )| Tet I a:(cs_l)atupq(' » 1) i

< Const. exp (—¢ S: g(z)d<)
XU [ exp (e12 || a0ran S w1y 1y
+ 33 (PR g
Since £ belongs to C(I, K*~X(2)),
[} exp (er2{ q@iin (e o) yae

t q
< T max exp (/2 S g(r)dr) max (3 K26V f(t) | )Y
o<t<T 0 0<i<T k=p
—0 as p,g—>oo.
Hence it follows

|85upg(+, )| 2+ 105 Pupy(+, 1) 12
— 0 uniformlyin ¢1€[0, T] as p,g— oo.

Also it follows, by (3.8).
0670 Bty (-, 1) 32 = B i1(0) |
— 33K | Ryt e(p(t -+ g(Oin) —£4(0)
<4 2; (k% | 1y | 24 € p(6) K30 | 1y | 2+ €2 (1 kXD | 4, | 2 K2CD | (1) |2)
<Const. z: (K% [ | 2 K26 | | 2HK26D | £, %)
— 0 uniformlyint€[0, T] as p,g— oo,

where the constant does not depend on k, u and f. Thus u=zm} u(+) sin kx
k=1
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converges in [2]0C ‘0, T], K*~%(&)). By the similar argument to the above that this
solution is un;ciue in .lf‘loC"([O, T], K57i(®)). Since T is an arbitrary positive number
and f belongs to C(I_Ql, K*7Y(2)) we have uEf\OC‘(R*, Ksi(2)). We also have
uef}oc‘((—oo, 0], K*7%(2)). Hence u belong;_to ‘F_]OC‘(R‘, K*7i{(2)). The asy-
mpt.;)tic property of {a,} immediately follows from T;eorem A.l. Q.E.D.

Theorem 3.2, Assume (A1), (42) and (A3). Let f(x, t) identically vanish. Let
2z /w
&, and € be the same as in Theorem 3.1 and b equal to eS q(t)dt. Then it
0

holds:
(1) If b is positive, then the solution u in Theorem 3.1 satisfies

|u(+, )| £, <Cexp((—b/2)t).

(ii) If b is equal to zero, then u is almost periodic in K*(8) and 8,u is almost periodic
in K*71(Q).
(iii) If b is negative, then

l_il'_n‘ll"(” t)lE,s = .
t>oo

Remark 3.3. As is seen from Thoerem 3.1, the almost periodic solution in
Theorem 3.2 (ii) has the Fourier exponents contained in a set {a;} 7.1 U {@/} -1
(see Remark 2.4).

The proof of Theorem 3.2 is clear from Theorem 3.1.

We investigate the behavior of solutions in the case where f(-, ¢t) is ¢.p. In
this case we have to take into account the interaction between the autonomous
almost periodic oscillation and the forcing term f (i.e. between the Fourier ex-
ponents in Remark 3.3 and the b.f. of f).

Assume that
(f1) The function f(-, t) is £-¢.p. (EER™) and its corresponding function f(-, 0)
belongs to C=(T", K*(2)).

(f2) The (m+-1)-dimensional vector 7=(w, &) and the sequence {a,} satisfy, for
r>m+2 and some K>0,

(%) lay—(, DI =K |1
for all /e Z™*"\ {0} and any k which satisfies (£, sin kx),;20.

Remark 3.4. (i) The assumption (f2) is satisfied in many applications (see
Proposition B.1).
(i) In (f2), the restriction “r>m-2" is not necessary in order that Theorem 3.3
and 3.4 hold. However if r<m-2, then the set of 7& R™*! satisfying (f2) may be
the empty set.
(iii) In (f1) we assumed that 1" is of C~-class, for simplicity. However as will be
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seen from the following proof of Thoerem 3.3, it is enough to assume that f&
CNT", K*1(2)), where p=(m+2)([r+2]+1) and r is in (f2). Thus weaker
incommensurability needs more differentiability.

Theorem 3.3. Assume (A1), (42), (f1) and (f2). Let ¢, be the same constant
2n/w
as in Theorem 3.1. Lets q(t)dt be equal to zero. Then for any e E[—e,, &)
0
the boundary value problem (1.1) and (1.3) has only one 7-q.p. solution in rz] Ci(R!,
K*i(@)).
2nfw
Theorem 3.4. Assume (A1), (42), (43), (f1) and (f2). Let g q(t)dt be equal
0
to zero. Then the solution u(-, t) in Theorem 3.1 of the IBVP (1.1)—(1.3) is almost
periodic in K*(2) and d,u(-, t) is almost periodic in K~ (). Their Fourier expo-
nents are contained in a set {(n, 1): 1€Z"*"} U {a,}.

Example 3.1. Consider the IBVP. Let the @ of p and g be any irrational
solution of an algebraic equation with rational coefficients of degree 2. Then @
satisfies (A2). By Theorem 3.1 the sqeuence {a,} is set up and satisfies lim a,=k

>0

and a,=k+O0(1/k) (k— o). Let f equal to sin ufsinjx, u.R',jEN. We can
take u so as to satisfy, for some K>0,

laj—(ho+ha) | ZK/(| ]+ 1 L]Y

for any [, Z and any ,€Z, |l)| +|/,| #0. This is possible for a suitably large j,
for a, satisfies the above asymptotic relation. Thus all assumptions (A1), (A2), (A3).
(f1) and (f2) are satisfied. Hence by Theorem 3.4 the solution is almost periodic.

Remark 3.5. More generally than Example 3.1, even in case where f is of the
form of the finite Fourier series

f =3 ft)sinkx (X is a suitable finite set of Z),
keX

where f;() is &-q.p. for any k€ X, the assumptions in Theorem 3.4 are all satisfied
for a suitable choice of & by the similar arguments to the above.
2/
Remark 3.6. In Theorem 3.3 and 3.4, if S q(t)dt =0 is assumed, then we
0
need not take into account the resonances between autonomous oscillation and the
forcing term (See Yamaguchi [8]). In this case the high differentiability of f is
not necessary. The solution u of (1.1)—(1.3) is of the form u,+exp(—bt)u,, where
2/ . e s
b is equal to ¢/2 S q(t)dt, u, is 7-q.p. and u, is almost periodic in K°(2).
0

We prove Theorem 3.3 and 3.4. We prepare the following lemma:

Lemma 3.1. Assume (A1), (42), (f1) and (f2). Then for any e E[—¢,, &)
Egq. (3.8) has a unique 7-q.p. solution w,(t) satisfying
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K2 u(0) |2+ 18(0) 12 Cll fil lomsyp »

where P is any positive integer, C>0 is a constant depending on P, p and q, and || f I,
is equal to

(2|, 1pifioy aoyye.

191<j

Proof of Lemmma 3.1. From Theorem 3.1 we have

(o) = [ ey 10w a2 [Lacoan

X17218) | B, e+ B0, (3.1

where €0)=[ K001 and ¢l =exp @12 aRROAO D=5,
k

Jj=1,2. The functions ¢j(t) are clearly 7-q.p. and their corresponding functions
are in C™*YP.class on T™*'. Expanding ¢{(¢) into Fourier series

=X Xz exp (i(n, Dt)

1e2m*

and substituting these into the above integral in (3.11), we have
t . .
(| ¢t exp (~1yiaee

— [\ exp (—1Yiae) 32 21 exp (ir, Dyae

I

221 exp (0, D+(~1¥a)D)ds
33 2 i, D= 1Va)Hlexp (i, D+H(—1Van)—1]

I

Hence we have
[ 1in (3.11) = (1/2ik)[e(t) — By(t )(2(0) —2ikJ4(0)* 2)] ,

where a,(¢) is equal to 33 o, exp (i(7, 1)1), pz—[z ’] and of =x}/{i((n, )+(—1Ya}.
1

Hence from (3.11) we have the formal solution of the form:

[Z:g;] - [(_e/;)q(t) (1)] Ji(t) exp (—¢/2 S: q(t)dr)

X (1/2ik)ex(1)+ By(t)(—ax(0)+2ik T, (0) ' 2)] . (3.12)

We have to show the convergence of the formal series @,(¢). Plainly
2 . .
|13 3 (S fl/1 @ D+H(—Dia] ¥

Using () and | x/| < Const. [|¢Hll(msns/TI (14 | ;)7 we obtain
i=1
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|ax(t) | 3< Const. (S TL (1 141)7 33 1Cilltnsne
< Const. ,é [1€il emaryp
for P>r+2. Thus we have shown that a,(¢) is 7-¢.p. and
|‘J‘k(t)|§SC0nst.:21 1CHEms 1y »

where Const. s depend on m, p, ¢, K and P. Now we choose initial values a and b
so as to satisfy

— a,(0)+2ikJ,(0) "z = 0

ie.
a . 1 0
= (1/2ik [ ]J 0)a,(0) .
Li]=amw] 50 (PO=O
Then from (3.12) the solution is 7-¢g.p. It is clear that »-q.p. solution is unique.

Q.E.D.

Proof of Theorem 3.3. Again using the Fourier expansion method, we have
Eq. (3.8). From the hypotheses in Theorem 3.3 all assumptions in Lemma 3.1 are
satisfied. Hence Lemma 3.1 implies that each Eq. (3.8) has a unique 7-q.p. solu-
tion u,(¢) satisfying

K| uy(®) |2+ |in(t) |2 < Const. [| fillmins »  tER (3.13)
q
where p is any integer >r42. Setting 1,,(0) =) #(6) sin kx and using the
E=p
Minkowski inequality and (3.13), we have
[85tpq(+5 D12+ 105 Uy, 1) |2

q o
< Const. 33 K™V filltms 2z
k=p

<Const. {{ (5 =1 & DIf0) [0y

T" k=p |0|<(m+2)p
q o
<Const.sup 33 (37 _k**7V| Dgfy(6)]7)
9sT™ k=p |0|<Cn+2)p
—0 as p,g— oo,
for (f1) holds. Hence i u,(t) sin kx uniformly converges with respect to the norm
k=1 o 2
[8su(s, t)|+ 857 %u(-, t)| so that 33 u,(t) sin kx converges in N C*(R', K*#(2)).
k=1 i=0

The uniqueness of 7-q.p. solution is shown in the similar way. Q.E.D.

Proof of Theorem 3.4. From all assumptions in Theorem 3.4 all the
hypotheses in Theorem 3.1 follow. Hence the IBVP (1.1)—(1.3) has a unique global
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solution in rZWC i(R!, K*~(2)) of the form (3.1)—(3.3). Let u, be the 7-g.p. solution
i=0

in Theorem 3.3 and v be the solution in ‘E]OC"(R’, K*7(8)) of (1.1) with f(x, £)=0

and initial data v(+, 0)=¢ —u,(+, 0) and 9,v(+, 0)=y»—38,u,(+, 0). By Theorem 3.1
and Theorem 3.2 the solution is almost periodic in K°(2), and its Fourier exponents
are contained in the set {(z, [): I€Z"*'} U {a,}. Then u=u,+v is the solution in

F]C i(R!, K*7i(2)) of the IBVP (1.1)—(1.3). Thus the theorem is proved. ~Q.E.D.
i=0

4. Remark

We have assumed (f1) and (f2). The essential assumption is (f2). Improving
Theorem 3.4, in this section we consider the necessity of (f2). Hereafter we restric-
ted ourselves to the case e=0. In this case a@,=k. This makes our consideration
easier. As will be seen in the following example, if |a,—(7, )| =0 holds for some
k and [, then there exists an unbounded solution of IBVP (1.1)—(1.3).

Example 4.1. Consider IBVP for (1.1) with ¢=0:

Ou =f(x, 1), (x, 1) E2 xR
u(x,0) =0, du(x,0) =0, xef
u©0, t) = u(z, t) =0, tER',

where
fix,1)=2 i (cos jt sin jx)/(j—1)! .

Clearly f(x, t) is 2z-periodic in t. Then m=1, /€Z? o is arbitrary and & =1.
Hence a,—(7, [)=0 with k=1, [,=0 and /;,=1. It is easy to show that

u(x, t) = i} (t sin jit sin jx)/j!
ji=1
is a unique solution of the above IBVP which is unbounded in t €R.

As is mentioned in Remark 3.4 (iii), it is enough to assume only finite order of
differentiability of f for the almost-periodicity of the solutions of (1.1)—(1.3). How-
ever if the differentiability of fis smaller or the irrationality of # in (f2) is less, then
the solution may become unbounded in ¢ for suitable choice of f. Indeed, the
following example gives such an unbounded solution.

Example 4.2. Consider IBVP for (1.1) with ¢=0:

Ou=f(x, 1), (x, )ELXR!
u(x, 0) = ¢(x), Ju(x, 0) =Y(x), xef
u©, t) =u(z, t) =0, IER!.

Since €=0, a, is equal to k. Without loss of generality we can assume ¢ =vr=0.
We deal with the case where (f2) is broken but a,—(#, /)==0 for all k and /. Using
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the continued fractions (Khinchin [2]) we can take £(>0) and the sequences {k,}
and {m,} of natural numbers such that

CIkY< ke —m, | < ColkY

for some positive constants C and C,, and a natural number N>r. By this (f2) is
violated. We set a,=k, & —m,. Also without loss of generality (if necessary, take
the subsequences of {k,} and {m,}) we assume that the sequence {,} is positive ([2])
and monotonically decreasing. Note that {m,} contains an infinite number of odd
numbers ([2]). Choose a pair of the subsequences of {k,} and {m,} such that (i)
for a fixed x,€8 it holds sin m,xy=>06>0 (or sin m,xy) < —8<<0) for all » and
some constant >0, and (ii) k, <Mk, for all n, where M=(C/2Cy)"?. Here we
again have written the subsequences as {k,} and {m,}, and without loss of gene-
rality we assume sin m,x,=>0 for all n. We define, for some positive integer p,

fex, 1) = 33 (1/k) sin (k,€0) sin m,x .
The function fis of C*~(2 x R") and is 2z /&-periodic in z. We set

U= i} L[ 5'ﬁn(-,,-) sin m,(t—r)dr] sin m,x ,
m, Jo

where f, (t)=(1/k%) sin k,&t.  Then it is easy to show that the above u is a unique
solution of IBVP. We have

u(x, t) =Im E 1/(2iktm,) {exp (l((’;; i—’:z”))t) exp (im,t)

exp (i(k E+m)t)—1
i(k,&+m,)

exp (—im,t) } sin m,x .

The second term of the above bracket { } contributes to the almost periodic part
of u. Hence we consider

vy =Im 2 1 /(zk”m,,)M exp (im,t) sin m,x .

n

Decompose v into v,+v,, where

vw=Im 3} 1/(1k’m )Q(P_Qﬁu exp (im,t) sin m,x

?l)lo ”

and

v, =Im 3] 1/(zk’ )ﬂm exp (im,t) sin m,x .
ia

7l "0 ”
Here ny=n,(t) is the minimum number » which satisfies
a,t<wf2

for any given t>0. Setting r,=[e;"/4] and t,=2zr,, v=1, 2, --+, we have
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v(x, t,) = i 1/(kim,,) sin @, t, sin m,x , v=1,2, -
n=1 a”
Also
tya, = 2zrya,
— 27" /4le, <2
and

ta,_, = 2rfa;'/4la,_,
> 2n(ey'/4—Da,,_,
> 27(a5/8)ery
> (z/4)(C|Co)(ky [K3-y)
= (z/4)(C/C)(1/ MY
= (z/4)(C/Co)(2C,/C)
=z/2,

whence ny(t,)=v.
Now we estimate v, and v,, We have

Il S, 33 10ktm,)(1fa)
</C)2E) 2 Ky
<Q/CE) T (M y R

<Q/CEMYPTH(A—MN ke
Next noting that

sin @, t/(a,t)> min (sin x/x)(=L)
0<x<R /2

for 0<a,t<=/2, and sin m,x>8, x=x,, we have

Vv, = 'g 1/(k2 m,) S %aly ¢ sin m,x
- nly

> 33 (ks )(Lo1f6)
= @rLo/e) 3 (1/kE* oy 4]

> (2zL8/E) i‘, (/K5 (@5 /4—1)

> (rL0/48) 33 (1/KE)(kY/C)
> (L3/4CEkY 1.

Hence taking N suitably large, M ¥ ~? is sufficiently small so that
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v = v;+v,>Const. kY271
where Const. is positive and independent of v. Since
2x(kY[4C,—1) < 1, <2mkY[(4C) ,
it holds ky~ 1Y, Hence

v>Const. t}~@+D/N

This implies that u(x,, #,) tends to infinity as v— oo ; i.e. u is unbounded in 2.
The case where ¢ and ¢ are not identically zero is quite clear from the above
result, for ¢ and ¢ only contribute to the periodic part of solutions.

5. Semilinear wave equations with periodic potential and periodic damping

In this section we deal with the following problem:

Ou+e(p(Hu+q(t)d,u) = uF(x, t, u, d,u, du),  (x, 1)ELXR* 1.1),
u(x, 0) = o(x), Bu(x,0) =v(x), x2 (1.2)
u(x, )30 =0, tER* (1.3)

and

Ou+e(p(Ou+q)d,u)+G(x, u, 8,u, 8,u) = nF(x, t, u, 8,u, du),
(x, t)eR xRt (1.1),
u(x’ t)|39=0, IER+, (13)

where # is a small parameter. For brevity we set s >3, (¢, u(?)) =f(-, t, u(-, t),
0.u(+,t), 8u(+, t)) and u(-, t)=u(t) etc.

We assume the following:
(A) The conditions (A1), (A2) and (A3) in §3 are satisfied. For ¢, given in
Theorem 3.1 we fix ¢ so as to satisfy |&| <e,.
(F) The function F(x, t, @), a=(a,, a,, ay), is defined on & X R* X R®.
(i) The Fis in C**'-class in (x, @). The F and its derivatives 8}9,F(x, t, a), 0<k+
I1<s-+1, are continuous in t ER*.

(i) For any ues h Ci(R*, K*~i()) F(t, u(?)) belongs to C(R*, K*~'(2)).
i=o0

(iii) § max |8%8. F(x, t, a)| dt converges for every pair (k, ), 0<k+1<s+1,

0 (x,8)ERXBLQ
and 0>0, where B(Q) is a bounded domain in R® of the form {a€R®: |a;| <O,
i=1,2,3}. Weset y(t; M)= max max |8%8lF(x, t, a)|.

0<k+I<s+1 (x,a)EQx BCH)
(G) The function G(x, a) is defined on 2 X R®.
(i) The G isin C***-class in (x, a).
(i) G(x, 0)=8,G(x, 0)=02G(x, 0)=0.
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(iii) For any ue hC‘(R*‘, K*7{(2)) G(u(t)) belongs to C(R*, K*~1(2)).
i=0

/M
Theorem 5.1. Assume (A4), (G) and (F). Let S q(t)dt be equal to zero. Let
y(t; M) satisfy

2%
0

y(t; MYSHM)/+D""  forany M>0,

where H(M) is a constant depending on M and « is a constant >1. Then there exists
2o>0 such that for any pE[—u,, 2, BVP (1.1), and (1.3) has a time-decaying solu-
tion satisfying

|u(t) | got a(t) | g1 <o/ E+1)%
where ¢, is a constant.

2/
Theorem 5.2. Assume (A) and (F). Let S q(t)dt be equal to zero. Let My>>0
0

be given and let (¢, V) satisfy || g+ |¥| g=-1<M,. Then for any constant M> M,
there exists a positive constant py= uy(F, M, My) such that for any uc[—un, 4,

IBVP (1.1),~(1.3) has a unique classical bounded solution in [21 Ci(R*, K*~(2)) satis-
fying -
|u(t)| gs+ |i(t) | gs-1<CM  for tER*,
where C>1 is a constant depending on p and q. The solution has a form u,+u,.
Here uy and u, satisfy the following:
(i) u, and u, belong to nc i(R*, K*~¥(£2)).
i=0

(i) uy(t) is almost periodic in K°(2) and its Fourier exponents are contained in the
set {a,} U{wl: I€Z}.
(iii) uy(2) satisfies

|4(6) | ot | i4(2) | o-1< Const. s” y(; CM)de .
t
The proofs of Theorem 5.1 and Theorem 5.2 are done in the similar way to
Theorem 4.1 and Theorem 4.5 in [10].

Proof of Theorem 5.2. We have only to show the energy estimate of solutions
of the linear problem:

Ou+e(p()u+q(t)d,u) = f(x, t) with (1.2) and (1.3).

Let f belong to C(R*, K*"'(£2)). Then the problem becomes (3.8) and (3.9)
in §3. The solution of (3.8) and (3.9) satisfies the estimate (3.10) in §3. So we
have

Ru(tP-+in(r P < Const. I [[| fi) | dep+ Rpi-+a
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where Const. does not depend on k, f, and (p,, q;). Hence using the Minkowski
inequality, we have

3 e+ D)
<Const. [([] (5 K AP dey+ 33 (6 ph-+ D).

Hence it follows

¢
) e 0) | o2 < Const. [ f) gr-sd+ 18 ook 19 o)

Let
()] _ . t N 1 0
0] —ewenfaoaa] 1 nono
x[ s:(Jk(T)Bk(r))—!gk(T)d‘r—|—Jk(0)'lzk] _
and

[z’zgg] = exp (—¢/2 S: Q(r)dr)[ (e /;)q o ?]J,,(t)Bk(t)

x| GBE) e
Then v,(¢) and w,(z) are the solutions of Eq.s.

iy +Ku+-e(p(t)uy+q(t i) = 0
and

i+ uyt-e(p(tug+q(0)iy) = £(t)
(resp.). Similar calculations to (3.10) imply:
K v+t )
<Const. [( |1 4@y +Hept+a)

and
KPwi(t Y+ wi(r)?

< Const. ( S“ | £,() | dzy
t
where Const.s do not depend on k. Hence we have
SRR w2 )
k=1

<Const.[( | (& e fyey e+ 33 (e pi-+ 10 g]

and
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3 WO ()
< Const. [ Sf (;": KD £(r )2 de P
We set v=g}1 v$, and w=gl wid,. Then v and w satisfy

19 L 150 s
<Const. [ [1./0) s+ 16 ot [ go-]
[w(t) | gst [ W(2) | g
< Const. jj| f(5)| gordr . (5.1)

These show that v and w belong to F\C"(R‘, K*7i(2)). It is clear that v(z) is
i=0

almost periodic in K°(£2) and w(z) decays to zero as t—oo if | f(#)| zs-1 is integrable
in [0, o). u=v-+w is the solution of IBVP.

Now consider the nonlinear problem. Setting f(¢)=uF(t, u(t)) and applying
the above estimates of v and w, it follows that the solution of IBVP (1.1),-(1.3) has
the form u,+u, and

Iul(t)lH’+ I i‘l(t)lys-l
< Const. Sw | #F(z, w(z))| gs-1dT
¢

< Const. S:" 93 Q)1+ | u() | go-1)d=
< Const. S:’ (3 Q)dr .

This proves the theorem. Q.E.D.
Proof of Theorem 5.1. We consider the linear problem:
Ou+e(p(t)u+q(1)0,u) = f(t) (52
with (1.3).

We determine p, and g, so as to satisfy
[} 0B a0+ 102 = 0. (53)

Setting ¢=k§ iy and ¢=h§‘, g, ¢ and ¥+ belong to K°(2) and K*~'(£2) (resp.).
=1 =1

As we showed in the proof of Theorem 5.2, IBVP (5.2), (1.2) and (1.3) has a solu-
tion of the form uy+u,. However by (5.3) u,(¢) vanishes identically. u,(z) satisfies
(5.1). So we established the existence of time-decaying solution of the linear pro-
blem and derived the decay estimate (5.1). Employing Picard’s iteration method,
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we obtain a time-decaying solution of the nonlinear problem (1.1),~(1.3), provided
¢ is small. From (5.1) the solution satisfies

lu(®) | go+ 10(t)| go-r
< Const. S': |F(z, u(t))—G(u(7)) | gs-1dz

< Const. S" Y(t+1)*dx .
t

So the theorem is proved. Q.E.D.

Appendix A

In this appendix, first we shall mention some results on second-order ODEs
which are used to obtain the representation theorem of the solutions of IBVP (1.1)-
(1.3) (Theorem 3.1). These results are based on the method of reduction by
Parashuk [5] and Dinaburg-Sinai [11]. (Their methods are originated from Kolmo-
gorov-Arnold-Moser’s iteration method.) In the second part we shall briefly
explain the method of [5] in our case for the convinience for readers who are further
interested in the construction and the structure of the sequence {a;}, the excep-
tional intervals and the transformation matrices V.

I. Consider second order ordinary differential equations with real Cauchy data:
(A.1) iyt K upt+e(p()u+-q(1)i) = f(t)
(A2) u@) =a, u0)=5b,

where p(t) and ¢(t) satisfy the conditions (Al) and (A2) in §3, k is a positive
integer and ¢ is a small parameter.

First we show that (A.1) can be written in another form by using the Liouville
transformation and a diagonalization. We write u instead of u,. Put

(A3) U = exp (—e/2 S: g()de)y .

Then (A.1) is transformed to
(Ad) vy = exp 612 | g 10,

where r(t)=e(p(t)—(e/4)q(t)*—(1/2)4(t)). Write (A.4) in matrix form

ay Zli1=1lele olliJrewerfawase] 7]

s\ =1
Ignoring r(¢) we diagonalize the above (A.5). Observe that N =%[i ?g_l] is
—(i

Denoting N [ ]=¢, we obtain

a diagonalizer of[ 0 1] and N'lz[.1 1 ] v
ik —ik v

—k* 0
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A8) d=i[t o+

) O 1 e,

1

where G,(t)=exp (¢/2 s: q(r)dr) f(¢)/2k [ _i ]

The proof of the following theorem is done in the similar way to that of [5].
Note that #(¢) contains not only p but 4, ¢ and small parameter ¢. However, if
we take ¢ sufficiently small instead of large 4, the iteration is well-done and the
argument of Remark 3.2 also holds (See the next part of this appendix).

Theorem A.l. Assume that f(t) is in C’-class. Let ¢ be any natural number.
Then there exist é,=¢(p, g, 0) and C=C(p, q, o) independent of k such that for any
ec[—&,, &] one can construct an invertible linear transformation

Vi@): = ¢, Vi(t+2z/w) = V(1)
such that Eq. (A.6) is reduced to the system

A7 = iyt H(), ¥ = [:‘;] .

Here the components of V, are C°-class, and sz[g" 0 ], H@) =V (t)'G,(),

and a,=ay(p, q, €) is a real constant satisfying

(A.8) lay,—k|<Clk, lima, =k.
20
Moreover the matrix V,, satisfies:
(A.9) 'S Vilo<co, c'S|Vi'lo<er, ¢ e>1,
and
(A.10) [ VileZc,, |Ville<Zecs,

where c;, j=0, -+, 3 are positive constants depending on &, o, p and q but not on
k, (a, b) and f.

Using this theorem, we obtain the representation formula of the solutions of
(A.1) and (A.2) as follows:

Theorem A.2. Under the same assumptions as in Theorem A.l, for any
eE[—&, &) the Cauchy problem (A.1) and (A.2) has a unique solution of the form

()] _ ¢ \de 1 0
@[50 | epen fa@a] L Yo

<, G BN exp (¢12 || q@dn) e +7,0)121.

W [0}

Here J,(t =[
ere Ji(©) ik —ik



484 Masaru Yamaguchi

__[exp (ia,t) 0
B"(’)_[ 0 exp(—ia,,t)]’

7= [(—e/;)q(O) (1)]—1[ Z ] and F = [;),] ‘

where V, and a, satisfy the same estimates (A.8)—(A.10) as in Theorem A.1.

Proof of Theorem A.2. By the transformations (A.3) and V, we have
Al2 [’."'(’)]=ex —ep2 |/ Td‘r[ 1 0][1 1]Vz .
R Ferd R ICCEN OT,| PP ] (7O
Solving Eq. (A.7) with Cauchy data

w0 =10 [ Gl e 1 5]

we obtain
$0) = 5 BOL | (VOB G+,
whereas

~1 " (Vi(©)B,()! 2 W@ 0 |a-
¥0) = ZBOL| B exp e12 | awyanso)] © Ja

O™ [(—e/;)q(O) (1)]_1[ Z ]] ’

Hence by (A.12) the formula (A.11) follows. Q.E.D.

IL. In this part we briefly explain the method of reduction in [5] in our case. From
now on we assume that all functions of 8 are defined for & mod. 2z, so 2z-periodic
in 6.

Consider a system:

(A.13) ¢ =idJp+R(O; ¢, Np, 6 =0,

where 2>1, J =[(1) (1)], R:%}e)[ 1 i] and F(6) is a corresponding func-
tion of r(t); i.e. F(6) =¢( ﬁ(ﬁ)—(e/4)c°1(0)2—(1/2)(:})(0)). By constructing a linear
transformation

(A.14) é = V(0; ¢, Dy,

we will reduce (A.13) to a system with constant coefficients:

Y =iaJyr, a=a(e; )ER.
By step-by-step reduction, we inductively establish a sequence of linear transforma-
tions {I4+W(0; e, A)} which tends to V(6; ¢, 2) as j—oo, where I is an identity
matrix. It is important to note that in order to complete this, at each step of
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iteration we will have to remove intervals [nw/2—¢;, nw/24-¢€7] (n=1, 2, --+, N;) in

the 2-axis (¢;, ¢}: small constants; N;: a suitable integer). These are the exceptional

intervals. The procedure is as follows. Put |F|,= D:FO) ], ||Pls=
0kt OE[O 2]

max 3} sup |P;;(6)| for matrix P=(P;;), h;=1/2), M;=c|F|,hj/A and N;=
i 7 IIméi<h

4h;t log (1/M).

First an approximate sequence R,(6; ¢, X) of R(f; ¢, 2) will be constructed. By
Moser’s lemma we can approximate F(6) by {r;(6)} analytic in |Im 6| <h;. Then
put )

R0 , 1):’2'_;[_1 _i

Second, by induction we can construct {W,} with the following properties
(1)-(iii).

() By ¢ =(I4 W), the system

]. The sequence {R;} approximates R.

(A.15) ¢ =iAJ$+R;¢

is reduced to

(A.16) ¥ = i3 Jp+S,0; &, Dy,
where 2;=2;(2)>0 is a constant and J =[(1) (1)]

(i) Each matrix W; and S; are analytic in |Im 6| <h;.
(iii) The W, S; and 4; have the following estimates:

(A.17) 1,11, <33 M,

(A.18) ||S-||;,j<M

(A.19) 1 2M<d—x’<1+2 M,,
(A.20) [2; =24 < M;

and

(A.21) NW;—Willn; < Chiar,s

where u<% is a positive constant depending on /, and 6 =/(1—v)—2. From (i)-(iii)

we can deduce: as j— oo, then R;— R, §;—0 and there exist ¥ and a>1 such
that I+ W,—V and 2,—>a. Thus the reduction of (A.13) to (A.14) is done by the
above V.

We can construct W, from Wj;, §; and &;. To this end, for given S; and
2;, w; is obtained by solving a simple first-order differential equation and we put
Win=I+W)(I+w;). At j-th step in the induction we have to remove the follow-
ing exceptional intervals 4}={1; |nw/2—2;2)| < MY[n}, n=1, .-+, [N;]. Tt follows
that for any fixed n 4j is monotonically decreasing if j > j(n), where j(n) is the least
Jj satisfying n<N;. Hence for any fixed n, 4;C 4. So the union of {4j} are
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contained in ”l;ldi;("). Also 4™ is contained in 4, = {1; I%nw—l[ <c|F|i/n},
where ¢ is a constant depending only on /. Note that if (A2) in §3 holds, then
every k, root of the eigenvalue of —a?2, does not belong to GA,, provided that |7],
is small. Hence (A.1), k=1, 2, -+, have the uniform reduc:;;cl)n.
The asymptotic property of {a(2)} follows from (A.20):
|a()—2| <3 M, = el#1,/2,

where c is a constant depending only on /. When we apply this result to Theorem
A.1l, we first set o suitably large and then put /=[(¢+2)/(1—v)]+1.

Appendix B

Proposition B.1. Almost all (in+1)-dimensional vectors satisfy the inequalities
(%) in (f2).

Proof. Let K be a fixed positive number and B be a bounded domain in R”*!,
We denote by D, ; ¢ a set of 7& B which satisfy

lay+@, DI <K|1] 70+
for some k>1and /€Z”*"\ {0}. Then we have, for 7ED, ; g,
lk+@, DI < |k—a;| + @+, 1)
SClk+K ||~
by (3.4). Hence it follows
k<K= g |1 +c,

where ¢c=+/C, Thus for any fixed /€Z"*"\ {0} the number N(/)=#{k: k<
K|1|=™*®4|7g||l|+c} is less than Const. (|/|+1), where Const. depends on
C, and B, but not on K<1. Since m(D,, x), the Lebesgue measure of the set
D, .k, is less than M(B)K |1|~"*®, where M(B) is a constant depending only on

NCD
B,m( U U D, ..x) is estimated as follows:
1eam (o) k=1 T

ND
m(U EJ DI,h.K) < X >3 m(Dy,1,x)
]

1€2™+\(0) k=1
N
<MBEKIDX ) |1]| -2
1 k=1
<Const. M(B)K 3} (|1|+1)|1]|~m*®
!
< Const. K >3 (1/]1]™*D)
!

<Const. K,
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where Const.s depend on B, m and C,. Taking K—0, we have

m( N (UUD ) =0.
E>0 I &k

Since B is any bounded domain, the proposition is proved. Q.E.D.
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