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Mixed problems or Cauchy problems for
semi-degenerate hyperbolic equations

of 2-nd order with a  parameter

By

Reiko SAKAMOTO

Introduction.

Let us consider linear hyperbolic operators of 2-nd order w ith  rea l coefficients:

L =L (t, x ; a i , 3 ) = 6 - 2  E a , a, k (t x )a k
:7=1 j .  k=1

± b o ( t ,  x ) a t+ bi (t, x)a r -1-c(t, x)

in  /x.Q=[0, T 1X R 7.1!= { 0 t T ,  x 1 >0, •••
a/ax i . It is  w ell know n tha t the mixed problem:I L u = f in /XQ,

u  .r i 2 .= 0 = , on IxaS2,(M. P) 

is well posed, if

i) inf E  afk (t, x)eiek>0,ixoxs7-1 j, k=1

ii) bi, cEgr(1><S2)

are sa tisfied . H ow  about the problem  iii)  and i i)  are replaced by

i)' inf ajk(t, x )e ) e k >0 (any s> 0),

ii)' a, k , b,, cEg"(IX S 2,) (any s>0),

w here Q ,=Q n { x 1 >6}? In  t h i s  paper, assum ing i ) '  and i i ) ' ,  w e consider tw o cases.
One i s  a  degenerate case, w h e n  i )  is not satisfied, and the o th e r is  a singular case,
w hen i i)  is not satisfied . Their typical exam ples are as follows:

(I) L=32— pa7—a—(p-1-1).3 1 ,

(II) L =a1-97-6— (p-1-1)p - i di,

C om m unicated by P rof. N. Iw asaki, D ecem ber 1, 1989

x „)ER n - 1 1, w here  aj k
-=- a k i  and

atu ,,=.0=u1 on D
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where p  is a real parameter, p = p ( x i ) E g - ( R + ) ,  a n d  p= x i  near x 1 = 0 .  We consider
the mixed problem (M. P) for p< 0 and we consider the Cauchy problem :

Lu=  f in I x Q ,
(C. P)

ult=0=U0 a t u l t . o = u i on Q
for p>0.

There are so many studies on semi-degenerate problems for parabolic or elliptic
operators since W. Feller [1 ], but there are little about hyperbolic problems except for
fully degenerate cases (e .g . [2 ], [3 ]). N akaoka ([4 ]) considered

aN= p(x)aa/s( 0 < a < 1 )

in  {t> 0, x> 0} w ith  initial data and w ith  zero boundary data. B y the change of
variables

s = P , y = .0 (,8=2—a),
it is transformed into

1
( P = =  2 — a  )

near y = 0 .  Therefore the result o f this paper is considered as a generalization of
N akaoka's. The simple idea in this paper is to reduce L  to a Bessel type operator. The
energy method is applicable to Bessel type operators. Examples in  §  6  illustrate the
structure of solutions relating to a parameter p.

§ 1. Semi-degenerate problems and singular coefficient problems

Let us assume that L  satisfies the following Ass. I— p or Ass. II—p in addition to
i) ' and i i) ' in Introduction. Under Ass. I— p  or Ass. II—p, L  is  a  Fuchsian on aQ
with characteristic roots {0, p l  (see [5]).

Assumption I-p (degenerate case). au , bi ,  c E g r  (IX [5), and
(I— A ) ai i =pei i i , where a i i E g - (Jx,(J) (j=0, 1, ••• , n),

inf , inf E aikefek>01,<ao xaoxsn-1 5,0=2

(I—B) b i =—a i i (p+1)+p6 1 , where p  is a real constant and 51 .93- (/x.(7).

Assumption II-p (singular case). a15 , bi  ( j* 1 )E  g - (1X 5), and
(II— A ) a1 ) = pa l ) , where d 1 5 _B- (/x,s5) (j 1),

inf a1 ,>0 , inf E  aikeiEk>0 ,ixad, Ix a Q x S n -1  5 ,0 = 2

(II—B) b1=—a11(p+1)p - i-i-ti1, where p  is a real constant and 51 E ..B- U x
(II—C) "e'E 2 - (lx  5 ),

W e say that (M. P )  i s  solvable in  H h , i f  there exists a unique solution u
Hh(IX.Q) if

a u , p ( y )a:u+(p+1 ) a y u
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( f , go, u0, u 1 )e11 0(Ixf2)X H t (IXaQ)x1P(Q)><H I (S2)

w ith com patibility conditions of o rd e r  l '  f o r  some 1 and V .  Compatibility conditions
will be explained later. W e say  tha t (C. P) is  solvable in  1/4 , i f  there exists a unique
solution uEH"(/x,Q) if

(f , u,, u 1 )c11 1(1x,Q)xH i (Q)xH i (D)
fo r  some 1.

Under A ss. I— p, w e have

L= —ci11{(pa1)+P+1}a1

+{ —2(a loat+ E'd15a1)+61}(p8i)

+ {a-2  E 'a i la i at— E'a j kai ak +boat+E'b i a i d- CI
j, k

nicpaoa,+cotxpai)+Y -20,)}

=--duicpaoai+ra,,
where

E E  , a,=0,, a2> • • •  a.) •,=2 J, k k=2

Under A ss. II— p, w e  have

±{ - 2p(tiloat+ Eriii,a1)+61}(p8i)

pEa7- 2E'aioaiat —  E'aikaiak+boat+ E'b i ai ] + .0
j.k

=  a11{0(pai)ai+Ew1ca,x9ao+Tva:)1

=- -aiif o (paoa,+(ar, 01)}=—a„L' .

L , ,,o(paoa,+rt, x ; t ,

w h e r e  0(2)=2-1-p+1 and i s  a  lin e a r  d iffe re n tia l o p e ra to r  o f  2-nd order w ith
respect to  far, pail w ith  g r.'  coefficients and

W(t, x; a,, pa,)—wi(t, x;a,)(pai)+Y . 2(t, z ;  ö ) .

T o  c o n s id e r  L ' n e a r  x 1 =0, we define i f  L i = L o n e a r  x1= 0 .  Moreover,
we define Lp  b y

Lemma 1.1. L e t  L  satis f y  A ss . I— p (resp. Ass. I I — p ), t h e n  L , satisf ies Ass.
I—( p) (resp. A ss. II—(-p)).

P ro o f .  L e t L  sa tisfy  A ss. I—  p , then

L'="(9 - 1 (Packte)(01)+ {r1(pa1)-1-T2},

In  both cases,

pOLu=Lo(pl'u).
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therefore
—atTil 1 - p - 1(pai)(pa1— p)d- p )+ T

teXpa 0+ IT. i(pai)+(wz—  pwi)}.

L e t L  satisfy Ass. then

— p-2((pai+ Opal)- p'igri(pa,)+T . 21,
therefore

— ctil L, ,,---- -- , p - 2 (pai — p)(pai) - k p - 1 IT I(pai)+(gf2 — tari)} ,

L et u be a  smooth solution of L 'u =  f .  Let

g i =ai,u1s,=o, f ,
then  w e have

L 'u = c p a o a ,u + c a r , paou

pa1)lg1+g2p/i!+g3p 2/2!+ •••}

+yr(as , pa1){g 0 -Eg 1 p/1!+g 2 p2 /2!+ • • • }

{0 (0)g 1-I-V(a 0)g 0 } + {0 (1)g o + T (a  1 )g  p/1!

{0(2)g 3 +T(8,, 2)g 2 l p2 12!+ • • • ,

where means the  asymptotic expansion a t  x 1= 0 .  Since
CO

)c ;p a i ) —  E  p k  / k ! Pk)(t, x' ; a r , pai),
k= o

w e have

0(i)g,J+i+ ( i  ) r i - k)(6r, le)g k = J.
;
( j , o ,  1 ,  2 ,  . . . ) .

k = 0  h

Conversely, le t us define ig1 , ••• g y - d  by ( * ) ,  making u s e  o f  d a ta  {f o ,  ••• f  — 2, go} ,
if —1, —2, ••• , — (l' - 1 ) .  T h e n ,  w e  have

x a Q ),

if  fE T P ( IX Q )  and  g 0 cH 1 (1 xaQ). L et us define

1, -1
U (t, x)= E ( j! ) - tg,(t, x')[)(xi) )

,=0

w here (3 ..B - (R + ) ,  fi = x ,  near x 1 = 0 ,  and  ii = 0  i f  x 1 > 1 ,  then

U E J-11 - 2 0 — u c H i '+'
if  l' _<.(1+1)/3.

In case w hen ti-=— v (v=1, 2 , •••), le t  u  be a  so lu tion  of L 'u =  f and

u = y + w  log p ,

where y  and  w  a re  smooth functions satisfying altv I x i -o -= 0  ( j= 0 , 1 , • • •  , v -1 ) . Let

( 4 )
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gi=5.1v I x 1 - 0 , h •=aiw  z ( h o =  h i =  • • • = ,

then w e have

L ' v = 0(pa iv +W (a,, pai)v

H 0(0 )g i+(ar, 0 )go l { 0 (1 )gz +V (ar, 1 )g 1 }  pll!

{0(2)g 3 H-C a r , 2 )g 2 } p 2 /2 ! + • • •

and

L '(w  log (pa 1)(tv P- 1 i w  lo g  p)+W (a r , pa ,)(w log p)

{C O  1)(1» P- 1 )+43  iw - Eg i(a Ow}

{0(p& +T (a,, pa Ow } log p

= 1 1 + 1 2 ,

where

CO(v)(1)+1) - `+11h0+1-kgr1(a,)h„} p l y !

([0(2.) +1)()+2) - 1  +1] h,+2±T i(ar)h,+1} p' ++1 ) ! + •  •  •  ,

(log p) - 1 / 2 -1 0 (v )/ / , + I± T ( a „  v )h,}

+10(,+].)14+2+ca,, v +i)11,± 1}  p-v (v +i)!+!+ • • .

Hence we have

c i)k i+1 + y ri-k )(ar, k=0 (i =v , ,-Fi, ,+-2 , • - ) ,

0 ( j)g i + 1 + k)g k = f (j=0 , 1 , 2, ••• ,
k=0 R

k + g k - l ) g f c ' - i - k ) ( a "  I` ) •gk

(1)gi+1+ A ( l
k )gru - ") (a,, k)g k

±E0 (i)(1. +1)-1 +131, +1+ g - lei)wp-k)(a,)hk=fi

Conversely, l e t  u s  define  {g „  • • •  , g 2 ;; h,, h,+1, • • • , fl u  _ 1 } b y  ( * * )  and  ( * * * ) .  making
use  o f da ta  { fo, ••• f 2 ' 2  go }, if ti = — I) (1)= 1 ,  2 ,  • • • ) .  T hen  w e  have

h i El1-2J(1x 5s2),

i f  f E l - P ( / x ,Q )  and  g o c i l t ( i x a Q ) .  L et us define

U =V +W  log p
where

/,-,
V (t„i,-)= E
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then

L et us define

and  say  tha t data

H ere w e have

I ' -1

W(t, E (j !) - 1 11,(t, x')/5(x1) 3

3=0

V , W E I P + ' ( 1 '( 1 + 1 )/ 3 ) , U E IP

1-1t, , -- {  uEH I 1 aiu I, x,=0-0 ( j= 0 , 1, ••• , 1-1 ) },

f ,  g o ,  uo , u l l  satisfy compatibility conditions o f order l '  if

{

170-- =u0 — Ul1=0E-Ht,'(Q),

iii - u i - a t u l t = 0 E r a - i ( Q ) .

L em m a 1.2 . Let

( f ,  g „ 110 , u 1)EH 1 ( lx .S 2 )x li 1(ix aQ )x H i(Q )x H i(Q )

satisfy  com patibility  conditions of order l '  (1' _.<(1+1)/3), then

f— L'UE- l a - A1><S2),

( j= 0 , 1).

L e t  u s  s a y  th a t  ( C .P )  i s  so lv ab le  in  T P , i f  there exists a unique solution uE
H i(lx ,Q ) fo r a n y  (f , u ,1 , u 1)EHt,(1x.(2)xH(Q)><H,(Q) w ith som e 1. H ere w e have

L em m a 1.3. i) In  c ase  w h e n  p * - 1 ,  — 2, ••• , i f  ( C .P )  i s  solvable in  M I, then
(M. P ) is  solvable in 114 .

ii) In case when p= — v 1, 2, • • •) i f  (C. P ) is  solvable in H ,  then (M. P ) is sol-
vable in  Hmin

O ur aim  is to  establish  th e  following theorems.

Theorem  (C). L et L  satisf y  A ss. I— p or A ss. I I — p .  L et p >0 ,  then (C. P )  is sol-
vable in  H " f o r any  h.

Theorem  (M ). L et L satisfy  A ss. I— p or A ss. I I — p .  L et — h -1 /2 <p <— h +1 /2 ,
then (M. P) is solvable in w here h=2, 3, 4, ••• .

Theorem  (M '). L et L  satisf y  A ss. I— p or A ss . II— p . (M. P) has a solution in H°,
i f  — 1 / 2  _ p < 0 . (M. P) has a solution in  H 1 ,  i f  — 3/2 ._tt <  — 1/ 2 . More precisely , (M. P)

has a unique solution satisfy ing
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uE1 -12 (1><S2 1 ),

uc g't""+'((0, 1 ) ;  1-12 (Ix as2)),

oc 1a 0 u E  . i t - 1 I / 2 - “ ( ( o ,  1 ) ;  H 1 (Ix aQ )),

(x r a l )zuE giP 1 1 2 -"((0, 1); W (Ix a,Q))
fo r  some s>0.

§ 2. Hyperbolic operators of Bessel type

Let us define
g (/ xS 2 )= iu la u E .B °(/ X ,Q ) h<k)},

H ( lx ,Q )=Iu lp - loa,‘ju E 1-1°(1><Q) (1611- •k)},
where

=a r o( p a i ) ala g o .

Let us assume that L  satisfies more general assumptions than Ass. I— p  or Ass.
II— p. Let a=(6 , 0, d i, ••• a„) satisfy

(71= 1 , 0 ‹ (75 ( • =1, ••• 71),

and let us define p i = p i ,  then we have

P' P' po ••• , n).
Let us define

(j=0, 1 ,  • • •  ,  n),
where ao=at.

Assumption ai1, b i , c g,;(1X,Q), and

{ 1+ p -
1 —c} +2p 0E*( JiM i+ E* aik5A  k+ po b 1 1 ,

j ,  k

where E*-= E , E*= E , where
j ,  k

(III-A)

(III-D)

71

sup a 0 0 <0, inf aikeiek >0 .
I x 0f 2 1  x  ap x 8 n - 1  k = 2

p 2 4-4 inf c >0 .
rxaQ

Remark. If L  satisfies Ass. with pz0 , then —CiT p L satisfies Ass. III— p -
(1/2, 1, 1/2, ••• , 1/2). If L  satisfies Ass. II—p with p=0, then —aT,ip 2 L  satisfies III —
p—(1, 1, • • • 1).

Let us define

{ u p j ai uEH:, (j=0, 1, • •• , n), (1=0,1, •••),

31,°,„=Iulp o u Ht),},

then we have
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111,+ 1CJC;ZolCH!„, (1=0, 1, • • •) .

Our aim  in  § 2--§ 4 is to  establish  the following

Theorem 1 .  Let L satisfy A ss. III— p — a . Let

p'-`1 2 (p 1 f , 110, ui)EHgl x(2)x,sc %S2)xgc,,,,(Q)

then there exists a unique solution u o f (C. P) satisfying

pPI2 uE 1C14 (Ix ,Q ).

Lemma 2 . 1 .  L et Z ,  be a  variable transformation in Q :

Zg : Z i=x f , z '= x ' near x 2=0 ,

and let L * be the transformed operator o f  L. Assume that L satisfies Ass. III— p— o,
then L * satisfies Ass. III—p * —a * , where p*=p/s and a * = (6 0 / s , 1 , a 2/s, ••• ,

P ro o f. Let p* (z i)= z , near z 1 = 0 , then

pa, = sp*a* ,

near z1 =-0, where a*i=a,. Hence we have

(p6i) 2 +p(pal) — c=(sp*aa+p(sp*a*1) — c

=s 2 {(p*aa + p s - '(p4, 3 *,) — cs - 2 1

= s 2 {(p*a*1) 2 +1-4(p*6*,) —  c*)

near z1= 0 , where p* =ps - 1 , c * =cs - 2 , and

/4+4 inf c* =-tt 2 s- 2 +4 inf c5 - 2 >0 . ED

Let us consider a transformation of dependent variables :

u ---> v= p ,R u ,

w here A is  a  real num ber, then L  is transform ed to  Lp i. e.

p/ Lu= L 13(pP u).

Lemma 2 .2 . A ssume that L  satisfies Ass. III—p—a, then L p / 2  satisfies Ass. I I I -
0— a.

P ro o f. L et L  satisfy Ass. a ,  then

L-2{5i4-p5i—c }+2po-Ci(ar)i+-C2(5,-)-1 - p o Z b A ,
wherc

X i=  E * a d ; X2= E *a ik5  k  •
j. k

T hen  w e  have
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Lp - -={ ( ,-1 3 ) 2 +p (l— s)— c l+2 ,0 0 _ c i( i — P)+_E2

+poibi(a,—p)-kz.biaji
aT+(-2i3 + p )a i —  [-132 +4 + c—  pobiP]

+2 p 0_C A-E-C - po{ biai±(E * 1).0) - 2 P-C1)},
therefore we have

1., ,„/2- - ' 7ÔT—c*-P2p0..EA-1-..r2d-polbAH - (E * b A — P-C1)},
where

c*=(11/2)2+c—pobi(p/2).
Since

C*1 X 1=0 = ( P / 2 ) 2 ± C  X i= 0  r

Lp / 2  satisfies Ass. III -0— a.

W e say  tha t L  is  a hyperbolic operator of B essel type, if L  satisfy  Ass. III-0— e.

§ 3 .  Energy estimates of (C. P) for hyperbolic operator of Bessel type

Let us define

(u , v )=(u, v ) L 2( Q) , (u, v),=( ,0- ' 12 u, 9 - " 2 v )L 2 (a ),

II WI', = M tt Ilau 112p

Ill u(t)1112p, j±0

and
C T

11 u (
1, C. 1 x 9)1 0 11114 (0rp , td t  .

Moreover, let us define

2( 0 1 +1) = 11 10 1 1,0 +,1 (Q) .1U112p, 1+11 U112p, 1
.1= 1

111U ( t )11p 1 +1) .ghla)äu(t)M. 1  4 1114 (01112p , 1 7

and

ulizsii4-,j(i xf.2)= Illu(t)1111p, t+i)dt .

Remark. If then  (pai)' x,-_,0=0 (j=0, 1, ••• , l).

Let us define
e-rt L u=L ^ (e - rtu),

then
L- =L(t, ,r;ai,ax)=1,(t, x;at+r,a,r).
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L et us define
u(t)IM, 1 + 1 . =M u ( t ) n

 .1+ +14 (1 - ") u(t)11,

Illu(t)1111,, 1+i) J=111u(t)1111p • 1+0 +r2 (̀ -") pou(011I,
then w e have

Lemma 3.1 (basic energy estimate). L e t L  b e  of Bessel type, then there ex ist
70(>0) and C(>0) such that

Illu(t)1111,0 , i . r d-1ÇoIllu(t)111z(p .i),,dt

c {111u(0)1112(p r-Fr ,Ç:11 u(011244 (0<t<T )

fo r  any  1> 10 and any  iit ESIp.„(1X i2), pV L - uE1-1(1X f2)} .

P ro o f .  It is  su ff ic ien t to  p ro v e  L em m a  3.1 fo r  n  sa tisfy ing  supp fulCIxi<e}
(s (>0 ): sm all enough). L et us denote

a00p02+2p0LA0a1-f - A2d- p0g
where

-, 41-- -- poal051—EtaA ,

— c poE' a i i5; 51+ E fa i k6J5k

2=b05. 1+±.

then  w e have
(L - u,aîu),,, , (a oo poai'u , p 0ai'u) p +2(,.114ai. u, p eaîtt) p

+02u, aîu ) p -P(.Bu, poaîu)p

=11+12+13+14=1.
W e have

—2 Re /1--=- (a1+27)(-600p0au, poa;‘14)-FRI

—2 Re 13=(a1+-27){(en, u)s-Hla1uirp+2 agt),

where

+ E i(a i 050u, u )} +R3 ,
j ,  k

IR11+1121+ 1R31+1141_C(11,00a1u3 + ±115;4 ±d u ll 2p).
J=1

Let

where
—2 Re 1,_-00+271E(t)+R(t),

E(t)= (— aoopoaîu, paaîu)p+(cu, u ) 0

+2 E'(p0a051/4, 5.1a)p+1"(aikiku,
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then we have

ci{lIpoaî II 2p+ u(t)flp, —5_E(0c2{ poaîu3+ u(t)112(9. , R(01

where {c 5 } a re  positive  constan ts innependent o f t, r, u . O n the  other hand, since

I CI PV Lu (t) ll p E ( 0 1 1 2

we have
(6t+r)E(05_cr-111pV L" u(OU >r 0) ,

therefore

E(t)+7,1°E(odt E (0 ) Cr - 1
:  pV u(t)11 dt (T> 0) .

Remarking

I  I!poatsurpcit=21:(11 poaturp+rzlIpau4)dt+rIlpou(oPp—rlipouccoPpl

._ E (0 )±  C  j t
o r PV u ( t )V p dt

and
Ilpoaîtil I 2,a .11,00atu112,o+ 72 lpou 4-211 poa tu II poull

1
—II poa tu u-3r211 pouU— 2

we have Lemma 3.1.

Lemma 3.2. Let L  be o f Bessel type, then

L— Lac,!-=Paca,•)+ po "2 Q„,(a,),

where
P ( a ) =  E  Pap (t,  x ) ,

Q  i(ar)--= E  qajP(t , x )6 P1,3■51,1

where Pan,

Pro o f . It is proved by the  mathematical induction about { Ia I =1, 2, • ••
see the case when I a I =4. Since

L-- - - c- i- TH- 2p.-E1041+-E2(ä,)±poEbi5;

— c po E*a i i5 1+ E*aik +po

Let us

we have for /#1
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L — La,=—c.")+2,00E*a.g)5A+E*03Ak - Fp0EV ) ijil

— c(t) too { 2 E*aji ) piaA l-f -E*a(pi/p0)aA k

—c( 1)-Fpo l [2E*ajl ) piaJ-Ebl i ) A-FE*CE*(0, ) (pi/p0)(3;+bi»Vk }
h j

Pm+ po Qmica,A

w here ajp=ata i k—ai kai, . Let us assume tha t it ho lds f o r  a N:

L— Laf!= Pa+ poEQ,05; •
Let /#1, then

La1ar=a1(a.;.,L—La:.)+011,— La oaf!
=a,(P,.+pozQaA)+(Pm+pozQuA)al!

iaiPa+Pmaf + poziatQai+Q(walai • D•

Lemma 3 .3 .  L e t L  b e  o f  Bessel type. then there exist 2, , (>0) and C, (>0) such
that fo r  l a  </

I 10; a u(t)llip.i),r+r1 110::au(t)1111,,,„,,,it„,,i

E 1115 ;u( 0 )1111,0.1).2471 E  IIPVa;L 'u (t)U clt} (0<t<T)
0 I 1 1

fo r  any r>r, and a n y  O f! =3Cip , uE H p̀l(lx S2)

P ro o f. From Lemma 3.2, w e have for la
76

L - a; U = a ;  L - u — P ,,(a ;)u —  po E Q a i ( a ; ) a i l i

= F1 + F2 + F,
where

.(1p -t7iFi(l)11̀:0cIt CÇo Ilp,Va,•;a L - ulrpdt,

11,0 11VF3(t) 2
9dt_<_C t E Ilia; 13 11 (01114,1),rdt .

JO 1 ,915./

Since

.Çto(F27 .a “Il)p d t= — 1:(P(5;)11 , 11) pdt

= { — (13 a( )U(t), a; au(o)p d-(Pa(a;)u(0), a; a u (0 ))p

—2r1: (P„(a;)u , 5;%),c1t 4 (a i -  Pa (a)u, a;' a u) p dt

w e have

1I (F2 , aîa; a u) p dt0 1 E +1(t)A-  E 1+1(0)} ±C5:E z + ,(t)dt ,



Semi-degenerate hyperbolic equations 319

where
E2 + 1 ( t )=  E Illa;"u)0111 2(p.n,y •

tat,/

Here we have

.Ç:(F,a-t-açaii).„dt CJ:11p -o- la;L^ u(t)112,„d t r 2 .6 :Et+i(t)dt 1 / 2

-FC7' - '{E i+ I(t)+ E i+ 3.(0) ]  +C1:Ez+I(Odt

Considering
2 Re (L. - ( %), ai'( W u ) ) ,

i‘1

a s  in  th e  proof o f  Lemma 3.1, w e have

Ei.,_1(OH-TÇE/-1-1(t)dt CliEz +I(0)+7 1 11P-0-1a;aL̂ u(t)112,dt}
0 I . 1 1

fo r la rge  r.

Lemma 3.4. L et L  be o f  B essel type, then

2 =m k(a 9 ) L +P k ( ) +i ' Q u ( a A (k =0, 1, • ..) .

where
A/I k =  > 2  rn k ,s(t, x)aii?

P iC k

Pk=k , s ( t ,  x ) .
015k

Q k j
=

" qug(t, x)5P-

w here mk,9, li s p, q k j ,3E-g) p".

P ro o f . Since
Li - -c+51+2po-C1(5,)51-1--C2(5,)+po .Eb i 5;

w e have
2(5,-) - EpoZbi5A,

= L + c± { - 2 p0E * a iip ia i — pob il5 I+ E * IE * aikPkak — Pobj}5j
j k

= L +c+EQ0J(54.i
Let us assum e that

fv+2 =- M N (ap)L +PN (ar)+ QN .i(54i ,p=0
then

5iv+3 N(a9 )L+PN(a,)5,+PiN ( (3,)

H-Q N ,(a ,)5 -F () N7(a ,-)a,ai+EVN)(a-).3,
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=5,A 1,00L+PN(ar)5i+Pva,-)

+Q ,i(a)f  L - Fc+ E Q 0 (a ,- )}  +E*QN.Aar)aial+E V A 7 j (
3

7 ) a j

Haim ,v(a t ) + Q  N i(a ,) i P (a , - )+ Q  N i(a r ) c}

+iPN0,)+QNica,woio,)+E.QN;(ar)0;+Q/Nicama,

+z.{Qtyicarwoicar)+vivica,)}ai

w here P 'N =- I PN — PA . ••• .

From Lemma 3.3 and  Lemma 3.4, w e have

Proposition 3 .5 . Let L  be of Bessel type, then there exist n  (>0) and C 1 (> 0 ) such
that

/-Fn, r+11:111u(01112(p. / +1), Tdt

CIIMIu(0)1I11,0, 1+1), r-FrL  u ( t ) n  1  rdt} <t <T )

fo r  any r > n  and any fuE4C, -", pV L - u-ŒH:,(1xS2)}.

§ 4. Existence theorem of (C. P) for hyperbolic operators of Bessel type

To obtain  existence theorem o f (C. P) fo r  L ,  w e construct approxim ate  solutions
fo r approxim ate problem s. Let

L ( ,= -L (t, x i +s, x '; at, ax), ,0 =p(x 1+6), ••• (,>o),

then  w e have

Lemma 4 . 1 .  Let L  be of Bessel type, then there exists n  (> 0 ) and C 1 (>0) such
that

11111(01111p,, / +1). +rf taillu(t)111L,I+1),Tdt

C 1{111n(0)111ip t +1) • rd-r-11:11tp,Tei L-(-„ucolus,,,rdt1

(0 < t< T ) fo r  any 7>T1, any ul.r1=0=0} and any  0<s<1.

P ro o f. Lemma 4.1 with 1 = 0 is proved in the same way as in  Lemma 3.1. Lemma
4.1 w ith  1 1  is  p ro v e d  in  th e  sam e w ay as in Proposition 3.5 , remarking that Lemma
3.2 and  Lemma 3.4 a re  valid also w hen L, p, p , • • •  a re  replaced by 1, ( ) , p„ •••,
where

x)=N5(t, x i + E ,  x'), ••• .

Rem arking that ,o p, and
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( P a i ) j -= C jk P k a ll (C ik E
k =o

w e have

Lemma 4 .2 .  Let s 1/2, then there ex ists C(>0) such that

all p,1-5C11p!ull „.1

fo r  any  uE H I and any  0<s<1.

Proposition 4 .3 .  Let L  be o f Bessel type. Let

f ttl E x , ( Q ) , 2,10E -V A Q ),

then there ex ists a unique solution uE JC ,g lx ,Q ) o f (C.P).

P ro o f .  Let

f  1 1 1,(1x,Q), uiE5C1p,„(Q), u o E S W 2 ) ,
and set

f( t , x i-1 -6 , x ') , x') (i = 0, 1),

then  there  ex ists u ,E H 1 +1 satisfying

L (s )U s = f s

a/t u g !  t=o-=-- U p

 

(j=0, 1).

Moreover, from Lemma 4.1,

1111,s(I x(2) +11 14 1E119( (Q)+11 11 0Eb i t i, ( Q)}.

O n the other hand, w e  have

f  A ll(1 ,42 )= 11po i f  M n ip (i xf2,) 11p,, V 1 Illip c i,d2)

and  so  o n . L e t
s= m ax(a o ,  a „  • • •  an ) ( 1),

then, rem arking Lem m a. 4.2, we have

cIE Ila;( 103 uJIII/fo (Jx(2)+11PsudliPp (i,d2)+11p 'uA llip (i.Q)}

. - ElluVaiue)11Hk(nes»+11usillik(Ixsa)

<C{11 f C/C.

 the re  ex ists  fu s k i such  that

v k = ()au, k V in  Hf,,

w here u = p - s v  satisfies (C. P) and
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Moreover, le t 3 >O and a  1 ,  t h e n  w e  have

p iT" jaf + M0 ' 6 '411 0

40V + '  iaç'a jV p +11 PVaf'-1) p }

<Him{ 11,04+6 Jaa ivk dp+ 11p4avk  dp} ,

because
11P4+ "af! ajV klIp+11P4a'rx V p

-5C fl1P4 "  P S - 1 " ag‘a kl1+ P3-"21 s

C 2111 pa,ik -  / 2at
.

JU + 10 .
I/2 a

 ‘j E k .11}

= c 2 p , k + I l a ç  11 E11 p ek }< C K .

Since
piTs+''iaaiv I //' I p - ' " iW ii.)1 as

I p -a- - ' ,3'4 I /  p - i a v l a s  3 \ 0 ,
w e have

p- E ,

II p -8 ÷"ja,'2‘ajO p+11P - s af- ' 610 K.

H ere w e have u p v E C . D

Owing to Lemma 2.2, Theorem 1 follows from Proposition 4.3 a s  its corollary.

§ 5 .  Problems (C.P) or (M. P) for L  under Ass. I—p or Ass. H—p

Lemma 5.1.
ue- 111,4, ) p ' 1 2 u.EHip .

Proof. L et u E 1-11, and let Since

au(x)= {(1 —  a I — 1)!}' x; - 11 0 (1—  19)1 - "  a '  u ) ( x  ,  x')d ,

w e have

xV + P a I a'u 1:1 1(al' O a u)(xiO, x'At9d

w here d M ) w e have

p - a I +112, au0 (x)E1-1°,.

Let S in c e  i t  i s  e a s y  to  s e e  th a t  /4 E L P , le t  u s  s h o w  that
M u x  , 0 = 0 (k 1- 1 ) .  W e  re m a rk  th a t  (pai) k vir i --0 (k l - 1 )  if /Pp . T h e re fo re  i t
holds that Mid i =o i f  9 - k v (k_<1-1), because
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p - i(pa i ) • • • p- Apa1)'=- --(p31-1-1)(01-1-2)••• (pal+ k)(p - k v) ,

Since p - '+' 12 u E H „  it holds that

mul x ,=0 (k

Let us assume th a t  L  satisfy  Ass. I— p  or A ss. II— p  in §5, then

L ' —=(p9 1 +p+1)a 1 + T (t, x ; 8,, pa.)
is  a  Fuchsian, therefore regularity theorem holds [5 ] .  H ere  w e see  it in our situation.

Lemma 5.2. Let ii<p. Assum e that

p -"u , p
i3A-E M - 2

j  C / 4  p (any s>0),

pfl+Ea1 ueH;, - 2 ( a n y  e>0).

P ro o f . L e t X(x 1 )7.B - ( R + ) s u c h  th a t  X(x 1)= 1  n e a r  x 1 =0 and X(x 1)=0 for
M ultiplying both sides of L 'u =  f  by X, w e have

(x1a1d-p+1)a1v=g ,

where v=ib i and

M ultiplying both sides by x ,7, w e  have

ai (xl÷la i v)=Vtg
Since

xg+Ialv= xf,` - 1 9 - '(xii3msa i v)= xf; - 1 3 - ' w , wE ,

w e have from Lemma 5.1
x;"- I aivI x t . 0 =0,

taking s sm all enough to satisfy p - 0 — >O . Heace w e have

x1
1" -1 .3i v= 0

xi5+5g)x, ,=5 : 1(x1 + 1 - 1 3 - s X

therefore

f x c I x  ÷eg I 2 x 'd x ,
th a t  is,

x '3 1 v1 C xr - €(1.xl?“g1 2 x :Vdx,) 1/2

Taking 0 < E < ' for an y  s'>0, w e  have

xV - "a i vEH°p ( a n y  s ' > 0 ) .

and L'u= f , then
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In  the  same w ay, w e  have

x 'a i v e 1-4 - 2 ( a n y  s ' > 0 ) .

Lemma 5.3. L e t  0 <f i<p  an d  le t  l[ 181+1. A ssum e that

p R u  H 2,0 1 (1 x f2), f  H"(I X  (2) ,
an d  L 'u =f , then

uE1-11 - 0 3 - 1 (lx  S2).

P ro o f. M ultiplying both sides o f  L 'u = f  by X, defined in  Lemma 5.2, w e have

(x,a,+p-o)a,v+rt, x; ar , x i di )v=g ,
w here v=Zu,

x v E H , H 2 1 - 1

W e have only to prove vElit -- :/'3 -1 (/x,Q).
i) From Lemma 5.2, w e have

x i v E H r i ) (any s>0).
Since

,a.f5v1=

cxT , , -, i0'1 .4Plaia ,»)12xTidx,) 1 / 2

.1. 2(1-1)) if  P>1, w e  have

xg - i“af5vEHt' (any s>0),

therefore, from Lemma 5.2,

In  th is  w ay , step  by  step , w e  have

x 'veH,!,0 - 0 3 ),

xl - EPIfsai vEl/p/ - [P] - 1 ).
ii) W e have

laf-'1)1= x
,

l aia;xvdx,

<  C ( 14 0  / 3 + ') aia cr'y I 2 x d x
)1 / 2

i

(1a1-<2(/— [j3]-1)), tak ing  s  sm all enough to satisfy —2(j3-731±s )> -2 , therefore

x fa4EH°, (any s>0).
Hence we have

xfvE H 2, " - E133
-

1 ) , x1- 0 1 - "d i v e ll ( t - 0 1 - 2 ) .
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iii) Multiplying both sides o f  L 'v = g  by ai, we have

(x 10 1 ± p ± 2 )alv

=— T(t, x; a,, x; a,, x1a1)v+a1g=g2,
where

xL g2eHy1-01-2)
hence we have

X taV E 112p(i 0 ] - 3 )

In  the  same w ay , w e  have

(k [19]-1),
therefore

)4 cr'aivc- 11,2 (Ial d-k 1— [13] — 1),

therefore VE 11 1 - [ 1 3 1 - 1 .

Set p=p/2 in  Lemma 5 .3 , then  w e have

Theorem 2. L e t  L  satisfy A ss . I— p  o r  Ass. II— p  with p > 0 .  L et 1 [p/2]-1-1
an d  L 'u = f ,  where

f E H 2 1 (IX S2),

then uE11 1 - EP1 2 ]- 1 (IX ,Q).

Owing to Theorem 2 , Theorem  (C) follows from Theorem 1.

Theorem 3. L et L  satisfy Ass. I— 'a o r A ss . II— p  with p < 0 .  F o r any N ,  there
exists a solution of  (C. P) satisfying p P u E lIN , if

f  e H ( I  x Q), it0E— M(Q), u1E-11ô(Q)
f o r some 1.

P ro o f. O w in g  to  L em m a  1 .1 , it fo llow s from  T heorem  (C ) tha t there  ex ists a
solution vETI N  o f  th e  problem:

pP f ,

vl t=o= pP u 0 t=0-=pPui
because

Pq .f , u 0 , u l )EH I '

from Lemma 5.1. S et u =p - Pv , then  u  satisfies

J
 L u = f  ,

Jul t=o=u0 ,

Remember Lemma 1 .2 , then Theorem  (M) and  Theorem (M )' follow  from  Theo-
rem  3.
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§ 6. Examples

Let us consider examples in one-dimensional x-space, whose solutions can be con-
structed exactly. First, let us consider

(P) f
u t t =xu x , +1/2u s ( t > 0 ,  x > 0 ) ,

ul t =0 =u 0 , utlt=o=ai (x>0 ),

where uo, ui EC N (R + ),  and uo , u 1 = 0 (x N )  as x—>+0 (N: large).
Set

then we have
gis(x)=u,(x)±A/Tcu,;(x),

0 ,E  C N - 1 ( R +) , g!) k)=. 0( x N-0 -1/2) as x -4 ) (k .< N -1 ).

Moreover, set

0 ,  ( t ,  ) 0 =  
{  I 95+((t/2 \/x )2 ) ± 0+((t /2— - • V x) 2 )} /2 if t/2— > 0 ,

{95+((t/2+-Vx) 2 )4-0-((t/2—VT) 2 )1/2 if t/2--•‘ /X- 0 ,

and 0+ (t, x )=V T0 0 (t, x).

Lemma 6.1.

0 0 ,  0 + E  Cm (R + X R +) (M (N -2 ) /3 ) .

Proof. It is easy to see
, ECN-i(R + X R4.

In the following, we shall see the regularity near x=0.
i) Regularity of 0 + . Let t/2—/>O, then

0 + (t, x)=  + ((t /2- FA /T) 2 )+ XI /2— A/ .f) 2 )} 12

= I 0 +(t2 /4+x)±0!,(t 2 /4-kx)(t X)-1- •••

• . •  +V m  - 1 )(t 2 / 4+ x)(t A /Y) 2 '/ (2 M -1 ) !

+(IVY)" f / (2 M -1 )!:(1 -0 ) 2 3 1 - 1 W ) (t2 /4+x-Et A r i - O)d01/2

+  + ( t 2 / 4+ x)+0+(t 2 / 4+ x)(—kr.f)± • • •

1)!
( j

1 1 1 - 1 ) (t2 /4+

± (—tA / "T ) / (2 M -1 )!5 :(1 -0 ) 2 m - '0V m )(t 2 /4+x—t A /7f0)0)1/2

=0 + (t 2 / 44- x)+0(t 2 / 4+ x)t 2 x /2!+ • • •

• • ±q5Vr - 2 )(t2 /4+ x)t 2 m- 2 x" - 1 /(2M— 2) !

+ Pm xm/{2(2M —1) !} i (1— 0) 2 3f - 1 10Vm)(t 2 /4 + x +  tA / 0)o 

+0.Vm)(t2/4+x—tAfT6)1c10 .
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Here we can see that 0 + is differentiable up to order M  at (t, 0) (t> 0) and

ait a t(t, x ) — › 0 as (t, x)—>(0, 0) in It/2— />O }

if 3/14,<N-1.
Let t/2--- A rAT O and ./1/./._N - 1 , then we have

E  la la ,;0 ± ((t/2± A/ 27)2)1
j+  k  111

195̀ ,"((t/2-± 8 / 0 2 )1  x - ,I1 xN -112-111

h M

therefore
aiaØ + (t, x) —). 0 as (t, x)—>(0, 0) in {t/2—/ O}  ( j + k iV - 1 ) .

ii) Regularity of 0 0 . Let t/2— />O, then

x)=10 + ((t/2± A /T) 2 )- 0 + ((t/2— A / i - )2 )1/2

-- =i0+(t 2 /4±x)+95(t 2 /4±x)(tAri)+ •••

••• H-OVf  ) (t 2 / 4+ x)(kr,f)" /(2M )!

±(tA/Y) 2 " '/ (2 M )!5 :(1 -0 ) 2 m01_2 "+i)(t 2 /4-Fxd-t 0)d01/2

—{g5+ (t2 /4+x)+0 /
+ (t2 /4+x)(—k/x)d- •••

••• + 0 3 1 ) (t 2 /4±x)(—t N/Tc)2 m/(2M)!

±(—tA5c- - )2 '/ ( 2 M ) !Y ( 1 - 0 ) 2 M 0 , 2 M + 1 )

(t
2

/ x - - krx- 0)d0}'

= tA ri - {0",(t 2 /4+x)+0'4!(tz/4+x)t 2 x/3!+ •••

+ 0 , 231-1)(t 2 / 4+ x)t 2 J1 - 2 - 1  /(2M-1)!

+Om x.`" /{2(2114)!}:(1-0) 2 m[g5Vm+I)(t2 /4+x±t A /-x- 6)

Sb+m  + 1 ) (t94+ x—t A rx- 0)]d0}
, A/T0 2(t,

Here we can see that O. is differentiable up to order M  at (t, 0) (t> 0) and

c t ,  x ) - - ) .  0 as (t, x)—>(0, 0) in It/2--ART- > 0 }  (j-Fk_ M ),

if N -2.
Let t/2—•‘ /-x- 0 and M N - 1 ,  then we have

E laiak.0,-((t/2±-07) 2 )Ar.f
J-F k

E  IO N (t/2 ± A /Y ) 2 )1x - m+h - 1/9 5C x N - I- N ,
therefore

ai6k,o 0 (t, x) 0 as (t, x)—>(0, 0) in 1t/2—/ O} (j+12_<_N-2). D
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N ow , let us define

u±(t, x)=u 0 (x)+1:0,(t, x)dt ,

then we have

Lemma 6 .2 .  i )  u _  is  a  solution of  (P) satisfy ing

uEC 2 (R+ XR,.),

u,u t C °(R ,xR + ),

Conversely , le t u be a solution of  (P) satisgying (*),then u=u_.
ii) u+ i s  a solution of  (P) satisfying

(**) CAR 4.x R + ).

Conversely, le t  u be a solution of  (P) sattsfyinp (**), then u=u + .

P ro o f .  L e t u satisfy
utt=xuxx+1/2ux,

that is,
0,---A /Y axxa,+,5-cax)u=o,

then we have
(d,±A /X ax)il=const. on t± -2-f:f=const..

Since
(at ± A/Yax)u t-0=0±

we have

(at-±A/Yax)u_=.-0,(e) on t± 2-0C= ±-2Ve .

Here we remark that
(at - H/X 3 x) 11 1 ( t, x)=(2 1 e,0) - 0 + (e )•

In  case of (i), since

at u ---> 0 a s  (t, x)— (2A/e , 0),
we have

- - -)- sb+() as (t, x)-42V e, 0 ).

O n the  other hand, since

(dt — vyax)u=const. on

(* )

we have

Here we have

therefore we have

(a,— vya r ) u =- 95+(e) o n  t-2 N / = 2 ,  .

(at±vxax)u=±0+((t/2-±-vx )2) (t>2,/y ).

at o, x>=Ioxt/2+V .7)2)-04.((t12— V Y )2)1/2 ,
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/ Tcax u(t, x)={0+((t/2+-V  x) 2 )+0 + ((t/2- , V.,T)2 )} /2
fo r t>2 A /x .

In  case of (ii), since

—> 0 a s  (t, x)->(2 ,Ve , 0),
w e have

atu —> g5 ) a s  (t, x ) - ( 2 '. / ,  0).

O n the other hand, since

(a,-- A r.fax)u=const. on  t- 2 =2A /e ,

( ,- - A /5a s )u=0 + (e) on t - 2 / = 2 / .

(d,± A /y a s )u=-_-±oxt/2±A/y)2) (t>2 .0- ) ,

a (t, x)=-Isbxt/2H-A /Ty)+0+((t/2— A/x )2)1/2,

A T.fax u(t, x )={ 0 + ((t/2-F A /IT) 2 )- 0 + ((t/2-- A /Y ) 2 )1/2
fo r t>2 - 0 - .

In  both cases, w e have

( ±  Ar.fa x )/i = -±0 ± ((t/2H- Arx )Z) (t 2-V.T),
therefore we have

at u(t, x )= {95+ ((t/2-F A/Y) 2)+0_((t/2- A /x  )2 )1/2 ,

A /y a s u(t, A )= {0+ ((t/2-E A /Y) 2 )-0_((t/2--- A/Y) 2)1/2

fo r t•- 2-‘ / Y .  Here we have

u=u±=u0(x )+Y O±(t, x)dt.0

Since 0 ,  is defined by in itia l da ta  I/4, u 1 } , we also use  the  notations:

(/),, (t, x )=0,(t, x ; U 0 ,  u,).
Next, we consider

u 10 =x u, r x +(k +1/2)u x ( t > 0 ,  x > 0 ) ,
(P)p-k -112 t ult=0 =u 0 , atI1-,0=a0 (x >0),

where u o , ulEC N (R + ), 740, u 1 =0 (x N )  a s  x --k 0  (N : large), and h  is  a positive integer.
L et us define

a;lu= .ço
x u(x)dx , a;kur-, (aJ)ku

and

Uk_112=a0(x)±1:a k
x 0_,(t, x ; a; k u o , a , u,)dt ,

w e have

Here we have

therefore we have

then we have
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Proposition 6 . 3 .  Ut-ilz  are solutions o f  (R),p=k-112, and

Llil-_ 1 1 2 E C 2 (R + x l? + ),

ILT_112EC 2 (1-?+ ><R+ ), L lii-1 1 2 = 0 (x 'I ') as x—>0 .

Pro o f . Let us consider

(P)p=-112
vtt ---=xv.os+ 1/ 2vr (t>0 , x >0),

tr--o=vo vi (x > 0 ),

where vo=a; k uo, v i =a -
x

- k u ,,  then there exist solutions:

v =v i=v o (x )± 5 :0 ,(t, X ;  y o , v i )dt .

It is easy to see that ak,v, satisfies (P),=k-i/2.

Finally, we consider

( P ) p .
-
--k + 1 1 2

u 10 = x u x .,+ (— k + 3 /2 )u .,

I ul t =0 =u 0 , ut10---0=241

( t>0 , x >0 ),

(x >0),

where u o ,  u i e C " (R + ), u o , u 1 -= 0 (x N )  a s  x— *+0 (N: large), and h  is a positive integer.
Let us define

111z -F
k -  

k
x-112

= U 0 (X ) -  ) 1
0 X k - 1 1 2 .9 ak

 ) ,x (t, x ; (3 ; ( x +112 u a k i

then we have

/2u,Ddt

Proposition 6 . 4 .  U ± _ k + 1 1 2  are solutions of  (P)p=-k+112, and

Utk+1/2GC 2 (R+XR+), Utk+,12=0(x h - 1 1 2 ) as x-40.

U:_k+112GC 2 (R+xR+).

Pro o f . Let us consider

w00=xwxx-1-(k+1/2)wx ( t> 0 ,  x > 0 ) ,
(P) k . 1 ,2

W  t= 0 =Wo W t1 0 = 0 = W 1 (x > 0 ) ,

where
m o -=x ''"u o w i = x - k+1/2u i

then there exist solutions of (P),, _112 :

w=w±=wo(x)+5:aks0±(t, ; k w 0, a;kw odt.

It is easy to see that x k - - 1 /2 w , satisfies (P) Moreover, since
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t 0(x)-k - 1 1 2 a k x t (I)0 (t, x)dt}
Jo

-= 1 1 0 ( X ) ±  X "  " es

u_ is sm ooth up to  the boundary.
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