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On 2-microhyperbolicity at the boundary
By

Francesco TONIN and Giuseppe ZAMPIERI

§ 1 .  Statement of the result
Let M  b e  a  rea l ana ly tic  manifold, X  a complexification of M , S  a  real

analytic hypersurface of M, M± t h e  tw o open components of M \S .  L et T * X
denote the complex tangent bundle to X  endowed with the canonical 1-form a
a n d  2-form  a = d a , a n d  le t  H b e  th e  Hamiltonian isom orph ism . L et T* XR

( r e s p . T * XI)  denote th e  real underlying manifold to  T * X  endowed with the
forms aR =N a and 0-R =  a  ( r e s p .  =Z a and  a l =  Z a ) , and  le t HR  ( re sp
HI ) denote  the  corresponding Hamiltonian isomorphisms. L et V  be a  smooth
re g u la r  ( i .  e . a v  0 )  involutive submanifold of  T X  a n d  deno te  by  V  the
union of the com plexifications of the bicharacteristic leaves o f V . A ssum e
there are analytic functions r, s  on 71/X such that.

s lif= r1 s.„T a= 0 , (s ,

Let 17° b e  the union of the integral leaves o f  9 i (e f ( f  + ° )1-1 ,c ) issued from  V
and let W  denote the union of the leaves of 91 (e'/ : 4 2 2 H ,c )  issued from V .  Let

gr*Ix= O dx be the  complex of 2-hyperfunctions at the  boundary along W  in
th e  sense of [L i - z] . Let i11  be a  coherent gx - m odule (a  pseudo -  differetial
system).

Theorem 1.1. Assume that there exists OE [— 7T, ,  0 *  ±  such that

(1.1) ±91(e 011,c)EC (char Al, -17°)

(with C ( •  , •  )  being the normal cane by [K - S] ). Then

(1.2)R F , - , ( S ) R i t o n i O r ix ) =O.

Remark that Wm*ixiw'Orix is injective w hen restriced to  solutions of Al.
I n  fact (1.1) im plies non - characteristicity o f  S  f o r  th e  system  Al, s o  th a t
[U - z ] can  b e  ap p lied . This gives M ± -reg u la rity  in  the sense of [S]:

Communicated by Prof. K. Ueno, A pril 22,1996



122 F. Tanin and G. Zampieri

Corollary 1.2. L e t (1.1) hold with 0 0  ± 1 .  Then

(1.3) (s)1 om (X, Cu=ix) I w = 0 .

Example (a). L e t z  = x  + 1 - 1 y  (resp. (z , C) (x 1 - - 1 y,

+ 1 - 1 77), resp. (x, — 1 7))) b e  th e  v a riab le  in  X  (resp. T * X , resp.
T X ),  a n d  write also z = (zi, z ', z "). Let P (z , 1,.) be  a  differential operator
whose principal symbol a (P) is a quadratic form of the type:

(1.4) a ( P )  =  +A (z, C') — B (z" , r)

with A , B  homogeneous of degree 2 in  C and C' respectively, B  real on 71,W, B
Biz =0= 0. Set r=x1, V=1771=77' = 0). W e claim  that (1.1) holds.

To see this, it is enough to show that for some positive constant c:

(1.5) ' N U  c[IC1+10+1Y"I]if a(P) =0

In  fa c t if y" = 0 th a n  JiCi — 9t4 x", C") B (x", ,/ — 1 77")
(=To: (P)) =0 implies ITC11-<.0C11- H IC I. If in addition one assum es C=0
then 29iC1 Ci(=0"(P)) =0 implies NC I = 0. By applying the local Bochner's
tube theorem one then gets (1.5).

Thus for instance for X=C 3 , S = {x1=0}, r=x1, V =  {rh=772=0} and for
P (z, = ±  (1.1) is sa tisfied  and th e n  (1.2) follows fo r both
M . I n  particu lar accord ing  to  (1.3) th e  tw o  traces ove r S  o f  a n  analytic
solution of P on M±  a re  rnicroanalytic a t  (0, 1 - 1 dx3 ).

Example (b). Let us w rite C= (Ci, Ç ,  C", C'"), set C(Ci, C")
41-1 EiClCi+ take any D (z , C) homogeneous ( in  C) of degree 4,
and define:

(P) = C +D (z , C)

B y  the  change  wi = e ' V E -T  14* Ç , C  becomes tut —  4E ( C"Îwi EiC 't. This
polynomial is  h y p e rb o lic  ( irred u c ib le )  w ith  d istinc t ro o ts  w1 2 2 IC" I
(1±(1

4 O E Ç '
( f o r  r e a l C').

It follows that (1.1) is verified with V =  {rh=r)'="13}  a n d  ()= -I. In particular
th e  fo u r  tra c e s  over S  o f  any  rea l ana ly tic  so lu tion  o f  Pu =-  0 o n  It4-± a r e
microanalytic a t a n y  p (0, .1-1 77"). Note th a t fo r  th e  above a (P) one
could not apply neither [S-Z], [U - Z], n o r  [D'A - T - Z].

§2 . Proof of Theorem 1.1

W e take symplectic coordinates (z, C) = + . 1 - 1 y ;  +  Al — 17)) E  T * X,
(x, —  1  7 7 )  T V  such  tha t r=x 1, s=771, V: 17 = 17 '=  0 . W e  put:
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M=R x m' xm"
S =  x m r  x m"
fi=c x m "
S e=Re Tax X  x m"
mi= R iff"

= (o) x  x
We also set:

f i r = R ±X M "
M± e =  (fi \ ± .

It follows:

V=Mxi,iTtX
=71X

W =M x

P= (c e, x (Ne ir- -1 1 c) x oc X (o)) X T X " .

F o r a  locally closed set A cX  and for the  sheaf Ox of holomorphic functions
on X, we shall denote by PA (0 X ) the  "microfunctions along A " in the sense of
[K- S].

Theorem 2.1. Let (1.1) hold with O kir, k E Z ;  then

(2.1) R if on7(.14, Rri,--(17foRkom(lt, p.,-1((d,c))
(2.2) RIC orn 12.,(ex)=> RF„-( 5- 0Rieom(11, ps , (0x))

whence

(2.3) orn(itl, fik-n (N )-- 4 RF7,-..a)Rleoni(A, ttv. , (0x))

Proof. According to [K- S, Th. 5.4.1] it is enough to prove that:

(2.4) HR n c (char s, 71X) =-,e(
(2.5) HR s°) n C (char It, Vs

k,X) =,0/

B ut (2.4) is equivalent for some c>0 and  fo r (z, C) E  char It to:

(2.4') 11711- c[la+10+1"1-Fly"1];
(2.5) is equivalent to:

(2.5') (e 01 (e 0)FOI±IC1+1"1-FIVI]:

(1.1) is equivalent to:

(1.1')i  (07 - - - 1 ° C1)1 c -1-1 1 +11/1].
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O bviously (1.1') (2.5'). F in a lly  (1.1') (2.4') due to  the  following Lemma
(applied for 4.)=-1

2i  and w ith BE [0,7r

Lemma 2.2. Let çb*  ± 1 . Then (1.1') implies, for some c> 0 and for

(z, C) E  char .41:

1910/1 71-Ø'Cil _c[lale lq 4 4 )C11+10+r1+1y"1].
Proof . We have

(2.6)
9=1 (e (i" )C i ) =cos (i +0— 0) 91 (e'v=1-%1) + sin  (ft +0 - 0)T (iv7 -1 - (1+0 C1)

—sin (0— 0) 91 (eA r" j e Ci ) +cos (0— 0) 9i (cAi = f (12+8)C1)
=cos (0— 0) (al (e.V -- ( it  + 6 ) — tg (0—  6) 9.1 ),

(the last equality follow s from  (/) * O ± Assume th a t  (1.1') is fulfilled.

Let IN (eA/jzf q i )  I 2 t g  (0 — 0) IT (e "Ci) I; then 'CO I+

(eAr-1(1214- q i )  I + +  ly "1 ]. O n  t h e  o t h e r  h a n d  assume

(eAr - - f ( i+ 8 ) Ci) I 2 tg (0— 0) IN ( e 6 1 )  I; then by (2.6):

191 (e. v 7 ( ) C1) I '
(
2-O) 191 (e ( i -" ) Ci) I,

which implies:

(d̀ r= "Ci) I +IN (e (-12L " )
C1)

[10+1"1+11/"I] + (cA/-1(i')C1)1.

Let now Y= (C x C) x x' x x''D yi, z', z") be a  partia l complexification of

X and let T * X ' (F, = 0 , z"; 17f , be the cotangent bundle

to Y .  L et us cosider the  embedding j: X c - 7 .1(  defined by xi +.1 - 1 (xi,
y i )  and the subm ersion q): X  defined  by  (x i, yi) F-4 x i + 1 - 1 y i .  We
rem ark that 00.1 =idx and that

(2.7) 1-1 (0 ,,x1 0 )  = 0 1

and
(2.8) c h a r  (.11 a z i )  tq5' c h a r  (II)

(if, T*.g-; ± A/ z', z"; a, Ç , C") E  char X , ifi= A/- 1

Put

k 9---- C(cos0, sin(9) +R (—sine, cos()) x X' xm"
C (cos°, sinO) x X' x m"

fi±e =  (fiev-s.0)±.
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We have a commuting diagram

x

s'

w h e re  a ll t h e  a r ro w s  a re  in je c t iv e . L e t  T*X x  T *X  —>T*X  b e  the
m appings canonically associated to th e  embedding X N ote th a t  p  is
injective o v e r  0 - I  ( c h a r  C .

Theorem 2.3. A ssume (1.1) holds with O *14, k  E Z .  Then

(2.9)
RJCom(A1,Ptk7, (Cx ))  o r.0  [ - 2].  Rp*(T) - 1 RT,-(.,4)R . om (1105z1, tti?(Ith))

(2.10)
RIC on) (11, /iv (Cs)) eor.0[ - - 2] Rp*(T) -

1RFir--(.5,)R2tC om (A  0 az i, &s' (C i))

which implies
(2.11)

t9 om Cll, /iv -  (C i ) ) o m  ( i l l  a z 1 , g.%-,f -  (eh)) .

Proof. W e shall assum e ( 0, ir [, 61 *  -27  in  th e  p r o o f .  B y  [K-S, Th.
5.4.1] one needs to show that

(2.12) FIR (z*n.11;1 8
)  n C (char X  a z i , = If

(2.13) HR (n- * P g 6) n C (char azi,

B ut (2.12) is equivalent, fo r  (F, E c h a r  (A l ® z),  to:

(2.12')
Icos0 a - l-sine.aiAl c[lcoseNa+sinesYloi

+1 —  sinffia+c oseffl ïfi l + 1 —sinOax;.'-1-cos6aa +10 + 1 C"1+1Y"1] ,
and  (2.13) to:

(2.13')
Icoseaa sin Q17(121 c  [Icos69ii sine%fil +
1—  sin t9.x -f- cos Oyil +1C' 1 +1"1+ ly"1].

R ecall (2.8) ; in  particular a n d  i  a r e  re la ted  by  77i = and thus
(2.12') is trivial. As fo r  (2.1 3'), this easily follows from

(2.14) ± C (char ../14, 71X)
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which holds by Lemma 2.2 applied with BE [ 0 ,  [ and for 0 =1  — 0* 0±-

(due to  0±0,
End of  Proof of  Theorem 1.1 (a) Let 0 E  [0,71. [ ,  0 ± 0, 1 .  U sing (2.3),

(2.11) we get:

(2.15)
t'R. om(.AI, 14.4; (0x)) 0 or)o [— 2] -= Rp *eiT I RE7,-) o RYC om (11 azi, )

On the other hand, set ±w=r*I111/18; then we have:

(2.16) HR(±W) Er C (char ,440az i, SS Z4-4*, )

(with SS denoting the  microsupport in  the  sense of [K - S I ) .  I n  fact we have

SS 4,-T. -=  (7 ) + R H  ( w )  w here w e h av e  p u t (TV )
±0

On the other hand, if r is  an open convex conic neighborhood of HR  (w) such

th a t  ((Trty,k) ±  F )  CI char (itt 0  zi) = ,  th en  a lso  (( (71,41)± R+ HR (w))
-T-F ) n char (.AI ®5z 1 ) =,0/  due to  R EHR  (0 -i-rcr.

By the theory of the propagation b y  [K S ]  o n e  gets from  (2.16):

(2.17) C om (1/ ®zi, P4-0 k-) =l .

T hus app ly ing  th e  functor Rrr. ,m, ( • ) OTM  [ n 2 ], u s in g  (2.15), and

recalling that A2if + [x 
def.

R rn.- ),(1,-,/, (0x) Oormlx[h] one gets (1.2).
(b ) L et 0 = 0  (c f . [U -Z ] ) .  B y the  theory  of propagation of [K - S ] we get
immediately in this case:

om (11, P.,:ft (( x ))  = 0.
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