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Fundamental solution of the Cauchy problem for a
Schrödinger pseudo-differential operator(*)

By

Daniela MARI

In  this paper we shall construct a  fundamental solution of the Cauchy problem for
pseudo-differential operator of Schredinger type  by means of Fourier integral operators
o f  infinite order.

In  [4 ] D. Fujiw ara considers the  Schrlidinger operator

hD t —h2 4x +V(t, x)

(h is a  small positive parameter), and obtains a  fundamental so lu tion  o f the  C auchy
problem when th e  real potential V(t, x) satisfies suitable co n d itio n s . A t first he con-
structs a  sequence o f approximate fundamental solutions in  the frame o f  L 2 -theory of
oscillatory integral trasformations ; afterwards studies the convergence of iterated in-
tegrals of Feynm an type constructed by using those solutions.

In  [8 ] H. Kitada extends th e  result to a  pseudo-differential operator with symbol
h(t, x, e) satisfying o n  [0, T]x1=0"

{ca,,s(1+1x1+1$1) 2 ' 191( l a + 1 1 )
layMh(t, x, $)1.

ct r , (la+
Also Kitada uses approximate fundamental solutions but he finds them a s  F o u r ie r  in-
tegral operators.

A  further paper o n  this subject from a  m ore  general point of v iew  is d u e  to H.
Kitada-H. Kumano-go [9].

Also the question of the well-posedness of the Cauchy problem has been studied for
differential operators of Schrbdinger type and even for m ore general non Kowalevskian
differential operators. I n  fact J. Takeuchi ([13]-[14]), S . Mizohata ([11]-[12]), W.
Ichinose ([5] - E61), give sufficient cond itions and  necessary conditions to  t h e  well-
posedness in  the  frame o f  1,2 a n d  H-  spaces.

In  this paper we construct a  fundamental solution of the Cauchy problem fo r  th e
pseudo-differential operator o f Schreidinger type

(0.1) P(t, x, Dt, Dx)=D2+4s+A(t, x, Dx)

where tE [0, T ],  x E l ? n ,

( *)  Work supported by M. U. R. S. T ., Italy.
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and A (t, x, D.,) is  a  complex valued pseudo-differential operator of order pEio, 1[ with
symbol a(t, x , e)EC([0, T], C '( R n X R n ) )  satisfying for some A>0 :

(0.2) s u p  lagM a(t, x , <A'a+P' ."(a+19)! <E>P- ia+g Va, VeeRn
x E R n

t Œ[0,7 ]

The result is obtained by using a  parametrix that is constructed as a Fourier integral
operator of infinite order on ON(2 1B"), E[1, 1/PC, w ith  phase function IO(t,  x , e)=
x.e+1$1 2 t.

The Fourier integral operators o f infinite order have been studied by L. Cattabriga-
L . Zanghirati [3] on Gevry classes, whereas the spaces .01 and O r  have been con-
sidered for example by K . Taniguchi in [15] where he considers pseudo-differential and
Fourier integral operators of finite order. Recently R . Agliardi [1] has studied Fourier
integral operators w ith phase of order 1 and amplitude of infinite order on g  LI  and its
dual.

This paper is organized as fo llo w s . The first section contains the main definitions
and notation ; in section 2 is produced the calculus fo r  F o u rie r in teg ra l o p e ra to rs  of
infinite order on Loy.9) (11'). Indeed in section 3 the parametrix of the Cauchy problem
for the operator (0.1) is constructed by solving transport equations ;  th e n  th e  funda-
mental solution is determined.

The author is studying the  possibility to extend the result here obtained to a more
general operator than (0.1).

1. Main notation and definitions

For x , eE lla w e se t  <x>2 =1+ xl 2 = 1 +  x j ,  x • e=  x i e5 . W e  w r ite  D = — i3 ,
J=1

D x = ( D i ,  • • ,  D .) and D(L =D72.•• Dgn,

W e recall the definitions of the function  spaces w hich  la ter w e shall u se  mainly
(for more details see [15] and [7 ]). W e omit the domain because Rtm is m eant.

For a »1  w e denote by e r  the space of a ll f  cEe- such  tha t for some A>0

g i RlDa f (x )I<A i al l - J a! ' VaEZ4,2 .

For s >0, o. _1 we define

S„, ,= N E S ; exp (s<Viff)fi(e)ESI

w here û is  the Fourier transform  of u.
is  a  Frechet space w ith  the seminorms

u i s  •k =  s u p  s u p  1<e>P ag(exP (s<e>" 6 )771(e)1 k =0, 1, ..•
eeRn I +p= k

Furthermore we consider

If E L2 ; exp (E<V/ 6 )/()E L 2 1

w hich is an Hilbert space w ith  the norm
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f II olg.-11exp (<e>t/a)j()) L2.

If gN :, is  the dual space of O N  w e  c a n  se e  th a t it  is  the space of the ultradis-
tributions u such  tha t exp(--e<e>'/Q)ii(e)EL, 2 . S o  i f  w e  d e n o te  e v e n  f o r  e<0  with
.0L'I . e  th e  space of the ultradistributions u such that exp(e<e>")fl(e)ELz, we can write

Finally we define
L2. L2—

g`n=lim

f o r  e>0.

Urn V .L2L 2 ,  s L2 L 2 , s  
-.o+ s . o +

N ow  w e recall the definitions of symbol of infinite order of Gevrey type and relative
formal series (for deta ils see  [16]).

For 61.__1 w e denote  by S- ' "  the space of all functions a(x, e)EC'° satisfying there
exists A>0 and Vh>0 the re  ex ists  Ch >0 such that

(1.1) sup  lag.D19 a(x e)1< Ch A ' " a l  j9 !°<$>-'"' exP(h<e> 1 " )xeRn x

Va, VeERn > i •

W e define E a,(x, e) form al series of symbols in  .9- " . i f  a,ECœ satisfy there exists
J  0

A>0 and Vh>0 there  ex ists Ch >0 such that

sup  lagDfla,(x, e)I<ChAl ia! <e›- e x p (h<$>' °)
x E R n

Va, v eER"
Let E a, and E b, form al series of sym bols; w e say that E ar-E  b, if there exists

j O

A>0 and Vh>0 the re  ex ists  Ch >0 such that

sup  lagp.i! z(axx, e)I<Chili"-Egi+ga!(p! s!)'<e>' - 'exP(h<e>"')
X ER n .1< 8

Va, 1$1>i.

2. Calculus for certain Fourier integral operators o f  infinite order

W e consider Fourier integral operators of infinite order on the spaces 2N(g LN') with
amplitude

P(t; X , e)EC([0, T] , C - (R" X R")) belonging to S "''

0(t; x, e)=x•e+ lel 2 t

1 x , e G R " tE[0, T o ]  O<T0<1/2.

For these p th e  in te g ra l I  p(t ; x, e)ù(ey de is  convergent for a n y  tE[0, T o]  b o th  if

uES,,,, and if uE.ON. Thus w e can define W E [O, T 0 ] th e  operator

(2.3) (P(t)u)(x)=exp(ix • e+ Cl 2 t)p(t ; x, erii(e)de

(2.1)

and phase

(2.2)
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d$=(270 - "de, both on S e „  and on Zof,.
W e give now some preliminary lemmas and then w e shall study the action of the

operator (2.3) on the above mentioned spaces.

Lemma 2 . 1 .  Let a i (x) C , j= 0 , • ', n , and we assume that f o r some C o , A0 . 0

sup 114a0(x)1-5-nCoAr + 1 (1a1+1)!" VaEZ!,'
xeRn

sup I Da,;(x)I - CoAr I a I !' j=1, ••• , n.
xeRn

S et L = ia i(x )a x i -E-ao(x). Then VuEC'' such that

sup I Dlu(x) CA !" Va Z4,
xERn

we have V1 /V, Va Z!,1

s u p  DaL'u(x)1_5_ C(2nCa {(11+A0)2 /A} (A+A0ru (la  1+1) l a

xERn x

P ro o f. B y induction on I.

Lemma 2 .2 .  L et 0(t, x, $) be as (2.2) and rENT o, 1[. We consider the operator

L=L(t, x, $, ae;( aei0Ivor
a-r<e> and tE[O, T o ].  T h e n  VuŒC" such that

sup I Dgu(e) < VaEZ1'
eER n

we have VIEN

(2.4) I L'u(e)I <CO r ,A xl - '1!°-V  x ,  e E R "  w ith  x I: 1- <e> and t EEO ,

where
2n(1+A/ 3)r(

A +  
4 (1 + / )2  1

r -2 T 0v - 2 T 0 )  A

P ro o f .  W e notice that

1 7 0 1 > 0 . 2 77: 0) 1x1 Vx, $ERn, I x I ._1- <e>, t [0, T01 •

If we denote

= 14E:0°12 ae;+Aae.,( ai(t, x, $)ae i -Fa 0(t, x, $),

w e prove that for the sam e x ,$ ,t

xli
a I +I 1

+1lagai(t, x, I '  z--2 T 0 )-541
1±.,/ 3) T  \ I

V a E Z .a 1 a -

Then by applying Lemma 2.1 w e obtain (2.4).

Proposition 2.1. I f  uES,, c then Pu defined by (2.3) is in  S.

f o r any x, $E11' with
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P ro o f .  By letting v(y)----g - 1 (exp(s<e> 1 '")1i(e))(y) and by fixing r E ]2T 0, 1[ turns out

<x>) ag(Pu)(x)1 _ /L -1- /2

with

I t =  E(;)15 i x _ y  . z < e ) <X>i <Dy >1 a  1 + " 1 1)(y) exp(i0(t, x, e)—iy•e)

•af1.- -p(t, x, e)max(—E<e>io)<ex- i -

.12 = ( a \fi-

<x>i<D,>'''+" 1- 'v(y)exp(i0(t, x, e)—iy .e)

•L'e (ag- '' x, e)exp(—s<e>"')<$> - '''+'"'' ')d y d e

where

Le=  aei ( 

It is easy to prove that

and since

laicac!,—p(t, x, e)exp(— e<e>1,,,xey  n -1) K eyn -1

in  view  o f  Lemma 2.2, by choosing 1=--j+n+1 and by using <x>/ _•■/ 2 i <Y>l <x—  » 1 ,
we obtain again

12C a , j, r1V1Sio +j +n+i •

Theorem 2 .1 . I f  P is defined by (2.3), then Vs>0 there exists be >0 such that VI3E
](), 6 ,  P is a  continuous map from S „  to 8 a  and from goi5,, to WN.a.

P ro o f .  Since uES,,, implies PueS,

lag'fii-i(e)1= exp(ix.(72—$)-Fi1721 2 t)(—ix) . ' p(t, x, n )ii(n )d n dx1

p _ 7.2>-k-.71<px>k-F)E<x >-1.1-.-1(_i x y•

•072>l a l + n + I (P(t , X, 72)ft(n)exP(i 77 120)] dndx

with arbitrary k>0 . Hence, i f  we notice that

la,r2exP(il 1201 c z i a r  exp (h<n>") Vh>0

and take s'>0 arbitrarly, we have

1 <Vag(exP (a<e>')P—u(C))1 h, a l/L I  .5 ;1 a 1+2n+2+,

.exP(a<e>1" ) .ç<n› - n- 1 exp( —  <e—oi/a)exp((e—E-1--h)<72>li')dri.

By choosing h, ô  such that max(0, s/2, œa/e)<h<s/4, 0<3<s/2—h and s'_ s/2 we get

1Puls SC1u1c C=C(j, a, a, s).
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The first part of the Theorem is so proved. Now we show that VuES.,,. there exists
3:>0 such that Vb>0, 6<6: turns out

(2.5) 11Pullaaa_Me,■3110.0N, •

Then, since Sff , i s  dense in g a a,  this inequality is true for any uEZ (Zi e  S im ila r ly
to [15], we set

a t, x,e) =Os j . exp(i(x — y)•(77— e) - kilel 2 t)exP(6<0 1 ")0.02)P(t, .3? )exP( -  <e>" q )dydn

where

(2.6)
0;(77)=0(n/j), 1=0, 1, ••• , a n d  OEC",°,

0(7)= 1  f o r  1721 1 7 2 ,  0(72)=0 fo r  1771 .

If we prove that for suitable 6 {q; } j  is  a  bounded se t in SS,. V1E[0, T.] (as defined by
[10]) and denote by q(t, x, e) the limit of a  in view of Theorem 7.3 ch. 3 [10]

in  L 2

qi(t, x, Dx )v > 9(t, x, Dx)v VvEL 2 VtE[O, To]

and therefore 114(t, x, Dx )vil L2 MdvS L2 for the same y, t (Calderon-Vaillancourt theorem).
Now, if we denote with P(e)=-exp(s<e> 1 1 0 )ii(e) for any uES ff ,., we have g(t, x, e)v(x).=
g - t(exp(6<e> 1 1 6 )P—u(e))(x). Therefore turns o u t  (2.5). So it rem ains to prove the
boundedness o f  {Ty}  in S 0 . This is obtained by a  slight modification of the proof of
the Theorem 1.1 o f [1] by choosing 6< min (6/2, Co.,A), C,,,A-=(a/e)(A/2n) 1 1 6  w here  A
is  the constant as in (1.1).

• Corollary 2.1. The operator P defined by (2.3) is a  continuous map from .07" to
gN  that can be extended to a codtinuous operator from 2N" to

Theorem 2 . 2 .  Let r(t, x, e). C([0, T o ] ,  C- (R "X R ")) with the property 3B, C>0,
A, h>0 and VaEZ! ]C a >0 such that

sup I atiA r(t, x , OE)1CA'P'/3 I 6  exp ( —  h<> 1// )VeERn ,I  B , tc[0, To].
sE R n

I f  0 satisfies (2.2), then the operator

(R(t)u)(x)=exp(i0(t, x, e))r(t, x, e)u(e)de uE2N, tE[O, T o]

extends to a continuous map from g ig  to

P ro o f .  If 0<e<h le t u satisfying exp(—,<e>i) , )fi(e)_=p(e)Es. By denoting with

x, e) , --0s 1  exp (i(x — y) , (77— e) - 1- ilert)exp (V 0 1 ')95./(77)r(t, y , $)exP (s(e>")dy eh?

where 0 .'(2) are the functions of (2.6), in  a  similar way as Theorem 2.1 we prove that
61 is  a  bounded subset o f sg,o so that if  b is  the  limit of b,

x, Dx)vIl L 2=<MIlvIl L 2 Vv L 2 , tE[0, T 0] •

N o w  w e  n o tic e  th a t  g - 1 ( e x P ( 6 < e > 1 1 ' ) k — u ( e ) ) ( x ) = b ( t ,  x, D x )v (x ) so  th a t tu rn s  out
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Vt3<(3,.

Theorem 2.3. Let

(Pi(t)u)(x)=. exP (ix • e)Pi(t, x , $)ii($)de

(P2(0n)(x)= .çexp(ix•e - 1- il$1 2 t)P2(t, x, E)ù(e)de

where u E .0 ') , tE [0 , T], O<T 0 <1/2 and

Pi(t, x , $), P2(t, x, e)EC([0, TO, Sc"(R"X R")) •

Then V tE[0, T o ] there exists an operator Q(t) defined on ON by

(Q(t)n)(x) -=ex p(ix  • e-Filel 2 t)q(t, x, e)ii(e)de

such that
Pi(Pzu)=Qu+R u

where R  is a continuous map from to ON and q(t, x , x , e) uniformly
with respect to t,

x , e)=. E
1

,agp,(t, x , e)D1p 2(t, x , e).
ta i= j

P ro o f .  T h e  theorem  is p roved  by  argu ing  i n  a  s im ila r  w a y  a s  t h e  analogous
theorem in  [1].

W e shall need to consider form al series o f symbols o f  th e  following type:
L et p i (x , e ) E C ( R n X R n )  such that

(2.7) there  exists A>0 and  Ve>0 there  ex ists C€ >0 such that

sup lagD p i ( x  E) +9
xERn - ' —
Va, 1 Z  V$E1V >1.

Definition 2.1. L e t  Ep ;  a n d  Eq . ; form al series o f  symbols of previous ty p e .  Wej()
sa y  th a t E P 1— E q i if  there  ex ists A>0 and  Ve>0 there  ex ists C0 >0 such that

sup 14,61 E(Pi(x, e)) I CeAla+/91+*(a+P+S)!<E>- al +131-sexp(S(E>11°)
reRn

•Va,y e E R n

A s in  [16] w e can prove that

Proposition 2.2. For every E p i ,  p ;  satisfying (2.7), there exists pEC - (R nx IV )
such that

(2.8) .szp jap b (x , E )1 5 .C A '"(a+ ,8 )!< e> ' + 's 'exP( 1/s<e> ° )

Va, pEz.,+., VEER" IV <1

and p  is equivalent to E p i  as  in  definition 2.1.
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3 .  M ain results

In  th is section w e consider the  operator o f  Schrbdinger type :

P(t, x, D t , D r)=D t+4x+A (t,  X ,  Dx)

denoted w ith (0.1) in Introduction, where A is a pseudodifferentiai operator with symbol
satisfying (0 .2 ). A simple example of function o f  th is  type  is obviously a(t, e)=T(t)<$>P
w h e re  ço i s  a  continuous function i n  [0, T ]  b u t a(t, x, e)=Tco<e>P exp(— I x e I 2)
also satisfies (0.2).

We prove

Theorem 3 .1 .  Let P the operator (0.1) satisfy ing (0.2). Then V s, tE[O, T o ] 0 <T 0

<1/2, there exists e(t, s, x, e ) E C s ( L O ,  T 0]2 ; c - (R n X R ")) such that fo r  any  s >0

sup lagMe(t, s, x, C)I C' 71 ' " Pl (a+13 )!<e) ' exp(E<e>"')xeR.
fo r some C, 21>0, Vt, sE[O, T o ] ,  Va, 13eZI!, V ERn 1$1>1, a.E[1, 1/p[. Furthermore
the operator defined by

(Eu)(x) + x P ( i l e r ( t — s)+ix•e)e(t, s, x, $)u(e)deV u

satisfies
f PE(t, s)=R(t, s)

1 E(s, s)=I

where R  is a continuous m ap from  2 1Y  to Vs, tE [0 , T o ]  and I  i s  the identity
operator.

P ro o f . W e construct a  sequence o f  functions Ieh (t, s, x,e)} s u c h  th a t  Vh
e 2 h + 1 ( 1 ,  s, x, C)=0 and e21 (t, s, x, $) are solutions of the following Cauchy problems :

(C o ):

{ ateo(t, s, x , C)-2(e•Treo)(t, s, x , )-Fia(t, x , e)eo(t, s, x , e)=0
eo(s, s)=1

(c h  ) :

Ja te2h(l, s, x, $) - 2($•7xe2h)(t, s, x, $)-kia(t, x, e)e2h(t, s, x, $)=—idh(t, s, x, E)

e2h(s, s)=0

with
h 1  

dh (t, s, x, e)=4.re2h--2(t, s, x, C)+ - E  E , aro(t, x, e)D rxe211-20(t, s, x,
le=1171--k

W e shall p rove that E eh(t, s, x, $) is  a  formal series as in definition 2.1 Vt, sE[O, T O.
7/ 2 0

s o  b y  Proposition 2 .2  w e  c a n  c o n c lu d e  th a t  th e r e  e x is ts  e(t, s, x, $)EC'([0, To],
C"(n" X It")) satisfying (2.8) such that
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e(t, s, x , h oeh(t, s, X ,  C).

Moreover for (C o)  (Ch)

e(s, s, x ,
Dee(t, s, x , C ) 4 - 1 $ 1 2 e ( t ,  s , x, $)4- q(t, s, x, E)=0

w here q(t, s, x, s, x , $) and
1

95(t, s, x, C)= E ag—ler+a(t, x, e))Drse ; _k(t, s, x, C).
By Theorem  2.3 w e have the r e s u l t .  Now, by letting

v,h (t, s , x , )=e 2h (t, s, x -2et, $) V h 0

we can prove inductively analogous estim ates to the one proved in  [2]

sup l3g/A v2n(t, s, x, e)IxERn
l0+til+ifin.(0,4n-1) . it—s

- F2h)!<$>-1 "*A' -2 Lexp(Cr0<e> ) it — s1) ($>in i

VIel B>0 Vt, sE[0, TO .

By using

DgM em(t, s, x , s, x +2et,

we obtain

sup  lagD,Ie21(t, s, x , e)IsERn
la+Al+max(o,4h-.0 t—s

. .C‘ IÀI ' + 1 3 i + 2 4 ( I a+A  I +2h) !<C> -1 ' + '5 1 - z "exP(Cr o<e>P t— s <e>1"Ei=i z !

S ince  ae[1, 1/p[ from  these  estim ates w e  can  conc lude  tha t E  en (t, s) is  a  formal
h2O

series of sym bols such that for som e CA, B 1>0 and Vs>0 

sup  lagase n(t  s  x  C)I C'lAater 1+0( I a + p I +h)R ey ia hexP(6<e>"°)xeRn

Va, PEZ!,' Vt, s [ 0 ,  T o ] ,  VCER" , 1$1>Bi.

H ence w e get the result. 

Theorem 3 .2 .  Let E(t, s) be as in Theorem 3.1. Then there exists a continuous map
F from CEO, To], 2 7 D  to  C O , To ], gYZZ) such that

Ê(t, s)-=- E(t, s)-1-Y3 E(t, r)F(r, s)dr

is a fundamental solution for the Cauchy problem fo r th e  operator (3.1). Consequently,
i f  gEON , f  GC([0, T o ] ,  4 , ) (rest, . g oN : f  EG ([O, T ° ], gY fY )) then

u(t, •)=- f(t, s)g-I-Çs (P(t, r)f (r,.))dr
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is a solution of the Cauchy problem

P u = f

1 u(s, s)=g

and uEC'([0, T o] ,  .0V) (rasp. C '([0, T o] ,  2 1g )).

P ro o f . W e can regard  the  operator R(t, s) as a  pseudo-diftetential operator P(t, s)
with sym bol î0 (t, s, x, e)=exp(i ier(t—s))r(t, s, x, e) w hich has the  sam e properties as
th e  sym bol r(t, s, x, e) o f  R (t, s ). T hen  in  a  sim ilar w ay a s  [2 ]  w e can prove that
there exists F(t, s) solution of

P(t, s)=—F(t, s)— t, z-)F(r, s)dz-

and F continuously maps C([0, Z D  t o  C([0, O ). B y  u s in g  T h e o re m  3.1
w e have so

P2(t, s )=0 .
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