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Fourier integral operators o f infinite order on Gevrey spaces

applications to  the Cauchy problem

for certain hyperbolic operators*

By

L. CATTABRIGA and L. ZANGHIRATI

Fourier integral operators on G evrey spaces have been recently used by
various authors' )  in  th e  study of problems for partial differential operators. In
particular they seem  to be a n  appropriate tool for studying well-posedness and
propagation  of singularities fo r  th e  C a u c h y  problem  f o r  weakly hyperbolic
operators. W e consider here Fourier integral operators with amplitude of infinite
order, i.e . o f  a  suitable exponential growth in  th e  dual space  variables, since
parametrices of a simple form can be represented through them for some operators.

The analogous pseudo-differential case has been studied in [24] and applied in
[ 1 9 ] .  Analytic pseudo-differential operators of infinite order have been considered
by L . Boutet de  M onve l [2 ] and  in  a  series of papers by T. A ok i [1 ]. F in ite
order analytic pseudo-differential operators a r e  described in  [2 2 ]  a n d  th e
analogous Gevrey case is studied by Boutet de Monvel-P. Krée [3], S. Hashimoto-
T. Matsuzawa-Y. Morimoto [7], V. Iftimie [10] and L .R. Volevié [23].

In section 1 we introduce spaces of locally Gevrey symbols of infinite and of
finite order and prove some related properties. The exponential growth allowed
to sym bols o f  infinite order requires a n  appropriate definition o f  th e  related
oscillatory integrals by m eans o f  suitable cut-off functions. Form al series of
symbols are also considered. Fourier integral operators with amplitude of infinite
order are studied in section 2, mainly following sec tion  1  o f [8 ]. A  result on the
formal series equivalent to the amplitude of the operator obtained by composition
o f  a  pseudo-differential a n d  a  F o u r ie r  integral operator o f  infinite orders is
p ro v ed . Section 2 ends with the study of the action of a Fourier integral operator
o f  infinite  order a n d  o f  i t s  transpose  on  the  G evrey  w ave fro n t se t o f  an
ultradistribution. Section 3  con ta ins the  construc tion , a s  a  F ou rie r  integral
operator o f  infinite order, o f  a  p a ram e trix  t o  the  C auchy  problem  for the
hyperbolic operator

*) W ork supported by CEE research contract n. ST2J-0096-2-1 (EDB).
1 ) S e e  for exam ple [5], [6], [15], [18], [20], [21].
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(1) P = (D,—  A (t, x, Dx ))m  + ai (t, x, D x )(D,— A(t, x,

where 2(t, x, is  a  real-valued symbol o f  order o n e  a n d  ai , j = 1,...,m , are
symbols of order pj, pc[0, 1 [ .  As functions o f  x  they are  analytic in  a  convex
open set Q  of R ", while a s  functions of t ,  the  ai  a r e  only continuous a n d  2  is
C m ' .  A  formal series of symbols equivalent to the am plitude of the required
parametrix is obtained by solving transport equations derived by the application of
the composition theorem of section 2. The necessary estimates for the solutions of
the  tran spo rt equations a r e  proved follow ing [4], w here the case A  =  0  is
trea ted . W ith  th e  a id  of the param etrix  obtained i n  th is  w ay  a semiglobal
existence theorem for the solution of the Cauchy problem for the operator (1) is
proved. Similar results are shown for an initial value problem for the transpose of
the operator (1). Using these results it is possible to prove an uniqueness theorem
for the solution of the Cauchy problem for (1) and a representation formula for
U E C([0, T ]; G ( 6 ) ( Q ) ) .  B y m eans o f  th is  form ula the propagation of Gevrey
singularities of u  when PueC ([0 , T] ; G( ' ) (Q )) is proved.

In the case when Q = R " and the  symbols A and  a;  a r e  in  Gt6)
( R n  +  1 ) 2 )  a s

functions o f  (t, x), the w ell-posedness of the Cauchy problem fo r  P  and the
p ro p a g a tio n  o f  th e  singularities o f  th e  in it ia l v a lu e s  has been  p roved  by
K. Taniguchi [21], with the aid of a fundamental solution to  the Cauchy problem,
and by S. Mizohata [17] by using the energy method.

Part of the results of the present paper have been described in  [5 ]  without
proof.

Finally we wish to thank Professor Kazuo Taniguchi for his criticism to a
crucial point of a previous version of n.3 of this paper.

O. Main notation

For x = (x i ,..., x„)e R " w e  se t Dx = (D . . . . . . Dr ) , D i —j  =1 ,...,n ,
and for a E Z  ,  the  se t o f non  negative integers, we le t D'; = Dax  • • •

= + ••• + an . If x e R " we also write <x, = x i 4

For a  given open set X  OE R" and given o-  >  1 , A >  0 we denote by Gr'A(X)

the Banach space of all complex-valued functions cp e C ( X )  such that

(P 11 X , A  = sup A oc! - '1D'x cp(x)1 < + oo
xeX
cleD1_

and set

G ( X )  =  l i M  G "  (X ), G ( 6 ) (X )  =  l iM  O b 6 ) (X

2 ) S e e  section 0  for notation.

A-, +co X'..X
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and

0 ( X ) =  l i m  l i m  0 " ( X ') n  c t;(x'),
A-o+co

where X ' are relatively compact open subsets of X.
The dual spaces of G ( X )  and G r(X ), called spaces of ultradistributions of

Gevrey type a, w ill be denoted by G( c) '(X ) and G r (X )  respectively. As is well
known the former can be identified with the subspace of the ultradistributions of
G r (X )  with compact support.

For functions o r  ultradistributions u with compact support we consider the
Fourier transform û defined by

/7( ) f  e - i ( x'>u(x)dx, R",
R"

when ueL l (R") and by  fi(0 = u(e - i " > ) ,  when ueG (' ) '(X ).
W e shall also denote by u-singsupp u, the smallest closed subset of X  such

th a t th e  ultradistribution u  i s  in  0 ' )  in  t h e  complement a n d  b y  WF( , ) (u) the
complement i n  X  x  R" \ {0 } o f  t h e  s e t  o f  (x 0 , 4 )  su c h  th a t  th e re  e x is t  a
neighborhood U  of x 0 , a  conic neighborhood I ' of 4  in  Rn \ {0} and  a  function

E G r (X ) equal to o n e  in  U  such that for some positive constants c  and h

(0.1) 1( u)()1 cexp(—

I f  V is  a  topological vector space, d  a  subset of R k  a n d  m E Z + , we shall
denote by ff"(s1; V) the set of all V-valued functions on d  which are bounded on
s i  together w ith all their derivatives up to the  order m .  W e shall also write

I t (d ;  V ) instead .4 ° (.91 ; V ) and set .4Z,(si; V) = V).A' A

1. Symbols of infinite order of Gevrey type and related oscillatory integrals

1.1. S ym b ols of infinite order

Definition 1.1.1. Let X be an open set of R V  and let R BI =  ERN ; >  BO ,

130 0 .  F o r a >  1, it E [ l, a], A > 0, B  Owe denote by x n o , B; A) the
space of all complex-valued functions a defined on X  x RL such that for every e
> 0

= sup sup A H a l—  'PI oc! - " g ! '(1  +  10 111 exp(— cl 1 / 0 )
aeZ1' xeX
fleZ 141 > Mar +Bo

x 1Dpilatx, <  +  co.

Endowed with the topology defined by the family of seminorms 11 a 4 :,B ° 'B  , E > 0,
S°'"'"(X x 103 0 , B; A ) i s  a  Fréchet space. M o r e o v e r  Mall xA' al l e "  if
A A ', B oB ' 0 , B B ' and a e S,',°."1 (X  x 0 ,„; A).
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Proposition 1.1.2. L et X ' be a relatively compact open subset of X  (X '=  X )
and let A  < A ', Bo B ' o , B B '0 ,  Then every subset d  of  C '"(X  x R N )  which is
bounded in  C")(X ' x R N )  an d  in  S V •"(X ' x  4 1

0 ,8 ; A ) is relativ ely  compact in
SV• 14(X ' x  ; A').

P ro o f . For given positive 8,r let K r  =  la x /41643"; A') ; la II xi i ;

<  r l .  Since d  is bounded in S " '" ( X ' x R O ,; A ), for every I/ > 0 there exists cl

> 0  su c h  th a t 11 < cn fo r  every a ed .
If meZ +  is such that (A/AT" <r/2c, then for every a e 4 , B e Z y+  such that

+ 1,61 m  and for a n y  a n d

(1.1.1) sup sup A' Ifil 'fl! ' ( 1 + 1 0 1œl exP( —  el V ic )
x€X , I I  > +

X  D VXa(X , (A/A')Ial 11a111;B0'B < r/2.

Choose now p > 0  such that exp( —  8p11  ̀712) < r12c 2 a n d  B'Iotl' + B'o  <  p  when
m .  Then for 10(1 + m and any a n d

(1 .1 .2 ) sup sup A Œ Œ! f3! (l 1 )1al exP( —  Ell')IDŒ4M a(x , 01 < r/2.
xeX' 141 > 

O n  th e  o th e r  h a n d , since d  is  b o u n d e d  i n  Cœ '(X  x R N ), there exist
ai ,...,a k e d  such that

(1.1.3) d  OE U {a, +  V},
=

where V = {an C N X ' x R N ); sup s u p  D p a (x , rinf(A'm , 1)(1 + p)ml•
II+ IflI m xexf

141 v

S in c e  fo rm  (1.1.1), (1.1.2), (1.1.3) it f o l lo w s  t h a t  d U lai the
i =

proposition is proved in  view of well known results about Fréchet spaces.

Definition 1.1.3. Let X be an open set in  R V  and let a >  1, an [1, a ] .  We let

= lim x o,B ; A)
+ co

and

=  Ulm SINT'12 (X '),
'

where X ' denotes a  relatively compact open subset of X.
We shall also write

=  lim =  l i m   x  RN  •  A)•Bo ,o ,

' A,B0-0+
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From  Proposition 1.1.2 it follows

Lemma 1.1.4. L et {ak }k E ,  be a sequence in C "(X  x  RN ) which is bounded in
Sk°'''"(X) and assume that ak —> a in  C"(X  x  RN ) as k—> + cc. T h e n  a e S '" ( X )
and ak —> a  in Sk'''."(X ) as  k +  co.

Corollary 1.1.5. L e t d  b e  a  subset o f  R k an d  le t  ae n d  , C "(X  x  R N ))
(la (d ; S;;;•"'"(X)). Then a e C (,Q1 ;

F or a eS '''(X ) w e shall a lso  need  to  estim ate

A,B0,B
141 11 X ,e,m = sup sup A-1"1-1flicx!- /!-`7(1+1)121+mexp(—egil/6)

cceZ1 '. xeX'
+mf+BofleV ,  141

x ID1I4a(x,

where X 'Œ  X , A  > 0, B 0  0 , 0, e> 0 , m  O .
The following propositions are easy to prove.

Proposition 1.1.6. L et aeS 4 (X  x  R IL B ;  A ) and let oceZ N
+ ,  f l e Z .  Then

f o r every c > 0, m 0

D P IlaILXV,V3+ A'1"1+1fila!PMa1i all1:°n;B

where A' 2'A.

Proposition 1.1.7. I f  ai e s r , (x  X  R I; o i , Bi ;  A,), i = 1,2, then f o r every ei > 0,
m, 0 , i = 1,2

11 al az 11M ; ),3+. 21 1  a l 11 a 2 1112
e. 213, 0 B 2m2 ,

where A A i + A2, Bo sup(B 0 1 , B 0 2 ) , B  sup(B,, B 2 ), e ci  + £2.

Example 1.1.8. L et X e C(R N ) be such that x(0) = 1 and there exist positive
constants c0 , c i ,  h  such that for every c E R N  and oceZ",..

DOEX (DI c0cod( 1 + lŒlexp( — h V /6 ) . 3 )

If a e S " ( X )  nc-(x x R N ) and p e [0, 1], then by Proposition 1.1.7 with m,
= m 2 =  0  the s e t  d  =  I a p ( x ,  ) =  x(p)a(x , p  [0, 1]} is b o u n d e d  in

Since ap  —> a in  C ( X  x  R N ) as p  0, then by Lemma 1.1.4 ap  a  in
S "(X ) as p —> 0.

Proposition 1.1.9. L et ae s (X X R730 , 0 ) and let

P ( D ) =  E cfim
IPI=0

be an ultradifferential operator on G ( X )  with constant coefficients, i.e. 4 ) le t cf l e C
and assum e that f o r every h > 0  there ex ists H ,> 0  such that

3) For example let x(C)= exp(—(1 + c2)1/2a) ,  E  cN , I 4.1 <  C(I IReC1), c ]0, 1/2].
4) See [12], p. 47.
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Hh hiflifl! - ', BeZv+ .

Then for h < (2 v A ) ',  A' > 0

11 111:ick'°P(D.) a 111,'EB ° '
0 H ,(1  —  2 1 a'vAh) -

We now define spaces of symbols of finite order similar to those defined in [7]
and [10]. They can also be considered as subspaces of the spaces defined above.

Definition 1.1.10. For a >  1, y e [1, a ] ,  A > 0, B ,  0, 0 ,  meR, X an
open subset of R V  w e  d e n o te  b y  S ' ( X  x n o ,B ; A ) th e  Banach space o f  all
complex-valued functions a  defined on  X x R 0 w ith  the  norm

= su sup A - Il l fl!-6(1 + 1 0 - m + l œ l IDV:4a(x, < +  cc.
aeZ + x a 1 C
fleZ v

+

We then define

S N 'N X  = liM  S T 'a ' "  ( X  X  lek, B ; A)
A,B0,B-■ +

and

S"• 4 (X) = lim SNIMX'),
'

where X ' a re  relatively compact open subsets o f  X , a n d  denote by ggN'11 (X),
X) the  subspaces obtained by letting B = 0 in  the  definitions above.

The following simple propositions will be used.

Proposition 1.1.11. L et aeSf,''''"(X), pe[0, 11a[. Then ea e S (X) and the
m ap a —> e is continuous from S (X ) to  Sy '"(X ).

Proposition 1.1.12. L e t  a e (X  x  n o ,a ; A). T h en  f o r ev e ry  13 e Zy+  ,
e'Di,i

ceae x R730 ,B ; If31A) and for every e> 0

11e- a Mea llitEA ,B 0 ,B  < (dA) 1fliv e , ifiloaveo ,a +

where d  is a constant which depends only on y , N, a.

The proof of this proposition is obtained by using Fad di Bruno formula for
the derivatives of the composite functions and the estimate

(1.1.4) <  d
— '0 * .y / 3

?1;,0
Er17=l)

where d' > 0 depends only o n  v.
In  the  same way it can also be proved

Proposition 1.1.11'. L e t  ckeS7,.( '̀(X x R O B ; A )  be  real-v alued  an d  le t
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g E [0, i l l  a l  T h e n  et4x  R i t g ;  A '), A' c(p, v, N) A  an d  th e  m ap 4
e " is continuous from SgV(X ) to  S pL(X).

With the same arguments used for proving Lemma 5.3 of [11] we can obtain

Proposition 1 .1 .1 3 .  Let Q = E ah (x, +  E bi (x, 004, + ao (x,
h = 1 i = 1

b 0(X , ah ,  hi e C "(X  x R I ) ,  h = 0,...,v; i = 0 ,. . . ,N , and assum e that there
exist positive constants co ,  Co such that f o r every a eZ N

+ ,  fleZ'+' ,  (x, )e X  x R 11310

IDV)!ah(x, c0C1g1
+1fi1 0

h = 1,...,v,

ID P 1x3hi(x, -1 a 1 + '!otiPlfi r = 1 ,..., N,

1Dpila 0 (x, c0Cii1+11" + + l ) ! ,

IDWho(x, c0Clô
1+1#1

+ 1 ( 1  +10 -
1a1(1061+ 1)!P lflr .

L et a e  C (X  x R I)  and assum e that there ex ist constants A  kCo , k >  1 ,  B  0,
m  0 ,  p 0, g 0, p E [1, a ]  such that f o r every e 0

sup sup + p)! ( f i  + g)! - ' exp(— eV i c )
aeZz_̀,' xeX
fleZ! 10' + Bo

x  1DcW a(x, = ca (e, A, B, m, p, g) < +  (X).

Then

sup sup (2crA )_lal —11/1 - m ( 1 +  10 1 a l+ NIOEI 1°) "
cleV1 xeX
flaZ 141>B(Ial+m+i)+Bo

x (fi l + q)!aexp(— elV i ')IDPN i ci(x, 01
. ca (e, A , B, m, p, g)(co ck(k — 1) -  1 )i jr2c (P+ q) ,

where c = y + N + 2  and j r  is replaced by j!P when ah (x, 0 , h = 1, ..., v.

Remark 1.1.13'. Proposition 1.1. 13 with c , replaced by c0 (1  + 1 ) - 1  a lso
holds and will be used in  the  sequel.

Lemma 1 .1 .1 4 . Let Y  be an open subset of  'Zvi and let Ø  = 0") be a  C '
m ap from  Yx R D  t o  X  x n o , D, > 0, Bo >  O. A ssume that there exist positive
constants c„, Co , it E [1, a],  R >  Bo D0

-  su c h  th at

0  I 0" (.Y 11)e x  RZ,);
ii) for ev ery  y e ZN

+ ' , 6 E Zv,! , (y, n)eYx Do

11 ) ;,14(tvii(Y, (111 c0(C0 1(1 + 1111))1YI CIô1y!P 6!' , h = 1, ..., v,

IN' 140;4.Y, (1)1 c0 111(C0l( 1 + 1))11,10851),!1,6r), i  _
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Suppose that a e C")(X x R 5,1
0 )  and that there ex ist A  > 0, B  0, p, g, 0  such

that f o r every E 0, ca (e, A, B, m, p, g) <  +  co 5 ) . Then f o r every y E 6 E 4 ,
(Y, ri)eY x R ,  )11> R B(171 +1(51 + m)6 + Do , e >0 ,

ID,;M(a°44(Y, (1)I ca (6, A , B, m, p, g)26 ( P + 6 ) exp(e(c01111 )1 /a)A ' I ' l

x (A ' A l + 1111))1Y1 + m  P V V 5 r(5 !6

w here A' 2̀ 70 211k(k — 1) - 1 - (v + 1 + N)(N , = suP(coCo, 1), A  sup
(A, k26 Co ), = sup(1, R - 1 ), k >  1, and y!cr is replaced by  y!" when (P' does not
depend on

The proof of this lemma can be obtained as an application of Proposition
1.1.13 and Remark 1.1.13', by letting Q be equal to

y

x i= 1  ay 0;,a.„ + cb;' a + = i,...,V 1

h= 1 t=1

or

H  =  E an 0„ a„„
h 1

+  E  a, o i"  04, ±  0
'

e = 1,..., N
= 6 i = 1 e

and noting that

avg a„,'(a° q5) (Y, 11) = FrNN I X 6 ' ... X 6 ' a(x, ))1, 6)
x = 0 0 , ,e1) '4=

Corollary 1.1.15. L e t  t h e  hypotheses i )  an d  ii) o f  L em m a 1.1 .14  be
satisfied. Furtherm ore assume that

iii) a e '641 (X  x  R1;310 ,0 ; A);

Or

iii') aeS 6 •"(X x  R6,1
0 ,B ; A ), B > 0  and (P" does not depend on y,

then a. ,Pe x RN ' • Ar  and Ma. 011 A ''D
D0,12 —  1B,

113 <
Y =

where A ' is as in  L em m a 1.1.14.

The following definitions of formal series of symbols and  of equivalence of
formal series of symbols, given in  [24] w hen t =  1 , are  needed.

Definition 1.1.16. A  series E ai (x, ai ES 6 'm(X x lek, B ; A ), is called a
o

formal series of symbols in S '4 (X  x 4 0 ,8 ; A ) if for every e > 0

5) Notation as in Proposition 1.1.13.
6) See the proof of Lemma 5 .4  of [11].

ao0eSg° '''')(Y  x R ' 12- , B ; A ') if 0' does not depend o n  ry.
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(1.1.5) sup sup sup
JEz,_ a e e xeX'

fleZ!;_ 11 +ir +Bo

-1 0d- (i! [3!)- a (1 ± I D

x exp(— 111 )̀11YVX,a1(x, 0 1 < + o o

The Fréchet space of all formal series of symbols in sgo , ' , "(x x R O B ; A ) with
th e  righ t hand  sides o f  (1.1.5) a s  seminorms w ill b e  d en o ted  b y  FS,T."1 (X
x R j 130 , B ; A ) .  W e also set

lirn lim  F Y " • 11(X  x  R I , B ; A).
X ' .  X A,B0,B- -I- co

We can identify S`k".(X) with the subspace of all E ai EFS k ''.P.(X )  such that ai

= 0 for every j > O.

Definition 1.1.17. W e shall say that tw o series E  ai , E  bi  in  F,S' 6 '"(X)
j 0 j . .0

are equivalent and w r ite  E ai — E bi  if for every open set X ' c  c  X  there exist
.i .c)j 0

constants A  > 0 ,  Bo 0 ,  B . 0 such that for every c > 0

sup sup sup A -111-1f il-scd 'U ns0-10+101œ H sex p(— EV I
xeX ,seZ  aeZ ,+̀' +>B(Ial s) +Bo

x liym,I E [cii (x, 0 — bi (x, oil < +o0.
i <s

Let now  tgi l i a ,  be a  sequence in C ( R N )  such that

0 g ( ) 1  f o r  E
RN, g i ( ) =- 1 for 1 1 2, gi ( ) = 0 for 1 1 3/

(1.1.6)
I Dag; (01 (cAlœl , I e R N ,

where c  is  a positive constant 8) an d  fo r  any given R  > 0 consider the sequence
Icki l j E z +  i n  C N R N )  defined by

00 g) = 1 —  g0 ( / R ), O(c) = 1 — R ja), j 1 .

W ith the a id  of this sequence we can prove a s  in  [24]

exists R > 0  such  that E = ax , e n " . " ( X )  a n d  ax
, E  x' in

Lemma 1.1.18. L e t  E ai E F S ' ' ( X ) .  Then f o r ev ery  X ' c  c  X  there
i>o

i 0 j 0FSk"'"(X').

From  this lem m a by m eans of a  partition  of unity in  087 ) (X ) related to a
locally finite covering of X  by relatively compact open subsets we obtain

Corollary 1.1.19. For e v e ry  E ai e Fn 'f f '" (X )  there exists a e S '''" ( X )  such

8 ) F o r th e  existence of a sequence w ith these properties see [16] [22].
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that a —  E ai  in  F,g ,'" (X ) .

W e also note

Proposition 1 .1 .2 0 . [ 2 4 ] .  Let a '- in FSk°' (X ) .  Then for every open set
X ' Œ OE X  there exist constants A  > 0, Bo 0 ,  h > 0 such that

sup  sup  A- I f i l p! - a expthkfl i / la la tx , <  +  co.
fleZ x e r

I > Bo

From Corollary 1.1.15 it also follows

Theorem 1.1.21. Let aiEFS ""(X ) and let gh = (0', 0") be as in Lemma
;>(:)

1.1.14. A ssume that one of  the following conditions is satisfied

i) aie F g k "" (X )= lim lim x n 0 ,0 ; A);
pc=x A,B 0 -+.0

ii) 0" does not depend on y.

T h e n  E (a.,00 eF S ''(Y ) 9 ) .
; (:)

1.2. Oscillatory integrals. Let X  be  an open set of  R V  a n d  le t  O eC N X
x R N ) n EV , i2(x )  be real-valued a n d  such  tha t fo r every X '  c  X  there exist
constants Bo 0 ,  M o  >  0  such that

(1.2.1) 0(x, )=  V ..01 2 + [74012)-1 5 Iv1011 - 2 ,

If an 1, 1 (X ' x  RN )  for every X ' OE c  X , the integral

(1.2.2) fo(au)=- et4 x•4) a(x , )u(x )dx  d , d  = (2 7 r) - N g

is well defined for every u e G r( X ) .  In  order to define 10 (au) a s  a  continuous
extension of this integral for every an CNX  x R N ) n .° (X), we consider for any
given R  > 0  the sequence {tki }i a ,  i n  C ( R N )  defined by

(1.2.3) i/J0 ( )  =  g i ( / R), g i+1 (0 R (j + t ) )) _  gi (O R ja)), j 1, to)

where Igi b E z ,  is  a  sequence in C ( R 5 )  with the  properties (1.1.6).
N ote that {tif f }  is  a partition of unity in C O (RN) and that

suppOo 5 3RI, suppo i  12Ri6 5 I 3R (j + 1)0 1, j  1,

(1.2.4) ID (01 2 (c l(R r-  )1)IŒ1, l o t l <  j 5

9) E (a.,0 )eFsz-9(y) if  cY does not depend on

10) See [24].

( X ,  )E X . ' X  R730 .
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Note also that if we let

ah = h= 1 ,...,v , bi  = i11 2004, 0 , j = 1 ,...,N ,

(1.2.5) cto = Ox h ah , bo =  E b •
h=1 j=1

then the transpose 'I, of the operator

(1.2.6) L —  E ah ax „ + E b 0 a o  +
h= j= 1

leaves e 0 unchanged. Thus if u e G r(X )  and a e C N X  x  RN ) n Y, 7, 4(x) we have

/ 0(1/Ji au) = e""' 4)J A ) a ( x ,  ) u ( x ) ) d x g ,  j 1,...

and

(1.2.7) I o (au) = I o (tli j au),
j> 0

when aeL i (X ' x  RN) , for every X ' c  OE X.
W ith the  a id  of Lemma 1.1.14 it can be easily proved

Proposition 1.2.1. For every X ' c  c  X  there is a  constant A o > 0  such that
f o r every a EZ N

+ , 13EZv.,, (x , )e  X ' x  /e13 0

DW ,c ah (x, c0CV1+101(1 + 1 0 - 1 ' 1 - l c& fir , h = 1,...,v ,

ID Pb;(x , 01 coClt +101(1 +.
11) -1œl a!'13 !', j = 1 ,...,N ,

lA iw here a h a n d  b def ined in ( 1 .2 .5 ) ,  co = d 1 A 0
x rB 0 , 0

Co= d 2 A 0 (1
+ A0101A

x ,'"i
B ° '°  Mo), B o  and M o  as in (1.2.1), d i , d2 positive constants independent of

Proposition 1.2.2. L et L  be the operator in (1.2.6) and let Ili»  j 1, be defined
a s  i n  (1.2.3). A ssum e that a e S gy .A (X ' x RL, B ; A n), u e G r • A u (X ') , X '

X . T hen  f o r (x , )e  X ' x  s u p p ,  R  sup(1, B o  +  B), CE ]0, 1 1( 6 R 116)[

LØ,Iiau)(x, 01 Ila X',y1„ (d3c0R-1A T

where d 3 > 0 depends only on v, N, a ,p , A' sup (A a  + A . + c, C o) and c, c o, Co are
as in  (1.2.4) and in Propostion 1.2.1 respectively.

P ro o f .  It i s  e a s i ly  s e e n  t h a t  for (x , x  s u p p ,  10(1 a n d  R
sup(1, (B , + B)/2), E > 0

Dgec011i ( ) a (x, )u(x))1 2e.i II a 11A
x ;': x' ,A.(Aa + A a + + 2 c)1"1+101

x + 1 9 -lœ lex P (6 1 0 ).

T he  desired estimate follows from this estimate and Proposition 1.2.1 by
applying Remark 1.1.13' for m = p = g = 0  and k = 2.
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From  Proposition 1.2.2 it follows easily that if a e  C (X  x  RN ) ns (x),
then for every X ' c  X  there exist R  > 0 such that the series at the right hand
side of (1.2.7) is convergent. M ore precisely we have

Lemma 1.2.3. Let ae M X  x  le ) n s ( x  x ; Aa), X ' OE X  and let
u e  ar" .( X ') .  Choose h >  1 such that R  = 2k e'" d 3 c0 A' sup(1, B B), where
d3 , co , A ' are as in  Proposition 1.2.2. Then for any e e ]0 ,1 /(6 R " ')[

(1.2.8) E 1'4b au)I 5 d4 IX (k c o il')N  Mullx',Au( su p
lr l

p 
3  M

ICI(X1 )1 a

where d4  > 0 depends only on  y, N, a , i t  and is the Lebesgue measure of X '.

For a E C" (X  x RN ) ns, (x) consider now ap (x, =  x(p)a(x, p [ 0 ,  1],
where x  is as in  the  Example 1.1.8. Since the set {ap ; 19 6[0, 1]}  is bounded in
Sk". 4 (X ), fo r  every X ' X  the re  ex ist A0  >  O . B0  0 ,  B  0  su ch  th a t
{ap ;  p  [0, 1] } is bounded in x R O  B AO ) and (1.2.1) holds. Since (1.2.7)
holds for ap , from Lemma 1.2.3 it follows that for every X ' OE OE X  there exist d,
> 0  a n d  R > 0  in d e p e n d e n t  o f  p  a n d  u E G r.'" (X ')  s u c h  th a t  f o r  every
ee]0,1/(6R 1 /6 )[

4,(a p u) — E I 0(1 P j au)1 5 d,MuM x ' (  sup
rx(W3.1?)

(a — a )(x
'+ — a  11

,4 ,„

'
R

'
R

)P P •

Since, as we have remarked in  Example 1.1.8, ap a  in  C ( X  x RN )  and in

S',• (X ) when p  0  + , w e  conc lude  tha t lim  I(au )  =  E /0 0 ; au) when R  in
p - .0 +

(1.2.3) is chosen a s  indicated above. This gives sense to

Definition 1.2.4. Let e  °  (X  x  R N )n g k (x ) be  rea l-va lued  a n d  le t
a e  C (X  x  RN ) ns (x) a n d  u e  G r(X ) . Assume th a t  f o r  every X ' c X
(1.2.1) is satisfied. T hen  define

(1.2.9) I 0 (au):= Os — ei P̀('' 4) a(x , )u(x )dx g = lim  1 0 (ap u) =
 ,j ()

where ap isas in  Example 1.1.8 and the number R in (1.2.3) is chosen as indicated
in  Lemma 1.2.3.

From  the estimate o f Lemma 1.2.3 it also follows

Theorem 1.2.5. Let 0  be  as in Definition 1.2.4. T hen the bilinear m ap

(M X  x  RN ) n n (x)) x Gr(x)D(a, u) I o(au)

d e f in e d  b y  (1.2.9) is separate ly  continuous f o r  th e  topology  o f  (C(X  x  R N )
nn. , "(x)) x 0 0

6 ) (X ), unif orm ly  w ith respect t o  0, o n  th e  bounded subset of
;,'̀ ''"(X )  w here (1.2.1) holds un if orm ly . The sam e m ap is also continuous w ith

respect to  0 f o r the topology  o f M X  x  R N )  on the bounded subset of giV.P(X)
where (1.2.1) holds uniformly.
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Assume now  that in place of (1.2.1) the function satisfies

(1.2.1') rx 0(x, 01 - 2  5 mol 2 , (X, )e X ' x

where M o  a n d  Bo depend o n  X ' .  In  this case by using the  operator

L'(x, O x )  = E aox „ + 4
h=1

where a,Ç= i IV x(1, 1- 2  8 ,4), c l; = E ax h ah' , in place of the operator L in  (1.2.6), we
h= 1

can express 1 0(au) a s  a  repeated integral. First we prove

Proposition 1.2.6. L e t  (PE C'N X  x RN ') n 3 / 1̀ "(X ) be  real-v alued  and let
(1.2.1') be satisf ied . A ssume th a t  a ( ,  ) e G (

0'7 ) (X ') , X ' c  c  X ,  E R73 0 ,  and  that
there exists A a > 0  such that f o r every e > 0

s u p  s u p  A a
- isi fl! - "I M a(x , )1exp(—  El V ia ) =  C a (A a , e )  <  +  ( 1 ) •

fleZ",' X'x n o

Then there exists a positive constant d 6  independent of  0, a, e such that for every e
>0  an d  1 I  > Bo , 1171 > Bo

fei »a(x , )dx

Here A' sup(Aa , Cb) an d  6 , C ; depend on .rP in the sam e w ay  as  co an d  Co  in
Proposition 1.2.1.

P ro o f . N ote that

Jei4 4 x' a ( x ,  ) d x  = e i (E(x, n, ax))- l a(x , )dx , j >  1,

and that the estimates in Proposition 1.2.1 for a, also hold for the coefficients a;„ h
= 1,...,1,,  o f  L ' w ith  constants c ;,  C ; w ith  th e  sam e properties a s  co a n d
Co . Applying Remark 1.1.13' for N  = 0, m  = p = g = 0, k  = 2

Je1 f̀4 xm) a(x , )dx IX  'Ic(A ', e)(c;2(v  + 2)2°A'(1 + It/I) ln i exP(E V 1'),

 

j  = 1,..., where A' sup(A„, Co). Thus the proposition is proved by taking the
1.u.b. with respect to j  of the right hand side of the last estimate.

From  Proposition 1.2.6 it follows

Lemma 1.2.7. L et çbe C ( X  x le) n be real-valued and let a e Cm (X
x )  n ;  A a )  and LI E G r ' A "(X '), X ' c  c  X .  A ssume that (1.2.1')
holds. T h e n  th e re  e x is ts  d 7 > 0 , in d e p e n d e n t o f  0 , a  such  that f o r ev ery
ee]O, e0C, 8 0 = 2 - 1 4 (c o' A)-1/6

I X  I ca (A ', e x p  ( E I I — d6 ( A V ' a ) •
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(1.2.10) g  f  e tØ (x '4 ) a(x , 0u(x)dx d , Li x',A,,(11 a 111;','E 0,B (c A )N

   

+B sup I a (x , I),
x, x(141 B0)

where d6 ,  co'  are  as indicated in Proposition 1.2. 6 and A ' sup(A a  + A„,

If ae  C '(X  x sk°, ...(x) and for every X ' c  c  X  (1.2.1') is satisfied, we
can apply Lemma 1.2.7 to a,, — a, where ap  is  as in  Example 1.1.8 and conclude
that for every u eG r(X )

(1.2.11) o(au) = lirn l o (a,u)= g  e l çb(x4 ) a(x , )u(x )dx .

Finally fo r  a  real-valued O eC "(X  x  RN )ngl,,, - , 0 (x )  let

X 0 =  Ix e X ; 3 M (x) > 0 , B o (x) 0; I V401 - 2  M O , > BO} ,

and

L " =  E  (x, + K (x , xe X  0 , E  n ow ,

where b7 = ilV  4 0 1  2b o "  =  E
J =.1

If we define

l fo(a(x, •)) = e ` 44x •°a(x , 0g , x  e X 4,

f o r  a(x, •)e (RN ), w e  c a n  p r o v e  a n  e s tim a te  an a lo g o u s to  (1 .2 .8 .)  for
E 110 (tIfi a(x, • ))1, w hen  ae C N X  x  RN ) n sg°, , "(x' x x e X ' c  c  X .  b y

iao
using similar argum ents as in  the  proof o f  Lemma 1.2.3 a n d  replacing L  by
L " .  A s a  consequence we can define

(1.2.12) 10(a(x, •)):= O s -  e 1 '4) a( x ,  ) g  =  u rn  I qs(a p (X , • ))

=  E  / # (0.,a(x, .)), x e X 0 ,
i>o

when a e C ' (X  x  RN ) n s .(x).
Moreover fo r xeX ' X

l I o (a(x, • )1 d:t (kco A')N( sup a(x, +  ax'xfic 5 3R)

where (14'  is independent o f  0 , a, X ' and  A ', R  a re  a s  in  Lemma 1.2.3 for A„
=  0 .  Thus a  result similar to Theorem 2.5 holds for l o (a(x, -)), X E X ,b, and from
Definition 1.2.4 it follows that
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(1.2.13) 10(au) = f i(a(x, • ))u(x)dx, u e G (g ) (X 0).

• 2. Fourier integral operators of infinite order on Gevrey spaces

Definition 2 . 1 .  Let Q  be an open set of R" and let a >  1  and ,u e [1, a ] .  A
function a defined on Q x Q x  R" will be called an amplitude of infinite order of
type (a, p ) on  Q  if

(i) ae.410,(R"; G ( ' ) (g2 x g2 )),

(ii) a e C '(Q  x  Q  x  R")nS 0 •".(S2 x Q).

The set of all amplitudes of infinite order of type (a, p) on Q  will be denoted
by ac°4 "41 (Q  x  Q ) .  The subset of a ''" (S 2  x Q ) defined by i) , i i)  when S NQ
x Q) is replaced by g;,'''''P(Q x Q) or by S U ' 11 (S2 x Q) will be denoted by
x Q ) and ag°'"'".(Q  x Q ) respectively 1 ".

Similarly we shall denote by am•'•"(S2 x Q), e r ''(S 2  x Q), a • (S 2  x Q), me R,
the sets of all amplitudes of order m and type (a, ,u) on Q  defined by i) , ii) when
S,T•a•"(g2 x  Q ) is replaced by S (0  x  0 ) ,  S-7.`7•"(Q x Q ), S • '•# (0  x  0 ) respec-
tively 1 2 ) .

Definition 2 . 2 .  A 'real-valued function e il 1 •a•"(0 x Q) such that for every Q'
Q  there exist B  0  and M , > 0  su c h  th a t for (x, y ,  )e,S-2' x Q ' x

(I V .40 12  + 4(P12)-1 M gg1 - 2 , ( r
7

y 912 + 1174(P12)-' M,,g1 - 2

will be called a phase function on  Q.

If ço is  a phase function on Q  and  aea"•'•"(Q  x Q ), we define the Fourier
integral operator A  on G r(Q ) as an oscillatory integral in the sense of Definition
1.2.4.:

(2. 1) (Au)(x) = Os- I I eto (x'Y'4) a(x, y ,  )u (y )d yg , xeQ , ue 0 06 ) (Q)•

Proposition 2 . 3 .  Let cp, a, u as in  (2.1) and let 1 3 eZ ",. Denote

Then
afi (x, y ,  ) = e - "P(x•Y ) .1X (e i P̀(x•Y•4 ) a(x, y,

(2.2) D (A u )(x )=  Os- f e l P̀( x4 •4 ) ap (x, y ,  )u (y)dyn, x e Q,

and for every Q' OE Q  there exists C > 0  such that

sup IDI1(Au)(4 Clfl 1+ 1 fi r .
XE

" See Definition 1.1.3.
2 ) S ee  D efin ition  1. 1. 10.
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P ro o f . First note tha t by  Proposition 1.1.12, ap ealfil.'"(S2 x Q ) and hence
af l e a " .•"(S2 x  Q ) .  Suppose th a t  ue Gr(Q"), Q" 0 ,  a n d  th a t  (peS4' 1 (52'
x Q" x R o ; A9 ), aeSg°'"(.0 ' x  0 "  X R730 , 13; Aa). T hen  by  Propositions 1.1.6,
1.1.7 and 1.1.12

< ao..(30,7a A ',11 '0 ,Bsup =11 fill.axfr,e=< (dC)Ifll f ir 17 x ,e
xeff

-a 1Afwhere d 1 depends only on  n and a, E'  =  m in(, 1)/2, c = sup(A 9 e' (149 g
9 1

+ 1), Aa , 1), A' IfilAq, + A a , .13,; sup(B o , Bo ). Thus by Lem m a 1.2.3 the series

1  M I, ( x ,.,. ) (tIf i a(x, • ,.)u) is uniformly convergent on 52' to  the right hand side of
.i ._1:i

(2.2) and the proposition is proved in view of Lemma 1.2.3 and of the assumption
i) in  Definition 2.1.

The same result of Proposition 2.3 holds for the transpose 'A of A  defined by

(A v )(x )=  Os f- ei a(y, x, )v(y)dyck, xe 52, veGr(Q).f

This leads to

Theorem 2.4. L et cp be a phase function on Q and let a e x  Q ) .  Then
(2.1) defines a  continuous linear map from G r (0 ) to  G( 6 ) (0 ),  which ex tends to a
continuous linear map from G( ' ) '(Q) to Gr' (0 ) with kernel K A e Gr(52 x Q) defined
by

K A (w )= Os 1- f e i 9 ( ''''' ) a(x, y, )w(x, y)dxdydt, weGr(0 x 0).

With the same arguments used for proving Proposition 2.3 it can be proved
that

/ 9 ( x ,y ,. ) (a(x, y, •)) = O s f- eh P( ''''' ) a(x, y ,  )g e G ( " ) (R,„uCP n .  ,(supp  a)),

where

Rv = {(x, y)e Q x Q; 214 0, M, > CI; 1[7 491 2 M v , >  B4,},

P (supp a)) denotes the projection of supp a  on  Q  x  Q, and  the  oscillatory
integral is defined according to (1.2.12).

Thus from (1.2.13) it follows that K  A eG ( ' ) (RoUCP ,„,(supp a)) and we have

Theorem 2.5. L et cp be a phase function on Q and let a e x  Q ).  Then
KAeG ( a ) (1R,p u e P , x n(supp a)) and for u e 0 ° (2 )

cr-sing supp A u  (CR,n P , x ,(supp a)).(a-sing supp u)

= {x e Q; R y e cr-sing suppu, (x, y)eCR,n P n „,(supp a)l.
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Definition 2.6. A continuous linear map from OP (Q ) to G ( Q )  is said a  a-
regularizing operator in Q if it extends to a continuous linear map from G( ' ) '(Q ) to
G(a) (Q), i.e . by [13] if and only if K A  e G( a) (S2 x Q).

Theorem 2.7. L et 9 e 1,°0 ,(1?" ; G ( 6 ) (f2 x Q)) be a real-valued function such that
f or every pair of  relatively compact open subset Q ', Q " of  Q  there exist A,p  >  0, B
> 0 such that

(2.2) 1 D',6x  DY
y  9 (X , y , a  - -  Al: ± fli + 1 (fi !TT (1 + 1 ) , (X, Y, ) e f2' X Q" X R .

Then a continuous linear map A  from G r(Q ) to G( ' ) (Q) is a-regularizing in Q if  and
only  if  it can be represented in the f orm  (2.1) where i) a E L i

to ,(R"; G( a ) (g2 X Q)); ii)
f o r every  0 ',  Q "  c  c  Q  there ex ist Aa > 0, B a 0 ,  h > 0  such that f o r every
#,yeZn,

(2.3) laIDYy a(x, y ,  )1 - _ A ir " (f f ly ! ) 'e x p ( —  h11 1 1 `7), (x, y ,  ) e Q' x Q" x RnB „ .

P ro o f . If A  is a  a-regularizing operator on Q, then A  can be represented in
the form (2.1) with

a(x, y ,  ) — exP(— i49 (x, .1', ) ) 1(A(x, y)r0 exp(—(1 +11 2 )' 12 ),

where K A  is  the kernel of A  and IV  = f exp(—(1 +11 2 ) 1 1 2 )g .

From  (2.2) by using Fad. di Bruno formula and (1.1.4) it follows that

(2.4) IMIYy exp( —  hp (x, .Y, ))1 5. -1 4 1 1 3  4 . 7 1 +  1 (MT 06  eXP(11 / 2),

(x, y ,  )E5-2' x Q" x R k ,  w h e re  71 is a  c o n s ta n t  w h ic h  d e p e n d s  o n ly  on
A,p , a , n. Since K A  E G( 6 ) (C2 x 52), (2.4) gives a  bound of the form (2.3) for a.

Conversely, suppose tha t A  can be represented in  the  form (2.1) and tha t a
satisfies the conditions i) and ii) above.

From  (2.2) and (2.3) it follows:

(2.5) 1 0 A (e i a(x, y, 0)1 A aAX! Y!Y r+ +71 exp( — —2
h 1 P r ) ,

(x, y ,  )e 52' x Q" x RI, where B = max(Ba , B,,,, 1) and c is a constant that depends
only on  a , h, n. Hence ei P̀ a e L l  (R", G ( ' ) (S2 x Q)) and

K A (x, y) =  
J' 

e' y ,  )g e G ( a) (52' x Q")

i.e. A  is  a  a-regularizing operator.

From this theorem and Proposition 1.1.20 it follows in  particular

Corollary 2.8. L et (,9 satisfy  the conditions of Theorem 2.7 and let a — 0 in
FS„'''''''(,Q x  Q ).  Then the operator (2.1) is a-regulariz ing in Q.
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W e restrict now ourselves to consider operators (2.1) with phase functions
(p(x, y ,  ) = 0(x, — <y, 0  and amplitudes a independent of y. The sets of these
amplitudes w ill be denoted by a '' '" (Q ) ,  etc. instead of a '''"(S 2  x  0 ) , am'c(S2
x 0), respectively. We shall also assume that Oe n f ) (0), where, following [14]
we define M oa»(.‘2) by

Definition 2 .9 . M oc̀g1 ) (S-2), will denote the  se t o f all real-valued functions 40
defined on Q x RP' such that oca l , a,

P(SQ) and for every 52' 0 ,  e,(1 -(Q')) i.e.
there exist r(f2')E[0, 1[ and B ,>  0 such

(2.6) E sup I DV)11[0(x, — <X , >]1( 1 + 1 )1"1 - 1 T ( 5 2 ) .
ia+RI:5 2 xe.(2,

I I Bo

A s it is show n in  [14] all functions p  = 4)(x, <y, çben T ) (Q ) ,  are
phase functions on 0  according to Definition 2.2. Moreover if a e a '"(0 ), then
by (1.2.11) the operator A  defined by (2.1) can be written as:

(2.7) (A u )(x ) =  e 1Ø(x'4 ) a(x, u E 00
6 ) (0).

N ote that (2.7) is defined for every 14E99 '  such that fo r a  positive constant h

sup1/70exP (h IV ia )1 ‹  +  co,

and tha t Au e G( 6 ) (0 )  also in  this case.
The following result on composition of operators of type (2.7) will be used

later.

Theorem 2 .1 0 .  L et P ,  and P 2  be defined on G ( Q )  by

(P iti)(x )=  r  e 1 < x '4 >  Pi(x, )/ -1 (Ock,
../

(P 2 u)(x) = f e l p2(x, )1:1- 10d", x E S2,

w h e re  e g t " ) (Q), p 1 Edoe'6 ' 1 (Q ), p2 E a".''"(52), and let Q' Q  and he G r(Q "),
0 "  a  convex subset of  S2, h 1 on open neighborhood of  Q'.

Then there ex ists P  defined on G r (0 )  by

(P  u )(x )=  f e "' (x4 ) p (x , ) '11 ()g

and a a-regulariz ing operator on Q', R d, such that

(P i hP 2 u)(x )=  (P  u )(x ) +  (R d u)(x), x EQ' , ue (0 ) ,

where p E acc'''''1( 2) and
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p(x, E  qi (x, in FS ,T '' 4 (S2),
j 0

qi (x, =  E ip((ap i)(x , px Ø(x, y, ))/i2(y, ))13/=x,
= i

Px 0(x, y, = f vx(1)(y + e(x —  y ) ,  )de.
o

P ro o f . I n  v iew  o f  (2.6) w e  c a n  e s t im a te  t h e  derivatives o f  ap i (x,
p , 0(x , y , )) using Lemma 1.1.14. Hence, with the a id  of Propositions 1.1.6 and

1.1.7 w e prove easily  that E

If  ue  G r(Q ), in  view of Proposition 1.2.6, w ith a  change  in  the  order of
integrations we have

(P 1 hP 2 u ) ( x ) =  e
1
" 4 ) q(x , )17i()g, x eS 2',

where

q(x, =  f g '  e l P̀(x'x'4 '4 ') p i (x , ')h(x ')P2(x ',

9(x, x ', = <x — x', — (0(x, — Sb(x',

Let z i„, N E Z +, be a  Cc° function on R  such that xN (q) = 1 for 1/2, xN(q)= 0
for 2/3, iaa + P ZNI ± 1 f irN i a l for lai N, f3 eZ, where the constant ao
depends only o n  n. Define

x( ' ;  ) = xi(1+Imi/9 W/(( 1 — '0( 1 ±  IOW
where for r  R + , [r] denotes the integral part of r and r = rn ,, is the constant in
Definition 2.9 corresponding to Q".

Then we have:

(2.8) 14-"xff; 01 a0(a0/( 1T ) ) I a + f l i f i r I l  + 1 0 -
(1 -1 /0 )1 a1 -1P 1

for ' ER , [(1 +1 ) 1 ] , flezn+ .

Set now

(2.9) q ( x , ) = ro (x , )+  4(x,

(2.10) ro ( x ,  ) =  f ei(P( ' ' ' . 4 1 p i (x , ')h(x ')P2(x ', ) x ( ' ; ) d x ' d ',

4(x, = f f  e 1P( x 'x'4 4 p 1 (x , ')h(x ')P2(x ', )( .1 — ;

Since 0(x, x ', = <x — x', —  V x 0(x , x ', the change of variables z  = x'
— x, =  —  p x 0(x, x', gives
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(2.11) -4(x, = ri(x, + 41(x,

where

(2.12) (x, =  f dCfe - i ' ' ‘ '  (1 — x( ;  ))( 1 — x(C + fx0(x, x  + z , ); ))

x  Pi(x , + x 45(x , x  + z , ))h(x  + z)P2(x + z, )dz,

41(x, )=  f (IC f e - i < z 'c >  7.g; 0(1 — X(C + Px 0(x, x + z, );

x Pi(x, + 17,4)(x,  x  + z, ))h(x + z)P2(x + z, )dz.

If we let :

cl(x, 11) = X(/1 — ; 01 1X ( / 1  — + Px0(x, Y, ); 0)
x (x, —  + f 7-  x0 x , Y , )) 11 (Y)P2(Y,

then we have

41(x, =  f  f a(x, x + z, + )dz.

Now the Taylor expansion of a(x, x + z, + CI in the last argument about the
point and integration by parts give

(2 .13 ) -41(x, E  !  
1 in a(x, y,

where

+ 1  E OE,--i f
1.1=.;

1 — 11-„,,(x, )d(9, je Z +  ,

(2.14) rŒ,e(x, = e- l < z'c> (1; a)(x, x + z, + dz4.

From  (2.6) it follows that

PxØ(x, Y, 2(1 — r)(1 + 10/ 3 ,

2
for (x, y ,  )e a i?x Q" x ",11 > B  = max (13

+ t )
0 ,' 1 —  2

constants in Definition 2.9 corresponding to Q".
Hence

where /30  a n d  r  are the

Z01 —  + fx0x, Y, 0; = 0 for 117 — small enough and  11 > B

and

A/1 — ; = 1 for 1/1 — < (1 — '0/2.
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Thus

(2.15) E  c d ' Day  iY4a(x, y, ri)ly = x  = qh (x, (x, E x R ,
1'2 1 = h n=4

and (2.13), (2.15) give

(2.16) 41(x, —  E ohoqh(x ,
h• 0

= E tii ., ( 0 ( ;+  1) E ! - 1  f(1 —  0)4 0 (x , )d0
0 = i+ 1 0

= r 2 (x, (x , )e x

where the functions 0;  a re  as in  Lemma 1.1.18 and the tfri  a re  defined by (1.2.3).
In  view of (2.9), (2.11), (2.16) we conclude that

2
q(x, =  E O h ()q h (x , +  E ri (x, (x, x

0 j = 0

w here by L em m a 1.1.18 p d(x, =  E  Oh (0q h ( x , ) e  S '''" (S 2 ') .  It rem ains to
11 0

prove that the operators R i , j = 0,1,2, defined by:

(R i u)(x ) = f  e < x >  r i (x , )11"()g, u E (S2'),

are o - -regularizing o n  Q'.
Let

Po(x; = e i ( `" 4 ) - ` x '4 > ) ro(x,

= i f  ei ( x•x'4 4 ') p 1 (x , ')h(x ')P2(x ', ; ) d x ' g ',

where (p-  (x, x',=  < x  —  x',—  <x, + d)(x',

If  OeS1“744 (Q" x R10,0 ; A '), then:

2  m a x ( 2  s u p  I x '
1, „A IA ,B 0 ,0 )

I WI S2", 1
x' £•5

uniformly for (x, x  { 'e R I ; 2(1 — '0(1 +11/3}. Moreover, in  view
o f  (2.6), I f/x4-P(x; ')1 > ( 1 — T)I W 6  f o r  (x, x', )E52' x Q" x 2(1
— '0(1 +11)/3. Hence, from Proposition 1.2.6, we have for every e >  0:

(2.17) Je
, 4,4') h(x )p 2 (x' , Odx' Q" 11 P2 11A

„

  

x — 1/'' 11/6),
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xe,(2',1 >  =  max(B, 2(1 + r)(1 +10/3, where

A sup(Arp'2 + A h ,  Co), i  =  d i 2max(2 sup 1 x'1,I Ol Ajf:,B
1
° '° ),

d2 A;(1 + A ;  max(2 sup1x' 1 , 101):2 ;,B1° '° ) 3 a/( 1 — '0 2 ) ,

where d i , d2 , d , are constants independent of 0 (see Propositions 1.2.6 and 1.2.1).
Since suppX( • ; X I; 2(1 — '0(1 +10/31, from (2.17) it follows

for every e > 0:

(2.18) 011o(x, AlesI + 1 fir exp((a — d)I 1 1 ), (x, e x RnBI,

where B 1 = max(3/2(1 — r), B,S. p „ 13,; B),

A , = max
no2eaw( II P2 II a ,

, 2,,Bu,p2 ;B .  2 111 1,0, ,Ahda,,A O Y I

, laA6).(cPRX  max( P "II a ), (12/d6 )a4A  + max(A" 
i ,

 A ' ) )0,p P I

d = d 6 12(è ,$ A) 11 `7 ,  where

IF I I f7xC R k , p ,
Pi

 A b ,p , = sup sup
pez7 A'10131„Ma

-

 
01 

con denotes the measure of the n-dimensional unitary sphere and 4  is a constant
that depends only o n  a and n.

By a suitable choice of e in (2.18) we obtain a bound for alFo (x, of the form
(2.3). Since (2.2) is satisfied by go(x, y, = 0(x, — <y, 0 ,  Theorem 2.7 implies
that R o  is a  a-regularizing operator.

Consider now r i (x, We can write

r1 (x, = Os- f (1 — zG; fldC f buo(x,

where

b(3)(x, =  at((l — x (c +  17 (x, x  + z , ); ))13 1 (x, + 0(x, x + z,
x h(x + z)P2(x + z, ))•

Using Proposition 1.1.14 we get

IP A ( )  — X(C + Px 0(x, x + z, ); 0)1 5 a0 A' 1fl 1 1(fi + 7)r,

f o r  (x, x (Q" — (2') x R", x Rn, where

(2.19) A ' =- 2'(2n + 1)n 2 'sup(a 0 , 2' flo)suP(110 12°,';!3,°•° ( 1 — , 1).
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Thus, in  view of inequality

+ Px0(x, x + (1 — T)( 1 ± ) / 2  o n  supp b( f l ) ,

IP A + P4 (x, x + z, ))1 IIPi ii, Pi 0 A" 1' 1(/3 y)!"

x exp(E(c0 (1 + ICI)) 11,

f o r  e >0 , (x, z, Q' x (Q" — Q') x R 0  x  R ,  where

Bo = max((1 — t)13 ,/ 2, B), co = 1  + II I I  A o '
Bo) 

2 A 0 ,

A" = (1 + 2 A  + 2 '1 011A
,21.0,o)(A,P, + 2 2,7+1 A ç o

x (1 — r) 2 3 °H - 2 n2 °(2n + 1).

Hence, for every e > 0, (x, z, ef2' x (Q" — Q') x Rik x R ,

B2 =  max(B, (1 — r)14, p1 /2, /=-3 2)

A'p ,B6 p ,13,5' pto(X, Z, C)1 —_< ao IIP1 ' ' ' IhIf2„ ,An P 2  A42 2,t 2

xexp(e(e0(11 + IÇ)) 11a )exP( 8 1V 11)(A  +  A" + A h + A ; 2)1fl " 1(13 +  y)! 7 .
This inequality allows u s  to  use Proposition 1.2.6, thus obtaining

(2.20) e  i < z 4 >  b( f l ) (x, z, 4)dz1 IQ" — Q' I  (e)exp(2E(c0) 1 / 6 )

exp((8da — (1)1C111 ,

for (x, ( )E Q ' x  RnB , x  Rq, e > 0, where

11P 211 2
86',,,,,Y2' A*1/31 /Jr ,e(e) = a o lk  ,Ahdli 111 f y

A* = 2"(A' + A" +  Ah d' = d,(eA) 116 , A  sup(A*, C),

e, C positive constants independent of p i , p2 , 0, h, E. Since I W i c  > IC1 11 7 2  + ((1
— r)11/2) 1 /2 on supp (1 — x(•; 0), for (x, )e52' x R"B 0 a n d  Esupp(1 — Z('; e))

d' 7 1 — T V / 6

we get from (2.20) and e —
8 2 c 0 )

fe- i `z 4 >  b( p ) (x, z, , Odz IQ " W a01111‘2",Ah P frA'1,e1'13°.P1'° 11 P2 11 
,Aj!

 

x  A*1131 f ir e x p (  d  ( 1 10 1 / 6  C !'1 V / ') .4 2 4
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Hence

C*A*1flifirexp d' 1 1 1 l i a

4 2
(x, e x

where

C* = IQ " - iiP211121!'27'PrB1;2

x ci0 (1 + ao ) fexp (-  d'K111'14)4

and as in the case of r0 , this proves that R 1 i s  a  a-regularizing operator on  t2'.
It rem ains to  prove that th is is a lso  the case for R 2 . T o th is end let us

estimate OVYy aa(x, y, ti) for 1a1 = 1 ' (x, y, )e Q' x R" x supptfri  x R .  C h o o se
R > max(B2 /2, 2ff - 1 ) in  the  definition of o i  and  no te  th a t on  supp a

1
(2.21) -

2

(1  - '0 (l + 1 ); — + P.0(x , y , 01 —(1 — r)(1 + 1 )
3 2

and that

(2.22) EsupPiPi , 10(1 =1  +1 Ic z i

By using Proposition 1.1.14, from (2.8), (2.21), (2.22) it follows that for 1(x1 = j  + 1,
(x, y, n)e(S2' x R" x suppfi x  R'')n supp a

10110;0`;,(1 - X111 - +  Px(x , Y, ); a0(a0/(1 - T))1a1(1 +i ( / )IhI A IP
 

Y1

x 7 ) ! ` `

where A ' is defined by (2.21), and

laVY,,a;pi(x, —  +[7 x 0x, y, 0)1 II Pi 11,":1 '̀B b 'P' A — Ifi+Y+Œlcdflryr

X (1 +10 - I ' l exP(c(4 c010 1 ),

where A"  =  2' 2 (2n + 1) (4n2)'  (1 - r)' 0A, î =  supp(co Co , 1),

A = 26+1C0); co = 2(1 + 11011',1;:, 11°' 110), co = 2c A # .

Hence from Proposition 1.1.7

1 alla;aa,;c1(x, y, 11)1 'cz ,A * * 1 1 + f l+ V + 11r( 11 0 ) - (1 -
11°)Iœl exP(Ed"I V I a ),

(x, y ,  ,ri)e(S2' x R" x suppi4i x  R " ) n s u p p a , 1 / 1 + 1 ,
where:
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2 H ,I36' B"a0  P i a" ,Ah l1P211 2 . P 2 '  P 2,E

A ** = m ax(A ' + A" +  A h + A"2 , 3( 
 2 a 0

  +  A " ) ) ,  d* = (4c 0 ) 1 Ia + 1.P 1 —

Thus

18'181' ( DV;  a )(x, x +z , +  0 0/1 è. 1211 /1111 A* * 1 2 " (fi +  Y + c()

x (1 +11) - ( 1 - 1 / " œl exP(Ed"IV /'),
(x, z, C)e(Q' x  Rh x suppt/i i  x  Rh) n suppa, = j +  1.

From  this estimate, b y  Proposition 1.2.6 it follows

(2.23) x + z, , +19C)dz 5-10"—Q'I"C", 2n (2nA* 4 )2 1 2 1 +

   

x (13 + # 6 (1 +11) - ( 1 1 exP(Ed"11"' —

for (x, 4 ) e x suppt/J ;  x  R , x  = J + 1, w here  A  sup (A ** , e) and
are positive constants independent of p i , p 2 , 0 , h, e.

In  view of (2.14), s in c e  esupptfri , lod =1 + 1 imply a r - 1 (1 + 11) - ( 1 - 1 / 6 ) 1 a l

<  ( 2 0 1 - 1 ( 2 R )
- ( 1 - 1 /a) ( j +

(2 .2 3 )  g iv e s

)1 — Q'Iel ''e (2nA**) 21 Œ1 + Ifll fl r (2R)- ( 1  -  1 / 0 ) ( j + 1 ) ( x t

x exp(2ed"(3R) T  +  1)—  ed"11 11 h),

(x, ) e 52' x suppOplal = j  + 1, 7j e = 'e ,(2eyr - 1 2" f exp( — O r I  la  1 C111 4 .

W i t h  the aid of this e s t i m a t e  w i t h  e = 1/R a n d  R  such t h a t
exp(6d")40(A**) 2 (2R) ' ) < 1, we obtain that

1 (1 —
=

O r 1

0 f i r  p ( x  ) c / 0IDI,j,r2(x, 01 E  +  O A )  E   X  2 ,
i>= 0 + 1 0

< M oM firexp( —  —dR" 11 1/(1)

4n3 ( A * * ) 2 e 6 d "  j

f o r  ( x ,  ) e Q' x  R732 , w h e re  M o =  j%1R1Q" — ( 2 ' 1 E   a n d  M
(2R) 1 - 1 /6

= 2nA** . This proves that R2 is a o--regularizing operator on Q '.

Remark 2 .10 '. Note that, as it is clear from the proof given above, the norm
in  0 ° (2 ' x Q ') of the  kernel of the  regularizing operator R 4  in  Theorem 2.10
remains bounded when p i , p2 , h vary in bounded subsets of â ' 7 ' 1 (5-2"), ie' 7 '4 (Q"),
G r(Q ") respectively and v a r ie s  in  a  bounded subset of ii l 'a'"(Q") where T(Q") is
bounded by a constant smaller than 1.
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Lemma 2.11. Let .:Pe n " ) (52) be homogeneous of degree one with respect to
and let A  be defined by (2.7) and ueG (c) '(Q). A ssum e that for x°6 S2 there exists 17'
> 0 such that T(B(x°,F)) < 1/2. 13) Then

i) there exists D > 0 and C > 0 such that for every  E R nD and x e /3(x°. F)= V
there ex ists a unique ti e 1?`. such that = V x0(x,r1);
let E R7,, and = 0 ( x ,  ) .  I f  ( 14 ( x ° ,  0 ,0 0  W F  0 .,(u), then

, " )  W F

P ro o f . i) Let C > Bo be such that z( V) < C/2(1 + C), V = B(X °, ri Q  and
let D = C(C — T(V)(1 + C))/(C — 2-c(V)(1 + C)).

Then i) fo llow s by  noting  that f o r  e v e ry  xeV , F ( 1 ) =  + 11 —

(P(x, ri) is a contraction mapping o n  1)7 E R" ; f f / D 1171 5 Iff/(C— r(V)(1
C ) ) } . Moreover th e  mapping (x ,  -÷  =  V x 0  1(x, is continuous o n  V

x R AD.
ii) L e t  now RnD and = 17 0(x ° , Y° = 17,,(x ° , 1r). Since

())", 1710W F(a)(u), there exist r  > 0, x i  E  Gr(B(Y ° , Xi = 1 o n  B (y ',r 1 12), a
conic neighborhood F ,  of ri° and two positive constants Co ,  Co such that

(2.24) 1(Z1a) (01 exp( colrli l l c ),

Moreover for any neighborhood TT c  T i  o f  if we can choose r <F and a
conic neighborhood T 2  of such that

vx 0(x, 0 0  F2 n R nD ,  x B(x', r) = V ,  0  n
N e x t c h o o se  t/i G (c) (R ")  s u c h  t h a t  supp c  T 1 , tp 1 o n  a  conic

neighborhood fl of I f  such that F  c  c  I ' ,  and

10 ) (01 cda(1 + 1111) -1 "1, EZ ' , q e R10 ,

for a positive L and let )(2 e (V '), x2 (x° ) O. W e can  w rite

(x 2 A u)() = u( t(AtP(D))z 2 e - 1 <  • '4 ') + u(t(A(1 — tli(D)))x 2 e - 1 ` •' >)

= vi () + v 2 ().
Since for a positive constant c,

I' V x0(X , /1) — 1 >= C1011 + 1 0 , X E r , C ,  E F 2 n K ij ,

by  Proposition 1.2.6 there exist positive constants C ', c ' such that for such

Je ikx,n)- i<,,,> a(x,11);(2(x)dx c 'ex p(— 4 1) 1+ GI) 1 )•

  

Thus there exists H  > 0 such that for e v e r y  EF2 nRnD

ft(A(I — til(D)))2e - i <  •' ' '  =  fe ' (' t "'" a(x,q)(1 —  0(r1)))(2(x)e - i ' x ' ' dx(111

G 0,;')'"(R"),
1 3 ) See Definition 2.9.
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with norm estimated by 0(exp(—  y'lW i')). This proves that

(2.25) ly2()1 C2 exP( — 11/a ), E r2 nn ,

for a positive constant C 2 .  Next write

vi( ) = X2A)1i(D)(X114) ( )  + ( 1 — Xi )u( t (24(//(D))x2 e- i ` • '4 >
 )

= v11( )  + v12( ) .

By (2.24) and the remark following (2.7), AO(D)(z i u) G G( a ) (Q ) and this implies
that v„ satisfies an  estimate of type (2.25) for e v e r y  e R " .  Finally since for a
suitable choice of r and  F 1

Fri ( X ,  rI)E B(y°, 1. 1 /4), x eV ', 17ef 1 fl R

by Theorem 2.5.

fKA ( D )  = a(x, ri) tlf(n)dii e G(" ) (V ' x C B(y° , r1/2)).

T h u s  f o r  every Rfl, t(AO(D))x 2 e- i <
 •  

4 >  e G( ' ) (CB(y°, r 1 /2)) w ith  norm s
estimated by 0(exp(— c"I Via)), c" a positive constant. This proves that r 2 to o
satisfies a n  estimate of type (2.25) for every I?" a n d  we can conclude that
(x°, WF(Ø.)(Au).

Lem m a 2.12. L et 0 e .0i be homogeneous of degree one with respect t o  for
11 large and let A  be defined by (2.7) and ueG (°' (Q). Assume that Q is convex and
that f o r x° E S2 there ex ists ro e] 0, dist(x o , CS-2)E such that To = T(B(X ° , ro )) < r o .
Then:

i) there exists r e] 0, [  such that for every (x, n)e B(x o , r) x no  there exists
a  unique y G O  such that v,(y , ri)=  x ;  if  w e let y  =  0 - 1 (x, ri), then
vo0 - 1 (x, n) is uniformly continuous (in the conic sense) in B(x o , r) x R73 0

w ith values in B(x o , ro );
ii) le t x° = V q 0(Y° , — I f  (Y° , — V x0(Y° —  °)) W F (, ) (u), then (x°

WF(, ) (tAu).

P ro o f . L e t  r > 0  b e  s u c h  t h a t  r + t o < r o . F o r  every (x, n)eB(x°, r)
x  R10 , F(y) = x +  y  — ,0(y, ri) is  a contraction mapping o n  B(x° , ro ). Hence
there exists a unique yeB(x°, ro ) such that x = ri). If  x  =  170(y% n), y' e Q
then F(y')= y ' and

IY — 1/1 = IF(Y) —  F(.01 T(Q)IY — Q ,  y, y ' eg2' •

Hence y = y'.

Let y i  =  V ,V 1 (xi, q i), Y 2  =  V q 0 - 1 (X2 ,  1 12),

(x 1 , i l l ) ,  (x1, 112 )GB(x 0 , x Rao, 11111 = 111 2  >  BO.

Then,
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.Y1—  Y2= x2 —  x1+ [7 71J(Y1, f i )—  v,f(Y2,172), J(Y , 17)=0(Y , r1)=4)(y, n) —  <y, 1 1>.

Hence

1Y) — Y21 Ix2 — x1 1 + ToiYi Yzi + —1/21

and

1Y) —  Y21(1—  T or 1 lx2 — x1 1 + T0 (1 — tor- 1 11/1 — r/21.

This completes the proof of i).

ii) L et ti° = — 17x 0(y°, — Since (y°, ri0

)0 VVF(,r ) (u ), there exist Pe] 0, r , [
a n d  a  conic neighborhood of f o  s u c h  t h a t  f o r  every x i e Gr(B(Yo, 17)),
ZI(Y0) 0 0:

(2.26) RX3.0101 5 Cexp( —  011 1 1 6 ), eF1, C , c  > 0 .

L e t  x', eG r(B (y o , r1 ) ) ,  r  <i,  x i 1 i n  a  neighborhood o f  B(y o , r1 /2) and
F2" o p en  cones such that

fl 0 E r G r Œ c : r 11 Ø ET .

Using the continuity o f  vy 0(y, ri) a n d  P',T 1 0(x, ri) we can choose r1 , r2 e] 0, r [ and
F'2'  such that:

(2.27) — Vy 0IY, n Re° , V(Y, ri)E 13 (Y0, r1) X ((— RIO

and

(2.28) 170-1(x, n)GB(Y o, 1'18). V (x, 11) 6  B(xo, r2) X  ( (  F 2 )  n
Now choosing x i  E (B(Y 0, r1/2 )), Xi 1 in  a  neighborhood of B(yo , r1 /4),

X2 E Gr(B (X0, r2)), X2(X0) 0 0 and G (R )  with suppti/ tif 1 o n  P i ,

Ite ) (1)1 0 1 + 1  ant ± 10 -121 , c e , iJER 0 , L> 0,

we can write

(X2 i1 1 1 4 ) = (tP(D)X1 14)(Zi Ax 2 e - i <  •

+  ((I — 1k(D))X1u)(ZiAX2e - 1 <  • '4 ') + (( 1 — X 1 )u)(Ax 2 e - i <  - 4 > )

= v o ( ) + v i( ) + v2(0.

In  view of (2.26), (P(D)z i ueG ( 6 ) (W ). T h u s  t ilxi tfr (D)xiu e G( c) (Q ) and since v0I0

=  e - i < x ' .> X2 (X) VA tif  (D)X iu)(x)dx, we conclude that

(2.29) I v0(01 5 c'exp(— egiwa), Rn,

for certain positive constants C', c'.
If we let r2 be open cones such that, 0 e F2F ; and choose

Oe G( ' ) (R") with supp R "\(—  P2 ), 1 on R"\(— IIPŒ)(01. Oa' r(1
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+1 111) - 1 ' 1,  ate Z„+ , i7eR 0 , M  > 0, we can write

v i  ( )  =  ((I — OD))Xiti)(Xi A 0(D)X2e -  i  < '>)

+ ((-1( D ) ) X i u ) A(I 0 -1 ) ))X2e - i < =  v ( c )  +  C;( ).

Since, for a positive constant e,

+ + 1111), v(, 0E 1 '2 x supp

there exist positive constants C i , ci such that

+ Ciexp(— ci(Ifl i k ` + Ir/l1)), e F2.

Moreover, fo r  every th e  function y ei44Y'") x i(y )a(y , n) i s  i n  00('''' ) w i th  H
independent of n and a norm estimated by 0 (e x p (c 1 1 1 1 1 / 6 )) , for every e > 0. H e n c e ,
for e F2 XlAO(D)X2e - i <  • 4 >  eG (

0
7̀) (B(y 0 , r 1)) w ith  a  norm  estim ated by 0(exp(

— c11V /6)). Thus vi satisfies a n  estimate of type (2.29) for e v e r y  eF 2 .
Since in  view of (2.27)

7
y

( .)), 17) + CI c"(I I + (y, ri)e MY°, r) x  ((— nR 0 ), e supp(1 —

c" a positive constant, by  Proposition 1.2.6 there exist positive constants C3, C 3

such that

e ' >G1 0(1))a(Y  11)1601 dy

C3 exp(— c3(1n1 1/6 + CesuPP(1 —

Hence

g(ti) = (1  —  0 (0 )0 (0 4 )0 (  e (Y '" ' " ' c >  ( 1 — 001)) a(Y , 1 1)X i(Y )dy)4

can be estimated by 0 (exp( — c3 1 1711/6 )) .
This proves that o n  estimate of type (2.29) is valid for

11 0  = Je - i < > X 2 (x )( e - i <  "I >  g(n)dn)dx .

Letting now

v2() = — X01-0(A0D)Z2e - i <  - 4 >
) ( (

1x i )(1)(A(1 — 4)(D))X2e - 1 <  • '4 ')

= vZ(0 +

the arguments used for v i prove that a n  estimate of type (2.29) holds also for
C2 . Since, a s  a  consequence of (2.28),

Vn (Y, ki) — x > r(1 — r o )/8, V (x, q)e Mx° , r2) x  (( 1F Z ) n R k ) ,

y EC B(y o , r 14) ,
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from Theorem 2.5 it follows that the kernel of A(I — (p(D)) is in G ( 6 ) (B(x0 , r 2 ) x
CB(y o , r/4)). T h i s  im plies that A(I — (p(D))x 2 e- i <  •4 '  E G( ' ) (C B(y, , r/4)) with

norms estimated by 0(exp(— c 4 11 1 /6 ). Since supp(1 —  z i )u C B ( y o , r/4), this
proves that v;() satisfies an  estimate of type (2.29) for every

Summing up what we have proved above, we can conclude that an estimate of
type (2.29) holds for (x 2 fflu)() for every E F .  This completes the proof of the
lemma.

In  view of Proposition 1.1.11' we immediately have

Corollary 2 .1 3 .  L e t  A  b e  g iv e n  b y  (2.7) and  assum e that there ex ists
e n f ) (Q) homogeneous of degree one with respect to f o r 11 large, such that

— (11 q E [0, alai. T hen  L em m as 2.11 and 2.12 hold f o r A, replacing 4'
by  tk in i), ii).

Remark 2 .1 4 .  By means of a  00' ) partition of unity {Xh}ha in Q related to a
locally finite covering ff2k 1 

h e Z
 o f  Q with relatively compact open subsets S2 h  of Q

we define

(2.30) d(x, y, =I'x h (x )a(x , )X1,(Y), a e a ' (S2),
h,k

a n d  f o r  E  g V )(0 )

f(2.31)( A u )  ( x )  =  Os I- e ' _1 < >  d(x, y ,  )u(y)dyig, u e Gr (Q),

w here L' runs over the (h, k) e Z2
+ such that Q h n k . For every Q' 0 ,

h,k

u E Gr(S2'), can be written in the form (2.7) with an  amplitude given as the
product of a(x, and a function 0 ' e G (Q ) equal to o n e  o n  Q '. Moreover if 0'0

Q ' we can choose the covering ,
g 2

h, heZ such that

(2.32) suppil'u Q ' for every u e G (j 1 ) (S2O).

From this remark it follows that if we assume that Q is convex, Theorem 2.10
holds for the operator P  2 , where P 2 ,  is defined according to (2.31).

Remark 2 .1 5 .  As in the C  and in finite order cases it could be easily seen
tha t if in  Theorem 2.10 p i — E pi ,  in  F S • 4 (Q ), i = 1,2, then

11 1:1

qi (X, =  E E  cd - ' D ;(aGpi,h(x, Pox, y, 0)P2,;-,(Y,
= 0  lal + h=

Remark 2 .1 6 .  From Remark 2.14 it follows that the results of Lemmas 2.11
and 2.12 and of Corollary 2.13 also hold for operators defined as in (2.31).
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3. Applications of Fourier integral operators o f  infinite order to the Cauchy
problem for certain hyperbolic operators with a  characteristic of constant
multiplicity

In  this section we consider operators of the form

(3.1) P(t, x, D„ D x ) = — A(t, x, Dx )r  +  E ai (t, x, Dx )(D, — A(t, x, Dx))m  j ,

assuming that for every t e [0, 1 1, A(t, x, D i ), a i (t, x, Dx )  a re  pseudo-differential
operators in  an  open  convex set Q  R n  satisfying:

i) x, is a real-valued function on  [0, T] x  Q  x Rn such that ).E Cm- 1

([0, T] ; C (S 2  x  Rn)) n a m -  l ([ 0 , 7 1;
ii) ai e C([0, ; C"(S2 x R"))n./([0, 71; gr,i' 1•1 (Q)), j = 1,...,m , 1E
From i) and Proposition 1 of [25] it follows that for every Q ' c OE Q there

exists T 'E ]0, T ] such that for every s e [ 0 ,  T'], y e Q' , q e R n there exists a unique
solution x(t, s; y, n)e Q, s ;  y , n)e R" of the system

dx/dt = — x, cl /dt = V x .1.(t, x,

x (s, s; y , ti)= y 1 (s , s ; 11) =

xeC"`([0, T '] 2  ; C (.Q ' x R"))n ffn([0, T1 2 ; ST' 1 '1 (S2')),

E Cm  ( [0, T1 2  ; C (S 2 ' x R"))n "([0, T1 2 ; g „ ." (a ) ) ,

(3.4) lx(t, s;.) ,, 11) —  YI col( si, q )  1/1 colt — s1(1 +11)

fo r a  suitable constant co > 0  a n d  every (t, s; y, OE [0, T1 2  x Q ' x  R .
From (3.4) it follows that if Q" is an open convex set such that Q' OE Q"

Q, then fo r  T ' sufficiently small x(t, s; y, ii)eQ " for (t, s; y, ii)e [0, T1 2 x Q'
x R"

F o r  T " sufficiently small we can consider the  so lu tion  0(t, s; x, q) of the
eikonal equation

3 j atO(t, s; x, q) = A (t, x, v'/(t, s; x , q ) )( .5 )
s; x, q) = q>

in [0, T"] 2 x Q" x R " .  It follows that 0 (t, s)eY (r f f l t  —  Si) for (t, s; x, ti)E[0, T1 2

x  Q" x  R " and

(3.6) e Cm( [0, T1 2 ; C'(52" x Rn))n,4m([0, T1 2  ;

fo r  every or > I .M o r e o v e r  if  x = x(t, s; y, 17), = s; y , pi) a re  defined in
[0, T1 2 x Q' x R", T" <dist(Q% CQ")/T f 2 "  by y=  v ,0(t, s; x, 11) , = V x 0 ( t , s ; x , 11),

then (x(t, s; y, q), s ;  y , n))EQ" x  R " is  the  so lu tion  of (3.2) fo r (t, s; y, OE
[0, inf(T', T")] 2 x  Q ' x  R".

(3.2)

and

(3 .3 1)

(3 .3 2)
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We shall slso consider the solution of (3.2) when (y, ri)E52' x I?", where Q'
6' Q .  Let d = dist(S2', C6') and write Td instead of T' in this case. F o r

(t, s; x, n)e [0, To
,] 2  x  f2' x  IV  define o n  6' the  function F (y) = x —_x(t, s; y, n)

+ y. I f  Td < inf(d/c o , 1/2c0 ), then F is a contraction mapping on 6 '. Thus on
S2' there exists the inverse function x —r y(t, s; x, n) of the function y —r x(t, s; y,
and y(t, s; x, n) has the property (3.3,).

Theorem 3 .1 . A ssum e th at the  operator P  giv en by  (3.1) satisf ies i ) ,  ii),
iii). Then there ex ist e (t, s; x, y, e = 0, , m  —  1 such that f o r every Q'
c: Q an d  a suitable Td E] 0, T],

M e" ) e C a ° , T0
, ] 2  ; CNS2' x x R"))n m([o, TA2 ; x Q')),

j =  0 ,...,m  f o r every o- e ]1 ,1 / p [, and the Fourier integral operators E" ) (t, s), (
= 0, , m  —  1, t, s  [0 , T a ,  defined by

(3.7)( E  ( t ,  s)u)(x) = Os- ei°"'x'" ) - 1 `)">  e" ) (t, s; )2, 11)u(y)dydn,

x e u E (a ) ,

where 0  is  the solution of  (3.5), satisfy  the equations

P(t, x, D„ D x ) E " ) (t, s) = R (d,)o n  0 0(7 ) (52')
1 Dit E" ) (s, s) = ó I,0  < j  <

where 1? (t, s) have their kernel in C([0, To
, ]; G ( ' ) (S2' x Q')) and I  is the identity

operator. M oreover T o
, can be chosen so that DIE" ) (t, s)uEC([0, T0 '] 2 ; 087 ) (Q))

f or every ue j  =  0 ,...,m  and if  E " ) ( t ,  s ;  y, ri) can be defined so
as

(3.8') suppE")(t, s)u S2' for every u e O (g-4 ) ,  (t, s) e [0, Td ] 2 .

P ro o f . L e t E(t, s) b e  Fourier integral operator o f  ty p e  (2.1) w ith  phase
functions as in (3.7) and recall that for every Q' Q  the solution 0(t, s; x, ri) of
(3.5) h a s  th e  property (3 .6) w here T "  a n d  Q " a re  rep laced  by  To

, a n d  Q'
respectively, and is  in  Y e t i/  t — e [0, 11

By using Remark 2.14 the amplitudes e(t, s; x, y, ri) of E(t, s) can be defined
by  (2.30) where a(x, is replaced by e(t, s; x, n). N ote a lso  tha t in  view of
Corollary 2.8, for every (t, s)e [0, T0 , ] 2 P (t, x ; D„ D x ) E(t, s) w ill be equal to  a
a-regularizing operator on Q' for every Q' Q if we determine e(t, s; x, ri) such
that P(t, x , D„ D x ) E(t, s) 0  for every Q' Q and every (t, s)e[0, T0 1 2 . To
th is  end, assum ing that the am plitude e(t, s; x, n) is  g iven  by  a  formal series
E e„(t, s; x, n), we note that by Remarks 2.14 and 2.15 there exists Td E [0, T [

such that for every (t, s)e [0, T0 '] 2 the  operator (D, — x, Dx ))E(t, s) on Gr(S2')
is equal up  to  a n  operator w ith kernel in  Cm- 1 ([0 , Td] 2 , G ( 6 ) (S2' x ,f2')) t o  a
Fourier integral operator with the same phase function o f E(t, s) and amplitude

(3.8)
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b (t, s; x , g) = 6(t, s; y (t, s; x, E 6„(t, s ; y(t, s; X , q), q),

( t, s; x, ri)e [0, Td] 2 x Q ' x R",

where

s; y, 0) = (Di — s; y , 0))és0(t , s; y , 0)
6 1,(t, s; y  0) = (Dt — s; y, 0))4(t, s; y , 0)

h — 1

— E E Pfl,h-r(t, s; y, 0) 14,er(t, s; y . 0),
r= 0  Ijil _11—r +1

h 1, (t, s; y , g)e [0, TA 2  x  g2' x R .

Here y(t, s; x , g) is  the inverse function of the solution x(t, s; y , g) of (3.2)

when (t, s; y, OEM , T A 2 x  Û  x Rfl, Q' c  Q, a s  indicated above,

s; y , g) = e(t, s; x(t, s; y , g), g),

(3.9) s; y, g) eh (t, s; x(t, s; y, g), g), h > 0

s ;  y, ri) = q(t, s; x(t, s; y, g), g),

(3.10) q(t, s; x, ri) = — 2  1 j E J k t x, vx0(t, s; X ,  0)) a x2 pck Ot, s; x , 0),
j,k= 1

and

E f ip,h-r(t, s; y, 0) 14 'er
(t, s; y , n)

im <11—r +1

= E cd - 1 D ;(0)(t, x , x(13.(t, s; x, z, 11)) (t, s; y(t, s; z, n) n)„ ,,lz=x((,s ;y 0 7 ) ,

1a0=h — r+ 1

1

P x 0 ( t ,  s; x , z , g) = f x 0(t, s; z + 0(x —  z), g)d0.

Thus by repeatedly using Remarks 2.14 a n d  2.15 we see that there exists
e [0, TE such that up to an operator with kernel in  C ([0 , T d ]';G (a) (Q' x Q')),

P(t, x , D„ D x )E(t, s) is  equa l o n  G r(S2') t o  a n  operator w ith  th e  sam e phase

function a s  E(t, s) and amplitude d(t, s; x, E  dh (t, s; x , g) such that
h> 0

do (t, s; y, ri) = up, — + E — 4)m -  e o ,
j= 1

dh (t, s; y , 0) = [(1), — 4)7"  + E — lén
j= 1

h 1 m

— E E E E g „ h = 1,2,....
r=0 I  -1 i+  i=  1 1 3 1 5 _ h — r + i

Here d i (t, s; y, g) = a i (t, x(t, s; y, g), s; y , g)) and  by Corollary 1.1.15
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(3.11) die C([0, T0 '] 2 ; C (6 ' x  12"))n.R([0, T 0 '] 2 ;
D r E C([0, T 0 '] 2 ; C(S5' x R"))n P1([0,  T 0 '] 2 ; g ;; - 1 1 (6 ')),

j =  1 ,...,m .

W e note that from  i) and ii)

(Dr — +  E a i (Di — = D;" Ej=1 J=,
for suitable 6i ,  satisfy (3.11).

Moreover there exist positive constants R , A , C  such that

(3.12) IND'Anih
- i , i (t , s ; y, 17)1 < Rm - t om - mh - 1+0A(. - t+00-r+0-1/31±1Y1+161

x  ( 1  ±  l O p j — h + r -
1610 r + Ifil + ly1 + (5)!.

Thus th e  equation P (t, x, Dt , D x ) E(t, s) 0 w ill be satisfied if  fo r  (t, s ; y, OE
[0, T0 '] 2 x 6' x Rn the functions '40, s; y, r0, h > 0 are solutions of the equations

(3 .1 3 e) [DT + bi (t, s; y, ;1 )14 '14  = 0,
j =

(3 .1 3 0 [DT ± b i (t, s; y, q)DT - i] eh
..1=

h  -  1  m

= E  E E 62(137h , Drrn  k  6r , h 1.
r=0 k = 1 i+j=k  1/31 h - r+i

F or e = O..... m — 1, consider now the solution eV)  o f  (3.13,) satisfying the
initial conditions

(3.140) DiteV ) (s, s; x, 17) = , j  = O..... in — 1.

It is easy to see that there exist positive constants c, c', Do , which depend on the
coefficients b tha t for (y, 0E52' x R 0 , (t, s)E [0, T0 '] 2

s ;  Y, 01 — slg - ii(e exp(mc'(1 +1 111)P lt — j=  0,...,e
(3.15)

la itér(t, S ;  y, mc(1 + I ti r n - "It — sr - i /On exp(mc'(1 +1 11flt —
j  = e + M.

Moreover in the same way as in Proposition 2.1 of [4] it can be proved that
there exists a constant A > 0 such that for la + /31 > 0

(3.16) ID",iDf,D.16(0"(t, s; y, < pm+101a+alA lcdfito ± 110 - 16,1

mla +fil -  I  - 1
x  exp(mc'(1 +1 171)P lt — sp[(1 — (SVI + 1 )mc E

i =

x (1 +1 1/1)P ( i + m - ' ) It — sr- j+ 7 (m — j+
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+  E  (1 +10Pilt +

j = o,...,m —  1, e = O. .... m — 1.
If we let

h-1 m
an (t, s; y, g) = E  E  E E s; y, 11)

r=0 k=1 i+j=k 113111 - r+k

x 1:4/J7' k 'e (t , s ; y, g),

th e n  the  so lu tion  e ,  h > 1, t  = 0, .. , m — 1 o f  (3.13h)
conditions

(3.14h ) Diej,"(s, s; y , g)= 0 j = O, ..., m — 1.

is given by

(3.17) '4° (t , s; y, ri) = êgn "(t, s, t ;  y, q)g e) (T, s; y, ) c h ,

where 4:7 ' 1) (t, S, t ;  y , ri) is  the solution of (3.13,) satisfying the initial conditions

s, t ;  y, ri) = 5T1 j  =  0, m — 1.

For this function the estimates (3.15), (3.16) with e = m — 1 and t — T  in place of t
— s also hold for every (t, s, t)e[0, T ' ] 3 .

W ith th e  a id  o f  th e  representation formula (3.17) a n d  using the  estimates
(3.12), (3.15), (3.16) and Lemma 5.1 of [11] we can prove by induction on h that
th e re  ex is t positive constants Ce ,  A e , B e s u c h  t h a t  f o r  e v e ry  re ]  1/p[,
p'n [p, 1 /01, 1 111 > Bh(h + 161r, (t, s, y)E [0, Td ] 2  x y , ôeZ n+

1DID6,,DV d,"4, s; y, rl)i <  c ey +,51+(.+2)h A ley +61+0,i+1 -)11( 1 + 1 1/1) - h - 1 6 1

x (Iy + + (m + 1)h)!(mh)! - "'exp(mC(1 + 1, 71)Plt — sl)[(1 —

(ly +5l F (m+ 2)h)m -  e —1
X + Itn r i + m — —  S l m — i ± i /(M +

(Iy+61+(m +2)h)mE (t +

j, t=O,...,m — 1, h 1.

Since for every h

(ly + 61 + + 1)h)!(mh)! - "  <  2 1" - ' 1 ch ( 1 - aP') hrol aP' ) +1 - ' + 6 1!,

c a positive constant, if we choose p' such that 1 — o-p' e] 0,(o- — 1)/m[ we easily sec
that E e  ( [ 0 ,  T  2 ; F IV ' 6 '6 (6 ' ) ) ,  j = 0,...,m — 1. S o  b y  (3 .9 ) and

h>0
Theorem 1.1.21 E aleV ) E ([0 , 7 ', 2] 2 ; (6 ) )  a n d  by L em m a 1.1.18 we

conclude that there exists e( e) (t, s; x, g), e = O. .... m — 1 such that

satisfying the initial
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aid°  e  C ([0 , T '] 2 ; Coe(Q x  12"))n1([0, T '] 2 ; (f2')) and

(3.18) D ie (s , s ; x , q )= J , = 0, m — 1, 1 = O. .... m — 1.

Moreover fo r  every (t, s)e[0, T d] 2 , P(t, x , D „ D x )E ( t ,  s )  i s  a  a-regularizing
operator on  Q', if E" ) i s  the Fourier integral operator in  (3.7) with amplitude

(3.19) e")(t, s; x , y, r1) = E'xhooe(e)(t, s; x, ri)xay) a s  in  (2.30).
h,k

It is  a lso  easy  to  verify  tha t E" ) satisfies the initial conditions in (3.8), as a
consequence of (3.18).

The following corollary is a simple consequence of Theorem 3.1.

Corollary 3.1. If  the  hypotheses of Theorem 3.1 are  satisfied, the operators
W k (t, s), k  = 0, 1, m — 1, (t, s)e[0, T ,21 2  def ined o n  00°(Q ') by:

s) = E ( ' ) (t, s),

wk (t, s) = E ( k ) (t, — E vv„(t, s)(DE(0) , k  = 0, m — 2
h k  - 1

are solutions of:

P( t , x  Dt , Dx) Wk(t, =  R k ,d(t, s)

1, DI Wk(S, = (51;1 , j 0, , m — 1

and satisfy:

(3.20) supp Wk (t, s)u Q' f o r every  ue087 ) (S2'0 ), (t, s) e [0, TA 2 ,

Q, if  the partition of  unity { in (3.19) in suitably chosen.

With the aid of the Fourier integral operators Wk (t, s) obtained in  Corollary
3.1 and by solving a Volterra type integral equation we can prove as in  [4 ]  the
following

Theorem 3.2. Let the notation be as in Theorem 3.1. A ssume that P given by
(3.1) satisfies conditions i), ii) and let Qi)  Q '  c  Q . T hen f or every se [0 . T A
there ex ists a  continuous linear m ap L ' f rom  C( [0 , T d ]; G (Q )  x  (0 0a) (52'))m) to
C( [0 , Te l; Gr(f2')) and f rom  C( [0, T] ; 0°(Q )) x (G ( ' ) '(Q))"1 to C( [0, T d]; G ( 6 ) '
(52')) such that:

m - 1
Ld ( f ,  g0 ,...,gm_1)(t, = ix(x)(f(t, — E (Rk,d (t, s)g)(x)) + h(t, x),

k = 0

w here 1eq, 1 ) (S2'), x  a 1 on Q , h e C ([0 , T d ]; G r(a) ) ;

u(t, x ) = (w .- 1  ( t ,  s ')L d (f , g o - -  g m -  1)(s', • ))(x )ds' + E (wk(t, s)g)(x)
k = 0

m - 1

is a solution in CN N , T e l; G ( ' ) (S2')) (Resp. in Cm([0, Td]; G (g )1 (0')) of  the Cauchy
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problem:

P(t, x, Dx , 1:0,)u = f(t, x) (t, x )e [0, T d] x

1Mu(s, x) = g(x) j =  0,...,m — 1, xe.(4.

Moreover from Lemma 2.11, Corollary 2.13 and Remark 2.16 it follows easily, by
using property (3.20) of the operators 14;„

Theorem 3.3. L e t  P  in (3. 1) satis f y  conditions i), ii) a n d  iii) A
— A( 1 )  e - 1 ([0 , T ]; Cc°(Q x R n )) n M O , 71; gr '6  (Q)) , q E [0, 1 1  where

A( 1 ) (t, x, = p  1T  frin - 1  A(t, x,

A ssum e th at in  Theorem  3.2 f e T ]; G ( c) (Q ))  and  gi eG ( " ( Q ) ,  j  = 0, ,  m
—1. Take 52' Q , Q ' open and convex, and Wk (t, s), k  = 0, , m — 1, such that

suppg i  Q ' ,  j  = 0,...,m —  1 a n d  supp E Wk(t, s)gk Q ' .  T hen  there  ex ist
k = 0

T ' e] 0, TE and D > 0 such that for the function u given by ii) of  Theorem 3.2 and for
every (t, s) e [0, T1 2

m- 1

U W F, 01 (Dii u(t, • )) c {(x ( 1 ) (t, s; y, ri), V 1 ) (t, s; y, ) ) e  Q ' x R ;

m — 1

( y,
 t i) e  U  W F (a )gil

= 1

where (x ( i ) (t, s; y, 17), V ) (t, s; y, ri)) is the solution of (3.2) when A is replaced by A" ) .

In  o rder to  p rove  a n  uniqueness theorem for the solution of the Cauchy
problem (3.21) a n d  a  representation formula for any  u e 0 10 , T ]; G ( 6 ) '(Q)), we
consider the transpose of the operator (3.1)

(3.1')

=`a, n + (—  D,—  'A) ('am i  + (— Dt
— `A)(•••`c12 + (—  Dt — À) ('al — Dt — 'A),

where 'A , 'ai ,  j  =  1,...,m , denote the transpose o f  th e  operators A , a;  i n  (3.1)
respectively. By a  result in [7 ] for every Q' Q  there exist pseudo-differential
operators A', di , in Q ', w ith  the same properties as A and ai  respectively, such that
up to a-regularizing operators with kernel in  C O ,  T ]; Oa )  (g x Q')), 'A = — A',
tai  = a'i .

L et (x'(t, s; y, 17), s; y, ii)), O jt, s; x, (t, s)e [0, Ti2
, ] 2 ,  b e  the solutions

of (3.2) and (3.5) when A is replaced by A'. We prove

Lemma 3 .4 .  L et A ', a, j  = 1 ,...,m , satisfy  conditions i), ii). Then f o r every
Q ' c  c f 2  there exists T d c] 0, T ] and for every (t, s)e [0, T d] 2  a m  x m  m atrix  of
Fourier integral operators of  inf inite order o n  Q ', E 'i• ( `̀) (t, s) , j, k  = 0,...,m — 1

(3.21)
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defined as in  (3.7) w here 0 is replaced by  0', such that
i) their amplitudes e'i'm (t, s; x , y , ri)  de f ined  a s  i n  (2.30) a re  in

C( [0, T ' ] 2 ; C (O '  x  Q ' x  R " ))n1 [0 , Td] 2 ; a' ''" 1 (S2' x gel')) together w ith their
f irst derivative w ith respect to t;

ii) E'i'm(s, s) = —
iii) up to a-regulariz ing operators w ith kernel in  C([0, TA 2 ; G( 6 ) (Q' x S2'))

{  E'i'm f o r j = 1 ,...,m  — 1
a i

, E , 0,(k) + ( Dt + ) , )E-J- 1,(lo _

e'L ( k ) (t, s; x, E eh' i ' ( k) (t, s; x, j, k =0,...,m  —  1,
h > 0

(3.22) ei'ii'm(t, s; y, ri) = e P k ) (t, s; x'(t, s; y, ri), ri), h > 0,

(3.23) s; y, = exp( — i 4j-E, s; y, ii)dt) s; y, ri),

q' (t, s; y, ri) = q' (t, s; x(t, s; y, (t, s; y, ri)e [0, TA 2 x  6 ' x  R",

where q ' is given by (3.10) with 2', ck' in place of 2, respectively. In  view of
Remark 2.14, application of Corollary 2.15 a n d  Remark 2.16 shows that by
Corollary 2.8 iii) is satisfied if for k  = 0,...,m — 1

(3.240)
a,..to,(k) JO

1 0 0
1,(k) ( $ ) = 16(ik)

for j  = m — 1

for j  = in

0 f or j = m ;

iv) f or the  operators E'iA ) th e  property  given by  (3.8') holds.

P ro o f . Let Q' and 6 ' as a t  the beginnig of this section and set

h - 1

E E j't:0,(k) E
r 0 LUI h  — r 1/31 h — r + 1

(3.24,)

{

dil h, o,(k) Dt f h, r-1,(k)

r ..f hi  -  1,(k)(s ,  s ) _  0 ,

(k)

X  DP"(k)1 »,
hy r

h> 1,

for j  = 1,...,m — 1

for j  = in0

where et'i (t, s; y, = aj(t, x (t, s; y , ri), q), j = 1,...,m  and

C( [0, Td] 2 ; x R")), TA2; cx)(.6' x R"))

depend on a  and 2' and for every y. 6 E Z n+ , (t, s; y, OE [0, TA 2 x  6 ' x R" satisfy
the estimates

ID P 6,,trp,h _r j (t, s; y, 01 <
x (h — r — + ly1 + 01)!(1 +

s: y, <  C ,C ;; - , + 1 eh-r+1)-1/31+Iyi +161

x (h — r + 1 — 1)6'1+ ly1+161)!( 1 + 1.171)-h+r-lm,
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where C„ A „ are positive constants that depend on the coefficients a ,  A' and Ch is
a positive constant that depends only on  n.

(3.24h), h > 0 im ply that for j=1,...,m

(a; + c t,(k), z,00( t , s)E
(t —

(1 2 5 o) h i-  1 + 1 s)dr
J s 1 =0‘ !

= —  iH(k  — j  +1)(—  i) k - i + 1 (t — s) 1 /(k j  + 1 ) ! ,

where H(z) = 0 for z < O a n d  H (z )= 1 for z  > 0 and

_
ft

E o f  + 1 
(t — T)'( a ;  + (k») ( T  S)dt

s =  0 e!
h –1 t m– j

iE [  E f  E (  ) , (t — T)'
-FiD.Î,Y3'(k))(T, s)dr

r=0 s e =0 e!
m-1 (t —

+ E E.
•

( 0 1+ i -  1 ) ( t ,
 s

)c it  , h > 1.
r+ 1

_ e!

Hence by induction on h  it can be proved that for h > 1, j=1,...,m

(t — Ti g

(3.25h) s; y, ti) + E (— iy  s dre!s 0
(a; + i  jr,(k) ,

It–  1 h–r= E E E ,(t, 2, ;  y , n)I4:1;" k ) (T, s; y, n)clT
r=01=01P1Sh – r -Ft J  s

+ H(k  — +
j 1 ) g  " ( t ,  s ;  y , 11) ,

where gip:h;., i e C([0, T d] 3 Cc° (.(2' x R " )) , gh E C m  ( [0 ,  T d] 2 ; Cc° (.6' x R")) are
such that there exist positive constnats C, A  such that for every y, aeZ n+

(3.26) ID0;,Mi qjp :, i
r ,i (t, 2 , s  .Y, 11)1

<  ch –r+1  A 2 (h – r+0 - 1131+1Y1+16 1(1

m – j (1  +1111)P it TDe

x  E  2' v 01 It • — r + j — 1131 + IYI + 161)!,
=o

(3.27) IDYy Mi gih -  " k ) (t, s ; Y, 01

< 2k-i+1 C h A2(h  +  +  IY I + IM O  ± 111D-11-161(h i + ly1 + 161)!
1=1

x it — slk - i + t + 1 /(k — j+ i + 1)!.

For j  = 1, (3.25h) h > 0 yield a system of Volterra type integral equations which has
the first equation (i.e. (3.250 )) and a ll the left hand sides as the  system (3.4„) in
[ 4 ] .  N ote  a lso  th a t for j =  1, h 1 ,  h  1 ,  o - e] 1, I/PC , P'E[P, 1 / a t  a n d  I III
> Bhc , B "> C A 2 ,  the estimates (3.26) and (3.27) can be written



188 L . Cattabriga and L. Zanghirati

(3.26') ID;Dnqi°3,h,,,Ar, T1 s;
< ch - r+ 1 A 2 (h - O - itli +IY1 4 16 1(1

X  1 1 2 e ( (1 T 1 ) e + i  h - `7P't (h r + i — +17, 1+ 161)!,
e =0 v + i)!

(3.27') q);,'D'ngiVk)(t, s; 11)1

< 2k (2C)h A2 h +  ± l ' i + 1 111) - "-161 exP((1 +1 111)Y  — sl)

x (2h + IYI +1 6 I)!h! - " '.

On the other hand as in  [4] the following estimates hold for the resolvent kernel
K(t, T, S; y, ri) of each of the equations (3.251), h > 0, j = 1 and for .i■T'(k)

s; .Y;
• C,(324,12) 1Y1 +161 (1Y1 + 1 6 1)!( 1 + 1 111)P - 1 m  exP(c(1 +1 111)P lr — sl),

ID MPL (k ) (t, s; y, ri)1

• Ce (224,)'' + w (IYI + 1 6 1)!O + 1 111) - 6  exP0 1 +1 111)P lr spIt—e/k!,

k = O..... m — 1, 7, 6 e Zn+ ,  Cc , A , positive constants that depend on
Thus, using (3.26'), (3.27') it can be proved by induction on h that there exist

positive constants B , C ', c', A ' such that fo r every h >: 0, 1171 > Bif , y , 6 c ,
(t, s, y)c [0, T0 12 x 6'

s; y,
< Ch - FIA ,2 h+Ir1+1 61, 1 1q1) -h -1 6 1 e x p (c j 1 +1 111rIr — sl)

( " 1+ 2 ) 1

2 '  
(1 + 1/11)" e  

X (2h +171+ OW/IL " '  E
(k + / ) !

This proves, as in the case of Theorem 3.1, t h a t  E e A' ([0, Tn 1 2 ;
h.>:0

k = O, ..., m — 1. It fo llow s b y  (3.251)  th a t  is  a ls o  the case for E j;: i  1 . ( k )

h>0

j  =  2,...,m, and by (3.241) f o r  E D J ' " .  Thus from (3.23), (3.22) and in view
11 0

of Proposition 1.1.11 a n d  Theorem  1.2.21, w e have that E duo, E Dtet(k),
/1 -0 h>0

j, k = 0,...,m — 1 are in ,4([0, Td]; (S2')). This proves the lemma in view
of Corollary 1.1.19.

L et now  Q' Q and  le t E'i' (k ) (t, s), k = O, ..., m — 1, be  th e  operators in
Lemma 3.4 for Q' replaced by U .  Set

t .-1
v(t, s) = E (E'° , (k)(t, s')(pk(s', • ))(x)d.s', (t, s)e [0, Tu ] x U,

s k=0

(p1 EC([0, T]; Gr(52')). By property vi) in Lemma 3.4 the operators E'i - " (k ) (t, s)
can be determined so as for every 49 E C O ;  7 1; G (0)(0 ')) and (t, s)e[0, Tu ]2
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(3.28) supp "(k)(t, s)9(s, •) U c ,Q, k  = 0, m — 1.

Let

(3.29) kik) = tai E' ° •(k ) + (—  D, — 1,(k)

E ' i•( k )j  =  1,...,m  —  1
0 j  = m

By solving the system of Volterra type integral equations

9 ; (t, x ) + ds'
m

f  E
1 

xo o k „ (t ,s ';x , Y )9k(s'', A dy = 0,
s k = 0

-

= , , 1 —  2,
m -  1

9m- i(t, + ds'
S

E Axpv„,k)(t,s';x, .09k(5 ', y)dy
f k = 0

= X  (X) f ( t (t ,  X ) e [0, Tu] X 0',

where x e Gt' ) (0'), x  = 1 on (2,'3, Q' and k i
k ) e C( [0, Tu ] 2 ; 0 ' ) (U  x U)) are the

kernels of the a-regularizing operators defined in  (3.29), we prove the following

Theorem 3.5. L e t  P  satisf y  conditions i), ii) an d  le t  t.13 be  de f ined  by
(3.1'). Let S 4  c  Q' U  c :  c:Q  and let E' ° •(k ) (t, s) be the operators determined
in  L em m a 3.4 that satisf y  (3.28) w hen Q ' is  rep laced  by  U . T hen  f o r every
so  e [0, Tu ]  there ex ists a  continuous linear m ap L'i,  f rom  C ([0, Tu ]; G (6 ) (Q ))  to
C([0, Tu ]; ( 0 '  ;  Cm)) and f rom  C( [0, Tu ]; G r' (Q ))  to  C( [0, Tu ]; G ( ' ) '(Q' ; Cm))
such that

i) (L ' f ) k (t, x) = b k,m _ i x (x )f (t, x ) + g k (t, x ), k  = 0,...,m  —  1
where z EG (

0
6) ( 2 '), X =  1  an f l'o  an d  gk eC ([0 , T u ]; (Q ));

rt m - 1
ii) v(t, x) = E (E-0, 00(t, s')(L'a f ) ,(s ', • ))(x)ds'

s o  k = 0
is a solution in Cm([0, Tu ]; G ( U ) )  [re s p .  in  Cm([0, Tu ]; G ( ' ) ' (U))]
of  the initial value problem

1̀3 (t, x, D„ D x )v  = f (t, x ), (t, X)E [0, T d ] x S2O,

v(so , x) = 0,

icy) + (— Dt — '2 )(•••( —  Dr —  '2) 01 —  D,—  ` .1 .)••• )v = , . =  0

j =  1 , . . . , m  -  1 .

W e use this result for proving the following uniqueness theorem.

Theorem 3 .6 .  L et the operator P  given by (3.1) satisfy  conditions i), ii) and
iv )  f o r  ev ery  t e [0, T ], (t, x  D r ), j  = 0 , . . . ,m , a re  properly supported

operators on G r(Q ).
A ssum e th at  S2,') c  O E U c  Q  an d  ueCm ([0, T ]; G (" ( 2 ) ) .  Then there

exists T ' e[0 , T [ such that if  for a fixed se [0 , T '], x )=  0, j  = 0, , m — 1, on

(3.30)
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Q'D and Pu = 0 in [0, T '] x  U , then u = 0 on [0, T '] x Q.

Pro o f . B y  T h e o re m  3.5 th e re  e x is ts  T' e [0, T [  s u c h  th a t  f o r  every
f e C ([0 , T] ; 00a) (0 ) )  and every s, e [0, T '] there exists a solution v e Cm( [0, T '];
G ( U ) )  of the problem (3.30) on [0, T '] x Q .  T h e n  th e  theorem  is proved
since

iso so
s <u(t, -), f (t, •)> dt = (u(t, -),`Pv(t, .)> dt

so
= <Pu(t, • ), v(t, • )> dt = 0

for every f  e Ca° ,
 1 1 ;  G(oa ) (a ) )  and every So E [0, T'].

By means of the operators E' ° •(k) (t, s), k  = 0, m — 1, we can also obtain a
representation form ula  for a n y  u e Cm( [0, T] ; G1"  (Q ))  th a t  w e  sh a ll use for
improving the result of Theorem 3.3. In  fact we can easily prove

Lemma 3.7. L et the conditions of  Theorem 3.6 on the operator P given by
(3.1) be satisfied and let Q ' c c Q .  Then there exist T' E [0, T[ such that f or every
ueCm ([0, T ']; G 1' 1'(52')) satisfying Diiu(s, x)= 0, j = O..... m — 1, f or x  e Q  and a

.f ixed se [0, T '] the following identity  holds on D'

((D, — A) m u)(t, x) = — t)(Pu)(s', • ) ds'

m  f t
+ R(ik)(s' , t)(D — u(s', • )ds' ,

=1 s

k  = O..... m — 1, where E' ° •11`) are defined as in Lemma 3.4 when Q' is replaced by (2- ' ,
R11 1 are  the a-regularizing operators on 5-2' defined as in (3.29) and 0' D supp(D,
— 0', j  = 0, m — 1.

W ith the aid of this Lemma we finally prove.

Theorem  3.8. L e t  t h e  o p erato r P g iv en  b y  (3 .1 )  satis f y  conditions i),
ii). Furthermore assume that iii) of Theorem 3.3 and iv) o f  Theorem 3.6 holds.

L et ueCm ([0, T ]; G 1a1'(0 ')) and  PueC ([0 , T ]; G 1a) (Q ) ) .  Then there ex ists
T" e] 0, T] and D > 0 such that f o r every (s, t)e [0, T"]

m -
(3.31) U W F ( „) (Dii u(t, • )) = {(x (1 ) (t, s; y, n), V 1) (t, s; y , ))EQ  x  K L ;

i= o
m - 1

ri)E  U  WF(a)(D •iti(S , • ))},
j  = 0

where (x ( "(t, s; y.17), V u(t, s; y, 17)) is the solution o f  the system  (3.2) when )1 is
replaced by  » 11 and 52,'  =  U supp u (t, ) Q'.
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P ro o f. L e t Wk (t, s), k  = 0 ,...,m  —  1  be the  operators determined in  Corollary
3 .1 ' satisfying (3.8'). Then

m-1
v(t, x) = (Wk(t, s)Mu(s, • ))(x) e C m ([0 , T d]; G )V2')),

k = 0

M v (s, x ) = D tu(s, x ), X  52', s [0, T d] a n d  Pv eC([0, T d]; G ( ' ) (a) ) .

M oreover a s  in  Theorem  3.3

. - 1
(3.32)U  WFoo (alv (t, .)) {(x ( 1 ) (t, s; y, q), V 1 ) (t, s; y, rifle (2' x  KID ;

1=o
m-1

(y , ri)e U W F (o.)(M u(s, • ))1 , t e  [0 , Td].
1=o

Lemma 3 .7  can  now  be  applied  to  u — v, fo r (s, t)e [0, T " = in f (T d , T'). If
f ' " k )  a r e  d e f in e d  s o  t h a t  E '""(s ', e C([°, T 1 2  ; G r( Q ) ) ,  w e  s e e  th a t
`E '" k ) (s', t)P(u —  v)(s", • ) C([0, T1 2  ; G ( ' ) ( Q ,) ) .  H ence by L em m a 3.7

(D, — )M u — v)e Cm-  i([0 , r]; G ( ' ) (f 4)), j = O. . . . . m — 1,

a n d  b y  in du c tio n  o n  j : Diu — e Cm - .1 ( [0 , T"]; G (a) (fli))), j = 0,...,m  —  I.
Thus

m - 1 m — 1

U  WF( , ) (Diu(t, • )) = U WF( , ) (Div(t, • ))n (a ;  x  R "), t e[0 ,
1=oj = 0

which implies by (3 .32) tha t in (3 .31) the  left hand side is included in  the  right hand
side. Since s  a n d  t  can be interchanged, (3 .3 1 ) is proved.
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