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Babylonian Tower Theorem on variety

By

Eiichi SATO

In this paper, we study a condition for a variety to be a  weighted complete inter-
section in  a  weighted projective space.

We consider the following condition.
L et {X.}.EN and 117

t -  n  n E N  be two sequences of projective varieties where X . and
Y ,, a r e  divisors i n  X . + 1  a n d  Y n + i  w ith  th e  closed embeddings X .— >X , and
i n :  Y n + i respectively.

Moreover let { f  : .1 n e N  be a sequence of finite and flat morphisms satisfying
f  n i.= in f for any n.

Then we have

Main Theorem. (4 .1 6 )  L et two sequences of  projective varieties {X ,,}  , {17 a n d  a
sequence of  m orphism  {f  X .— >Y .}  be as ab o v e . Assume that f o r every  positive integer
n ,  X .  an d  Y  are sm ooth and Y n  i s  a weighted complete intersection in the w eak  pro-
jectiv e space P(e.+,-) (see 1 .1  an d  1.5). M oreover, assume th at ISTA Y  .1-1)=Y  with a
canonical morphism  Q ( e .+„) - 4 1 ( e , , ,  1 )  ( s e e  4.3). Then,

1) If  the  characteristic of  the ground field is zero, then X . is a complete intersection
i n  a  v ec to r b u n d le  V (E .)  w h ere  E . is  a direct sum  of  line bundles on Y ,, (see 1.6.4).

More precisely , letting EnO ,, V(En) is canonically embedded in the weak projec-i=t
tire sy ace P(e o , ••• , c7,+,, b,,••• , b,) and X . is a weighted complete intersection in it.

2) If  the  characteristic of  the ground f ield is positive and Y  . is  a projective space,
then the sam e conclusion as in 1) holds well.

The above theorem is an  answer to the  problem suggested by F ulton  and  posed
by Lazarsfeld in [L 2 ] in the m ore general form.

Moreover it provides us with the  following results.

Corollary 5 .6 .1 . (compare Conjecture 4 .2 3  i n  [ F u ] )  L e t  u s  consider a sequence
{X ., L .}  of  connected polarized schem es satisfy ing the follow ing : f o r every n,

(1) X „ is  an am ple div isor in  X . , .
(2) L . , [x n = L .  and Ox n , 1(X . ) = a . , L . + 1 w ith som e integer an,.
( 3 )  L etting G (X ., L .) the graded algebra tED0 H °(X„, tL .), the canonical homomorPhism

G (X „,, L ,)— >G (X ., L .)  is  surjective. A ssum e that X „ is sm ooth.
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Then, for each n  (X „ , L „ ) is  a weighted complete intersection. (See 1.5)

Theorem 5 .8 . L et {X „ }  be a sequence of  sm ooth projective v arieties an d  X „  an
am ple div isor in  X.+1 f o r any  n. Assume that f o r each n, Pic X,, Z L ,, w ith an ample
line  bundle  L .. T hen  in  characteristic zero, (X .,  Ln) is a weighted complete intersection
f o r a large n.

Historically, there a re  several kinds o f Babylonian Tower Theorem namely, about
variety, vector bundle o n  t h e  projective space a n d  punctual spectrum. Babylonian
Tower Theorem o n  smooth subvariety in  th e  p r o je c t iv e  space w as so lved by
Hartshorne [H a ] , B a r th  a n d  V a n  d e  V en  [B V ], [B ]. T he  one  on  vector bundle on
the projective space was proved by Barth-Van de Ven [BV] fo r  rk  2 bundles and  Sato
[Si, S 2 ], T ju rin  [T ] i n  t h e  general case. Moreover th e  o n e  o n  vector bundle on
punctual spectrum was solved by Flenner [F1 ]. A s  t h e  corollary, Flenner derived
t h e  theorem o n  a  closed subscheme in the projective space which is locally complete
intersection and on vector bundle on the projective space.

In  this paper, we investigate Babylonian Tower Theorem f o r  variety in  m ore
general f o r m .  I n  this case, our theorems depend heavily o n  th e  results [Si, S2] and
[T ].

In  § 1 we review several results about the weighted projective space. I n  § 2 we
study t h e  formal duality i n  weighted projective space (Proposition 2.6). In  § 3 we
investigate a criterion for a subscheme to be a  complete intersection and get Proposition
3.6 which is directly related with th e  proof of M ain Theorem. In  § 4 we prove Main
Theorem. In  § 5 we obtain applications of Main Theorem as stated above. We also get
a  Babylonian Tower Theorem (Theorem 5.3) on a closed, reduced subscheme in  weighted
projective space which is a  locally complete intersection.

We work over an  algebraically closed field k  o f any characteristic. B asica lly  w e
u s e  th e  customary no ta tion  in  algebraic geometry. We use  the  terms vector bundle
and locally free  sheaf interchageably. F o r  a  vector bundle E  o n  a  scheme S, V (E )
denotes Spec (S(E)) where S (E ) is th e  Os-symmetric algebra o f  E  and  E  denotes the
dual vector bundle o f E.

§ 1 . Several remarks ab o u t th e  weighted projective space

In  this sec tion , w e shall review  several results a b o u t  th e  weighted projective
space. We mainly quote th e  ones in  [M o] which a re  necessary for us.

First le t u s  start with th e  definition o f th e  weighted projective space.
(1 .1 ) For positive integers m, e o , e l, ••• , em , m-dimensional weighted projective space
Q(eo, ••• , em.) denotes Proj le[X0, • •• , X ., ]  (written a s  Q(e) simply) where the graduation
o f  k [X0, ••• , X.] is given with deg X z =e , (0<i n) and deg a =0  ( a s k ) .

F o r an  integer a, e c ,( , ) (a ) is th e  coherent O c,( ) -module corresponding to th e  homo-
geneous k [X o , ••• , X„,]-module k [X 0 , ••• , Xm ](a ). Moreover, letting S k t h e  closed
subset o f  Q (e ) w hose defin ing ideal is generated  by {X , k  e i l ,  P ( e )  denotes
Q(e) —  U  S k , called th e  weak projective space.
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T h en , the  following a re  well-known
Fact 1.2. I. T h e r e  i s  a  canonical morphism : Pm— >Q(e) b y  t h e  corresponding
(Yo, • • , Ym)--->(Xg°, • , Xnetm ) w here Y o , • , 1 7 .„, a r e  homogeneous coordinates of the
projective space Pm'.

Il. yo* Opm = g )0 Q ( ) (— v i )  where 0<v 1 _ei -1.

III. F o r  every integer a, 0 Q ( , ) (a),p ( c )  i s  th e  invertible sheaf (-=.0 p(,)(a)) a n d  p(oar a

p ()(0.M o reo v e r, w*Op c,) (1) '. --'0p.(1),-1 ( pc„) , a n d  yo : yo- '( P(e )) - ->P(e )  is a  f la t
morphism.

F o r th e  above properties, see § 1, § 2 and  § 3, in [M o].
Now we have

Proposition 1 .3 . L et W  be a closed subschem e in Q(e) and F  a co h eren t sh eaf  on
W . T hen , w e have
(1) yo* 0,-1 ( w )  h as  a  triv ial line bundle O w as a d irect summand.
(2) I f  H i (ço- i(W ), yo*F) vanishes, so does 11 1(W , F).
( 3 )  A ssume go*F is isom orphic to ED0p.(c i ), -i ( w )  and  W c P ( e ) .  T hen F  is isomorphic

toO p ( ) ( d ) ] v.

P ro o f .  (1) is  triv ia l by II  in  1.2 (see th e  proof o f Theorem 3.7 i n  [M o ] ) .  Since
Hi(ço - 1 (W ), yo*yo*F), (2) is obtained. Moreover, noting that F  is  a direct
summand o f yo* ço*F by (1), (3) is shown by II and  III in  Fact 1.2. q. e. d.

N ow l e t  Z  b e  a  closed subscheme i n  P ( e )  defined by homogeneous elements

f  • • •  f  in  k 1.X0, • • • , X .]  an d  E  a  locally free  sh eaf da O (— a)  w here a ll t h e  a i 's

are positive and  O z (b)=Op(1)® b  L .  M o re o v e r , l e t  k [X 0 , ••• , X n „ • • •  ,  X ,„„] b e  the
graded r in g  with d e g  X e  ( 0  m )  a n d  deg X „ , = a ;  j  an d  le t E  be the
closed subscheme o f Q(e, a) defined by the above elements f i , •-• , f , with a=r-(a i , ••• a r ) .

Then we can easily show

P roposition  1.4. V ( E )  c an  b e  n atu rally  c o n s id e re d  a s  t h e  open subset
{ x E L- IX i # 0 }  and  it is contained in  P (e , a). L etting ça: Q(e, 1, •-• ,1)--*Q(e, ci) a

canonical projection, yo- 1 (V (E))-=V (ez ( - 1)e r ).

Finally in  this section  le t us recall

Definition 1 .5 . A n algebraic k-scheme X  is  c a lled  a  weighted complete inter-
section o f  P ( e )  i f  X  is isomorphic to Proj of a graded r in g  R  satisfying the following :
( # )  R  is iso m o rp h ic  to  k [X 0 , •-• , X .]/(f i, ••• ,  f , , )  w ith hom ogeneous elem ents
f  • • •  f  in  k [Xo, • , Xml  a n d  h a v e  th e  following properties
(1) ( f 1 ,••• , _ice)  is  a  regular sequence o f  k [Xo, • • • ,
(2) V +(f 1, • • • , f  , ) r  U  Sk =

0.
ka2

Moreover a  polarised algebraic scheme (X , L )  is called a  weighted complete inter-
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section if the graded ringH ° ( X ,  tL )  is isomorphic to the  one  with the condition (#).

T h e  following proposition is  im portant for the proof o f our m ain theorem.

Proposition 1.6 . L et X  be a  weighted complete intersection of dimension1  in
P(e a, ••• , e m )  defined as in  1.5. Then,
(1) h [X 0 , ••• , X aii/(f  1, ••• f Ox (a)) (a Z ) ,  where R a  i s  the homogeneous

part o f  degree a o f  R.
(2) H i(X , O x (a))=0 (t Z ,  0<j<dim X),
(3) c o x =0 x (ai+ ••• + a , — (e 0 +  • • •  +ern)), where cox is th e  d u aliz in g  sheaf o f  X  and

a i =deg f
(4) Pic (X) is generated by Op (a )(1) 1x  i f  dim X .3 .

See Proposition 3.3 and Theorem 3.7 in [Mo].

§ 2. Some remarks a b o u t th e  formal duality.

In  this section, let us discuss about the Lefschetz condition.
First le t  u s  recall a  definition due to Hironaka an d  Matsumura.

(2 .1 ) L et X  be a  scheme, Y  a  closed subscheme in  X .  Then Y  is called G3 i n  X  if
K (X ) -K ( .g )  where K(./1'?) is the r in g  o f formal-rational functions along Y.
Moreover let u s recall

Theorem 2.2. (Hironaka-Matsumura [HM], Theorem 3 .3 ) L e t Y  c P "  be a  closed
subschem e. T hen, Y  is G3 in  P "  if  an d  only i f  Y  is connected and of d im e n s io n l.

Thus we have

Proposition 2 .3 . L et X  be a connected, closed s e t  i n  P "  with dim X__>.1. Then,
11 1(P " —  F ) = 0  for every coherent sheaf F  on P "  and i= n - 1 ,  n .

See Proposition 3.2 (due to Speiser) in  Chapter V  [Ha].

Proposition 2.4. L et W  be a  closed subscheme in an n-dimensional weighted projective
space 0 (e )  with a  natural projection ço: P"— Q (e). A ssume that çc 1 (W ) is connected and
o f  dimension::?_1. Then, IF(Q (e)— W , F)=0  f o r  every coherent sheaf F  on Q(e) and
i = n - 1 ,  n .

P r o o f .  B y  Proposition 2.3, IP(P"— go - 1 (W), ço' F )= 0  f o r  i = n - 1 ,  n .  By Propo-
sition 1.3, ço* Opn_,-1 ( w ) h a s  a  tr iv ia l line bundle as a  d irec t summand. Thus, since ço
is  an affine morphism, we have th e  desired result. q. e. d.

In  the  next place, we study about the form al duality. F irst w e show

Proposition 2 .5 . L et X  be a projective, Cohen M acauley  and equidimensional scheme
of dimension n, col- th e  dualiz ing sheaf o f  X  and Y  a closed subset in  X . Then  f o r a
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coherent sheaf  F on X  w hich is locally  f ree  on  som e neighbourhood o f  Y ,  le t t in g  G =
Hom x (F, col), w e hav e H°(.g, P)_•••=(Hk X , G)) - , where d e n o t e s  the dual vector space.

P ro o f .  We can show  th is p ro p o sitio n  in  th e  sam e w ay  a s  i n  Theorem 3 .3  in
Chapter I I I  [H a  1 ] . Then we m ust notice the following :  letting / 1,  th e  defining ideal
o f  Y  in  X,

H ° (X , F e 0 1 /

=E x tn (F0 0 1 / coIY (see Theorem 7.6 in  Chapter III [Ha])

=E x t '( 0 x /411, G) - (Since F  is locally free  around Y) q. e. d.

T h e  above yields an important proposition which will be used in  the next section.

P ro p o sitio n  2 .6 . L e t  th e  notation and assum ption be as in Proposition 2.4. More-
ov er assum e F is a coherent sheaf  o n  Q (e ) w hich is locally  f ree  around som e neigh-
bourhood of  W .  Then, w e have a  canonical isomorphism:

H (Q (e), Hn(Q(e), F).

In  other w ords, H°(((e), P) - - 'H°(Q(e), F),

P ro o f .  Note that Q(e) i s  a Cohen-M acauley variety. T h e n ,  t h e r e  i s  the long
exact sequence of local cohomology :

f in - 1 (Q(e)— W , F) --> H ,(Q(e), F) > H''(Q(e), F) — > H "(Q(e)— W  F)

(See Corollary 1 .9 . i n  [ G ] ) .  T hus Proposition 2.4 yields the fo rm e r . T h e  la t te r  is
obtained by Proposition 2.5. q. e. d.

§  3 .  A  criterion for a  closed subscheme to be a  complete intersection

In  this section, we consider a  sufficient condition for a  subvariety to be a complete
intersection in a ambient space.
(3 .1 )  L e t V  be an n-dim ensional complete variety a n d  X  a k-dim ensional complete

subscheme in  V  which is a  locally complete in te rsec tio n . L e t L  be an  ample line
bundle in  V  an d  Ox (m ) denoted by L "  x  •
We assume that

( 3 .2 )  1 .  H 1(X , 0 ( t ) ) =0  fo r  every integer t.
2. The norm al bundle N1 1v is isomorphic to ED Q 1 ( a )  w ith  positive  integers

••• •an-h).
3. T h e re  is  an  o p en  sub schem e  U  (D X )  i n  V  su ch  th a t a  canonical map

H°(U, On(a i ))—>H°(17 , C4(ai)) is  surjective w h e r e  is  the completion along X.
Then we get

P ro p o s itio n  3 .3 . Under the above notation 3.1, assume 3.2. T hen there is an open
su b sch em e  U  in  V  s at is f y in g : X  is  a  complete intersection H d -J [2 ( )• • •  ( - )H „ _ k  in U
w here H i is  a d iv iso r in 10u(ai)l•
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P ro o f .  L et / be th e  sheaf o f  ideals o f  X  in  V and  V„, th e  c losed subscheme of
V  defined by J .  T h e n ,  w e  have an exact sequence

- ->  i nV i m + 1  -->  O vm + iO v i a  - - >  0.

N oting that Im / Im ' is  th e  m-th symmetric pow er product o f  1/1 2 a n d  tensoring
th e  line bundle L ,(= L °a , ) to *„„, we obtain * , 0-4H°(X , L ,01m /1 ) - H ° (V .+1, L i) — >

I -  k
H°(V  „„ L 1)—>0 by assumption 1. Since L ,0 1 / / 2=  ei) O x (a— a), th e r e  is  a  nowhere

.7=-1
vanishing and constant section s ,  in  H°(X , L ,e i t p ) .  T h u s, w e  have a section .§, in
H 0(17, L i )  to  w h ic h  s ,  is lifted . ( I f  a,-=a w

-= ••• ,+?, a,+h+1+1, choose (h+1)-
sections in  H°(X , L 1 0 1 /1 2)  which a re  linearly independent.)

Now, w e  have a section g, in  H°(U , Ou(a,)) induced by ,§„, by m eans o f  3. Since
i x =0, th e  divisor H , defined by §, contains X .  Thus, applying Nakayama's Lemma

to  th e se  e le m e n ts  gz , ••• , gn_h, w e see  th a t X  is  a  complete intersection of H z 's  in a
suitable open subset U  in  C. q. e. d.

T h e  above immediately yields

Corollary 3.4. Under the above conditions and assumptions in  3.3, let us assum e
additionally  that V =P(e ) , L =O p ( , ) (1 ) and  dim X.dim  Q(e)/2. Then X  is a  complete
intersection of  the closure's H i  i n  P(e).

P ro o f .  L e t  U X i b e  th e  irreducible decomposition o f  n r i i  i n  P(e )  w ith  X ,=-X .

Since H i  i s  a  C artier divisor in  P(e ) , we see that dim X i  dimQ(e)/2 fo r every i ,  and
therefore X i  in te rsec ts  w ith  X ;  j ) .  T hus w e  a re  done, q. e. d.

Moreover we have

Corollary 3 .5 . L et X  be a closed subscheme in  Pm which is a locally complete inter-
section. A ssum e 1 )  an d  2 ) i n  (3.2) w here 0 x(*)=0 pn(*)i x . M oreover, assum e that
dim X ___n/2. Then X  is a complete intersection in Pn.

P ro o f .  Since X  is connected, w e get this corollary by virtue of Proposition 2.6.
q. e. d.

Under th e  above preparations in  th is section, w e study a  concrete  c a se  w hich  is
closely related w ith Main Theorem.

First, w e consider th e  following
(3 .6 ) L et Y  be a  complete subscheme in  P(e ) , F a  locally free  sheaf o n  Y  a n d  X  a
complete subscheme in  V (F)  (=F)  w hich is a  locally complete intersection where dim X
=dim Y , -=e a n d  a  n a tu ra l morphism X - -> Y  is  a  c o v e r in g . T h e n  w e  assum e  that
(1) Y is a weighted complete intersection D 1 ()D 2 1)••• (A D, in  P(e) w ith  D mi lOpc,)(di)1

and  d ,>0  (see definition 1.5).

(2) F  is isomorphic to 6) O y ( — a i )  w ith  a  >0 and e y (1)=.0p ( ,) (1), y . (T herefore , F  isz=1
naturally a  locally closed subscheme in  P(e, ci) w ith  ci-=-(a l , ••• a r )  b y  1.4)
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Nx IF =  E I * O y (b i) w here  b  is  a  positive integer a n d  Tr i s  a  natural projection :

F-->Y a n d  fti X = 7.
(4) 7r*Ox=---El)ey(ci).

(5) dim X d im  P (e , a)/2.
Now, w e  have

Proposition 3.6 . Under the above conditions and assumptions (3.6), we have

(1) Nx IF(e, a )  is isomorphic to NxIFEDNFir(,,r)ix----7 r * ø y ( b ) t h  7 r * ey(d j).
i=1 j=1

(2) there is an open subset U  (E X )  in  P (e , a)  such that X  i s  a  complete intersection
H1r

-q -12(1••• nile+, i n  U  and H i  is a div isor in  10o(mi)I w ith mi =b ia n d
mi + r =d ;I n  p a r t i c u l a r ,  H i (1._<i r )  can be taken as y, - 1 (Di)lu.
Consequently

(3 )  X  is a  complete intersection in F.

P ro o f .  L et W b e  P (e , a )  a n d  yo : 17(e0p (e ) (—a i )) ( = V )- - * P (e )  a  canonical pro-
jec tion . N oting  O w ( 1 ) 1 v = Y P * O P c o ( 1 ) ,  w e  s e e  th a t  O w (1)1x=7*O y(1 )ix (=  L ). Thus, w e
have a

C la im . H '(X , L ) = 0  fo r every integer a.

P ro o f . T h e  morphism X--17  i s  a  finite morphism. T h u s w e  have o n ly  to  show
th a t  1-P(Y, 7*(L®a))=0. S in ce  n * L= O y (1)07r * O x  b y  the projection form ula, w e get
th e  desired fact by th e  assumption (1) (4) a n  Proposition 1.6.

Thus, since Nnwlx ---7* Ny/P(,) x and th e re  is  th e  following exact sequence o n  X :

0 NX IF  - - - - > N X  IW NFIWI X 0,

w e in fe r tha t Nx/ w  is isom orphic  to  a  d irec t sum  o f  line bundles (=EBOx(bie0x(d.)))
by virtue o f  th e  assumption (3) and the above claim, which gives (1 ).  Moreover, by the
assumption 5), a - '( X )  is connected in  P c + '+  w ith  a  canonical projection a : P c +e +r —).

Q(e, a) (---- Q ), w hich im plies that H°(Q, 0 Q (a)) H°(Q, 04(a)) fo r any  a  b y  Proposition
2.6. T hus, Proposition 3.3 yields (2), which provides u s  w ith  (3) by Corollary 3.4.

q. e. d.

§ 4. P roof of Main Theorem

In  th is  section let us consider a n  infinite sequence of algebraic k-schemes : {X.}.E2v
w here X . is a  C artie r divisor in  X . + , w ith  th e  closed embedding i n : Xn—>X + 1. T h i s
sequence with th e  above property is sim ply called a n  infinite sequence of schemes and
is  w r it te n  a s  ISS {X ., i n } o f t e n .  N e x t ,  f o r  e a c h  in te g e r  n , l e t  E n  b e  a  vector
bundle on  X „ .  T h en , an  infinite sequence o f  v e c to r  b u n d le s  {E n , Xn}nEN is called
in fin ite ly  ex ten dab le  w ith  re sp e c t t o  ISS if f o r  e a c h  p o s it iv e  integer

For sim plicity, such {E„, X .}  is  w ritten  a s  a n  ISB w. r. t. {X,,, in }.
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(4 .1 )  l e t  u s  co n side r tw o  IS S 's  :  { X ., in } , Y ., jn}  w ith  a  sequence o f  f in ite , flat
morphisms : {fn: Xn — >Y n } enjoying f-n, n+l — f n in •

T hen  w e  have

P ro p o s itio n  4 .2 . Under the above notations 4.1, le t {E n , X n }  an d  {E '„  X n }  be two
IS B  w .r .t  {X n , i,j.  T h e n , w e  have
(0) X n} and {E n O E , X n }  are IS B  w .r.t {X n , in}.
(1) f n *E n  is locally  free for each positive integer n.
(2) f n.itEn+i n+ 1*E n+ 1, namely { f  n * E n , } is  a IS B  w .r.t {1 ' n , In} .

P ro o f .  (0) a n d  ( 1 )  a r e  trivial. ( 2 )  i s  s h o w n  b y  th e  b a se  c h a n g e  theorem of
Grothendieck. q. e. cl.

(4 .3 )  W e fix  a n  in t e g e r  r  a n d  ( r+ 1 )  p o s it iv e  in te g e rs  e0 , ••• ,e,. F o r a  po sitiv e
in te g e r  in le t  k EX0 , ••• , X .] ( = R . )  b e  t h e  g ra d e d  polynom ial ring with
deg (O• i• r )  a n d  d e g  X = 1  ( j_ rd -1 ) . T hen  w e  have a canonical surjective
rin g -h o m o m o rp h ism  : n + , + ,—> R 7,  w h e re  (X )=  X 1 (0 n +r) and /3(Xn +  r + 1) -= O.

The homomorphism yields a  natural closed embedding Pn : Q(en+,) —Q(en+,-+I) with
emi- , = (eo , er, 1,,  1 ) •  S u ch  a  sequence  {Q (en+ ,), P .}  is ca lled  a n  IS S  o f

weighted projective space.
N ow , le t us recall

Theorem  4.4. (Theorem  2 and  Theorem  3 in  [T ], M a in  Theorem  in [S1])
Let {W n , k n }  be an infinite sequence o f schemes and {E n , W }  is an ISB with respect

t o  {Wn, k n . A ssum e  that fo r  each positive integer n, W n  i s  "a  normal complete inter-
section in  P (e n + , ) "  and PV(W n+i)=W n under the notation 4.3. T hen, if  the character-
istic  o f th e  ground f ield is zero, for any  n  E n  i s  a direct sum  o f line bundles on Wn
(ED01177,(c i)) with Ow,j (c)=Op( n + r )(c )lw ,„  Moreover, (cl, •••) is independent of  a choice of
n.

R em ark  4 .5 .1 . In  Theorem  3 in  ET] (w hich is the  m ore  g e n e ra l o n e  than  T he-
o r e m  2  [ T ]  a n d  M a in  T heorem  [S 1]), T ju rin  assum ed  no t (* ) "a  normal complete
intersection in P (e n , r ) "  but (**) "a  smooth projective subvariety in Q(e n + ,)”. B u t  it
seem s to th e  author that his proof is not complete under the condition (— ). Therefore
th e  author states Theorem  4.4 under another condition (*) w hich is sufficient fo r  th e
study o f  our p rob lem . S ee  th e  Appendix th e  proof o f  Theorem 4.4.

R em ark  4 .5 .2 . In  Theorem  5.3, w e show  th a t if an ISS led  o f  smooth pro-
jective subvarieties satisfies a  condition : (# )W .C P (e n + r )  and 13V(W.+1)=VV,, under
th e  n o ta tio n  4 .3 , th e n  IV „  is  a  weighted complete in te rsec tio n . T h is  result can be
proved only by using Theorem  2 ET] or M ain Theorem ES1] (see Remark 4.17.1).

Thus, Theorem  4.4 and Theorem  5.3 give u s  alm ost sam e co n c lu sio n  a s  in  The-
orem  3 [T ] under the condition (#) w hich is slightly  m ore restrictive than  the one in
Theorem 3 ET].
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Moreover a s  a  result corresponding to Theorem 4.4 i n  any characteristic, le t  u s
recall

Theorem 4 .6 .  ( [ S 2 ] )  L et { E n , P " r }  b e  a n  IS B  w .r.t. flj n + r , den i. Then the
same concision as in  Theorem 4 .4  holds in any characteristic.

(4 .7 )  Hereafter, in  characteristic zero, let us assum e that fo r any n, Y ,, i n  4 .1  i s  a
norm al weighted complete intersection in the weak projective space P(en+r) and
th e  closed embedding j n  i s  the  restric tion of /3. : r ) - 4 2 ( e .+ ,+ 1 )  to Y„ (4.3).

In positive characteristic le t  Y „ be a projective space.
Hence note that X n  is also  a projective (not necessarily irreducible) scheme because

o f th e  finiteness o f f  
Now we state an  easy

Proposition 4 .8 .  L et {X .}  an d  {Y „}  b e  as  4.7. T h en  u n der the notations and
conditions in Proposition 4 .2 , w e have
(1) There is a canonical surjective homomorphism ftf n *En ±>En-->0 and f n E n  i s  a direct

sum  of  line bundles ( --'E{:) Oy n (bi )) on Y

(2) L etting E;,, the kernel o f  g , {X n , EO and IX„, E;i 0 E }  are sequences of  ISB w.r.t.
{X n , i,j. C onsequently , f . t .

(2') Assume additionally  that H°(X n , x ) k f or a large n (e.g. connected and reduced
or weighted complete intersection). Then f or any  n, E n  and E;,, are a direct summand
of  line bundles f,O y n (b) respectively.

P ro o f .  Since f , ,  i s  a  finite and  fla t morphism, th e  first part of (1) is trivial. T h e
la tte r  p a rt o f  (1) is obtained by (2) in Proposition 4 .2 , Theorem 4.4 and  Theorem 4.6.
T he fo rm er part o f (2) is triv ia l by Proposition 4.2. Hence, E Q )E ; is a  d i r e c t  sum
o f  line bundles sim ilar to above (1). Moreover, since f , ,  i s  a n  affine morphism,
H 1(X „, F )= IP (Y ., f n .F ) fo r  a  coherent sheaf F o n  X „ .  T hus, the latter  o f  (2 )  is
shown by Proposition 1.6. ( 2 ' )  is obtained by Krull-Schmit Theorem . N o te  that
this theorem is applicable to a n  algebraic k-scheme X  proper over k with H°(X, O x )=
k. q. e. d.

(4 .9 )  Let Z ,,, k ,,}  be a n  ISS and  fo r each n le t  X„ (4.7) a  closed subscheme i n  Z n

w ith  a  natural closed embedding h,,: X,,—>Z,, which is a  locally complete inter-
section. Assume that hnk„--=inhn + , fo r  every 71.

Then we study the  structure  of the norm al bundle Nx„/.z„ (=Nn) o f  X . in  Z
Since X n = X n + i rlZ n , th e  following is the immediate consequence of Proposition 4.8.

Proposition 4 .1 0 .  L et X ., 17 n, f , , :  X,, --0 ,„ Z n  an d  N n  b e  (4 .1 ), (4 .7 ) an d  (4.9).
Then we have
(1) {X n , Nn } is  an ISB w .r.t. {X ., i.}.
(2) T here is a canonical surjective homomorphism f n.A'n is a direct

sum  of  line bundles.
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( 3 )  Letting M „  the kernel of  g , ftf  n .N .= -' M neN n .
( 3 ' )  Assume additionally  that H °(X„, 0 = k  f o r a  larg e  n (4.8 .2 '). T hen N 7, is  a

direct sum of  line bundles ( = G f t O y n (b i ) )  f o r any  n.

T h e  above provides u s  with

Theorem 4.11. (Corollary 3  in  [F il)  L e t  {X .}  be an infinite sequence o f  schemes
w ith dim X n = n d - r .  A ssume that f o r every integer n, X ,, is  a  closed reduced subscheme
in  P '  which is locally complete intersection and iT, 1 (Xn+1)=X7, with a linear embedding
i n  p n + n ,  > p n + ,n +1 .  Then X ,, is a complete intersection.

Proof. T a k e  an ( m — r-1 )-d im e n sio n a l lin e a r  su b sp a c e  V  i n  P m + n  with
V flX n = ø  a n d  consider two projections f  X ,,— P'  ( = -- Y n) a n d  f . + 1: X n + 1—>Pn + r

(
=

Y r z + 1 )  v ia  the  vertex  V .  Rem ark that f n  is  f in ite  a n d  f la t. T h e n , these projections
induce a canonical linear embedding j „ :  17 .-->Y. + '  w ith  i n f  f  n i  n .  T hus, th e  sequ-
ence { f  :  . . , ( 7,-- , Y n }  enjoys the conditions (4.1). In  order to  sh o w  th is  w e  h a v e  only
t o  check  th a t  the conditions in  Corollary 3.5 h o ld .  Since {0 p .+..( a ) ]x n ( =  L n ), X ,,} is
a n  ISV w. r. t. in} , f n . L , ,  is  a  d irec t sum  o f  line bundles o n  Y .  b y  Proposition
4 .8 .1  w h ic h  im p lie s  th a t  IP (X „ ,  L n ) v a n ish e s  f o r  e v e ry  a. M oreover w e see
N x p n + 7 . -=- G3 fl'O Y  (b ,)--- -- EDOpn -Fm+I(b,)t x,, b y  Proposition 4 .1 0 .3 '. F o r th e  positivity of
b „  we need

SUBLEMMA 4.11.1. L et M  be a  complete subscheme in  a  w eak projective space P
w hich is a  locally complete intersection. A s s u m e  t h a t  N m i p-E1310p(a e.), A1 w ith  so m e
integers a,. T hen  a ll th e  a , 's  are positive.

P ro o f. W e have an  exact sequence o f vector bundles o n  P :

0 > Cf) 0 i ) T p 0.

w ith  e = (e i , •••) (see Remark 2.4 in  [M o ]) .  T hen the inclusion M C P  induces a  gene-
rally  surjective homomorphism : p [m — ,N m ip  (= N ) .  Therefore since N  is  a  d irec t sum
o f line bundles and  T p i m  is  am ple, we complete th e  proof. q. e. d.

Thus, w e com plete our proof o f  Theorem 4.11 by Corollary 3.5. q. e. d.

Rem ark 4 .1 1 .2 . To prove th e  above, w e use only t h e  re su lt  o f  Theorem 4 .4  in
case th a t 1477,  is  a projective space (and Theorem 4.6).

N o w  f o r  th e  proof of M ain Theorem le t u s  consider the  restric tive ISS k,,}
in  (4.9).

d
(4 .12 ) L et Z „  in  4.9 be a  schem e V (E n )  w here E „  is  a  vector bundle EBO

n
y  ( — C i)  on

Y. >11) a n d  d, c1, ••• , c d  a r e  independent o f  a  choice o f  n. More-
o v e r  l e t  k n : V (E n )— >V (E n +i) b e  t h e  c lo se d  e m b e d d in g  in d u c e d  b y  a surjective
homomorphism on : E.+1.—E.+Ily„(=-E.)-0 (N o te  {E n ,  Y .}  i s  a n  ISB w. r. t.
{ }). M oreover let us assum e th a t h f l P . = f  an d  hnkn=inhn+, w ith  a  canonical
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projection pn:

T hen , b y  Proposition 1.4, w e  have the  following diagram :

pn+d+r

IÇO n

Wen,—  c)

w here c=(c i , ••• , cd )  in  4.12, Xi=y) 1(X ,) a n d  f  „  i s  th e  c o m p o s it io n  o f  a  canonical
projection X „-->X „ and f n .

H e re a f te r  t ill th e  e n d  o f  th is  section, w e  assum e fo r a  la rge  n , X „ is connected
and red u ced . T h en  b y  Proposition 4.10 (3 '), Nn=EIV 3,r0Yn (be). M oreover since Y .  is
a  com plete intersection in P(en+,), Ny n a , (e,„„)= E D 0y,,(b ). T herefore  by  1) in  Propo-

sition 3.6, w e see that

N x 7,1(ge n + ,c )  ( = N 0 =- N x n iz„ (— N n) Nz n iQ(, n +,,c)lx „ (— N )

w here N;,--- (1) g O r (N ) .  Moreover all th e  bi 's  a n d  bi " s  ab o v e  a re  p o s it iv e  by sub-

lemma 4.11.1.

Under th e  above preliminaries, we get

Theorem 4 .1 3 . L et {X ., {Y ., j . }  and kJ  be  IS S 's  and i f,,: X,,—Y,,} as
in (4.1) and (4.9). We assume that
0 )  f o r a large n, X n  is connected and reduced.
1) f o r any n ,  Y n has the property (4.7).
2) for any n ,  (Z n , k „) has the property (4.12).

T hen  X ,, i s  a com p le te  intersection in Zn.

P r o o f .  It suffices to check the conditions in  P roposition  3.6. T he  assumption 1
gives rise  to  1  in  (3.6). ( 2 )  in  (3.6) is  th e  definition of Z n  itse lf. (3) in  (3.6) follows
from  the  assumption 0), 2), Proposition 4.10 and sublem m a 4.11.1. Since {Ox n , X n } is
a n  ISB w . r . t. { X n , i n } ,  the condition 4  i n  (3 .6 ) h o ld s  w e ll b y  Proposition 4.8 (1).
Finally, since codpu  n+, c)X. ,----codpa n , r )Y n+ d ( it is  constant), dim Xn_dimP(e,,+,, c)/2
fo r  a  la rg e  n. Thus we complete our proof. q. e. d.

From  now  o n  le t u s  begin  w ith  th e  p ro o f o f  M a in  T h e o re m . W e  m a in ta in  the
conditions and assumptions of M ain Theorem in Introduction.

T h e  morphism f  X,,—Y,, induces an  exac t sequence o f  vector bundles o n  Y„ :

a
(4.14) 0O r , , — > f  n,Ox nF , ,  (----Cokernel o f  a) - - >  0

H ence it follow s from  Proposition 4.2 that
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(4.14.1) If n . e x  Y . }  a n d  IF., a re  ISB's w. r. t. I Y . ,  in  •

Moreover we have

Proposition 4 .1 5 . f n.Ox n  is isom orphic to e e y n (ai) with a 1 =0  and negative integers
a i F n  (4.14) is isom orphic to O 0 y ,(a i ).2 2 -

M oreover, (a1, ••-) is independent of the choice o f  n  up  to  the order.

P ro o f .  T h e  decomposability o f  th e  first part is obtained by Proposition 4.8.1. As
f o r  t h e  nega tiv ity , s ince  f ,  i s  f i n i t e ,  f ;t0 y r i (b) is  a  negative line bundle o n  X n  fo r
each negative integer b. T herefore , w e  see  tha t H °(X „, fO y n (b )) (=H °(X ., f *0 x „0
e y n (b )) v a n ish e s . T h is implies th e  negativity o f  a ,  for i 2. T h e  latter is obvious.

q. e. d.

(4.16) B y th e  above o b se rv a tio n , a  natural in jec tive  homomorphism f  x  n  a s
Oy n -module induces a  surjec tive  Oy n -algebra S n (F .) - - f . .0 x „ ,  which yields a  closed

immersion k X n— >V (F n )  a n d  k  c n = f  „ w here 7. : V(F.)—>Y ,  i s  a  natural projection.
T hus w e  have com e to the  fina l stage  of the  proof of M ain Theorem.
F irst se t Z n  a s  V (Fn )  w ith  th e  vector bundle F„ in  4.14.
Since X „ and  Y .  a re  smooth fo r an y  n, X .  i s  a  locally  com plete intersection in

Z .  T h u s  o u r  condition enjoys the  one  in  Theorem 4.13. Moreover (4.14.1), Propo-
sition 4.15 and 4.16 yield the condition 2 in  Theorem 4.13. Consequently we get Main
Theorem, q. e. d.

§  5 . Applications

In  th is  section w e  study  the  application of Theorem 4.11.
L et us consider

(5 .1 ) a  sequence of pairs consisting o f graded r in g  le[T 0 , •• , T  ,n+n] (= + )  and
its hom ogeneous ideal In satisfying th e  following

(1) deg
(2) Proj k (=-X n) is locally complete intersection in  P ( e . + 7,) a n d  o f  (r+n)-

dimension.
(3 )  X . is  a n  element in  I L , n + n + j ®  a l w here Op(. 111+ „)(1)[ x„= L . , .  an d  an  in teger a..

L et d n  b e  the positive integer (L n i + n , ,
r+ n  tim es

T hen, we immediately get

Proposition 5 .2 .  Let the condition and assum ption be as in 5.1. T hen w e have an
equality  an+idn+i-=-- d n .  Consequently , there is an integer n , such that fo r  every  integer

a,,=1.
M o reo v er, L .., is  no t divisible in Pic X . fo r  any  n  (_n ,) , nam ely , L n ,„ - c i l l  for

any  M E -P ic  X . and any  in teger c  (t ± 1).

P ro o f .  Since d.=an+id.+1= ••• = Ili i a.+J.d.+0,, th e  se t  Iila i 7"221 is  a t  f in ite  set,
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a s  required. A s  was shown above, t h e  s e t  {d. : n EN} is bounded. O n the  other
hand, when L , -.=- cM, dn=c n + T  ( M , • ,  M ), which implies th e  la t t e r  p a r t .  q. e. d.

Under the condition 5.1 and  the diagram 4.11, l e t  u s  l i f t  each X .  i n  t h e  above
sequence to th e  o n e  çoT,1(X . )  (=X ) in  P .nl+n v ia  çon . Then, the condition (3) implies
that Xn  i s  i n  10p.,, n+i(a , y 1. Thus, we see that f o r  every integer m  bigger
than a fixed integer n o ,  the sequence of projective schemes {X.} enjoys the  assumptions
in  Theorem 4.11 except th e  reducedness o f  X n  b y  Proposition 5.1.

Therefore, we can show

Theorem. 5 .3 .  L et the condition and assumption be as in 5.1. A ssume X n  is reduced
f o r a larg e  n.

Then, X„ is  a  weighted complete intersection in P(em+n).

P ro o f .  We have only to check that fo r  a  la rg e XncP(en+n,) satisfy the
conditions 3 .3  by Corollary 3 .4 .  A s fo r  1) o f 3.3 , since 11 1(X., yoOx n (a ))= 0  fo r  any
a  in  th e  same way a s  in  th e  proof o f Theorem 4 .1 1 , w e see  th a t 111(X n ,
f o r  an y a  by v irtue of P roposition 1.3.2. Next letting N .= N x . /pc o m + n )  a n d  N.=
Nr( n ipm+n, we have g N . = N . .  Then Proposition 4 .1 0  yie lds that (#)
ON.EDM,, with a vector bundle M n  o n  X n  under the notations in Theorem 4 .1 1 . Note
that P,`Oy„(1)=g0p(1)1x„ w ith  P . = P ( e . + . ) .  N o w  ta k e  the  d irect im age cp.. o f  #.
Then we infer that Nn=e1)0(d 5 )  with some integers d , by Proposition 1.3.3 and Krull-

Schmidt Theorem (X „ is reduced). Moreover all th e  d , 's  a re  p o s it iv e  b y  Sublemma
4 .1 1 .1 . 'Therefore, by Proposition 2.6 and Corollary 3.4 , we get desired fact.

q. e. d.

Finally we consider
(5 .4 )  a  sequence {X., L.} o f  connected polarised schemes satisfying t h e  following :

fo r each n,
(1) X n  is  an am ple divisor in
(2) Ln+ iix -- =Ln and O x ( X . ) =  a .+IL.+1 with some integer an+,.
(3) Letting G(X„, L n )  th e  graded algebra e H°(X n ,  t i , ) ,  the canonical homomorphismta0

G(Xn+,, L . + 1)— > G (X n , Ln) is surjective.
T hen , we get

Proposition 5 .5 .  Let {X n, L n}  be a  sequence o f  Polarised connected schem es w ith
the above conditions 5.4. Then, there are an inf inite o f  indeterminants T o , T 1, ••• , T „ „  ---
and a  sequence of  homogeneous ideals I n  in the weighted poly nom ial ring 10'0, •-• , T m ]
such that X n  is isom orphic to Proj k [T o, ••• , T„,+,,1/I,, with deg  T = e .

In  particularly  there is an  integer w such that ai =e i + w  f o r  any  positive integer i.

P ro o f .  It is well-known that G(X n , T n )  is finitely generated. Thus, fo r  X , there
are indeterminants : T o ,  • -•  ,  T „ , and a graded surjective homomorphism f 1 : k[To, , w ]

L 1)  with deg T i = e , an d  th e  homogeneous ideal 1 1 (=K ernel o f  f i ). In  th e
second  p lace , by Theorem 3 .6  i n  [M o ] o r  Theorem 3 .1  i n  [ F ]  w e  g e t a  graded
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s u r je c t iv e  homomorphism f 2 :  k [T o, ••• ,T ,T .+1]— >G (X 2, L 2) w ith  deg  T .,+i=ai.
T h u s, w e  can  tak e  a n  infinite indeterminants and  homogeneous ideals inductively.
A t th e  same time the final is proved. q. e. d.

Corollary 5 .5 .1 .  Under the condition in  5.4 , assume that a =1  f o r e ac h  n . T h e n
any  X n is contained in P(em +n).

P ro o f .  By the  argum ent of Theorem 3 .6  [M o], T n + ,  induces the section defining
X n ,  which m eans that t h e  coherent sheaf 0 , , , n + i ) (1) (= M )  y ie ld s t h e  invertible
sheaf o n  X . .  T h u s w e  see  th a t M  is  a n  invertible sheaf o n  th e  neighbourhood of

Therefore, P ( e . , . + 1) contains X. + 1 thanks to Theorem 1.7 [Mo]. q. e. d.

Therefore Proposition 5.2 , Theorem 5.3 and Proposition 5.5 yield

Theorem 5 . 6 .  L et a  sequence {X n , L „}  be as in  5.4. A ssume th at X ,, is  a  locally
complete in tersection  in  P(e„ + „)  f o r a n y  n  ( s e e  Proposition 5.5). M oreover assume
add itionally  that X „ is  reduced  f o r a large n. T hen (X ,,, L ,,) is a w eighted com plete
intersection. (R em ark  that L „ is not div isible for any  n ( n o ) by  Proposition 5.2)

Corollary 5 .6 .1 .  (compare Conjecture 4.23 in  [ F u ] )  L e t  a  sequence { X „, L .}  be
as  5.4. A ssum e that X n is sm ooth f o r each n . T hen, (X n, L n) is a  weighted complete
intersection.

P ro o f .  In  the  same manner as in Proposition 5.2 w e infer that a n =1  f o r  a n y  n
(>.n o), a n d  therefore X. is contained in  P(em+n) by Corollary 5 .5 .1 . Thus, Theorem
5.6 yields this Corollary, q. e. d.

Moreover, we can prove

Corollary 5 . 7 .  L et { X ,,, L n }  be a  sequence of  Polarized smooth varieties. Assume
th at X „ is  an  am p le  d iv iso r in  X n + ,  an d  th e  characteristic of  the base f ie ld  is zero.
Furtherm ore, w e suppose the following .• f o r  every n, — K s ,, i s  ample, L ,, + , 1 ,,= L,, an d

oxn+,(X n)
 w ith som e integer an+1.

T hen, (X ,,, L n )  is a w eighted com plete intersection. M oreov er L „ is not divisible
f o r an y  n  ( 3).

P ro o f .  By virtue o f Corollary 5.6.1, it suffices to check that the above assumption
induces th e  co nd ition  3  i n  5 .4 , i n  other w ords, 1-P(X ,,, tL „)=0  f o r  any t. B ut it
follows from Kodaira's vanishing Theorem, q. e. d.

Proof  of  T heorem  5 .8 .  By virtue of Corollary 5.7 , it is  su ffic ien t to  sh o w  that
—Ks ,, i s  am ple for a  sufficiently b ig  n. Now p u t K x n =k ,,L n an d  Ox n + ,(X .)= a.Ln+1
with some integer len ,  a ,, b y  th e  assumption. Then note th at a ,, is  positive . O n the
other hand, k n+,-Fan=k n thanks to the  adjunction fo rm u la . Thus w e see that len  i s
negative fo r  a  b ig  n. q. e. d.
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Appendix. Proof o f  Theorem 4.4

Here we use notations in  [T ] : infinite variety X ., infinite projective space P . and
infinite weighted projective space Po,0„  w hich can be considered a s  t h e  ones : ISS
{X n , I S S  o f p ro je c tiv e  spaces {P " r ,  13n} and  ISS o f  weighted projective spaces
{Q (e .),  130 (4.3).

Now a s  f o r  th e  decomposability o f  a  vector bundle o n  a  nonsingular inifinite
variety X . c P a,00 , it  se em s to  th e  author that th e  proof o f Theorem 3 [T] is not so
c le a r . In  fa c t , under the  nota tions in  ['T. . ] since the inverse im age yo-

c
-
0

1 (X0.) o f  X . via
the  covering ço.: P.--->P„, 00 (1.5 in  [T ]) is generally neither irreducible nor reduced,
o n e  cannot apply the  case  in  question  to th e  result (=Theorem 2) about the decom-
posability o f  a  vector bundle on a nonsingular infinite variety o f  P . ,  namely we cannot
infer that the inverse im age g E  o f  a  vector bundle E  on  P0,., is  a  d irec t sum of line
bundles on

Neverthless one can prove Theorem 4.4 with th e  slight modification.
Now le t  u s  maintain the  notations in  Theorem 4.4.

Letting yon  : P"'----44(e a + , )  a  canonical projection, we can easily choose a  sequ-
ence o f  subschemes i n  I '' ' . : {X .}  satisfying t h e  following :  X . i s  a n  irreducible
component o f yoTiL (Xn) and  Xn+ i ( )P " ' = X n  i n  P I ' ' ' .

Then § 1.2 [T ]  te lls  u s  th e  result
A l )  there is a n  integer N  such that for every n_1\7.,
1) X 7, is sw ept by lines in  X..
2) fo r two points p i  a n d  P 2  in  X n , there a re  tw o  lines l, 12 i n  X n  w h e re  p i E l,  and

l i (1 2 *0 .
Moreover le t  E  be got+ , E . I x , „  Then a s  stated in  Lemm 3.2 in  [T ] w e  have

A 2 ) for every two lines 1,, 12 on X , — n 1 / : = J E n 1 / 2  and the decomposability is independent
o f  a  choice o f n.

Thus, in  order to prove theorem 4.4, w e have only to show  th a t  E n  decomposes
to a  d irec t sum o f  line bundles fo r  a  sufficiently b ig  n.

Hence we use notations X , X  and  E  instead o f X ., X . an d  E „ hereafter.
Letting Y  th e  se t {line / in  Pn 1/CX} (Cthe Grassmann variety Gr(n, 1)), we have

th e  following diagram :

Z = q -'(Y )

Fl(n, 1, 0)

P a P q Gr(n, 1 )  D  Y

Sol
C  P (e 71 )

where FI(n, 1, 0) is  th e  flag variety {(x, Pn XGr(n, 1)!xE 1I

Then we have to remark
( # )  L et E  be a  vector bundle o n  X .  Assume that X  is  n o rm a l a n d  fo r  each  point
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y  in Y,

(fiço)*E i(y) e 0 „ , ( a i ) ' i  (a i >a,> • ..)

w here a 1 , ••• and r i  a r e  independent o f  a  choice o f  y.
T h en  E  has a  subbundle E 1 o f  rank r 1 .

P ro o f. T h e  assum ption induces t h e  following exact sequence o f  vector bundles
on  Z  b y  the base change theorem :

(15 )*E ---> H 0

w here F , is  a  vector bundle o n  Y  o f  rank 7-1 a n d  H a  vector bundle on  Z.

T hen th e  above yields a  morphism f  : Z  - >  Grass a s  sta ted  in  the  last
X  t

p a r t  o f  t h e  p ro o f o f  Theorem  1  E T ] .  T h e n , w e  s e e  f ( Z )  induces a  section of a
canonical projection t  b y  th e  Rigidity Principal and  Zariski m ain theorem, which give
us this claim.

In  th e  nex t place, w e prove t h e  following :  i f  a  v ec to r  b u n d le  E  o n  X  h a s  a
property : fo r each point y  in Y

(4 ) * E rg -i c o : Opi
then  E  is  trivial.

T h is can be show n by th e  property  A l) an d  in  th e  s a m e  w a y  a s  i n  Lemma 3.5

Er].
T h u s , w e  c o u ld  p ro v e  th a t  E  i s  a  v e c to r  b u n d le  w ith  th e  e x te n s io n  o f  line

bundles.
In  order to complete th e  proof o f  Theorem 4.4, the  author a ssu m e s  a n  additional

condition : X  is a weighted complete intersection, by  w hich Proposition 1.6 (2) provides
u s  w ith  th e  fac t tha t th e  vector bundle E  decomposes to a  d irec t sum  of line bundles.

In  fac t, th e  auther do  not know the theorem of Barth and Larsen type in weighted
projective space  Q(en): f o r  a  lin e  b u nd le  L  o n  a  smooth subvariety X  in  weighted
projective space, FP(X , L)----0 under some conditions about n and  dim X.
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