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Mixed problems or Cauchy problems for
semi-degenerate hyperbolic equations
of 2-nd order with a parameter

By

Reiko SAKAMOTO

Introduction.

Let us consider linear hyperbolic operators of 2-nd order with real coefficients:

n

kZ:‘ a;x(t, x)0,04

1

J

L=L(, x:d., a,):af—zji‘l ajlt, X)0,0—

+bolt, X0+ E by(t, x)8,4c(t, x)

in IXQ=[0, TIXR*={0<t<T, x,>0, x'=(xs, -, x,)ER*'}, where a;,—a,; and 0;,=
0/0x;. It is well known that the mixed problem :

Lu=f in IX®,
M.P) Ule,c0=go on IxdQ .

Ul —o=1o, 0 ulieo=1u, on Q

is well posed, if

) inf kzi' a5, 0)E€>0,

Ix2x8n-1j 1
ii) Ajp, bj, ce QM(IX.Q)

are satisfied. How about the problem if i) and ii) are replaced by

iy  inf ké_aj,,(t, 0ELSO  (any e>0),

Ix2 . x8n-1j 1
iy aji, by, cE B(UXQ.) (any &>0),

where 2.=0N{x,>¢}? In this paper, assuming i)’ and ii)’, we consider two cases.
One is a degenerate case, when i) is not satisfied, and the other is a singular case,
when ii) is not satisfied. Their typical examples are as follows:

() L=0t—0i—05—(u+1)p'd,,
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308 Reiko Sakamoto

where g is a real parameter, p=p(x,)e 8°(R,), and p=x, near x,=0. We consider
the mixed problem (M.P) for <0 and we consider the Cauchy problem:

Lu=f in IXQ,
c.P) {

Ulymo=uo, Oiulime=u, on 2
for pu>0.
There are so many studies on semi-degenerate problems for parabolic or elliptic
operators since W. Feller [1], but there are little about hyperbolic problems except for
fully degenerate cases (e.g. [2], [3]). Nakaoka ([4]) considered

tu=p(x)*0%u  (0<a<l)

in {t>0, x>0} with initial data and with zero boundary data. By the change of
variables

s=Bt, y=xf (B=2—a),
it is transformed into

0tu=p(y)02u+(p+1)0,u (;z:—%:——ﬁ)

near y=0. Therefore the result of this paper is considered as a generalization of
Nakaoka’s. The simple idea in this paper is to reduce L to a Bessel type operator. The
energy method is applicable to Bessel type operators. Examples in §6 illustrate the
structure of solutions relating to a parameter .

§1. Semi-degenerate problems and singular coefficient problems

Let us assume that L satisfies the following Ass. [—gx or Ass. [I—y in addition to
i) and ii)’ in Introduction. Under Ass. I—pu or Ass. ll—p, L is a Fuchsian on 9Q
with characteristic roots {0, ¢} (see [5]).

Assumption I-x¢ (degenerate case). ay;, b;, ce 3> (IX2), and

(I—A) a,;=pa,; where d,;€ 3=(Ix2) (j=0,1, -, n),
inf @,>0, inf 3 a,8,:>0,
1x3Q Ix3RQx8n-1 j, k=2

(I—B) by=—an(p+1)+pb,, where p is a real constant and 5, 8~(I x D).

Assumption II-¢ (singular case). a;;, b; (/x1)e !B‘”(IX.@), and
(II—A) a,;=pa,;, where a,;& 8=(Ix2) (j=1),

inf (111>O, inf 2 afke]&k>07
I1xaf

Ix202x8n-1 5, %=2
(II—B) by=—an(g+1)p '+b,, where ¢ is a real constant and b, (/X Q)
(I—C) c=p'¢, € B~(IXRQ),

We say that (M. P) is solvable in H", if there exists a unique solution
H"Ix Q) if

N
mn
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(fs Go» o, u)EH(IXQXH(IXIQYXH ()X H'(2)

with compatibility conditions of order [’ for some [ and /’. Compatibility conditions
will be explained later. We say that (C.P) is solvable in H*, if there exists a unique
solution ue H"(Ix Q) if

(f, uo, u)SHUXQ)XH (D)X H(2)
for some /.
Under Ass. I—pu, we have

L= —dxl{(,oal)+/l+l}al
+{—2(a0.+ ?ldll’ai)_'_b'l}(pal)

+ {8%-—2 Z'a,la,»a,—— %Iajkajak+boag+?,bjaj+c}
J I

=—an (D(pal)al +wl(ar)(pal)+w2(ar)}

:_(711{(,)(P31)al+w(ar' Pal)}:_(inLI ,
where

21: E ’ Z/——_ 2 ) a:':(atv a2v tt an)-

J j=2 jok o k=2

Under Ass. II—g, we have
oL=—a{(p0,)+p+1}9,
+{—2p(a:0.+ ;’dlﬁjwbl}(pa,)
+{p[af—Z?ajoajat—E'aj,,ajamtboaﬁ :Q’b,-a,-]+€}
=—an{P(00,)0,+ [¥10-)(00,)+¥:(3:)]}

:—all{¢(pal)al+w(ar’ p@,)}:—auL' .

In both cases,
L':d)(pal)al-l-W(t, x; 0, 4031),

where @(A)=A+p+1 and ¥ is a linear differential operator of 2-nd order with
respect to {0, p0,} with 3= coefficients and

U(t, x;0-, p0)=V.(t, x; 0:)(p0)+Tx(t, x; 9-).

To consider L’ near x,=0, we define L,=L,, if L,=L, near x,=0. Moreover,

we define Lg by
0P Lu=Lg(pPu).

Lemma 1.1. Let L satisfy Ass. I—p (resp. Ass. II—p), then L, satisfies Ass.
I—(-p) (resp. Ass. IT—(-p)).

Proof. let L satisfy Ass. I—y, then
—ait L=p7"(p0,+1)(00)+1{¥(00,)+ ¥},
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therefore
—(21—11L/lEp_](pal)(pal_ﬂ)—l_{wl(pal~#)+w2}r
=07 (00— )(00,)+{¥1(00)+ W, — p¥ )}
Let L satisfy Ass. Il—p, then

—ai' L=p (00,4 p1)(00,)+ o~ {¥(00)+ ¥},
therefore

—ait L= p7%(p0,— 1)(00)+ p H{¥ (00)+ T o— ¥}, O
Let u be a smooth solution of L'u=f. Let

gjza{l”x,:o, fj:a{f|.1'l=0y
then we have
L'u=®(p0,)0,u+¥(0-, pd,)u

~®(00){g:+8:0/114g50%/21+ -}
+U@., pd)got2:0/11+ g20%/21+ -}

~AD0)g, +T @, 0)go} +H{D(1)g+T (G-, 1)g,} p/1!
+{OQ2)g,+¥@., 2)gs} p%/2!1+ -+,

where ~ means the asymptotic expansion at x,=0. Since

Wt x; 0., pd)~ 3 0"/ 1 TR, x5 8, 08,),
k=0

we have
: L (T g :
*) Dt B, WOP@ D=1 (=0.1,2, ),
Conversely, let us define {g,, ---, g/--1} by (*), making use of data {f,, -+, fi s, Qo},
if ux—1, =2, -+, —(’—1). Then, we have

g,eH"%(Ix09),
if feHY(IXR2) and g, H'(IX0RQ). Let us define

UGt x)= 5 G D gt #p(x)

where p= 8*(R.), p=ux, near x,=0, and 5=0 if x,>1, then

UEHI—Z(I’—l)CHl’+1
if I'<(+1)/3.
In case when p=—v (v=1, 2, ---), let u be a solution of L’u=/f and

u=v+w log p,

where v and w are smooth functions satisfying 0w, =0 (=0, 1, -, v—1). Let
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gi=0vl gm0,  Nj=0wle~  (ho=h= - =h,,=0),
then we have
L'v=0(pd,)0,v+¥ 0., po,)v
~{D(0)g:+¥@-. 0)go} +{P(1)g,+¥(@:, 1)g:}po/1!
HO2)g: +V@-. 2)ge} 0*/21+ -

and
L'(w log 0)=®(00,)(w o~ +0,w log p)+¥(@-, pd,)w log p)
={D(po)wp")+0,w+¥ (0 )w}
F{D(p0,)0,w 4@, p0)w} log p
=1,+1,,
where

L~y /(v—1)!
HOW+ D' +11h s +¥10) N} p*/v!
HLOW+Do+2) " + 11+ @) i o /D T e
(log o) "o~ A D W)y +¥ @, V)1 0¥ /v !
H{OW+ D+ @:, v+ DA}/ + D14 -

Hence we have

0 Okt (5 U@ D=0 Gy, v v, ),

O(grat B W@ ge=1s  (=0,1,2, =, v=2),
v-1 _l

h”+kz=:o(yk JFe 0@, Bge=1on

(k)

PG+ kE;( 2 )Uf“"’”(a.., R)ge

PN+ 1 et 5 (1 W 2@Ihe=f, (=, v+1, ).

Conversely, let us define {g,, -, gi'-1; My, Mysry =, oy} by (x%) and (x+%), making
use of data {fo, ---. fir-s, &o}, if p=—v (=1, 2, --). Then we have

g5, h,e H9(1x30),
if feH'(IX2) and g,eH'(Ix02). Let us define

U=V4+Wlog p.
where

Vi, x):ljg‘(_,-!)flgj(z, (),



312 Reiko Sakamoto

W, 0= 3G At )p(xy
then
V,WeH"" ('<(+4+1)/3), UeH* (wl).
Let us define
Hi={ueH"| 0ul;-o=0 (4=0,1, .-+, =D},
and say that data {f, go, u,, u,} satisfy compatibility conditions of order [’ if
fo=u—U | o= HE (),
{ h=u,—0U |,y H{ ().

Here we have

Lemma 1.2. Let
(f, Go, to, u)EHUXD)XH(IX02)X H(Q)X H'(Q)
satisjy compatibility conditions of order I (I'<({41)/3), then
f=f—LUsH{(IXQ),
fy=u;—0lUcHY-(2) (=0, 1).

Let us say that (C.P) is solvable in H%, if there exists a unique solution u&
HEYIX82) for any (f, uy, u)€HYIXQ)X HI(Q)X H}2) with some [. Here we have

Lemma 1.3. i) In case when p+-—1, =2, -, if (C.P) is solvable in HY, then
(M. P) 7s solvable in H".

ii) In case when p=—y (v=1, 2, --) if (C.P) is solvable in Hf, then (M.P) is sol-
vable in H™in (),

Our aim is to establish the following theorems.

Theorem (C). Let L satisfy Ass. I—p or Ass. [I—p. Let u>0, then (C.P) is sol-
vable in H* for any h.

Theorem (M). Let L satisfy Ass. I—por Ass. [I—p. Let —h—1/25p<—h+1/2,
then (M.P) is solvable in H*, where h=2, 3,4, ---.

Theorem (M’). Let L satisfy Ass. I—p or Ass. I[I—p. (M.P) has a solution in H°,
if —1/2<€p<0. (M.P) has a solution in H*, if —3/2=p<—1/2. More precisely, (M.P)
has a unique solution satisfying
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ue H¥(Ix 82,),

ueE B0, 1); HY(IX08)),

(x.0p)ue 3120, 1); H'(IX09)),

(x10))us 8'#1°+5((0, 1); H(I1X02))
for some ¢>0.

§2. Hyperbolic operators of Bessel type

Let us define
BYIXD={uldgucs B (UIXQ) (la|=k)},

HAIXQ)={u|p ' 1?0suc H'UXQ)  (lal<k)},
where
ag:ago(pal)alagz s Q%n

Let us assume that L satisfies more general assumptions than Ass. I—yu or Ass.
lI—p. Let g=(ay, 0, -+, g,) satisfy

a,=1, 0<g=0; (=1, -, n),
and let us define p;,=p’/, then we have

01=p, po=p; (=1, -, n).
Let us define } '
0;=0,0; (=0,1, -, n),
where 0,=0,.
Assumption III—y—o. ay;, b;, ce B5(Ix2), and
L={d%+po,—ct+2p, Z*djléjél-l_ Zk*(lj/zéjék‘l-poz_ b;d;,
J J J

where >*= 3}, 3*= 3}, where
J jx1 Jik Jr k%1

(II-A) sup 200 <0, inf 3 a;EE.>0.
Ix

1%92x8n-1 j, k=2

(II1-D) p*+4inf ¢>0.
Ix08

Remark. If L satisfies Ass. [—p with p=0, then —ar'pL satisfies Ass. [ll—p—
(1/2,1,1/2, -, 1/2). If L satisfies Ass. ll—p with g0, then —a'p?L satisfies Ill—
ﬂ_(ly ]-r ttty 1)

Let us define
Hpt={ulp0;ucH} (=01, -, n), ueH})} (1=0,1, ),
Hpo={ulpucs Hy},

then we have
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H'culijcH,  (=0,1, ).
Our aim in §2~§4 is to establish the following

Theorem 1. Let L satisfy Ass. III—p—a. Lel

M3 [, wo, u)EH{IX QX HLHR)XHE () (=0),

then there exists a unique solution u of (C.P) salisfying
o rus HEIIX Q).

Lemma 2.1. Let Z; be a variable transformation in Q:

’ ’

Ly zy=x%, Z'=x near x,=0,
and let Ly be the transformed operator of L. Assume that L satisfies Ass. [1{—p—a,
then Ly satisfies Ass. III—pe—ax, where pe=p/s and ax=(ao/s, 1, a3/s, -+, 64/3).
Proof. Let pi(z,)=2z, near z,=0, then
00,=50x0x:
near z,=0, where 04,=0,;,. Hence we have
(00:)*+ (001) — €= (5 0x0%1)" + p£(5 px051) — ¢
=5{(040%1)"+ 57 (04051)— 572}
=52 (05051)" + (0 50%1) — Cc}
near z;=0, where py=ps™", cxy=cs™?, and
pi+4inf co=ps*+4inf cs72>0. ]
Let us consider a transformation of dependent variables: .
u —v=p%u,
where B is a real number, then L is transformed to Lg i.e.

0P Lu=L(pPu).

Lemma 2.2. Assume tha! L satisfies Ass. [II—p—a, then L, saiisfies Ass. I1[—
0—o.

Proof. Let L satisfy Ass. lll—p—g, then

L= {éf-}'#él—c} +2Po-£1(3.—)51+-£2(ér)+l70 py bjéj ,
wherc N
L= 2*01151' , Iz=§*ajka,ak .
J Jr

Then we have
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La={(0,—B)*+p(0:—B)—c} +200L 10— B)+ Lo
+00{0:(8:—B)+*b,0,}
= {03+ (=28 +)0,— [— B+ 1B +c—pib B}
+200L 1914 Lo4 pol 010, +H(Z*b,0,— 2L 1)},

therefore we have

L;z/zgé%‘C*+2‘00-£131+-[2+Pn{b131+(2*bjéj—ll-fx)} )
where

cx=(pt/2)*+c— pobi(1/2).
Since

C*|11=o=(ﬂ/2)2+6|11=0,
L, satisfies Ass. [[I—0—g. O

315

We say that L is a hyperbolic operator of Bessel {ype, if L satisfy Ass. ll[—0—g.

§3. Energy estimates of (C.P) for hyperbolic operator of Bessel type

Let us define

(u, v)=(u, Vezcor, (U, V)p=00""%u, p~" V)12 ,

2 2 — ay |12
”u”p,l ”uHuP(.Q) mzllsl”apu“p»

[
Illu(t)lllf,,z‘——jg lofu®ll -5,

and

T
g o= ICO .

Moreover, let us define
n _
lull%e, ien=I l¢||f¢lj,+a‘(9>=j§ Nosull?, oMl

Mo, 1405= éollléfu(t)lllﬁ.z+|||u(t)lllf,,z )

and
2 cr
luliettgcrnan= |, @Iy, condt
Remark. If ues}!}, then (00,)];,-0=0 (j=0, 1, -, ).
Let us define
e ""Lu=L"(eu),
then

L =L, x;0;,0:)=L({, x;0,+7, 0,).
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Let us define
(e COME, 141, r =N, c4r +TEH 2N @I

Me@No, e+, 7 =Me@Wp, 141> +T7>¢ 2 0ou@®Z
then we have

Lemma 3.1 (basic energy estimate). Let L be of Bessel type, then there exist
7«(>0) and C(>0) such that

t
llae(Oilite. x>.r+rS0IIIu(t)III%p. n.7dt

t
< C{lp 047 o3 L@l O<t<T)
for any r>71, and any {us 4} ,(IXQ), py' L us H(IX)}.

Proof. 1t is sufficient to prove Lemma 3.1 for n satisfying supp [u]C{x,<e}
(¢(>0): small enough). Let us denote

L= aoopgaf‘i'zpouqlat‘f'uqz'f‘,ﬂo—@ ,
where
‘ﬂl'—_ poaloél_zjlajéj y

_,42:—6+3%+2‘002,(1j15j31+ Az,'"af"éfék y
J ok
ﬁzboét‘F i biéj ’
j=1

then we have
(L u, 0; u),=(a00060; *u, po0; u),+2(A07 U, po0; 1),
+( Az, 07 u)p+(Bu, po0: u),
=11+12+13+14:1 .

We have
—2Re 1,=(0,427)(— aopsd: u, pod; u),+R,,
—2Re L,=@,+21){(cu, w)s+6,ulz+2 Zj‘.’(poauélu, 0,;U)p
+ %l(ajkéku’ U)ot + Ry,
g
where
Ry |+ 111+ Rel + 11,1 =C(ll po07 ull3+ i‘; 0 ull241lal2).
j=1
Let
—2Re I=0.+2nE@®)+R({®),
where

E(t)=(—aowpliu, pedtu),+(cu, u),
+2 2'(poal,~51u, 5ja),,+2’(ajk5ku, 3ju),,
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then we have
ci{llodt ulz+lu@lip, v} S E@O = collloods uld+Ilu®lip. v}, | ROISGEQR),
where {c;} are positive constants innependent of ¢, 7, u. On the other hand, since

H=Cllos' L u®l ,E®)'*

we have
@ANEO=Cr o' L u®lz  >T10),
therefore
t ct
E@+7| EOUEQ+Cr | lov Loulizge — (r>70).
Remarking

il eadeulit=r{] Uodoulz+rl oo IDe-+ Tl ow 571 ooz}

t
<EO+C7[ 1 oa L (o)l

and
0607 ullz= 1l po@ullz+721 0oulZ—27 ] 00t oll ool

1
= lodeuls—37r"llpouells,

we have Lemma 3.1. O

Lemma 3.2. Let L be of Bessel type, then

af‘!L_ Lag:Pa(ar)‘f',Oo é Qaj(ar)éj )
j=1

where

Pa@)= . 3 baslt, )L,

151sla

Qaj(ar):lﬂ ZM(]ajﬁ(ty x)al—s y

I=1

where pag, qajps B

Proof. 1t is proved by the mathematical induction about {|a|=1, 2, ---}. Let us
see the case when |a|=1. Since

L=—¢+34200L1(8:)01+ L 3(8:)+ 00 3 b6;

=—c+04+2p0 2*a;10;0, + 2% ;0,0 + 002 b;0;},

we have for /%1
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0, L— Lo, =—cP+20,5%aPd;0,+*aii6,0, +po 20500,
=—cD40{23*af 0,0,0,+Z* a0/ o)0;05 +2b500;}
=-—C‘”+po{[22*a§§’pfaj+bf”]31+kZ*[;*a}i’(Pf/Po)aj-Fbé”]ék}
=P(z)+P0§Q(L>j(ar)3j ,
where aj>=0,a;,—a;.0,, ---. Let us assume that it holds for |a|=N:

05 L—Lo¢=P,+0s3Qus0; -
Let /=1, then

0,04L— L0,00=0,(05L— L0%)+(d,L— Ld,)o¢
=0(Pat002Q40,)+ Py + 00 = Q1;0,)08
={0,Pa+ P08} + 00210:Q s+ Q1,020 . 0

Lemma 3.3. Let L be of Bessel type, then there exist v, (>0) and C, (>0) such
that for la|<!

t
10 U, S 10 O,
t
<cd B 107 uOp 0. +7 ) S 070 Lo u®lidtf O0<e<T)
la|st 0 Jalsl
for any r>7, and any {0fu=%K), 0302 L ucsHY(IX ) (la| Z0)}.
Proof. From Lemma 3.2, we have for |a|=<=!
L9 “u=07" L u—Pa@)u—po 2 Qu,(@)du
j=1

=F+F+F=F,

where

[l Folarsc| 10707 L uliat

[Lloa FOIat= Y, 53 1027wty .1t
Since

(7 a0 wy,at=—{ (Pa@u, 67020 it
= (= (Pa@2u(t), 0 (1) +(Pal@u(0), 37 “u(0), }

—27{ (Pa(@2)u, 050,00+ @1 Pal@u, 92wyt

we have

|[i¢Ps, d20: w0t | S Cr - Evas®+ B} +C | Evntiat,



Semi-degenerate hyperbolic equations 319

where
Ein(h)= l(;slma;””-)t)l“%p. D,

Here we have

‘S:(F, 379 "u),dt| < C{S:“ p;‘&fL‘u(z‘)l]f,dt}llg{S:E,“(t)dt}”z

¢
+Cr HE O+ Ein(0)] +CSOE1+1(t)dt :

Considering
> 2Re (L7(9:"u), 8:(07"u)),
lals

as in the proof of Lemma 3.1, we have

L t
Een®+7| Bra@at=C{Em@+1]) 5

0 jaysl

lo7'0:" L (2}
for large 7. O
Lemma 3.4. Let L be of Bessel lype, then
9?”=Mk(8p)L+Pk(ar)+§ Q@93 (k=0,1, .

where
My= 3 myst, )0f

1815k
Py= 3 puslt, x)o8.
1B1sk
Qri= X qusslt, x)0F,
1Blsk+1
where mya, Prg, qris < By

Proof. Since
= _C+3?+2Po£ 1(51)51 +of2(ér)+‘002bjéj f
we have
=L+c— {2‘00‘[1(5‘-)31 +I2(3r)+902bj3j};

= L+C+{_zpoz*ajlpjaj—pobl}gl+2*{k2*ajkpkak_{)obj}éj
7

=L+4c+2Q0;(0-)0; .
Let us assume that

3 =My@,)L +Py@:)+ 3 Q (8.9, ,
j=0

then
NP =38,My(3,)L +Py(8.)d;+Px(5:)

+ Q Nl(ar)éf + E*Q Nj(ar)éjél + 20;&';(6-)5]
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=0:My(0,)L +Py(3:)0,+P(d-)
+Q w10 L+c+ Zj? Q05(0:)9,} +*Q n(8:-)9,0:1 4 X Q'y 5(9:)9;
=1{0:My(0,)+Qn1(@)} L+ {P(@)+Q vi(3-)c}
+{Py(8:)+Q w1(8:)Q01(0:)+ Z*Q v 5(0)3;+Q'y1(3:)} 6,
+ZH{Qw1(8)Q0, 0 +Qv,(3)}0; ,

where Py=0,Py—Pxo;, - . O

From Lemma 3.3 and Lemma 3.4, we have

Proposition 3.5. Let L be of Bessel type, then there exist 7, (>0) and C, (>0) such
that

t
O 5+ O 101

t
< Cu{IOEp o7 | Jl07 L w100t} O<e<T)

for any y>71, and any {ue L', pit L uce H(IX )},

§4. Existence theorem of (C.P) for hyperbolic operators of Bessel type

To obtain existence theorem of (C.P) for L, we construct approximate solutions
for approximate problems. Let

Ley=L{, xi+e, x50, 02),  p.=p(x1+¢€), - (e>0),
then we have

Lemma 4.1. Let L be of Bessel type, then there exists v, (>0) and C, (>0) such
that

t
O 00,5 7 | WM 1001

t
éCl{"lu(o)mz(pe,l+l),7’+r—lgolup(;le?s)u(t)”l,%g,l.l'dt}
(0<t<T) for any r>7., any {uc K, pit L"ue H, (IX2), ul.-=0} and any 0<e<l.

Proof. Lemma 4.1 with /=0 is proved in the same way as in Lemma 3.1. Lemma
4.1 with [=1 is proved in the same way as in Proposition 3.5, remarking that Lemma
3.2 and Lemma 3.4 are valid also when L, p, pags, -~ are replaced by L., pe, page, -
where

’

pnﬁs(tr X):/)(y/i(t, xX1te, x'), - d

Remarking that p<p. and
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4
(Pal)’=k2 cixnp*ot (cirE B™),
=0
we have

Lemma 4.2. Let s=1/2, then there exists C(>0) such that

lo*ull,, . =Cllotull,,..

for any ue H' and any 0<e<l.

Proposition 4.3. Let L be of Bessel type. Let
P(_)leH;z(IXQ); UIEA(:J,G(Q)’ uoej[‘f,_*;,‘(.Q),

then there exists a unique solution ue KL 2(IX2) of (C.P).

Proof. let

P fEHIXR), w,E4L (), usHLNRQ),
and set
fe=f{t x14¢, x'), uje=uix,+e, x’)  (G=0,1),

then there exists u.e H'*' satisfying
Lu=f.,
us‘x,=o=0,
Oluclimo=uj;.  (7=0, 1).

Moreover, from Lemma 4.1,

||us||3(:,‘:_l,,(1 @ =Clllpalfe ”H;,e(l w+u 15”.94‘5,6.,,(.(.7>+ fl20 ||A£:,:‘ﬂ(!2>}-

On the other hand, we have
”,oo—slfs“l-lze(lxg):”p(_)lf”}l:)(lx!?e)é“p;lf“ll:,(lx!))

and so on. Let
S:max(ﬂo, G,, ", an) (;1))

then, remarking Lemma. 4.2, we have
C{§“aj(pgus)"H:,([xQ)'i’”psutnllﬁ(lx.Q)+||Psu5”H’[,(IxQ)}
<3l ugjajus)”H:,e(Ix.O)‘I'“us” HL C1xD
§C{”P?f”l—l:,(1x9)+”u1“3(:,',,(Q)‘l‘“uo”.ﬂ(;ﬁg(m}ECK~
Hence, there exists {u.,} such that
Ve=p'Ue, —>V in HL,

where u=p~*v satisfies (C.P) and

321
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lovlnt +llvlnl <K
Moreover, let 0>0 and |a| <!, then we have
o5 30200l 4+ p5*o2vll,
<lim{ll05**"3020,v4 |l o+ 0502Vl » }

k

é_m{ lozg*2i020,0ell o+ 102807 vell ) SCH,

because
llo:st71020,0ell o 41l p7 S0V
SCi{llpeitoip® 12020 u. |+l i ot~ 208 u, ||}
SColllp¥, %020 uc || +1l 05y %08 ue I}
=C.{|l p%,020; uekllpsk+||3“u loe = CsK .
Since
|3+ i) porrsdsd| as 6N0,
lp5'otv| /| p~'orv| as 0N\,0,
we have
p*ti0%0w,  pfotveH),
lo=**36%0 vl ,+lp~*0%v] , < K .
Here we have u=p- v}’ O

Owing to Lemma 2.2, Theorem 1 follows from Proposition 4.3 as its corollary.

§5. Problems (C.P) or (M. P) for L under Ass. I—p or Ass. II—p

Lemma 5.1.
ueHle= p-*'"*uec H}.

Proof. :2) Let ueH} and let [a|<!. Since
a“u(x)={(l—Ia|—1)!}”‘xf"”’S:(l—ﬂ)l"”'"(af"“‘a“u)(xll?, x’)dé ,
we have
gl (1@t a0, x)1de
where || =1 lzzcco.5xrn-15, Hence we have
p tHertgay(x)e Hy .

&) Let p~"*'*yesH} Since it is easy to see that ue/H', let us show that
0%ulz,==0 (k<i—1). We remark that (p8,)%v|. -, (k</—1) if v&H]. Therefore it
holds that 0%v|. - if p~*veH} (k<I—1), because
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otv=p"(00,) -+ p~'(p01)=(pd,+1)(p0,+2) - (06:+k)(p*v),

Since p~'*'"*u e H}, it holds that

Fuleme (RS-, O

Let us assume that L satisfy Ass. [—p or Ass. [I—p in §5, then
L,E(pal+ﬂ+l)al+w(t7 x; 0, Pax)
is a Fuchsian, therefore regularity theorem holds [5]. Here we see it in our situation.
Lemma 5.2. Let B<yu. Assume that

oPreucsHY, Pt feHL® (any £>0),
and L'u=f, then

pProucsHL®  (any €>0).

Proof. Let X(x,)=®=(R,) such that X(x,)=1 near x,=0 and X(x,)=0 for x,=1.
Multiplying both sides of L'u=/f by X, we have

(x,0, +p+1)alv=g )

where v=2Xu and
xfrveH}, xBrege HL® .

Multiplying both sides by x#, we have

(x40 w)=x4g.
Since
X w=xi P (x B gy =x4 P, weHL!,

we have from Lemma 5.1

x40, 2, 0=0,

taking ¢ small enough to satisfy py—pB—e>0. Heace we have

T
x40, v= So xtgdx,

=S:l(xﬁ‘“‘ﬁ“)(X'?“g)xI‘dxl :
therefore
|xg#0w] Cxprtopo( {1 x8veg | txrdm e,
that is,
| xB+¢'0,v| §Cx§"‘(g|x‘?*‘glzxf‘dx,)llz.
Taking 0<e<e’ for any ¢'>0, we have

2B+ 9, ve H} (any &'>0).
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In the same way, we have
x8*9weHLt  (any ¢'>0). O

Lemma 5.3. Let 0<B<p and let I=[B]+1. Assume that

pPus HE(Ix Q), feH*(IxQ),
and L'u=f, then
ue H-tA-1(I < ).

Proof. Multiplying both sides of L'u=/f by X, defined in Lemma 5.2, we have

(2.0, +p+1ow+¥(t, x; 0., x:0)v=g,
where v=2Xu,
xBve H geH¥1,

We have only to prove ve H-tF1-(Ix Q).
i) From Lemma 5.2, we have

xBroe Hgd-» (any ¢>0).
Since

|6oy| = ’Srlﬁla;"vdxl

ng}ﬁ“(S:xfﬁla.a;’vl2x}‘dx,)”2
(lal £2({—1)) if >1, we have
xf-1*92ve HY  (any ¢>0),
therefore, from Lemma 5.2,
xB-1-epe 20 x8-1+g,ve Hi -2
In this way, step by step, we have
xB-1h1tey = Ht-thn

xB-threeg e H2U 1A=
ii) We have

|02y} = lgjlala;’vdx.l

1 1/2
< C(S x2B-1AI+9) | gay| 2xI‘dxl)
0

(la] £2(1—[B]1—1)), taking ¢ small enough to satisfy —2(8—[B]+¢)>—2, therefore

xiotve H} (any &>0).
Hence we have
va6H§<l~[ﬁJ-l) , xB-th1+eg e ng—rﬁ:—m .
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iii) Multiplying both sides of L’v=g by 0d,, we have
(xlal+ﬂ+2)a%v

==Vt x;0-, x1, 0+ 10—V (¢, x;0;, x:0,v+0:8=g:,
where
x§g, € HA-tA1-
hence we have
xij0tve H2-th1-9
In the same way, we have

xidhve Hi¢-th1-i-b  (p<|—[B]—1),
therefore

xiogove Hy  (lal+k=Ii—[B]1-1),

therefore ve H'-tA3-1, O
Set B=p/2 in Lemma 5.3, then we have

Theorem 2. Let L satisfy Ass. I—p or Ass. II—p with p>0. Let I2[p/2]+1
and L'u=f, where

pttus H(IX 2), fEHY(IXQ),
then ue H-tr2-1(I x Q).

Owing to Theorem 2, Theorem (C) follows from Theorem 1.

Theorem 3. Let L satisfy Ass. [—yp or Ass. II—p with u<0. For any N, there
exists a solution of (C.P) satisfying p*usH?Y, if
feH(IX), u,=HY2), u,cHi2)

for some |.

Proof. Owing to Lemma 1.1, it follows from Theorem (C) that there exists a
solution v H" of the problem :

{ Lyy=p"f,

Vlme=p Uy,  0w|i=e=p"uy,
because
o"(f, uo. u)EH"

from Lemma 5.1. Set u=p *v, then u satisfies
{ Lu=f,

Ul=0=1,, Ot | i—o=1, . O

Remember Lemma 1.2, then Theorem (M) and Theorem (M)’ follow from Theo-
rem 3.
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§6. Examples

Let us consider examples in one-dimensional x-space, whose solutions can be con-

structed exactly. First, let us consider
u“=xu,”+1/2u; (t>0v x>0)!
P)
Uli=o=1,, Uy lp=o=1, (x>0),

where u,, u,€CY(R,), and u,, u,=0(x") as x—40 (N: large).

Set

&.(0)=u,(x) £+ xug(x),

then we have
¢.€CY(R,), dP=0(xV-*-112) as x—0 (kEN-1).

Moreover, set
(@ (/24 x ) E((t/2—/ x)D)}/2 if t/2—+/ x>0,

{P((t/24V X))+ P_((t/2—/X))} /2 if t/2—+/x <0,
and @_(t, x)=V/x D¢, x).

& .(t, x)={

Lemma 6.1.

Dy, D.eCY¥ (R, XR,) (MZ(N—2)/3).

Proof. 1t is easy to see
@.=CV-Y(R,XR,).

In the following, we shall see the regularity near x=0.
i) Regularity of @,. Let {/2—+/x >0, then

D.(t, D=1 (/24 VI +:(1/2— VI /2
=G/ D)+ B /A D)t X+ -
O /A X/ T 2M 1))
/T @M=D) (1= 0P80 /4t x 13/ 0)d0) /2
B /At )+ A+ R — T+ -
e G4 ) (— £/ O @M 1))
V@M=D (1= 0 20 /4t x /T 0)0)) /2
=6 (/A )+ UE /A P x /214
e GEI (/A )M M1 /(2 —2) !
4/ (2M =) )| (1= 0 PO A+ 5+ /T 6)
+@EM(t2/4+x—1t4/% 0)}d0 .
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Here we can see that @, is differentiable up to order M at (¢, 0) (¢>0) and
00t D(t, x) —> 0 as (¢, x)—(0, 0) in {t/2—/ x>0} (+EZM),

if SM<N—1.
Let t/2—+/X <0 and M<N—1, then we have

ZM 1010%¢.((t/2£ /X))

s
§C§Ml¢i’”((t/2i«/5)2)| XML C N1
therefore
01050 .(t, x) — 0 as (¢, x)=(0, 0) in {{/2—+/T<0} (G+ESN—1).
i) Regularity of @, Let t/2—+/% >0, then
D_(t, )= {Go((t/24+VT))—§4((t/2— VT ))} /2
=@+ /4+x)+ Lt /44 X)(tVT)+ -
PO A4 x)(t/ T (2M) )
V) /2M) !S:(l— ) G LI+ (12 /44 x +1/T 0)d0}/2

— (G A4 )+ P A X~ T+ -
R GEI( A x)(— LT @M

HLVEP @MYL (1= 0¥ G LU (e /a4 x /T O)A0} /2

=tVTAGLE /A4 x)+ L A+ )t x /314 -
+¢§_’”"')(t2/4+x)t2‘"'zxM'l/(ZM—l)!

12 M/ {2(2M) ! }S:(l_ O [P+t /44 x+t4/X 6)

— @@ /44 x—14/X 0)]dO)}
=T D(t, x).

Here we can see that @, is differentiable up to order M at (¢, 0) (¢:>0) and

01050(t, x) —> 0 as (¢, x)—(0,0) in {t/2—+/x >0} (G+k<M),

if SMSN-2.
Let t/2—+/x <0 and M<N—1, then we have

= y 101056 .((t/2+ VX)) VT |

j+ks)

SC B GH(E/2EVE) xRS a1
therefore

0104 D o(t, x) —> 0 as (t, x)—(0, 0) in {t/2—+/x =0} (G+ALZN-2). O
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Now, let us define

u.(t, x)=uox) +S:(Di(t, x)dt,

then we have

Lemma 6.2. i) u_ is a solution of (P) satisfying
ue CHR+XRy),
(%) u, u,€CARXR.),
Ulz=0=0.

Conversely, let u be a solution of (P) satisgying (x),then u=u_.
il) w4 s a solution of (P) satisfying

(%) ueCH R XR,).

Conversely, let u be a solution of (P) satisfyinp (x*), then u=u,.

Proof. Let u satisfy
Up=XUzz+1/2u,,
that is,

(0e—/%0)(0;++/X0)u=0,
then we have
(0, +/x0;)u=const. on t-+2+/x =const. .
Since
(0t VX0)U | 1=0=. ,
we have
0, VX0 )u=¢.(&) on tE24/X=+24/E.

Here we remark that
O+ VT )u |t or=2vEr=0+(&).
In case of (i), since
du—>0 as (¢ x)-@VE, ),
we have

VIO u —> (&) as (¢, x)>2VE, 0).

On the other hand, since
(0,—+/x0;)u=const. on t—24/x =2VE,
we have
(0:—+/x0 ) u=—¢.(£) on 1—2/Xx=2VE .
Here we have
@tV U=+ ((t/2£/X))  (E>24/%).

therefore we have

dou(t, x)={P+((t/2+~3))—.((t/2—/X))}/2,
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VEOult, X)={.(t/24+ /X)) +¢(t/2—/X)%)} /2
for t>24/%.
In case of (ii), since
Vx0u —> 0 as (t, x)—2VE, 0),
we have
diu —> §.&  as (4, )-@VE, 0).
On the other hand, since

(0,—+/x0;)u=const.  on {—2/x =2VE,
we have

(0, — /X0 )u=¢ (&) on t—2/% =2E.
Here we have

(et VX0 )u=+¢,(t/2x/X))  (t>24/%),

therefore we have
Oult, X)={@(t/24+~/X))+¢.((t/2— %))} /2,

VX ult, X)={9(t/2+v/x))—¢+(t/2—~/X)")}/2
for t>24/%. ’
In both cases, we have

0+ /x0)u=1¢(t/2+ /%))  (=Z24/%),
therefore we have

duu(t, x)={9+(t/24+Vx))+o_(t/2—~/x)D}/2,
VX0 ult, »)={P((t/2+VE))—¢_(t/2—~/ X))} /2
for t<2+4/%. Here we have
u:uizuo(x)—}—S:(Dt(t, x)dt . O
Since @. is defined by initial data {u,, u,}, we also use the notations:

D.(t, x)=D.(t, x; uo, uy).
Next, we consider
utt:xuxx+(k+l/2)u.r (t>0y x>0)r
(P),u=k—1/2
Ult=0=1Uy, Ugl=0=1y (x>0),

where u,, u;€CV¥(R,), uo, u;=0(x") as x—+0 (N: large), and k is a positive integer.
Let us define ,

agluzgju(x)dx , 0zFu=0;")*u,
and

Ulf-l/zzllo(x)‘*‘gza';(pi(tr x5 a;kum 07 uyde,

then we have
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Proposition 6.3. Uj_,, are solutions of (P)u=x-1s2, and
Ut-1.€CH R XRy),

Ui-12€CY R X Ry), Ui—1/e=0(x"**) as x—0.

Proof. Let us consider

Ulthsz+l/2vz (t>0, x>0),
(Plu=-1r2

v|i=0=0s, Vel i=o=uwy (x>0),
where v,=03;*u,, v,=0z"u,, then there exist solutions:
t
v=ve=un(0)+] 0ult, x5 v, v

It is easy to see that d%v, satisfies (P)y—g-1/2. O
@

Finally, we consider

Up=2XUz+(—k+3/2u, (>0, x>0),
(P),u=-k+1/2 {

Uli=0=1y, Ul =o=1, (x>0),

where u,, u,=CY¥(R,), uo, u,=0(x") as x—-0 (N: large), and % is a positive integer.
Let us define

Ufuuz:uo(x)+S:xk"‘”8’§<D:(t, X 075 (x Ry, 0 (xmEH 2y ))de

then we have

Proposition 6.4. Uz, are solutions of (P)y=-y+1/2, and

Uik+l/26C2(R+XR+)r Utpire=0(x*"11%) as x—0.
UZr41.€CHRXRY).

Proof. Let us consider

wtt:xwzz+(k+l/z)w1 (t>07 X>0),
(Plu=k-12
Wli=0=Wo, Weli=o=1W, (x>0),
where
wo=x"F*"%u,, wy=x"F+yy,

then there exist solutions of (P)u=z-1/2:
w=w.=wo(0)+ | RO, x; 054 wo, 67wt

It is easy to see that x*~'/2w. satisfies (P)y-_k4+1. Moreover, since
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w_=uo(x)+x* “/Zai{lv’f S:(I)U(t’ x)dt}

k I
=u(x)FxE-1E S cij‘”'fS 0579 o(t, x)dt,
j=0 0

u- is smooth up to the boundary. O
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