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Cyclic automorphic forms on a unitary group
By

Yuval Z. FLICKER

1. Statement of results

Let C be an algebraic subgroup of an algebraic group G over a global
field F, and denote by ¢: G(F)\G(#)— € a cusp form in the cuspidal
representation 7 of the adele group G(«), where & is the ring of F-adeles.
Denote by Z the center of G and by @ = w.: Z(d) /Z(F)— €~ the central
character of 7. Suppose that the homogeneous space C(F) \C (&) has finite
volume; we call it a cycle. Fix a unitary character & of C(F) \C(4) in €.

Signify by P(¢) =Pcs (@) = fewnewn d (c) E(c)de the E-period of the form ¢ on

the cycle C (F)\C(#) of G(F)\G(#). Here E(c) is the complex conjugate of
&(c). We simply say “period” when £§=1.

Motivated for example by classical questions on the L?-cohomology of
bounded symmetric spaces of the form I'\ G/C, we wish to determine the
&-cyclie cuspidal G (&) -modules 7 ; these are the cuspidal 7 for which there
is a form pETCLE (G (F)\G (4)) with a non-zero &-period P(¢) (or Pce(@)
if the dependence on C and & needs to be made explicit). The interesting
phenomenon which occurs in this context is, that in order to by cyclic, a
global representation needs —in addition to being locally cyclic at all places—
to overcome a purely global obstruction.

Such a question was studied first by Waldspurger [W1,2] when G =
PGL(2) =S0(3) and C=5S0(2) (=elliptic torus of G which splits over a
quadratic extension of the base field) on using the Weil representation, then
by Harder-Langlands-Rapoport [HLR] when G is GL(2) over a quadratic
extension E of F and C is GL(2) over F, and then by Jacquet-Lai [JL] and
Jacquet [J1,2] who introduced a “relative trace formula”. The case of G =
SO(4) X SO(3) and C =S0(3) (and £ is a form in a cuspidal, not one-
dimensional, automorphic representation of C (&) ), was studied by (D. Prasad
[P1,2] locally and) Harris-Kudla [HK], again on using the Weil
representation. The analogue of the trace formula technique was later used in
a series of cases, where G=GL (2, E) [F5], or where G=GL (n, E) [F6], and C
=GL (n, F), with E/F being a quadratic extension of global (or local) fields.
This last case is related to base-change for the unitary group. Local aspects of
the dual case, where G=GL (n, E) and C is a unitary group— which is related
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to base change for GL (n) —are discussed e.g. in Ye[Y]. For G=GSp(4) and C
=50(2, 2) —a case related to counter examples to the Ramanujan conjecture
—local (and global) aspects are studied in Zinoviev[Zi] (and in [FM2]).

The question of classifying the cyclic representations is too vast to even
currently attempt proposing a general conjectural answer. Yet the examples of
[W1,2] and [HK] suggest that for a suitable C the purely global obstruction
involves the non-vanishing of an L-function at the middle of the critical strip
when the representation § of C(&) is cuspidal, while the examples of [F5, 6,
7] suggest that this global obstruction should be stated in terms of liftings in
the opposite extreme case where & is a one-dimensional automorphic
non-cuspidal representation of C (&) (note that in the case of [W1,2], every
irreducible representation of C(#)/C(F) is both cuspidal and one-
dimensional).

Our question is a global, arithmetic or automorphic, variant of the
classical question concerning the constituents of the restriction of a
representation of G to its subgroup C. The “classical” question — concerning
the non-vanishing of Home (7, £) —was treated in many cases, for example in
Zhelobenko [Zh] (“the Gelfand-Cetlin basis”) with £ =1 and compact real
groups such as G=UWm, R), C=Um—1, R), or G=SOm, R), C=SOn—1, R),
in Thoma [Th] and Zelevinsky [Z2] (the “branching rule”) with the finite
groups G = GL(n, ¢q), C = GL(n—1, q) ([Th] and [Z2] consider any
representation & of €, not only one dimensional &), and in van Dijk, Poel [DP]
with unitary representations of G=GL(#, ®) and §=1 on C=GL(n—1, R).
The global question concerns not only the non-vanishing of Homcw) (m, £), but
rather the non-vanishing of an explicitly constructed element in this space,
namely P=Pcs.

The purpose of this paper is to answer our question in a situation not
involving just GL(2) or base change, on using the promising “trace formula”
type technique (suited to the case of dimE=1). This technique is based on an
application of a global “Fourier summation formula”, (as in [J], [F5], [F6]),
which is a special case of the “relative trace formula”. This formula is
analogous to the standard trace formula, where the kernel K;(x, y) of the
convolution operator v (f) is integrated on the diagonal x =y. But it involves
no traces. It is a summation formula. To obtain the Fourier summation formula
one integrates K;(xr, y) over x in a “cycle”, and y over a unipotent subgroup,
so that the formula involves both “periods” of the cusp form, and its Fourier
coefficients. Another useful case of the “relative trace” formula is obtained
when x and y both range over the cycle (see[JL], [FH], [F10]). We refer to
this case as the bi-period summation formula.

This method is entirely different from the theta liftings techniques used
by [W1,2] and [HK]. The method is perhaps even more interesting than the
results, for its intrinsic simplicity and directness. The results follow from a
natural comparison. They are not accidental. In the case of the particular
example considered in this paper, perhaps stronger results can be obtained at
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present using the older technique of theta lifting (see, e.g., [GP]). But the
potential of the Fourier summation formula is immense. It draws together and
extends techniques from the theories of the trace formula, Whittaker functions,
B-orbits on symmetric varieties, and it applies in cases where the theta lifting
does not (see, e.g.,[F6]).

In this paper we carefully study both the global and the local technical
aspects of this method, treating general and spherical functions, at the split
and non-split places. The technical computations concerning orbital integrals
of spherical functions are relegated to [F8]. Interesting identities of “Fourier
orbital integrals” and “Whittaker-Period” distributions are obtained.
Applications concerning cyclicity of local representations are also obtained
(from the global results). In an attempt to understand [J1] , p.211, we
introduced (the standard) truncation in[F6]and [F7]to develop the summation
formula. The formal discussion there is supplemented here with a detailed
handling of convergence questions, analogous to that of [FM2].

We proceed now to describe the representation theoretic consequences of
this work. For the possibly more interesting technical aspects of the Fourier
summation formula, and the Fourier orbital integrals, the reader should
consult the corresponding sections. The groups G and C will be taken here to
be the quasi-split unitary groups U (3, E/F) and U(2, E/F) in three and two
variables. To define them, let E/F be a fixed quadratic (separable) extension
of global fields, of characteristic other than 2, and denote by Gal (F/F) the
galois group of a separable algebraic closure F of F with FDE. The group G
= U(3, E/F) over F is defined by its group G (F) =GL (3, F) of F-valued
points, and the galois action 7(ay) = (tay;), a;; €EF (1<4, j<3), if T€Gal (F/E)
CGal (F/F), and 7 (ai;) =T (1ay))"'T " if 7€ Gal (F/F) —Gal (F/E), where

0 1
J= —1
1 0
If Z denotes the center of G then Z(F) =U(1, E/F) =E'={a€E*; aa=1},

and Z(d) =UQ, E/F)y=dir={a € A% aa=1}, where a—a indicates the
action of the non-trivial element of Gal (E/F). Here ‘g indicates the transpose
of g €G(F). The F-subgroup C of G is taken to be the U(2, E/F) -factor in
1 0
the centralizer Cyz, of To= —1 in G. The center of C is isomorphic
0 1
to Z, and the centralizer Cg, is~C X Z. Fix a unitary character & of d3/E",
and put £(c) =&(det ¢) for cEC ().
The global representation theoretic application of this paper is the
determination of the cuspidal representations 7 of G(«) (with central

character w: Z(d) /Z(F)—%>) which contain a form ¢ € 1 L2 (G (F)\G(«))
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with a non-zero period P(¢) =Pcs(4) on the cycle defined by the subgroup C.
Such G (&) -modules 7 will be called here E-cyclic. In [F9] — using again the
extensive computations of the Fourier orbital integrals developed here — we
consider G () -modules with a non-zero period with respect to anisotropic
forms of C, and compare them with the cyclic modules studied here.

We could equivalently consider Cg, and the character (c, b) =& () (w/&?) (b)
(b EAL/E, cEC(d4) /C(F)), instead of € and C. This will not change the
value of P(¢), but will complicate the notations. Analogous objects are named
“distinguished” in the situations considered in [F5] and [F6] — and we keep
using this title in these cases — but the name &-cyclic has the advantage of
indicating the property which distinguishes m, hence we use it in the situation
studied in this paper. In fact, our proofs are carried out below only for §=1=
w, to ease the notations. As suggested by J. Bernstein, we state the general
case of any & w in this introduction, in order to have a clearer picture of the
results.

The determination of the &-cyclic 7 will be stated in terms of a lifting to
G from the F-group Hy=U(2, E/F) (which is defined using a different form

(w below) than C=U(2, E/F) above), defined —analogously to G—by H, (F)
=GL(2. F), tla;) = (ta;;) if t€Gal(F/E), a;; €F (1<i,j<2), and

0 —1

L o ) if t€Gal(F/F)—Gal (F/E).

T(aij) =w'(Tai,-)" w'l, ‘w=<

The lifting of global representations is defined locally, in terms of almost
all components, as in [F2]. Let v be a place of F which stays prime and is
unramified in E. Denote by F, the completion of F' at v, and put E,= EQrF,.
Any irreducible unramified representation of Hoy= H, (F,) is the unique such
constituent in the composition series of an induced Ho,~module of the form

Io(ty), where gy, : Ef—%> is an unramified character, uniquely determined up

to the equivalence relation g, ~ !, where i, (@) =, (@), a EE;. The space of
Iy (uv) consists of the smooth functions ¢, from Hy, to € with

a *
%((0 __1>h>=|a ¥2u, (@) o (h) (hEHg a €EY).
a

Similarly, any irreducible unramified G, = G (F,) -module is the unique
such constituent in the composition series of an induced G,-module of the form

I(¢,), where the unramified character g, : E;—%> is uniquely determined up
to the relation g, ~ L, '. The space of I(y,) consists of the smooth ¢,: G,—%
with
a %
ol v o[l @ ()0 e 06 acEr beE).

0 a’t
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Here w, is the component of w at v.

Let k,: Ex—%* be the unramified character of E; whose value at a local
uniformizer 7, (of the maximal ideal in the ring of integers R, of Fy, or Ry of
E,) is —1. The local k,~endoscopic lifting in the non-split unramified case is
defined as in[F2]to map the irreducible unramified constituent of Io(¢,) to the
unramified irreducible constituent of I (¢yk,).

In the case when the place v of F splits in E, we have that E,=EQrF, is
F, @ F,, and He = Ho(F,) = GL(2,F,), G, = G(F,) = GL(3,F,). The
ky,-endoscopic lifting is defined as in [F2]in this case simply by mapping 0, to
1(0,@ K, X w,/Kiw,,), the GL (3, F,) -module normalizedly induced from the
representation of a maximal parabolic, defined by p,&x, on the 2 X2 block of

the Levi factor, by w,/w, k2 on the 1 X 1 factor, and by 1 on the unipotent

radical. Of course the lifting depends on a choice of a character &, of F5. Since
Ov is unitarizable and k,, w, are unitary, the induced GL (3, Fy) -module is
irreducible.

For the global lifting, we say that the cuspidal representation p=&p, of
#Ho=Ho(d) Kk-endo-lifts to the cuspidal representation 7= Q®m, of =G («)
if o, lifts to m, for almost all places v of F. The lifting depends on a choice of
a character k: 43/E*Ng,rd§—%€* whose restriction to #3/F* is non-trivial.

Very detailed results about this “endoscopic” lifting were obtained in [F2,
3,3], on developing simultaneously the theory of base change from
G = UB,E/F) to GL(3,E) and using the (twisted) trace formula. The
representation theoretic applications of this paper include establishing the
existence of the endoscopic lifting for generic (or non-one-dimensional)
representations independently of [F3], proving in particular the existence of a
generic element in the packet—a notion introduced in [F3] —obtained from this
endoscopic lifting. Then we use an early result of [F3] to characterize the
image as the set of packets of generic cyclic representations, and to derive the
local representation theoretic results.

To dissipate some misconceptions, note that the problem of studying the
endoscopic lifting from U(2) to U(3) was raised by R. Langlands [L]. An
attempt at this problem was made in reference [25] of [L] (= [Rogawski] in
[GP]), but as explained in [F2], §4.6, p.562-3, this attempt — based on
stabilizing the trace formula for U(3) alone— was conceptually insufficient for
that purpose. The preprint “L-packets and liftings for U(3) ” (reference
[Flicker] in [GP], and [2] in [A3], and p. —2 in [L]) proposed studying the
endoscopic lifting from U(2) to U(3) simultaneously with base-change from
U(3) to GL(3, E) by means of the twisted trace formula. It introduced a
definition of packets, and reduced a complete description of these packets —as
well as the lifting from U(2) to U(3) and U(3) to GL(3, E) —to important
technical assumptions, later proven by Langlands and others (twisted trace
formula, transfer of orbital integrals). Moreover, rigidity and multiplicity one
theorem for U(3) were reduced to the assertions of [GP], which was written
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later than our preprint. The papers[F2, 3] contain a much improved exposition
of the preliminary preprint. The paper [F3'] contains a new technique, based
on the usage of Iwahori-regular functions. It affords a proof of a trace formula
identity for all test functions — thus extending the results of [F2,3] to all
representations of U (3) —by simple means. Later, an alternative exposition for
these results — but not for [F3'] —was published by Rogawski (Ann. of Math.
Studies (1990)), who later corrected a mistake in the computation of the
multiplicities of the non-tempered discrete series representations in [F3]. The
final, representation theoretic part, of the present paper, uses results of [F2, 3,
3']in the proof of Proposition 22, but it relies on a Fourier summation formula
rather than on a trace formula.

Our main global results are the identification of the cyclic generic
modules, a new proof of the endoscopic lifting from U(2) to U(3), and a new
characterization of the image of this lifting in terms of cyclicity, and not in
terms of base change to GL (3, E) as in [F3]. Our work involves a panoply of
techniques. We develop and apply the “Fourier” summation formula. We
develop a theory of asymptotic expansion, and of matching “Fourier” orbital
integrals. A very detailed and careful analysis of these integrals for spherical
functions is carried out in[F8]in the non-split and split cases.

Since we work only with generic representations of Ho (&) and G (), let
us recall the definition. Let ¢: &//F—%> be a non-trivial additive character.
Denote by ¢ the character of U(«) /U(F) (U is the unipotent upper
triangular subgroup of G) whose value is ¢ (a+a) at the element

1 _
lazaa-l—b

o1 4
00 1

of U(A) (bedg, b+b=0:aEdE).

Then the cuspidal G (o) -module 7 is called generic if there is a form ¢E
with non-zero

Wo@ =/  $6)udu.

UR\U(A)
Similarly, let Uy, denote the unipotent upper triangular subgroup of H,.

1
Then Uy (F) = {u = <0 J;) r € F} . Denote by ¢ the character of

1
Ug, () /Uy, (F) whose value at u = (0 T) xr €4, is ¢(x). The cuspidal

H, (#) -module p is called generic if there is a form ¢ € p with non-zero

wie(g) = [ 6 () § () du.

Uyo (F)\Us, ()

Our qualitative global lifting result, characterizing the cyclic modules, is
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the following (see Proposition(s 21 and 22, and) 27). It uses the local
“multiplicity one” theorem of J. Bernstein, which asserts that on an irreducible
admissible PGL (3, F,) -module (resp. PU(3, Ey,/F,) -module) there exists at
most one (up to a scalar multiple) non-zero GL (2, F,) -invariant (resp. U2,
E,/F,) -invariant) €-valued linear form. A proof of this is recorded in the
Appendix at the end of this paper. Our quantitative results concern identities
of Fourier orbital integrals, Fourier summation formulae, and
Whittaker-Period distributions. Recall that the notion of a packet is
introduced in[F3], locally and globally.

Global Theorem. Let E/F be a quadratic extension of global fields of
characteristic not equal to two, & w unitary characters of x/E’, and Kk a unitary

character of A%/E*Ng,rd§ whose restriction to 4> /F*NA§ is non-trivial. Suppose
that 1 is a E-cyclic genevic cuspidal representation of the quasi-split unitary group
G(d) = U3, E/F)a with central character w. Then (the packet of) 7 is the
endoscopic k-lift of (the packet of) a gemeric cuspidal representation O of the
quasi-split unitary group Ho(d) = U(2, E/F)a in two variables, whose ceniral
character is w/Ek. Conversely, any generic cuspidal representation o of Ho(d) with
central character w/Ek, lifts (k-endoscopically) to (the packet of) a generic
cuspidal E-cyclic G (d) -module T with central character .

Our proof that a generic cuspidal p lifts to a generic cuspidal 7 implies in
particular that the packet of the 7 which are lifted from such p on U(2,
E/F)4 contains a generic element. Our proof here that a cyclic generic 7
corresponds to a o does not use the work of [GP]. But most of our qualitative
results can also be derived from the theta lifting studied in [GP]on using some
of the earlier results of [F3] (which do not depend on[GP]).

As explained in [F3], each packet of representations of the unitary group
in question, contains a (single, provided a twisted analogue of Rodier [Ro] is
assumed) generic element. But we do not use this result here. The lifting
studied in this paper relates (bijectively, under this assumption) these generic
elements.

Using the results of [F3] we also derive a local analogue of the Global
Theorem. Let v be a non-archimedean place of F which stays prime in E, and

&, a unitary character of E;. An irreducible admissible G,~module 7, is called
&,~cyclic if Home, (m,, &) # 0, namely there exists a non-zero linear form
I: m;—% on the space of 7, with I (m,(c)w) =&,(c)I (w) for all cEC, and wE m,,
or &, is a quotient of the restriction of 7, to C,. By Bernstein's multiplicity one
theorem of the Appendix, if I exists then it is unique up to a scalar multiple.
The local lifting from Hg, to G, is defined and studied in [F3], in terms of
packets of representations of Hy, and G,. These packets are finite sets, and we
shall not reproduce here the definition which can be found in [F3]. As in [F3]
we shall say that the irreducible Hp,~module p, lifts to the irreducible
G, module 7, if the packet {o,} lifts to the packet {m,}. The Global Theorem
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has the following consequence. Put G,=U (3, E,/Fy), How=U (2, E,/Fy).

Local Theorem. ((@) Nom-split case). Every &E,-cyclic generic
Go-module m, with central chavacter @, is an endoscopic Kk,-lift of a geweric
Hoy~module 0, with central character wy/Ewky. Every genevic Hoy-module 0, with
central character wy/Evky endo Ky-lifts to a E,~cyclic’ generic G,-module 7, with
central character wy (see Proposition 26).

((b) Split case). Every E,~cyclic gemevic GL (3, Fy) -module with central character
Wy is a Ky~lift of a generic GL (2, F,) -module p, with central character w,/ k2.

Every generic GL (2, F,) -module 0, with central character w,/£2€, endo k,~lifts to
a E,cyclic generic G,~module with centval chavacter w,.

In part (a), the cases where m, or o, are not square-integrable can be
handled directly locally (see Proposition 29), and only the case of
square-integrable 7, and p, requires using the Global Theorem (see
Proposition 26). It is not hard to see that if m, is cyclic and unramified, then
the Hg,-invariant form ! on 7, is non-zero at the K,-fixed vector, where K, is
the standard maximal compact subgroup of G,.

In the split case, where v splits in E, we have G,= GL (3, F,) and Hg, =
GL(2, F,), C,=GL (2, F,) and K,=GL (3, R,), where R, is the ring of integers
in Fy; &, kK, and w, are unitary characters of F\. As in the non-split case, an
irreducible admissible G,~module m, is called &,-cyclic if there exists a
non-zero linear form I: m,—% on the space of m, with I (m, (c)w) =&, (c) ! (w)
for all ¢ €C, and w € m,. By the Theorem of the Appendix (with n=3), if I
exists then it is unique up to a scalar multiple. Part (b) of the Local Theorem
is proved — using [BZ] —in Propositions 0 and 0.1 of [F7], and Prasad [P3].
Proposition 25 here gives a global proof in the case of a square-integrable p,.
The case of principal series p, is treated by purely local means also in
Proposition 30, whose proof shows in addition that if 7, is unramified then !
takes a non-zero value at the K,-fixed vector.

Combining the Global and Local Theorems, we obtain the following
interesting obstruction for a cuspidal generic locally-cyclic representation to
be cyclic.

Corollary. A cuspidal geweric representation m of G(d) = U3, E/F)a
with central character w such that each of its components m, is §,~cyclic, will not
be E-cyclic unless it is the endoscopic k-lift of a cuspidal Ho(d) -module p
(necessarily generic, with central character w/&k).

It follows from [F3] that a cuspidal generic G(4) -module whose
components are all k,-lifts from Ho, need not be a global £-lift from H, (&).
For example all of its components may be unramified, yet # may base-change
to a cuspidal representation of GL (3, #g) by the base-change lifting of [F3].
Similar obstructions occur in the cases studied in [F5] and [F6], and in [W1,
2].
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To explain the obstruction, consider =@, as in the Corollary. Since 7,
is &-cyclic, there is a non-zero form [, on 7, in Homg, (s, &) (= %), unique
up to a scalar, by Bernstein's multiplicity one theorem of the Appendix. This
form is uniquely determined when 7, is unramified by the requirement that

1,(E0) = 1. Here &2 is the chosen K,-fixed vector in m, The product 1=Q1,
over all places is a non-zero form on the cuspidal generic 7, in Homcw) (7, &)
(=~%). By the local uniqueness property of I,, the linear form P is a multiple
of 1. Thus P=cl for some ¢ €E%. The Corollary asserts that ¢ is zero unless @
is a global lift. Being &-cyclic is a global property, more than the sum of its
local parts.

It will in fact be more natural to compare the &-cyclic G () -modules not
with the Ho(4)-modules as described above, but rather with the
distinguished GL (2, dg)-modules of [F5]. We shall proceed to recall their
definition, then state the Main (global) Theorem, relating the &-cyclic G ()
-modules with the distinguished representations of [F5]. The Global Theorem
follows from this parametrization when combined with the main global result
of [F5], which relates the generic Ho(#/)-modules with the distinguished
GL (2, 4g)-modules, via the unstable k-base-change lifting of [F1].

Let H denote GL (2) as an algebraic group over the global field F, and put
H’ for the F-group Resg,sH obtained on restricting scalars from E to F. Thus
H (F) =H(E) =GL (2, E), while H(F) =GL (2, F). A cuspidal representation
o of H (o) is called (in Jacquet [J], and in [F5]) distinguished if there is a
form ¢ in its space such that Py(¢) = [zwmurww® (h)dh is non-zero. We
denote here by Z also the center of H. The global result of [F5] asserts that
the distinguished H' (&) -modules are precisely those obtained by the unstable
base change lifting of [F1] as unstable k-lifts of the cuspidal H (&) -modules.
This wunstable base-change lifting depends on a choice of a character
k: dE/E*NA(—%€* whose restriction to &*/F* is non-trivial.

We proceed to define a correspondence (depending on &, but not on k)
from the set of the distinguished H () = GL (2, 4g) -modules to the set of
automorphic G(d) = U(3, E/F)ys-modules. Our Main Global Theorem below
would assert that the image of this correspondence consists of the &-cyclic
generic modules, and each generic &-cyclic module is so obtained, for all &

The correspondence is defined —as in the case of the lifting from Hy,=
U(2) to G=U(3) —in terms of almost all local components. It suffices to
consider the unramified components. Let v be a place of F which stays prime
in E. An irreducible admissible generic unramified H, =H'(F,) =GL (2, E,)
-module is necessarily of the form I’ (¢1,, t2,), normalizedly induced from the

a ¢ :
character (O b) — t1p(a) 2w (b) of the upper triangular subgroup of H,;

Uiv: Ex—€* (=1, 2) are unramified characters. It is distinguished precisely

when s = iy, thus g (@) =, (@)~". We write I' (¢,) for I' (¢y, i"). The
local &,-correspondence in the non-split unramified case can be defined to
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associate to the unramified Hy-module I'(¢,) the unramified (irreducible
constituent of the) G,-module I(u,). Note that the unstable Ky~base-change
lifting of [F1] associates the Ho~module Ip(¢,) to the Hy-module I’ (¢tok,) =
K, @1 (1,) (since k, = K,7'). The local endoscopic k,-lifting defined above
maps Io(#,) to I(g.k,), and the correspondence relates I' (k) to I(ioky),
making a commutative diagram.

At a place v of F which splits in E, the group H,=GL (2,E,) is isomorphic
to GL(2,F,) X GL(2,F,). An H,~module p,= p;, X 0z is distinguished, namely
there is a GL (2, F,) -invariant non-zero form on its space, precisely when O20
is the contragredient g1, of 01, We define the local correspondence in the split

case to associate to O» = Pw X O1» the Gy,~module I(p1,) = I(pw X aﬁ””)
Pry

normalizedly induced from the representation of a maximal parabolic subgroup
of G,=GL (3, Fy) which is py, on the 2 X2 part of the Levi factor, and w,/w,,,
on the 1 X1 part, extended trivially on the unipotent radical.

As in the case of the lifting from Ho(d) to G(o), we say that the
automorphic representation o= Qp, of H' (d) =GL (2, dg) corresponds to the
cuspidal representation 7=Qm, of G («) =U (3, E/F)4 if p, corresponds to 7,
for almost all places v of F. Let w, & be unitary characters of A;/E’, and put
' (2) =w(2/2), & () =£(2/2) (zE4F).

The global result which we actually prove in this paper is as follows.

Main Global Theorem. Let E/F be a quadratic extension of global
fields of chavacteristic F 2. Suppose that 7w is a generic &-cyclic cuspidal
representation of the quasi-split unitary group G (o) = U (3, E/F)a whose central
character is w. Then it is obtained by the E-correspondence from a distinguished
representation ' of H' () =GL (2, ) whose central character is w'/&, or from
an induced representation ™ =1 (i1, pt2), tti: AF/E*Ai— €, tn F ta, tapte =
w'/E. Conversely, any distinguished W' (d)-module 7 with central character
W'/E, and any induced ™ = I (1, p2) as above, E-corresponds to a gemeric
cuspidal E-cyclic G () -module 7 with central character w.

From this global result we deduce the

Main Local Theorem. (@) (Nom-split case). Every E&-cyclic
unitarizable genevic Gy, = U(3, E,/F,)-module m, with central character w,
corresponds to a generic distinguished Hy, = GL (2, E,) -module m, with central
character w,/&,, or to an induced representation w,=1 U1y, U20), Uiv: Ev/Fi—€",
Uio F Uzo, Mrollar = Wy/E,. Any unitarizable generic distinguished H,-module T,
with central character w,/€,, and any m,=1I (1, U2s) as in the previous sentence,
corresponds to a &,-cyclic generic G,~module T, with central chavacter w,.

(b) (Split case). Every gemeric unitarizable GL (3, F,) -module m, with central
character w, which admits a non-zero linear form 1: T,—€ which tranforms under
GL (2, Fy) via &, is of the form I(0,) =1(0, X &,), normalizedly induced from a
generic unitarizable vepresentation of a maximal parabolic subgroup, which is 0, on
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GL (2, Fy), & = wuo/wey on the 1 X 1 factor of the Levi subgroup, and extended
trivially on the unipotent vadical. Conversely, for every generic GL (2, Fy) -module
00 with central characler wy/&, the GL(3, F,) ~module 7, =1I(p,) whose central
character is Wy admits a non-zero form I: m,—% which transform according to &,
under GL (2, Fy).

The Main Theorems follow from Propositions 26 (m, square-integrable)
and 29 (7, principal series) in the local non-split case, and 27 in the global
case. The Main Local Theorem in the split case is proven in [F7], Propositions
0 and 0.1 (in the context of GL(n), by a purely local technique, based on
[BZ2]). Proposition 25 is an alternative, global proof of the “conversely” part,
but only for square-integrable representations p,. Proposition 29 is an
analogue — in the context of U (3) —of Proposition 28 (=B17 of [FH]) which
concerns GL (2, E).

It will be interesting to determine whether there is only one cyclic
representation in each generic packet of U(3, E,/F,) which is in the image of
the endo-lifting from U (2, E,/F,), and it is the generic element of this packet,
and that every cyclic unitarizable infinite-dimensional representation of U (3,
E./F,) is generic and hence lies in one of these packets (an endo-lift of a
generic U(2, E,/F,) -packet) . But these questions are not considered in this
paper.

In this introduction we stated a general form of the results. But from now
on, to simplify the notations we restrict our attention only to the case where w
=1 and £§=1. Thus w and & do not appear below, and we replace G=U (3,
E/F) by its projective form, so G=PU (3, E/F). Also we replace H' =GL (2,
E) by its projective form, so H = PGL (2, E) below. The extension to the
general w and & will be left to the reader, the difficulty is merely notational.
Moreover, as we do not deal with the archimedean components, our results are
proven here only for positive characteristics, but the extension to number
fields is immediate once the archimedean computations are written out.

Here is a schematic listing of the diagrams of liftings mentioned above.

GL(2,E) — UB,E/F) #'=kQI (uXig™) — =1 (ux)
N / AN /
U(2, E/F) mo=1o(1t)

wr (2) = (k) (2/2) =k2(2) (/1) (2) [= (w/§) (2/2)] — w:(2/2) =w(2/2)
N /
wro(2/2) =p(2/2) [= (w/&k)(2/2)] (2€E*, z/z€E")

Here E/F is a quadratic extension of local fields, or it can indicate ¥/
in the global case. The top horizontal arrow is the correspondence studied in
this paper. The arrow on the left is the unstable £-base-change lifting of [F1]
and [F5]. The arrow on the right is the endoscopic k-lifting of [F2] and [F3].
The first triangle indicates the groups involved, the second traces the induced
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representations, and the third traces their central characters. Note that the left
arrow takes some (super) cuspidal representations to induced ones of the
form I (¢, pt2), pti: E*/F*—€*, py# pt5, which are distinguished ; the top arrow
takes them back to (super) cuspidal representations. The top arrow relates
distinguished and cyclic representations. It is not defined for other
representations. The fact that it is well-defined for the distinguished and
cyclic representations other than those indicated is the assertion of our main
Theorems. .
In the split case, when E=F@F, the diagrams take the following form

T X7 (7' =0Qk1), wr=w/&, GL(2, F) XGL (2, F)
—r=I (p®/f1 X 51) wz=w, GL (3, F)
N /
0, w,=wi/kt&:, GL(2, F)

We listed the representation, its central character, and the group. The
diagram in the split case is a special instance of the previous diagram, at least
when p is the induced mo=1,(¢). To see this note that on z= (z,, z,) EE* =F*
X F*, the character g: E*—%* is given by u (z) = (z1) ¢tz (z2); @ and & are
defined on E*={(z, z7Y); zEF*}by w(z, z7') =w, (2), (2, 27') =&, (2) . Since
k{z, z2)=1on NE*={(z, z); z2EF*}, we have k=k1 X k1!, and hence k(z, z7})
=k, (22). Consequently (w/&k) (z, z7") = (w/&ik}) (2), zEF™.

I wish to thank J.G.M. Mars, ]. Bernstein, M. Jarden, D. Prasad, for
invitations to Utrecht, Tel-Aviv, Jerusalem (December 1991), and Bombay
(June 1992), where I talked on this paper, as well as at OSU (March 1992).
Special thanks are due to colleagues who suggested criticism on earlier drafts
of this work, again to J.G.M. Mars for suggestions which led to clarification of
convergence questions, and again to J. Bernstein for explaining to me his
Fourier transform technique used in the Appendix. It is my pleasure to thank
Toshio Oshima, Takayuki Oda and Atsushi Murase for invitations to Tokyo
(March 1995) and Kyoto (December 1995), hospitality and interest.

2. Fourier summation formula

The global tool used in the proof of the Main Global Theorem is a
comparison of two “Fourier” summation formulae. We first recall this formula
for distinguished H' (#f) = PGL (2, dg)-modules from [F5], Proposition 5, p.
157. The formula of [F5] was formally generalized in [F6] to the context of
distinguished representations of GL (n, &g). Later we develop an analogous
formula for cyclic G (4)-modules.

The Fourier summation formula for H' is stated for a test function
f=Qf, on H (#), where f; is a CZ (compactly supported, smooth) function on

H, for all v, which is equal to the unit element f9=|Kpu,|™! chx, in the Hecke
convolution algebra #, of the Kg;-biinvariant functions of compact support on
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H,. for almost all v. Here |Kgs| is the volume of the standard maximal compact
subgroup H'(R;) of H, (it is PGL(2,R;)), and chg, is the characteristic
function of Kgp. A choice of a Haar measure is implicit.

Let L2(H') be the space of smooth functions ¢: H' () —% with ¢ (yh) =
¢p(h) WhEH (), rEH(F)) and [wenww | (h)|%dh <oo. The convolution
operator

0o @=[ fWoenan=[ K nphan

is an integral operator with kernel K, (g, h) = 2 enrf (@ '7h).
The theory of Eisenstein series decomposes LZ(H’) as the direct sum of

three mutually orthogonal invariant subspaces: the space L3(H’) of cusp forms,
the space L}(H') of functions ¢ (g9) =y (det g) with x2=1, and the continuous

spectrum L2(H’). The corresponding kernels are denoted by Ko (g, k), K1(g, h),
K:(g, h). The Fourier summation formula is the equality obtained on

integrating K (, h) ¢ (n) on h€H{F)\H(#) and on n= ((1) j) in N(#z) /N(E)

(i.e. x in A&/E); here ¢ (n) = ¢ (xr+x), where ¢p+1 is the character on &/F
fixed above. The convergence of this double integral is easily established.

The geometric expression for the integral of K (n, k) ¢ (n) is computed in
[F6], Propositions 4 and 9 (in the context of GL (n); the discussion of the
general case leads to an expression clearer than that obtained by the special
discussion of the case of n=2 in[F5]). It is the sum of

vo.s 9= N(m)/N(m)'/;c S (nh) ¢ (n)dndh,

L(2.4¢)

and of

b 0 1 4
ve.s. ¢) =j;(m)j;m.(2.drf (n<() 1) nh) ¢ (n)dndh, 7]:(1 —‘1'> '
over all b in E*/E* (=Ng,r E* by b—Ng/rb, where E'={z/z; 2zEE*}). Here i
is a non-zero element of E with i = —i, and n satisfies N7 ! = w
(01
B (1 0) ‘
The integral of Ky (n, h) ¢ (n) is zero since ¢ is non-trivial. The cuspidal

kernel takes the form Ko (g, h) = 2 2geq (7' (F) @) (9) a(h),. where 7' ranges
over the cuspidal PGL (2, &/g) -modules, and ¢ over an orthonormal basis of 7’

(with standard finiteness properties). The integral of Ko(n, h) ¢ (n) is equal to
22 (WePg) 2 (f), where

(WoPa) o (1) = Y. Wolar' (7)) Pu ()
=,

E€en
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is independent of the choice of the basis {@} of ".

The integral of K. (n, h) ¢ (n) is computed in [F5], Proposition 5. It is the
longest part of the summation formula. To record it, we need some notations.

Let ¢ be a unitary character of 45/E*. Write u=j if u(a) =p (@) for all a €

AE. For any complex number s consider the Hilbert space H (g, s) of
functions ¢ : PGL (2, dg)—% which satisfy

¢(<§ T >h>= el 2@ ¢(h)  (aEAE hEPGCL (2. dy))

and fﬂ'|¢(k)|2dk <00, Here X' = [vIK;, where K, is the standard maximal

compact subgroup of H, The restriction-to-’ map ¢ — ¢ |H' defines an
isomorphism from H' (g, s) to H (¢) =H (u, 0) . Identify H' (i, s) with H (u),
and denote by ¢ (g, s) the element of H' (1, s) corresponding to ¢ (¢) in H (¢).
Let I'(#,s) denote the representation of H'(#) on H (4, s) by right
translation, and

Egms)= ) $ihms)  ($=¢()SH @)

r€B(E)\H(E)

the Eisenstein series. The kernel on the continuous spectrum is given by

Ke(g, h) =$ZfZE 9.1 (@it /)¢ p i) E(n, ¢, g, it)de.

u —o ¢

(In the function field case the integral ranges from 0 to 27/Ing — q is the
cardinality of the field of constants; this notation will be so understood below
too) . Here ¢ ranges over an orthonormal basis {¢a} of X ~finite functions in
H'(p), and g ranges over a set of representatives of the unitary characters p

on 43/E* under the equivalence relation g ~ g if ¢ (@) =p(a) la|* tER) for
all a € 4%, and g~ p*. Also note that N(E) \N (#g) is compact, and put
Es(@, ) = InwwwnE m, ¢, g1, 0) ¢ (n) dn. Denote by #} the group of a € A5
with absolute value |a|:l'[,,|av|,, equal to 1, and by ld}:/F"| the volume of the
compact #+/F*.

Proposition 5 of [F5] asserts — for a function f = &f; such that f; is the
unit element £’ for v outside a finite set V, and where fy=®yev f, —that there
exists an integrable function d (uv”, fy) on tER for each u=f, with

(1.1) f ld (o™, fo)lde<oo
(we write v(a) for |a|), such that the integral of K. (n, h) ¢ (n) is the sum of :

(1.2) VS a st A LI e 1 st 0]t
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and of (1.3), defined by the following expression (in which ¢a, @3 appear
twice):

/F |t3/F| y [Tt 1 ) ]qu&a(k)dk Ey(¢5. 12

2#1
pldF=1

ff¢s(k)¢a Llf o ( a)|a|”2f Sole ,,( )nk;)d"adndkdk'.

In summary, the Fourier summation formula is the equality in the
following :

1. Proposition. With the above notations, we have the equality
v, f, 9+ Z T, f, ¢)= Z(W¢13H)n'(f>+(1.2)+(1.3)
beE*/E- n’

of distributions in f =QYf,, fo=Ff for almost all v, f,ECT (Hy) for all v.

Next we develop an analogous Fourier summation formula in the context
of G=U(3, E/F). In fact it will put our problem in the correct perspective if
we enlarge our horizons and work in this initial stage with a more general
unitary group, and its subgroup. Suppose then that #=3, and put

0 1
J= —I €GL(n) (thus I is the identity in GL(n—2)).
1 0

Introduce the algebraic group G over F whose group G of F-points consists of
the g EGL (n, E) with g7'7=7, where 7= (7;) if 9= (9:), 9;; EE. Let P!
denote the projective (n—1) -space over E, and let Y be the subvariety of x in

%! with x7'c=0. Then G acts transitively on Y by g : x= (xy,"**, ) —xg !
If xo=(0,-++, 0, 1) then its stabilizer B=stabgx, consists of the matrices ¢ in
G whose entries on the first column and last row are zero except the entries at
(1,1) and (n, n), which are related by g1:0z»=1. The subgroup B is a maximal
proper parabolic subgroup of G, which is also minimal when n=3.

Put Jo=diag(1, —1, 1),

_ 1
=105 1000 1
1 —10 B
Tt 1100
0 0 I 0 ) 00 1 0
= 101
11,1 2 0 0 0 1
2 2 4
Note that %(1—9’0) ='go€o, €0= (0, 1, 0, -+, 0). Define C to be the centralizer of
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Jo. or of ‘g, in G. Note that TogoTo="0, and 95 =T '9eT =T T 90707 .

2. Proposition. We have the disjoint decomposition G=BC U Bg,C=BC
UBg,'C.

Proof. Denote the ith row of h €C by 7;= (ryy, ***, 7in). Then 7,=0 and
12 =0 if i # 2. Put #; for r; with 7, deleted, and 4’ for the m—1) X (n—1)

0 1
matrix with rows #, 7, **, 7. Put ' = —I EGLn—1). Ashe (CT)G
1 0
we have
—1, 3<i=j<n,
(2.1) 7T = i, 7 =11, n},

1,
0, otherwise,

and ry72,=1. Conversely, given a row (n—1) -vector #, with 7,7, =0, there
are row (n—1)-vectors #i, 73, ***, 7»_1 such that (2.1) holds. Namely there is
some h € C whose last row is 7,. Consequently the orbit {r,=x¢h} of x, €Y
under C consists of all x€Y, x= (r,=xoh=) (1, ***, xn) with x,=0.

On the other hand, xego= (% % 0, %) where 0 is the zero (n—3)-vector.

The orbit {x=xog0h=%(r,,+2n+272)} of xogo under C consists of all z= (z,,
o, xy) €Y with 2 #0 (then x.z,=1/4). Indeed nT 7, =1 and rIT7= —1,
hence x =% (ra + 211 + 2r2) satisfies x7'x = 0. Conversely, given a vector x
which projects to Y, thus x 7' =0, with x,2>=1/4, there are (»n —1)-vectors
71, 73, ***, Tn—1 With r}ﬂ"f'=%5i1 and ;7' = 0a ,~1—5,~,~,- namely an h €C with
xodoh equal to the given x.

The Fourier summation formula is obtained on integrating (for f €
Cr(G(A))) the kernel K;(g, h) = 2 f(g7'rh) of the convolution operator
r(f) = fewf(@)r(@)dg on the spaceri%(zh (F)\G(4A)) of automorphic forms.
More precisely we integrate K, (u, k) ¢ (u) over h in C(F)\C (), and over u
in UF) \U(«), where U is the unipotent radical of the maximal parabolic
subgroup B. The E-points of U are

1 p z
UE)=110 1 'q |;p= 2 -, pn-1) EE* 2 qEE"?, 2€E],
001

and
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1 p gty
UE)=UE NGE ={u=| | o | SEFp=bu o) BT
1

where ‘g is the transpose of the row vector q. The character ¢: U(4) /U ([F)—
% is defined by ¢ (u) =¢ (p,+p3).

The absolute convergence of this integral is immediate. Let ||g|| denote the
usual norm function on the group G(#) ([HCM], p. 6). Then X |f(g " yh)]

T1€G(F)

<c|g|¥ (for some c=c(f) >0, N=N(f) >0) for all ¢, h. Integrating the last
sum over & in the space C(F) \C(«), which has finite volume, and over ¢ in
the compact U(F)\U («), where | g| is bounded, we obtain a finite number.

To compute this double integral we need to know which double cosets
UF)yC(F), r€G(F), may contribute a non-zero term. We then introduce
the integral

U(r. 1. ¢) =ffz\(w)xc(ﬁ))f(u“‘rh)d_J(u)dudh,

where Z denotes the centralizer, consisting of the (u, &) with u™'yh = 7. It
vanishes precisely when ¢ is non trivial on Z(4). The same comment applies
to the local analogues

U fo )= [ gl ) @) dud.

When v splits in E then G,=GL (n, F,), C, is the centralizer of Jo, or of
1 p 2z
%(1—.70) ='goq, €0=1(0,1, 0, *+,0), in Gy; U, consists of u={0 [ g |, p=
001
(B2, ==, Pn-1), = (g2, ***, gu-1) in F37% Lemma 2 of [F7] takes ¢, (u) = ¢, (po+
gn-1) and asserts that ¥ (7, f,, ¢,) vanishes unless 7 lies in the (U, C,)

-double coset of g9, where g,=diag(1, -*«, 1, 1/b), bEFY, or of I (when n=>3;
the case of =2 is also considered in [F7], Lemma 2). A similar proof applies
in the non-split case to establish:

3. Lemma. If v stays prime in E, and 1€ G, satisfies U (7, f,, ¢,) #0
for some fo, Py, then 7 lies in the (U,, C,) -double coset of gsgo, where g, = diag (b,

1+, 1,07, bEEX, or of I. Moreover, UgsgoCo=UsgygoCy implies that b'/bEE".
Proof.  Put F(9) = fc¢, fo(gh)dh. This F is a function on G,/Cy, and this
symmetric space injects into the space of n X% matrices x with entries in E,,
rank =1, trace=1, and with x =7'c7 !, by the map G,/C, D9 g'coced ' =
—g''(7'eo) T L. The image X consists of the x of the form x= —'"vJ !, with
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v="(v1, =, v, 0, =+, 0), v,#0, 1<I<n, and 122 if n=>3. All elements r= (xi;)

of X with 2,y #0 (then ! =% and xn = v, € Ng,/r,EY) are obtained as the
image of the double cosets

1p %p'p‘-l—if b 0
Uv.?bgocv/cv3 0 I 'ﬁ I ~ *Go
-1
00 1 0 b
—_f1., ., 1.
—b+b Zj)ﬁ'i‘gtf
o <—_1 b2 g_P_'F—_iZ[>
5/ 25 2b " 2b° 40 )
1/26
1 p *
If 3<i<u,and u=| 0 I * |, then u'v="", where v'= (v;+pw,+-+
00 1

pwi, vz, 1, vy, 0, +++, 0). Take ps=--=p,_;=0, and p;= —pw>/v,, to get u €U,
with arbitrary p; # 0 which satisfies uxu™' =x (x is v T '). Consequently
Ju, F(ug) ¢ w)du=0 for g EG,/C, with g'eeg ™' =x.

J1 p *
IfI1=2andu=|0 I * |, then v=(vy, v5, 0, ---, 0), and u'v ="', where
001
b 0
v'= (v1 + pava, v2, 0, -++, 0). Hence U,A,, where A,= I , acts
0 bt

transitively on the unique orbit of the x ="v07 7!, v= (vl va, 0, ==+, 0), vav,=1.
This orbit is obtained by I €G,, since I'ea="'(0, 1, 0, -*+, 0), and —"'eoc6T = *&0oto.

We are now in a position to obtain the geometric part of the Fourier
summation formula.

3.1 Corollary. The integral of Ky (u, h) ¢ (u) over u in U () /U (F)
and over h in C (F)\C (d) is absolutely convergent and equal to the finite sum
TO.f, o)+ X W, f ), where

beE*/E*

(0, f o) j:)w /Uﬂ(d)f fuh) ¢ (u)dudh

(o)

and

U, f, (/))=j;wj;(mf(ugbgoh)(l)(u)dudh.
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1 p *
Here 9, =diag (b, I, b "), and Uy is the group of u=| 0 1 ‘p |in U with p,=0.
00 1
Proof. This follows from Lemma 3 above and Lemma 2 of [F7].

We shall not use the following observation. Put n=3.

3.2 Lemma. For any f € C.(G(d)), the function K; is compactly
supported on U\U (o) X C\C(«), U=U(F), C=C(F), G=G(F).

Proof. If G is a connected linear algebraic group over F, and C is a
reductive closed subgroup over F, then G/C is an affine variety V over F
([Bo], Proposition 7.7). Then V=V (F) is discrete and closed in ¥ =V ().
Put 9=G(d), etc. The natural map 9/€—" is continuous, and it maps G/C
CY/% to VC¥. Hence G/C is closed in /%, namely G¥% is closed in ¢ and so
%/C is closed in 9/G. Moreover, for G over F as above, for any closed
F-subgroup H of G, #'/H is closed in 4/G ([G], (2.1)). Now for our function
f, since U\ is compact, K;(u, h) = Z2¢ f (w™'yh) has compact support on U\
U X G\Y, hence also on its closed subset U\ X C\&, by either of these results.

A computational proof is as follows. We have K, (u™, h) = 2, ecf (urh) =
22 neczy fluvymh) (y€UNG/C, vEU/UN yCy™Y). If u lies in a compact
subset of U () and f (uvynh) #0, then Int (v7) T, lies in a compact of G (o).
A set of representatives 7 for U\G/C is given (in Proposition 2) by I and

d(b)go, d(b) =diag (b, 1, b "), bEE*/E". Also write v=v(p, f) for an element
of U. Then{v (p, 0) ; p € E}is a set of representatives in U for U/UNC.
Multiplying out Int (vy)Jo for 7=1I and for y=d (b)gs, we see that the rational 7
(namely b) and v(namely p (and fif y#1)) lie in a compact, hence in a finite
set. Hence nh lies in a compact of C (#), and h lies in a compact of

CP\C() if K,(u™, h) #0 for u€U(F)\U ().

As in the case of H' (F) =PGL (2, E) discussed above, the kernel Ko(g, i)
of the convolution operator r(f) on the space of cusp forms is 2. n(m)

Dsen (m()P) (9)P (h). Here 7 ranges over a set of representatives for the set
of equivalence classes of cuspidal representations of G (&), and n () denotes
the multiplicity of 7 in the space of cusp forms. In the case of =3 it is shown
in [F3, 4] that »n(m) =1, and this is conjectured to be true for all >3, but we
make no use of this remark. The ¢ range over an orthonormal basis of cusp
forms with standard K -finiteness properties, in the space of 7. The sum is
convergent to a rapidly decreasing function in ¢ and & in G(F)\G(«), for
every test function f. In fact the sum is finite in the function field case, since
7 (f)¢# 0 only for ¢ with fixed ramification depending on f, and the space of
such cusp forms is finite dimensional.

3.3 Proposition. The integral of Ko, h) ¢ () over h in C(F)\C («)
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and u in U(A)/UF) is equal to Zﬂ:n(ﬂ)(Wd,ﬁ)”(f), where (WyP), (f) =
DscxWo(m () @) P(p), and Wy (@) is Jumuw @ w) ¢ (u)du.

Remark. The global considerations simplify if we assume that at
some place vy of F the component f,, of the test function f is a supercusp form.
Of course vy has to be non-archimedean, and since it is easy to see that a
supercuspidal GL (3, F,) -module cannot have a non-zero GL (2, F,) -invariant
linear form on its space (see Proposition 0 of [F7]), we assume that v, stays
prime in E. A well-known observation of D. Kazhdan implies that the
convolution operator 7(f) will then factorize through the orthonormal
projection to the space of cusp forms. Consequently K, (g, h) =Ko,(g, h), and
the Fourier summation formula in this case is simply the following identity,
obtained from Corollary 4 and Proposition 5. If the component f,, of f at some
place vo of F which stays prime in E is a supercusp form, then we have

VO 9+ ), Tbf ) =) p (@ WP ().

beE*/E" n

This form of the Fourier summation formula is too restrictive to derive our
global results. In this paper we use the general Fourier summation formula
which we proceed to develop (when n=3).

To deal with convergence questions, we briefly recall some consequences
of Arthur’s work [Al, 2], mostly in his (standard) notations. This is best done
in the context of a general reductive group G over F. Let %' denote the
subgroup of the ¢ in =G (#) with | x(9)|=1 for every rational character x
of G([A1], p.917). Put X = II, K,, product over all places v in F, of
hyperspecial maximal compact subgroups K, of G (F,). Let fECZ (G(4)) be a
H-finite (the space spanned by its left and right K -translates is finite

dimensional) smooth compactly supported function on ¥. Denote by AJ
truncation ([A2], p. 89) with respect to the second variable, and by X any
cuspidal data ([A1], p.924-6). Denote by U a closed F-subgroup of G such
that U\ is compact, and by ¢ a character of U\U with |¢|=1. Let C be a
closed reductive F-subgroup of G, such that C\% has finite volume, and such
that for any Siegel domain S ([HCM], [PR]) in 9!, Sc =S N & is a Siegel
domain in €. We put C=C(F), €=C(d), etc.

4. Proposition. Let w be a compact set in G'. Then for any sufficiently
regular ([A2], p. 89) T in U we have K;(u, h) =AIK;(u, h) and Kgy(u, h) =
ATK;, (u, h) ([A1], p. 935), for all uE w, h €Y. For any Siegel domain S in G'

and N>0, there is ¢ >0 such that 2Ky, )| <c| bl for all uE @ and hES.
Consequently

.[cvg U\%K/(u. h)a(u)d“dh=2ff[{f,x (u, h) ¢ (u) dudh.
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Each side is finite even if K (,I—J is replaced by its absolute value. The Eisenstein
series being defined in [A1], p. 926, put E¢(¢, m) = Jow E (u, ¢, ) ¢ )du. Then

Zn(Ap 1Y Epgm) [ATE G, ¢, 7)dklan

e (p) $€Bs(m)x c\¢

is finite. The expression obtained on erasing the absolute values is equal to

fc\z’fu\me'x (u, b) J(M)dudh.

Proof. The truncation operator A7 is defined in[A2], p. 89, to be (we put
|A/Z| for dim (A/Z))

AT (n Z( D@z Y & (H(6n) ~ 1) || B lndh)an

dEP\G

Then

ATK e ) =) (=) W2 Y 20 (0n) —T) [ Kyl mom)an.
P

6€P\G

Put Kps(u, h) =2 ,em fwf(u'lpmh)dn, as in[A1], p. 923. Then

.waK,(u, nh)dn= ZKP',(ru, h).

TEP\G

By [A2], p. 101, sentence including (2.4), if Kp,(yu, 6h) #0, then there exists
To € Uy, depending only on the compact support supp(f) of f, such that
Zp(H(yu) —H(O0h) — To) = 1. By [A1], (5.2), p. 936, there is ¢>0 such that

T (H(yu)) <c(1+mmful) for all uEY!, yEG, T € Ay. Our u lies in the compact

o, hence there is some ¢>0 with T (H(yu)) <c W Ew, YEG), for all T E Ap.
Hence T (H (6h)) <c— T (Ty), and 7p(H(6h) — T) is zero for a sufficiently

regular T. Then the term indexed by P+# G vanishes, and ATK,=K,. But the
sentence including (2.4) on p. 101 of [A2] is valid also for Kp,,, for all x.
Hence ATK;x=K;.,.

The kernel Ky, is defined in[A1], p. 935, to be

Kpx(u, h) =Zn(z4p)'l f Z Eu, Ip(m, )¢, m)E (h, ¢, m)dm.

P 11 (M) $€ B ()«

By [A1], Lemma 4.4, there is N>0 and a semi-norm | * |lo on°'C® (G («)) such
that

ZZMA» 1Y Bt g mE G, g, mlax<lrlo - lul® - |4l

1° (M) $E€EBr(m)x

In particular 2y |Ksx (e, h) | <[ fllo * ||V « [l #[¥. By [A1], Corollary 5.2 (see
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also [A2], mid page 89), we can truncate K;(u,h) = 2, Ksx(u, h) term by

term: AJK, (u, h) =2, AFK,, (u, h). Moreover, by [A1], Lemma 4.4, and [A2],
Lemma 1.4, there exists some N’ >0 such that for any N>0 there is ¢ >0 such
that for all u€%" and h in a Siegel domain S, we have

YYnan [1Y Etwir(nf)g ) ATEh, ¢, m)lam<clull - ",

¥ (M) $EBe(n)y

Hence

V1Kt 1) 1= Y JATK Gt )| <l
X X

for uEw and hE€S, and the proposition follows.

By [Al], (3.1), p. 928, the Eisenstein series E (x, ¢, ), and each of its
derivatives in z, is bounded by ¢({)|lx|’ (x €9), where ¢(£) is a locally
bounded function on the set of { € ¥ where E(x, ¢, {) is regular. Let us
review the well known fact that on iU* where E (x, ¢, {) is regular, it has
polynomial growth in {. For this purpose, embed R%y in &5 via x+ (x, -, x,
1, -=+) (x in the archimedean components, 1 in the finite components). Put (as
in [A1], p. 925) Il = Homes (45/E*R%0, S'), where S' is the unit circle in the
complex plane, and Ilo=Homes (Z5/E*R%0U, S'), where U=II, U,, and U, is
the maximal compact subgroup of EJ. If v; (1 <j <) are the archimedean
places of E, for u €11, we have u(z,,) =z, 1; €iR, with 2; p; [Ey: R] =0.
These y; (€ 1Tly) form a discrete subgroup of rank r—1 in these hyperplane.
Denote by Co(z) a function on Ilp of the form Co(y) =cIl; (1—p?) ¥ with ¢>0,
¢;> 0. In fact it depends only on the restriction of ¢ to E*UE«, where Ex=
I; E;.

Choose a set of representatives 7t for II/Il,, and a function Cz on I, of the
above type for each fI. Denote by C(y) the function on II defined by C () =
Cz (u/fr) if p=f on U; then C(u) depends only on the restriction of g to
E*UEZX. Denote by ¢(¢) a non negative valued function on II which depends
only on the restriction of ¢ to U. Using the existence of zero free regions of
L-functions about Re ({) =1, we have:

4.1 Lemma. There are functions C,(¢), Co(ut), c1(@), c2(¢t) as above,
such that for complex € with |Rel |<Cy ()" (1+ (Im&)?)~"* we have that

IL(C 1) /L(A+C, w)|is bounded by Cz(p) (1+ (Im&)?) 2 (a bound of the same
type holds for any derivative of the quotient, by Cauchy’s integral formula) .

Proof. For a complex number s = c+it, put Ly (s, ) =y L (s, o) .
This Ly (s, ) converges absolutely on ¢=>1+4, >0, by [La], p. 158. It has
analytic continuation to the entire complex plane, and it has no zeroes on =
1. For any vertical strip of finite width there are C(¢) and ¢ (#) such that for
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all &, and s with o in the strip, |L, (s, ¢) | is bounded by C (1) (1+55)¢*“. In
fact, by [Lal, p. 334, for any to>0 there is m >0 such that s (s—1)L;(s, p) is
0 (|t|™) in the vertical strip—1<0<2, |t|>t, Then |Ls(s, )| <C1![t|™ in this
strip, and by Cauchy’s integral formula we also have |L} (s, ¢) | <Cr![t|” there.
Take €>0 such that |L, (s, ¢) |>C, in|t|<1, |6 —1|<eo. Here C; are positive
constants. As in[La], p. 313, one has |Ls (0, 1)L, (o+it, ) *L; (o+2it, p?)|=>1
on 6>1. Hence |L, (s, ¢) | =L, (0, 1) |74|L, (64 2it, ?) |724> Csla— 1[¥4[¢| ™"
on 0>1, [t|=1. Put C4= (C1C5/3)*, and m'=6m. Given { with 1—Cylt|™ <Re(
<1, put s=1+Cylt|™ +it. Then |L,; (s, ) —Ls (0, )| =1 J REL; (w+it, p)dul is
bounded by CrY¢” (Re s—Rel) <2(C4/Cy)|t|™ ™. By the triangle inequality,

1L, (G )| ZILy (s, i) [ =1Ls (s, 1) =L (L ) [ZCCY =S =2 (Co/ C) [t~

on [Im¢|> 1. Since |L, (&, p)|> C; in|Im{|<1, |Rel — 1|<e, we are done
(replacing Ci by Ci(¢) and m by ¢ (), and using Stirling’s formula to bound
the ratio of the gamma factors at infinity).

Note that for characters g of finite order, much better estimates are
known: Im{ can be replaced by inIm{ in our estimates. But we need here only
our crude estimates.

From now on n =23, namely G is the projective quasi-split unitary group

PU (3, E/F) specified above. Let ¢ be a unitary character of 43/E*®R3%,, and B
= AU the upper triangular subgroup, where A is the diagonal subgroup
(A() consisting of a = diag(b, m, 67%), b E A% m € di), and U is the
unipotent upper triangular subgroup. The character ¢ defines a character of B
=B(d4) (by plau) =p(b)). As in[A1], p. 925, let H° (1) be the space of right
K -finite functions ¢ on 9 =G («) such that ¢ (uak) =y (b)p (k). Here H =
I, K,, where K, is the standard maximal compact subgroup in G (F,). For { €

A¥ (=the complex plane in our case), put ¢(g, p ) = ¢(g)5(g)%+c, where
5(g) =1b|% for g in G(«) with Iwasawa decomposition § =uak, uEU, kEH, a
€ A(d). The Eisenstein series is defined as the analytic continuation of
E@, ¢ i, ) = Zrenc d(9, . O (B=B(F), G=G(F)), a series which
converges in some right half plane. Denote by I(g, {) the %-module
normalizedly induced from the B-module p;=pu&48%. The restriction of I(x, {)
to A depends only on the restriction of ¢ to U, and its space is contained in L*(# ).

By M({)$ we denote the image of ¢ under the action of the intertwining
operator M () =M (u, §) =M (T, u, {), associated with the reflection 7 ([A1],
p. 926). As ¢ (g, i, ) lies in the induced I (¢, {), the function (M(Q)¢) (9, 71,
JE) lies in the induced I (“y, ). The operator M({) has no singularity on
the imaginary axis.

A H-type k is a finite set of equivalence classes of irreducible K-modules.
The norm of the intertwining operator M (¢, {) on the k-component of I (g, {)
is denoted by || M(g, ©)|lx. This component is zero unless the restriction of ¢ to
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U lies in a finite set depending on £.

4.2 Proposition. (1) Fix a H-type k. There are functions Cj(u), ¢; (1),
such that for any complex { in the set 2 defined by |[Re(Q)|<Cy(w) 1 (1 +
(Im{?) ", we have that |M (g, ©) llx is bounded by C»(x) (1+ (Im?H)¥. A
bound of the same type holds for any derivative of the intertwining operator.

(2) Given «k, there are Ci (1), c; (1), such that for any { in 8, and for any ¢ in
the k-component of I(y, ©), the integral [oe|ATE (g9, ¢, 1, ) |%dg is bounded by
the product of |||, C» () (1+ (Im&) 2) 2%, and exp (c3() T

(3) For any K -finite fECT (G (A)) there are C; (), ¢; (1), such that for any { in
Q, xE€9", we have that |[E 9, I(, {; ) @, 1, ©)| is bounded by the product of || ¢,

Co () (14 (Im&) 22 and | g|**®. The same holds for any derivative in { of this
function.

Proof. By [Sh], end of §2, M is the product of a normalized
intertwining operator, which is easily majorized, a factor of absolute value
one, and a product of two quotients of L-functions of the type which appears
in Lemma 4.1. (1) follows. (2) follows from this, via the scalar product
formula of [A2], Lemma 4.2, p. 119 (see also J. Arthur, On the inner product of
truncated Eisenstein series, Duke Math. J. 49 (1982), 35-70).

For (3), note that in general, given a compact w, in 4', we have AT¢ (g)
= ¢(g9) for any ¢ € w, and any function ¢, provided that T is sufficiently
regular with respect to w,. Indeed, [A1], (5.2), p. 936, asserts that there is a
constant ¢>0 such that for any T €4, YEG, and g €9*, we have T (H(yg)) <

¢ (1+mlgl). 1t suffices to take T with T (T) =¢ (1 4+ gl) for all * €A and
g Ew,. In fact we take Ty with T (Ty) >¢ for all T €A, and T=T; + max{1+m|g|;
g€ w; * supp (f)}. Then AT@(g9) =¢(g) for all g in the compact @, * supp (f).

and |T|<cimax {1+ g|; 9 € w,} for some c;=c; (f) >0. For these f, w,, and
T, we have for all 9 € w,,

EQ. 1 G 1 0= [EGh. 6. Ofh)an
= [ATEGh, 6. 1. Or ) an [ ATE(h, ¢, 1. O K, (g, W),

where K/(g, h) = Z,ecf (07 'rh). Butl|K,(g, h) |<c:llg ¥, and (2) given an
L%-bound for ATE. Hence the expression to be estimated is bounded by the
product of @], C(x) 1+ (Im&) %), and max| g[**. The maxima are taken
over x in the compact w,. Finally, taking w to be a compact neighborhood of
the identity, we observe that for any r €%, max| ¢| is bounded on w,=zw by
a multiple of max|z], and (3) follows.

1
2
Put C;=¢5'Cyo. This is the centralizer of 7,= 1 =351 T g0 in
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G. Note that 907096 ='T 1. Put Hc=H NC(L).

5. Proposition. For a sufficiently large T and Re({), we have that
JeonewnATE (h, @, i, O dh is absolutely convergent and equal to the sum of

(5.1.1) iéc&[rc [owar—1=<[ (g) (k)qk]

(k ranges over Kc), and T (p, ¢, {) =) Jownc.nc.w ¢(hga?, p, Odh. Here
i dE/E*— € indicates also the representation o: diag(b, m, b )= pu(b) of
B(d); 0 (1) is O unless y factorizes through v(b) =|b|, where 6 (n) =|dL/E],
and dy={bEds; |b|=1}; and e () is O unless nis 1 on dz={bE A5, bb=1},
where € (1) =|ds/E’|. Moreover, on LEIR, the function T (i, ¢, ) is holomorphic.

Proof. By virtue of Proposition 2, for { with large Re({) the
Eisenstein series E (h, ¢, ¢, {) can be written as

Y om0+ ) sGtma .

TEBL(F)\C(F) T€9,B4(F)g5' N C(F)\C(F)

The constant term formula Ev (9, ) = ¢ (9, ) + (M¢) (g9, TL) implies that
ATE (h, §) is the sum of

Y 20 Gm) <D3 () g ) — Y, 10 h) >T) 3 (i) 55 (1) (7h)
7EBL\C TEBNC

and
Y6 'rh, 1 0 2 (365" h) <T) ). (M9) (43 7h, T, T x (6g5"7h) >T).

Here By=B,(F) and C=C (F). The last two sums range over 7E€goBygs ' N c\
C.

We claim that 6(g95'h) is bounded on (h €) C(4). Indeed, the proof of

Proposition 29 (a) below shows that 8,(95"h) is bounded (by 1 if v is finite)
when v stays prime in E. If the place v of F splits in E then note that Z,\Ci

consists of g5'dmkg, with a diagonal d (=diag(a, 1, b), a, bEF¥), unipotent m

= 1 ,and k€K, NC,. Note that
0 1

11 1/2 12 2 1 0 0 00 2

01 1 961‘<O 12 -1 1 0)=| 0 —12

00 1 001 /2 —1 1 1/2 —1 1
20 0 001\/122\/1 0 O

=101 O 010 (0 1 2 (O —10
00 1/2 100/\001/\0 0 1
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Hence
z 0 0 001 1l xy
NggldmK=N[0 1 0 010101 2z |K
00 1/x/\1 0 0/\0 0 1

=N diag(z/ (1,2, y—=x2), (1, z,y—x2)/ (1, x,y), (I, x,y)/x)K

Here x =2/a, 2=2b, y =c + 2b/a, and (x, y, z) is an element of F, with
absolute value max (lx |y |»lzl,) if v is finite, and (x&+ y§ + 22)2 if not.
Hence 0, (90'dmkgo) = |xz/ (1, x, y)(1, z, y —x2) |, is bounded (by 1 if v is
finite), and so is 0 (9o'h) =I1,0,(95%h) for h in C ().

The function ATE (h, {) is rapidly decreasing as a function of A, by [A2],
p. 108, 1. 8. Its integral over h in C\C(#) converges to a meromorphic
function in {, whose poles are at most those of E (h, {). For a large Re ({), the
integral is the sum of

fx(a(h)<T)6(h)C+%¢(h)dh=5 u)fgb(k)dk' f bl (t+3) -2y %,

Ba\C(d) lolF<T

=5(u)f¢(k)dk- f |b]Fd b_MTCf¢(k

|h|5< T2

(for the first equality we used dh = dc' (b) dndbdk, in the second we recalled
that n=3), and

— [ 26w > T30 (M) ()

Bo\C (d)

=_5(ﬂ)f(M¢) (B)dEk + f 'b“;n—l)(%—c)—(n—z)dxb

A bl 27 >T
— . =20 g xp — ( ) -
=—0(w f @)k f Il = L f (M) (k)dk,

and

f ¢ 95'h, 1, ODdh=¢(p) f é(hgs', 1, Odh

9oB95'NC\C (o) B () NC, (A)\C, (o)

Here B(d) NCi(d) = A X di. The local factors in the last integral are
computed in Proposmon 29 when v stays prime in E, but we do not need here
this computation.

Let us note that Sy, ¢ (k)dk and [y, (M@) (k)dk are equal when 6 (¢) #0
(we may and will take £ =1 to represent the class of the characters ¥, s €
i®). Indeed, the intertwining operator M can be written as a product of a
scalar m (¢, {) and the product @R, (us, {) of local normalized intertwining
operators. At g =1, the induced I (g, 0) is irreducible, and R,(x,, 0) acts as
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the identity. The normalizing factor m (¢, {) is computed in Shahidi[Sh], last
line in Section 2, to have the value 1 at g=1, {=0. It follows that (5.1.1) is
holomorphic on { € iR, and it is slowly increasing there. Since E(h, {) is
holomorphic and slowly increasing on { € i®, so is J ATE (h, {) dh, and
consequently so is 7 (¢, ¢, {).

5.1 Lemma. Let fi1, f2 be Schwartz (smooth, rapidly decreasing as|{|—
o) functions on iR with f,(0) =f,(0). Then ;im(f 2 A QT —£Q T

d{=2mnf,(0).

Proof. An elementary proof of this is given at [FM1], end of proof of
Lemma 1.

5.2 Lemma. Let 1 be a unitary G () -module on a Hilbert space H, and
let H® be the subspace of H -finite vectors. Suppose that each K -type has finite
multiplicity, and let L1, Ly be linear forms on H°. Let f be K -finite in CZ(G(d)),
and {@} an orthonormal basis of H°. Then the sum 2L (m(f) ¢)L2—U¢) 18
independent of the choice of the orthonormal basis {@}. In particular, if f=f % f5,

F@g) = @7 ., fi and fo are H-finite elements of Cr(G(d)), then
Z(m Ll(ﬂ'(fl) ¢)L2 (7 (fz) ¢) =Z(¢) Ll(ﬂ'(f) ¢) L, (¢)

The group G over F has rank one, namely B is the unique (up to
conjugation) proper parabolic subgroup of G over F. The non-cuspidal
spectrum consists of residual spectrum, which does not contribute to the
Fourier summation formula, as the residual spectrum is non-generic, and of
the continuous spectrum. The kernel K. (g, h) over the continuous spectrum
has the form

é}:f:sz 9, 1, i, NG, 1t iQEh, ¢, 1, i0)dC.
u ]

6. Proposition. Suppose that f=f, % f¥, where f§(9) =f2(g7Y), and fy, f

are H-finite elements of C* (G () ). Then the contribution [f Ksc (u, h) gl_) (u) dudh
from the continuous spectrum is the sum of

(6.1) FYEU 008,10 - [ TT 0709 @a
¢

and

6.2) éz f ZE¢ Ui f) b 1t i T (I, iC, £, iC)dC,

u - ¢

The first sum ranges over the chavacters pt: A5 /E*ArR2—S". The second ranges
over a smooth orthonormal basis {¢} of the space I(y, i) (w=1 in (6.1)).
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Moveover,

ﬁZf 'E’% U i€ 06 1 i0T (e 1 i, f) 6, i0) |aL

u —o ¢
is finite.

Proof. By Proposition 4 the sum
Ao YU G 6. 50 [ ATE (1 08 £, e 10 ahldC
u [4

is finite. Using Proposition 5, the last claim of the proposition would follow
once we show that for g=1, the integral

/.

e T R A te] T

is finite, where
A=Y Eol e Gg 1 O [ U &) ®)a,
é

and

B0 =) o) O] 0 o) Wae— [ 0 01 Trdg) (]
(] He He

In fact, even the sum over all g: AE/E*R3— S is finite. Indeed, by
Proposition 4.2 (3), for a given f; with a fixed K -type, |E, (I (&, i&; 1) @,

. i8)| is bounded by some C(g) (1+£2)¢“_ Moreover,

| 016 501G i £)9) ()

where the last norm is the operator norm on the finite dimensional space of
vectors with a given X -type. This norm is bounded by the norm of some
matrix of the form

<l e i 12,

(LM)W) fo (ki 'auk;)du + u(a)6(a)‘da). (b, EH).

It follows that the functions A, (i{) and B, (i{) are Schwartz functions on the
imaginary axis i® (the sum over ¢ ranges only over vectors with the given
K -type) . The absolute convergence follows, and so does the proposition, on
using Lemma 5.1.

Remark. An integral analogous to that of Lemma 5.1 is considered in
[F6], but in the Remark on p. 431 of [F6], “Consequently we also have” on .
—10 should read: “However we do not have”, and “However we prefer to” on /.
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—8 should be: “We shall”.

Corollary. For any test function f=Qf,, f,E€CF(G,) for all v and f,=f5
for almost all v, the Fourier summation formula takes the form

UOS P+ ), U, §)=) (@ (WeP)elr) + (6.1 + (6.2),

beE*/E*

where T ranges over a set of vepresentatives for the equivalence classes of cuspidal
generic cyclic representations of G () =PU (3, E/F)a.

3. Matching Fourier orbital integrals

The proof of the global representation theoretic results relies on a
comparison of the two summation formulae obtained in Proposition 1 and
Corollary 6 (here n=3). Our technique will be to show that given f=&f, on
G (o) there is a matching f = Qf, on H (#) (in a sense soon to be made
precise) , and vice versa, such that the geometric sides of the formulae be
equal. The resulting equality of spectral sides will then be used to derive the
representation theoretic applications.

Choosing a product measure dh = @dh, on C(4), and du = @du, on
U(«), and putting ¢, (x) = ¢, (x +1), the global integrals ¥ (b, f, ¢) become
products over all v of the local integrals

0o 1o )= [ [ fowgigon) go(a)dudn,

b 0 lx%xf-f-iy
9= 1_ " =lo1
-1
0 b 00 1

if b €Ey/E; and i € EY with i +i=0 (9, =diag(1, 1, b") and C, = Levi
subgroup of type (2, 1) when v is split), and ¥(0, fo, @) = Svwrven Jco fo (uh)
¢, (x)dudh.

Similarly, the integrals of f = @ f, on H' (d) = PGL(2, dg) are the
products of

0
0o 0= [ fon (L (2 dnan,

) 1 1l x .
if b#0 {n= ), n= ,and if b=0 of
1 —i 01

i 0\!
(0, fo, Pu) = fN - fmm’m /‘,,(n(o 1) h)gb,,(Zx)dndh.

7. Proposition. Let v be a non-archimedean place of F. For every
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FLECE(Gy) there exists fLECE (Hy), and for each such f, there exists f,, such that
(7.1) (b, fo Po) =2[[6]*T (0, £, @)

for all bEEY/E;(=FY in the split case).
Moreover, if f, and fy satisfy (7.1), then ¥(0, f,, ¢,) =¥ (0, f, o).

Remark. ~ (1) The cases of split v and non-split v would require

completely different descussion. We do not treat the archimedean cases,
although their treatment is not so distant from that of the non-archimedean
cases. Consequently our global result would hold only for global fields with no
archimedean places, namely function fields.
(2) The proof of Proposition 7 is based on computing the asymptotic behavior
of the integrals as b—°°. Once the proof is completed we shall show that when
one of f, or f; is spherical, so can be chosen the other, in fact these spherical
functions would be related by the correspondence of representations, via the
theory of the Satake transform. The proof of the global result requires both
the transfer result of general functions, as in Proposition 7, and those of the
spherical functions, stated once the proof of Proposition 7 is complete, in
Propositions 14 and 16.

Definition.  Functions f,€C? (G,) and f,EC? (H,) are called matching
if T(b, fo @) =4b|Y2W (b, fi P,) for all bEEYS (by Proposition 7, this identity
implies that &(0, f,, ¢u) =¥ (0, fo, ¢»)).

To prove the local matching theorem, we study the asymptotic behavior of
the local integrals. First we deal with a place which does not split, and use
local notations. Let E/F be a quadratic extension of non-archimedean fields of
characteristic ¥ 2,

0 1
G=1{9€PGL(3,E);9T'g=9= —1 ,
1 0
1 0 o 1
C=19€G; 9997 '=T = —1 =90Zc 1 9o,
0 1 9 0
1 _, .
1 x fxr+ty
U=ju= 01 5 x€E, yEFY,
00 1
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. 1 i 11
1 -1 5 4 2 2 1 1
= 0 = 0
B R O [ O B = ’
g() 2 'gO 2 _1 gO _1 y
11 1 1 0 2 0 2
2 2 4 ;s 11
b 0 (c+1)/2 d/2 (c—1)/4
go'= 1 go= d c d/2
0 p ! c—1 d (c+1)/2
with
c=0b+b/2,d= b '—b)/2, E=F{),i+i=0,
%(I“go) :'8050, Eo— (O, 1, O)
b 0
Then gq* 1 GoEC if b=b'€E"={2€E; 2z=1}, and
0 b!
b 0
To)=Tb,N=TO, ¢)=fufcfu 1 . goh | ¢ (x)dudh
0 b!

depends only on the projection of b in E*/E".

Replacing f by F1(9) = Jcf(gh) dh, we obtain that ¥ is the integral over
U of the function F; on the symmetric space G/C. Via the map g—9g'cced ' =
(9'€0) €07 'TT 7! the space G/C embeds in the space of 3 X3 matrices x over E
with trace 1 and rank 1 and with ‘=97 'x7. Denote the image by Xo, and put
Folx) =F\(g9) if x=— (g'€y) " (7'€0) T. Then

5 o TbbLT

_ -z xx &t
W(b)_j;fEF" a5 4bb 2 ¢ (x)dxdy.
-1 x T
L \4p5 465 2
—q1_xx+2iy
where =1 T

The function f is compactly supported and locally constant, hence so is F.
Consequently ¥(b) is supported onl|b|= ¢, for some co=co (f) >0, and it is
locally constant on b €EE*. We proceed to analyze the asymptotic behavior of
¥ (b) as b— o0 in E. Extend Fo to a locally constant compactly supported
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function on the space of 3 X 3 matrices over E. In fact we need only the
extension of Fy to a neighborhood of X, in this space, and this extension is
used only to simplify the exposition.

Since Fo is compactly supported, the last entry on the top row is bounded,

hence [t] < <|b|~!. We write @< < if there is a positive constant c=c (f) with

a<cpB. Hence Z—I;_—’l as b—00, and for a sufficiently large b we have

0 —xt/2 —bbtT
Llf(b)=fEfFFo 0 1 xt/2 (x)dxdy.
0 0 0

Changing variables: x+2bx, y—2bby, we obtain

0 bxt —bbtF
=|2|3/2|b|21;_j;F0 0 1 —bxf |lQ@bx)dxdy, t=xxr—1+iy.
0 0 0

Since Fo is compactly supported there exists some C>1 withlxr —1|<
C/1b| and liy|<|2|C/|b]. This C can be replaced by any bigger number. We

may write z=¢ (1+2), with |z| <C/|b| and SEEX/<1+%RE> with ee=1. Here
¢ € EX with |e]=C (in particular C is chosen in |E>< |) Note that ¢ is a
representative in the class modulo l+%RE. Put z; = (z+2)/2 and iz, =
(z—2z) /2 (thus 2=z, +1iz, with z1, 22EF), to obtain

121722 Z f dydaFo (be (22 +iy) ) ¢ (2be) ¢ (2bez) f ¢ (2beizz) dze

" iyl <[2le/ll liza| < c/b|
e€E*/ (1+4Rs) erSC/H ?

=1

0t —ir
Here Foo (t) =Fo| 0 1 —TF |. Let ¢(¢)) be the largest number such that
00 O

Juse ¢ @ da=0(a€E) for all ¢>c(¢), c €E|E*|. Define by, b, EF by be=b,+
ibs. Then the inner integral over z, of ¢ (2i%52;) would vanish unless |2i%b,|C/
lib | <c(¢), namely |b2/b|<c(¢)/|2i|C. On this domain |i%b.y |<(C|21/1b])
(c(p)1bl/12]C) =c (@), hence ¢(beiy) = @ (%by) = 1. This integration over z,
then yields (C/|b|)'2, if dz, is normalized by [i.i<idz.=|i|"%. Writing x=2z,+

iy t€E; y, 2€F), dr=|2|"%dz\dy, the integral becomes |4b2Ay, (b) J£Foo (x)
¢ (x)dx, where ¢z (b) = (2b), ¢ (¢2) =c (¢)/]2], and

a=c" Y gt

e€E*/ (1+5Ry)
e8=1,]ib/bl <c(¢) /C
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Our study of spherical functions below implies that for unramified E/F and
®, ¢ and C can be taken to be 1 without affecting the values of Ay (b). Moreover
it can be shown that it is equal to Jz.¢» (be)de, but we do not prove this since we
do not use it.

Clearly
1 _
1 x XL
. f, ¢’):j;j;f(uh)¢(x)dudh=j;_F1(u)¢»(x)du w=lo 1 =
00 1

= [ o~ e @e) D9 @ar= [ Fuolx) g )ar.

The factor Ay, (b) is independent of f and of C=C (f): C can be replaced by any
larger number without changing the value of ¥(b). Moreover, ¥(b) depends only

on the image of b in EX/E’. We obtain the following characterization of the ¥ (b,
f. ¢) by means of their asymptotic behavior.

8. Lemma.  The function Ay(b) on b € E*/E’ has the following
properties.

(@) Given f € C? (G) there is B (f)> 0 such that for all |b|= B (f) we have
(b, f, @) =4b]"2W(0; £, ) Ay, (b) . Moreover, if Wb, f1, ¢) =T (b, f2, ) for all bE
E*/E’, then ¥(0, f1, ) =¥ (0, f2, ¢).

(b) Let ¥ be a locally constant function on E*/E°, such that ¥ (b) =0 if |b|is

sufficiently small, and U (b) =|4b|V2W(0) Ag, (b) if |b| is sufficiently large; ¥(0) is a

(constant) complex number. Then there exists some fECY (G) with Wb, f, ¢) =T (b)

for all b.

Proof. The asymptotic behavior claimed in (1) is proven above. For (2)
note that f+— ¥ (0, f, ¢) is linear in f, hence given ¥ there is some f; €
Cz (G) with ¥(b) — W (b, f, ¢) compactly supported on b € E* (/E': thus this
difference vanishes for [b] too big or too small). But if ¥'(b) is locally constant
and compactly supported on E*/E’, then clearly there is some f, €
C?(G), with T(b) =W (b, f», ¢). Finally the last claim in (1) follows at once from
the asymptotic behavior of ¥'(b, f, ¢).

Analogous characterization of the Fourier orbital integrals on H by means
of their asymptotic behavior will be studied next. For this purpose, given f €
CZ(H'), H=PGL (2, E) (more precisely, we take f on GL (2, E) which transforms
trivially under the center Z'=~E>), where E is a quadratic extension of F with
char F#2, and bEE™, we put

O )
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and

00,7, ¢) = fE i j; f(((l) Jlr)h)(/)(x/i)dxdh, H=PGL(2, F).

Note that ¥, (b, £, ¢») depends only on the image of b in E*/E", hence ¥ () =
T).

9. Lemma. For every f € Co(H') the function ¥, (b, f, ¢) is locally
constant on E*, invariant under E°, vanishes near 0, and there is B (f) >0 such
that

U, f, ) =001, $)A /),  [b|=B(f).

Conversely, if W1 (b) is a function on E*/E" which vanishes in a neighborhood of
0EE, and there is some B’ >0 such that for |b|=B" we have

Tib)=004,0/)  (¥(0)€9),

then WL (0) =W, (b, f, ¢) for some f ECT (H'), for all bEE™/E".

Finally, if Ty (b, fi, ) =T (b, fo, ¢) for all b EE*/E", then ¥, (0, i, ¢) =
00 £ @)

Proof. Put Fi @) = [uf (gh)dh. Then F} is a locally constant compactly
supported modulo Z’ function on GL (2, E)/GL (2, F), with Fi(z9) =F1(9) (:€Z2').
This homogeneous space is isomorphic to the space X' of § EGL (2, E) with 9=
1 via the morphism h—hh '€ X'. Put F; (x) = F; (g) if x =97~ Then
Fo(zx) =Fy (x) (: €E"). Extend Fj to a locally constant compactly supported

function on the space of 2 X 2 matrices over E, modulo E* (in fact, only a
neighborhood of X'/E" is needed). Note that

x—xr

70,1, ¢) = fE /ﬁ&((é ) >>¢(x/i)dr.

01
Since 7777‘1=<1 O)' we have

w0 =[a((77 T o

/6 —x/b
=|b|j;:F6<<z b(_l;_b;;z_) ))(/)(xb_/i)d.r (|p] 1arge).

As fo is compactly supported, there is C=C (f) >1 with lzx —1|<C/ ||
for x in the support of the integrand. Hence such x can be written in the

form xr=¢(1+2), z€E, |z|<C/|b], GGE"/(l +%RE), eg€=1, where ¢c €EE*

satisfies |c|=C (and we assume that C is of the form |c| for some cVEE").
Write z=z1 + iz, and &b = by +ib, with z1, 22, b1, b €F. Then ¥, (b, £, ¢)
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becomes:

o] Z ¢ (eb/i) f F&((S :2’2 ))qb(sb'zl/i)dzl f ¢ (ebzp) dzo.

€Y/ (1+5Ry) sl < /bl lzsl <C/libl

eg=1
Let ¢ (¢) €|E*| be the largest real number such that fu<.¢(a)da =0 for
all c€|E*|, ¢>c(¢). Then the inner integral over z, above vanishes unless
|b2|C/lib| <c (¢), thus |b1/b |<c (@) i]/C. For such & (hence by, bs), we have

NS , I —2b21 — 1 Zibgl
¢ (eb21/i) = ¢ (bs21), F°(<o —a/y)) F "(8(0 1 >>

For the last equality note that — 28bz; = 2ibsz; (1 — b1/ibs), |b1/ib2| <c (¢)/C,
and 2ibsz; is bounded (depending only on the support of f, or F%).

As |baolr=|b2|¥2=]6|¥? changing variables z1—z1/b> the integral becomes
1l r—x

o2 [ (C/|b]) V2 Z ¢ (e5/4)] f F&((O ) ))qb(x/i)dx,

e€E*/(1 +‘;RE)
eg=1[bu/b|<c (¢)/ (/i)

since Fo (e9) =F4(g9) (Fg is invariant under multiplication by scalars in E°),
and we realize the isomorphism E/F—=F by x—x=2zi. The integral over x is
equal to (0, /', ¢). The sum over € of ¢ (¢b/i) depends only on the projection

of b in EX/E", and is independent of C, which can be replaced by any larger
number without affecting the value of the sum. The first claim of the lemma
follows.

Given a function ¥y (b) on E*/E’ which vanishes near 0 and has the
asymptotic behavior as b—20 as specified in the lemma, by the linearity in f'of

f =W (f, ¢) we have that there exists fi € C(H') such that ¥{(b) —
U, (b, fi, ¢) is compactly supported on E*/E". But then there exists some f; €

Ce(H) with ¥ (6) =¥, (b, 1, ¢) =¥ (b, f2, ¢), and so ¥{(b) =¥, (b, f, ¢) for
f=fitf; by the linearity of f—¥(f', ¢). The final claim follows at once from
the asymptotic behavior.

Proof of Proposition 7. The integrals ¥ and ¥, on H' are related by

T, 7, ¢)=ll"TGb, ¥, ). 7 @)=r ((6 (1)) ">‘

Here ¢, (x) =¢ (2x). Hence the asymptotic behavior of ¥ (b, f, ¢), as b—0, is

T, £, @) =lil7281(0, *f, ¢2) Ay, (b).
Since (0, *f, ¢,) is equal to

i fr((5 D)5 D) nJoenazan=tewo.r. .
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Lemmas 8 and 9 imply that given f€ CZ(G) there is f € CY(H'), and given f
there is f, with|2[[o|V2W (b, ', ¢) = ¥ (b, £, ¢) for all b EE*/E". A pair f, f
which satisfies the last equality for all b € EX/E", satisfies ¥ (0, f, ¢)

=[i[7V2%, (0, *f, ¢2) = (0, f', ¢). The proposition follows, in the case of a
place v of F which stays prime in E.

4. Matching integrals at a split place

The next step is that of a non-archimedean place v of F which splits in E.
As usual we omit v from the notations. In this case E = F@F, H =
PGL(2, F), H=H X H, £ = (f, f2) is a C:-function on H (thus f(9) =
f1@1)f2(92) for 9= (g1, 92) EH’); by this we mean a smooth function on GL (2, F)
X GL(2, F) which transforms trivially under the center, and is compactly
supported modulo the center. Also b= (b;, b,) and |b|g = |b1b2| (| - | is the

absolute value on F, | * |z on E); i= (iy, i,) satisfies i+i1=0, thus i;+i,=0 (as
i= (i, 1)), so we write i= (i, —i), and |ilz=[i?|; and we put f5* (h) =f (h™Y),

and £ =f1%f5* thus £ (g) = [, f1(gh™") fz* (h)dh; H embeds diagonally in H'.
The integral

T, £, §) ff (( )(g ?)(1 _ii>h>gb(2x)dxdh
LILAG )G G L)

1 xp\(b: O\/1 —i
fz<<0 ]2>< 02 1)(1 ; >Il>¢(211+212)d11d.l'2dh.
ehanging variavies (1 7)(* )1 TN s
Anging vaniabes 0 1 0 1/\1 i , this becomes

LA NG o )G o) 7 oteamzrmsea.

b O
Note that |bi[¥?= |b|"2]i|, where b = bibs, and f < * <O ot ) * ) =
2

b 0
f'(*(o 1)*) since f* is defined on PGL (2, F).

The singular integral

ro,r, ¢ = ff (( )(0 (1)>-lh)(,b(23c)d.rdh
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1 -1 0
in equal to fFf<<0 T)( 0 1 >>¢(2.r)dx by a similar change of variables.

The integral ¥ (b, f, ¢) on G, where now G =PGL(3, F) and C is the
centralizer of To=diag (1, —1, 1), takes the form [, J.f(ugsgoh)¢ (u)dudh for
bEF*, where ¢ (u) =¢ (p+q), and

Lol

1 p z 1 0
u=|01 q |, 9= 1 9= 1 0 _%
0o o 111
2 2 4

Further, T(0, f, ¢) is Sy,u, Jcfwh) ¢ (u)dudh, where Up=UNC.

Definition. The functions fECY (PGL (3, F)) and f €CZ (PGL (2, F))
are called matching if ¥ (b, f, ¢) = |4||b[V2¥ (b, £, ¢) for all b € F*, and
O, f, ¢) =001, ¢).

In the case of a place v of F which splits in E, Proposition 7 asserts that
given fECZ(G) there is a matching f €CZ(H), and given f there is a matching

f, and if f and f are matching, namely ¥(b, £, ¢) =|4l|p|"2¥ (b, ', ¢) for all bE
F*, then they satisfy also &(0, f, ¢) =¥ (0, f, ¢). As in the non-split case, we
prove this proposition by characterizing the Fourier orbital integrals via their
asymptotic behavior as b—0,

10. Lemma. Put ¢z2(x) = ¢(2x) and ¢(x) = ¢(x). For every f €

C? (H) the function (b, f', ¢) is locally constant on F*, vanishes near 0, and
there is B(f) >0 such that

W(=b . )= W01, §) Lepelz =Lz (b1=B()).
Conversely, if ¥ (b) is a locally constant function on F* which vanishes near
0 and there is ¥ (0) €€ and B'>0 such that for |b|=B we have ¥ (—b) =
) fp gb;;(.r—ﬁ)dx, then there is f €CT (H) with ¥ (b, f', ¢) =T (b) forall b
EF. Finally, if U(b, f1, ¢) =T (b, f2 ¢) for all bEF*, then ¥ (0, f1, ¢) =¥ (0, 2,
¢).

Remark. The integral [; ¢ (x—%)dx is defined to be the limit of

the integrals over A™! S|x|SA, A— o It does not converge absolutely. An
equivalent definition in terms of an absolutely convergent integral is that —
when |b|>1—the integral vanishes unless the (normalized) valuation of b is

even, and then integral is equal to f|,|=|b|1/2¢2(x—f;>dx.
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Proof. In the integral

vimsro=f [ DG oo 1

x
the function f is evaluated at (1 ) in PGL(2, F) =S50 (3). The image

of this matrix in'SO(3) is !
x? 2x(xy—>b) (ry—b)?
b x  2ry—b ylxy—b)

1 2y y?
Since f is compactly supported there is some C>1 such that |x|, |y | and
lxy —b| are all bounded by C|b|'”% For a large enough b we conclude that |b|=

eyl <Clzllbl, hence lzl, |yl =C!lbl2. Write y="+=. Then
X

C 6|z <|xz| =|xy —b| <Clb]"?  and so |2| <2

The integral is then equal to

1
] f((o b/; >>¢2(x—b/x)¢)z(—z)dzdx= fF F(b/a?) a (e —b/2)dz,

1 2z
where F (¢ f f<<0 ; >>(/)z —2z)dz is a locally constant function, compactly

supported on F*, In particular there is a sufficiently small C;=C, (F) >0 such
that F(t(1—e)) =F (t) for all ¢ and all |¢] <C,. Note that

r1—e) —L+etet ) =r—L—c(r+ il ererto),

Replacing x by x (1—¢), where |e| <C,, we get that [pF (b/x?) ¢o(x—b/x) dx
is equal to the quotient by [iisc, de of

f F(b/x?) ¢o(x—b/x) mfb_z (e(x+b/x))dedr.

The inner integral over € vanishes if |x +b/x|> Cy for some Ci= Ci(k, ¢),
whence the integral over x can be taken only over those x € F* with
lx+b/x|<C,, for some C;>0, without changing the value of the integral. But
for  with |14+b/x2 <C/|x| £CCi/|b|V2 we have that F (b/x2) =F(—1), since
F is locally constant (and |b|is sufficiently large). Obtained is F(— 1)
[ ¢o(x—b/x)dx, where

F(—1)=j;f<<(l) _zl ))¢z(—2)dz
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AL hoaroror

and the first claim of the lemma follows.

Given a locally constant ¥’ (b) on b € F* which vanishes near 0 and has
the indicated asymptotic behavior as [b|— o0, the linearity of ¥ (b, f, ¢) in f
implies that there is f3€ C7 (H) with ¥ (b, f3, ¢) = ¥’ (b) on all sufficiently
large b € F*. The difference ¥’ (b) — ¥(b, f5 ¢) is locally constant and
compactly supported on F*, hence it is clear that it is equal to ¥ (b, fs, ¢) for
some f4€C? (H), as required. The final claim, that (b, f1, ¢) =¥ (b, f2, ¢) for
all b € F* implies that ¥ (0, /1, ¢) = ¥ (0, f3, ¢), follows at once from the
asymptotic behavior of the Fourier orbital integrals.

Remark. Let us clarify the asymptotic expansion of the integral
Jr F(b/x?) ¢ (x —b/x)dx, using the stationary phase method. This technique
asserts that the leading term in the asymptotic expansion is from x in a small
neighborhood of the stationary points of the argument k(x) = x — b/x of
¢ (x —b/x). These are the points where the gradient of k is 0, namely xr?=
—b. For a sufficiently large b, our integral vanishes unless —b is a square,
say (B2 B in F. By Morse Lemma there is a change x =8 (1 +y +ay*+--)
of variables in a small neighborhood of B(i.e., y is small) such that r —b/x=
B(2+y?), and F (b/x*) =F(— (1—2y)). Put ¢ (y) =F(—1+y). Our integral
is then the sum over B, f2=—b, of

/219 4B)IA [ 0 ) ¢(38u)ay=18/20 4B 7o B8  3) ¢ 587y ).

The equality follows from the definition of the Weil factor 7,(8), assuming the
Haar measure dy is self-dual, and @ is the Fourier transform of ¢ with
respect to ¢. This @ is compactly supported. Hence for a large b the last

integral is fF@(y)dy=(p(0) =F(—1). It follows that for a large b, the integral

LF (b/x?) o(x —b/x)dx vanishes unless —b is a square in F, in which case

this integral is equal to 2,—:¢ (4iy/—b)7,Gy/—0)|8/4 |V2F(— 1). This
approach is systematically used in [FM2] , in the context of the group of
similitudes of a symplectic from on a four dimensional space.

11. Lemma. For every f € C2(G) the function Wb, f, ¢) is locally
constant on F*, vanishes near 0, and there is B(f) >0 such that for all |b|=B(f),

W(=b.7. ) =l4loP*¥ 0.5, ¢) [ gole—b/x)ax.

Conversely, if W(b) is a locally constant function on F* which vanishes near
0, and there is ¥(0) €€ and B'>0 such that for |b| =B’ we have
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W(—b) =l T ©O) [ g2 b/a)dz,

then there is fECT (G) with W (b) =W (b, f, ) for all bEF*.

Finally, if (b, f1, ¢) =T b, fo, @) for all bEF™, then T(0, f1, ¢) =T (0, fo,
¢).

Proof. Introduce F,(g) = [cf(gh)dh on G, and Folx) = Fy(g) if x =

g'eogog ™" on the space X, of 3 X3 matrices over F with trace and rank equal to
one. Extend F, to a locally constant compactly supported function in a

neighborhood of X, in the space of 3 X 3 matrices over F. Recall that g =
(0, 1, 0), and that go*=T"'9,T ~'; then egs'= (—% 0, 1). Carrying out the

matrix multiplication we obtain that (b, f, ¢) is equal to JpJpSr A * ¢ (p+q)
dpdqdz, where A is

H0-5-38) 40520 530550

4b 2b  4b 26 4b
—q bq 1( 2z _pq
Fo b 4b s\t 4b>
—1 b 1 L_flq_>
b 1b 2 (H 2 4b

To study the asymptotic behavior of this integral we shall regard b as
having large|b|, and denote by @ <<f the statement: there exists ¢> 0,
independent of b, with a <c¢f8. We shall be concerned with the support of the
integrand, and attempt to find over which domain can the integration be
restricted to, without affecting the value of the integral.

Given any C;> 0, we may restrict the domain of integration to the set
where at least one of [pl, |g| is bigger than C;. Suppose this is not true. Then
we consider the integral over the set of |p|,|q|SC1. Without loss of generality

z z
-+ glsh -5 -5
which Fy is evaluated, since Fy is compactly supported there is C;> 0 such

that I—E%+—2%=u/b1/2,|u|SCz. But then 1—%—ﬁ=2<1—§%) —u/bV2>2

as |b|— o (here w €EF such that u/b?> €F, and |u|<C, means: |u/bV?|<
Calb|™72) . Consequently the absolute value of the (1, 3) entry is |b] + [u/bY? « |2],
and this is bounded by some Cs>0, since Fy is compactly supported. Hence |u| < <

-1/ : _bg .,z _u . : _Pg_ 2
[b] 72 and we may write 1 b +2b b with|u| < <1. Again 1 b %—’2,

and over the domain of [p|, |g/ <C) the integral is

. Considering the (1, 3) entry of the matrix at

1 —p —2u

fffFo 0 0 0 (p+q)dpdgdz.
0 0 0
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It vanishes since the Fy, part of the integrand is independent of ¢, and
Ji<c.¢ (¢)dg=0 for a sufficiently large C).

We may now assume that our integral ranges over a domain where at
least one of |pl, |g|, is larger than any chosen C;> 0. Since F, is locally
constant we have that Fo(ege™) = Fo(g) for & = diag (1, &, 1), € in some
neighborhood of 1. Changing variables on p and ¢, we may replace the factor
¢ (p+q) in the integrand by ¢ (ep+q/e). Integrating ¢ (ep+q/e) over ¢ in this
neighborhood of 1 (which depends on Fy) it is easy to see that O is obtained
unless |p|=g|. Considering the entry (2, 2), since F, is compactly supported
we have that the integral can be taken only over |p|=|q|<Cy|b|V2 for some
C4> 0 depending only on Fy and ¢. Taking a sufficiently large C;, the entries

(1, 2), (2, 3) can be used to show that |pg|=|4b|. Hence |6|V2C: ' <|p|=|q| <C;
|b|*2. The entries (1, 2) and (2, 3) imply that the integral ranges only over

1/2

Il %% |1 +3

Hence

|< <|b|72 and g=4b/p+u, [u| <<1, and |2| < <|b|*”2. Over

the domain of 1ntegrat10n the integral takes the form

o 5(irs) (i +5)(-3)

ff Foll o 1 Zpb (71% zzb) ¢<p+47b+u)dpdzdu.
0 0 0
Writing x—%(—ﬂ-}-zb) ——%(Li% 2b> the Jacobian @ (u, 2) /0 (x, y) is

|4b/p|. We obtain

0 x xy
10 E3 M O T
00 O

Sublemma. The value of the integral does not change if the integration
<ol

1s restricted to p with lp—%)2

Proof. It suffices to show that the integral over the p with |j)——|>

67 of bl (p-+2+22%) is zero. Take ¢ with [el<Io|*2. Then leFlol<[o[-

and ¢ (p —4b/p) ranges over the set of a with |a|<[b |25 (%—% 115> The

domain |p—4b/p| =|b|?/% is stable under p—p(1—e¢), since
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p(1—e) —%(1+s+52+---) =p— 4b) 24b (

14etett--
» p (teteit)

p <p+

has absolute value=|p—4b/p| (indeed, %>%—%) On the other hand,

pa—o +%(1+8+82+'“) +%(1+28+382+'“)

4b | 4bx ( 4b)
= + +—= +o0(1
=Pttt e, (0,
where 0(1) means a quantity with an absolute value as small as desired,
provided b] is large enough. It follows that the integral specified at the first
sentence of our proof contains a factor of the form

jl.elslbl—‘“(/) (e(p—4b/p) ) de,

which is zero if |p —4b/p|>|b|*%, for a sufficiently large b. The sublemma
follows.

The sublemma implies that |1 — 4b/p? |<|b |#%/ |p | < <|p |7V, and so
¢ (4bx/p*) can be replaced by ¢ (x) in the integrand. The integral over p will
vanish unless p is taken over the domain |p|2=|4b|. We are left with

0 x xy
1/2 — :
|2lls]~ ffFo 8 (1) g (x y)drdyﬁ¢(p+4b/p)dp

This is equal to

[llel=2 - 0. 1.9) - [ p@p+b/p))ap

Replacing b by —b, the first claim of the lemma follows. The other claims of
the lemma follow as usual. Then the proof of Proposition 7 is complete also in
the case of a place v of FF which splits in E, by Lemmas 10 and 11, and since

|4|F=|2|E-

Remark. At a place of F which splits in E, the kernel E* of the norm

map E=F@F—F, (b1, b2) 2bibs, is E'=1{(b, b™")}. For b= (—b, 1) EE*, with
|b|>1, the integral is

f ¢ (2be)d 8—f§b(2 (z—b/2))d z_|b|'1/2(l——>_l f ¢(2(z—b/2))dz,
e=(z,z71)€E* lzl=1b11/2

where d*z= (1—1/q) ~'dz/|z| is the relation between the normalized measures
d”*z and dz on F* and F.
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5. Matching integrals of spherical functions

The equality of the geometric sides of the Fourier summation formulae is
proven for global test functions whose local components are almost all equal to
the unit element in the Hecke algebra of spherical functions on the local group.
We need to show that when f, and f, are taken to be these unit elements, they
are matching. More generally, the correspondence of unramified local
representations introduced in the Introduction defines a homomorphism of the
convolution Hecke algebras on the groups. The isolation argument used below
to determine the cyclic cuspidal representations is based on the fact that such
corresponding spherical functions are matching. The treatment of the two
cases of split and non-split cases is entirely different. We start with the
easier case of a place which stays prime in E.

We shall use local notations. Let E/F be an unramified quadratic
non-archimedean field extension of residual characteristic # 2, R’ the ring of
integers in E (R in F),

G={9€PGL(3,E); 9T'9=J} and K={9EPGLQ3,R):9T'7=9}.

Denote by # the convolution algebra (for simplicity we choose the Haar
measure on G which assigns the maximal compact subgroup K the volume 1)
of compactly supported K-biinvariant functions on G. By the theory of the
Satake transform, the function fE€ # is determined by the values of the traces
tr (f) of the convolution operators 7 (f), where 7 runs through the variety of
unramified irreducible representations on G. Any such 7 is the unique
unramified constituent in the composition series (of length one or two) of a
representation I () of G which is normalizedly induced from an unramified
a *

character 1 = (a) of the upper triangular subgroup of G. The
0 a!

character g: EX*—%* is not uniquely determined by m, but {g, ¢!} is, and so
is tr I(, f) =trm (f), for every fE#. In fact

) =tel () = Y F () (),

nE€Z

where 7 is a generator of the maximal ideal in the local ring R, and
_1 —
Fs(n)=F;(a) :_|a |1:;l|d;1 ___1|Fff(u'lau)du=|a|gffu (au)du.

Here a=diag(a, 1, @ ~Y) |la|=|7|", u is the upper triangular unipotent matrix in

G with top row (1, u, %uﬁ+v) (the (2, 3) entry is then #), where u ranges
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over E, and v over the elements in E with v +4 = 0 (this subspace is
isomorphic to F by v+ (v—12) / (vo—10) for a fixed vo#0). Clearly F;(n) =
Fs(—n), so we may always take |a] >1.

Analogously, let #’ be the Hecke convolution algebra of H' = PGL (2, E)
with respect to K'=PGL (2, R’). Again the f €A’ are determined by the values
of the traces trm'(f), where 7’ runs through the unramified irreducible
representations of H'. Each such @’ is the unique unramified irreducible
constituent in the H'-module I' () normalizedly induced from the character

a * .
(O b )'—*u (a/b) of the upper triangular subgroup, and

e’ () =tel’ (u, ) = ZF,, () ()"

n€%

It will be more convenient to use the isomorphism PGL (2, E) =SO (3, E) ,
which maps

1 2u u? a 0
(1 u)H Y q (a 0):—» _ )
01/ " wpat o) ?
0 0 1 0

a

Then

Fp(n)=Fy(a) = JW[ f(a- au)du—|a|‘/2ff (au) du.
Here a €E* with la|=|z|*(| - | is| * |g), and Fy (—n) =F, (n), hence we may
deal only with |a|>1.

 Recall that the correspondence of unramified H'-modules to such
G-modules was defined by I' (©)—1 (1). The dual map D: #— #' of Hecke
algebras is defined by D: f—f if trl' (¢, f) =trI(y, f), for all unramified
characters y of E*. Namely f€ # corresponds to f € #'precisely when F;(n) =
Fy (n) for all n€%.

The Hecke algebra # of G is spanned — as a vector space — by the
characteristic functions f*=ch KaK, where a,=diag(w*, 1, n¥), where £>0.
Similarly, the Hecke algebra #' of H = SO(3,E) is spanned by the
characteristic functions f* of the double cosets K'a,K’ in H'. To describe
explicitly the Hecke algebra homomorphism, we prove :

12. Lemma. The image D (f*) of ffEH in K is

A= g* Y ™ (q=card (R/)), £20).

0<m<k

Proof. Our first step is to compute F (aj, f"‘). We use the Bruhat
decomposition
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(1 0)_(1 1/u )(0 —1><u 0 >(1 1/u>
u 1 0 1 1 0 0 1/u/\0 1 /)
and the corresponding decomposition in SO (3). As usual, §, k=0. We write ¢,
=g, for g,€H if K'g,K'=K'gK'. Note that ‘g=g. If [u| >1, then

(5 1= )
(5o ) D=0 G )

It follows that

(u/n'j O)
0 1/u/

|7t|_j/2=qj, ]=k
F(a, f*) =) Q—¢ ) |a|*2= (1—¢ 2% ¢*, £>j=0, k=j(mod 2)
0, otherwise.
Note that | * |=| + |, hence |7|=¢72

Next we compute the orbital integrals F (aj, /¥) on G. We use

100 1 w/v 1/v\/0 0 1\/v 0 1 /v 1/v

wl1l0|]=[0 1 w0 —10 /v 0 1 u/v

v ouw 1 0 0 1 1 0 0/\0 1/v/\0 0 1

where v+o=ui, and note that if |v| <1 then |u| <1, and if [v| =1 then |[v|=|ul.
Note that if [v| >1 then |v| >ul, |7/u/v| <1, |7%/v|<1, and

1 00\/n’ O v 0 1 a/v 1/v\ /™ 0
u 10 1 = v/v 1 u/v 1
v w1 0 P 0 1/9/\0 1 0 z
v’ 0 1 w'w/v w¥/v v’ 0
= /v 1 wlu/v |F /v
0 /v N0 1 0 /v
Hence
1 u v
F(ajvf)=|7l'_j|fff a,| 0 1 @ ||dudv
001
v 0 v/m! 0
=|7T|_jff 1 )dv+|7r| i v/v dv
=W o > g /7
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7:—! 0 7z.—i—l O
=|x|7f 1 +Z|7zl‘i. f dv - f 1
0 b 121 ol =l 0 it
=g (@) + (1= ) ¢ (ayea) + (4= 1) ) 0¥ (2 va10).

121 120

Indeed, if I (>1) is even, vol{v €E; [v|=|z"|} is the sum of vol{u EE, tEF:

’

lu|=1|m|7"2 |t|<|%|~"} and vol{u €E, tE€F; [u|<|z|~"2 |t|=|x|""} (since v=
%uu_-l-it, and |2|=[i|=1) and these two volumes are equal to (1—¢2)¢% and

(1—¢™M g% 1f 1(>1) is odd then vol{v €E; |[v|=|x|""}is vol{u €EE, tEF;
lul <|7|~9+Y72 |t|r=4'}, and this is ¢"* (1—¢~")¢*. In other words,

1, =k,

Pla, =g 0 k—j=21,121,
g (1—q™), k—j=21+1,120,
0, otherwise.

It is clear that the image in # of ¢*FAE KX is f = 2 cug ™f™, cwEE.

0<m<k
Using F(a,, f*) =F (a;, f) with j=Fk, we conclude that ¢,=1. When k—j=2I>
1, we obtain

1_q_3=6‘j+ (1 _q_z) [Cj+g+Cj+4+ oo +Ck] .

In particular, when j=k—2, thus =1, 1—¢%=c¢4»+1—¢7?% and ¢,_,=¢ 2 —

g% For k— (j—2)=2(1+1) >1 we have
l_q_3=Cj—2+ (l—q_z) [Cj+Cj+2+"'+Ck]'

Hence ¢;—2=q %;, and cx—21=q* Hc42=q % (1—q71), for 1 (1<I1<k/2).
On the other hand, when k—j=2I+12>1, we get

g Q=g =c;+(1—¢7%) [cjsatcijpat - terd,
and c,-;=¢ ' (1—¢7!) when [=0. For k— (j—2) =2(1+1) —1>1 we obtain
q_l (l—q-l) :Cj—2+ (1—q_2) [Cj+Cj+2+"'+Ck—1] .

Hence c¢j-2=q %}, and cx-1-21=q #ck-1=q" "2 (1—¢7"). Namely cx-m=¢ " (1—
g if 1<m <k, or ¢ =¢"* (1 —¢q7') for 0 <m <k. Since g ?f* then
corresponds to ¢ ¥ (f*+ (1—¢71) 2 f™), the image of f* is as claimed in the

0<m<k
lemma.

Denote by ! and f~! the zero functions.
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Corollary. The image in X' of ¢ * 1 —g ¥ EH is
f’k+1+(l_q—l)f’k_f"k:f"lrf‘l_q—l ’k, kz_l.

We shall compute the Fourier orbital integrals on H and G for our
spherical functions f € # and f € #, where E/F is an unramified quadratic
field extension (of residual characteristic #2), and ¢: E— %> is defined by
¢x) = ¢(x +x), where ¢: F—€* is a fixed additive character which is

trivial on R but not on 7 'R. In[F8] we prove:

13. Proposition.  If [b|>1 and m >0, then

1, m
WG,/ ) =) () x4 m
m

0,
1,
(1—q7?)q™, 2,

\

whevre

Vo)=Y g (e€r*/1+b7R), E=1).

[

If [b|=|7l<1, =0, and m=0, then

0, 0<m <y,

1, m=j,
T, ™ ¢) = 144, m=j5+1,

¢?+q—1, m=j+2,

(1+¢™") Q=g g™, m—j=3.

In particular, 22 (b) is Ay, (b).
Our aim is to prove the following specification of Proposition 7.

~ 14. Proposition. For every b € EX we have |b |20 (b, f, ¢) =
(b, D), ¢).

Here f ranges over #, and D: #— A’ is the homomorphism of Hecke
algebras specified above by the correspondence of unramified representations.
If Proposition 14 is true, then the values of ¥ (b, f, ¢) are given as follows.
Since # is spanned by the f*(k>0), we consider only f of the form f*. Suppose
first that |b|>1. Then Propositions 13 and 14 imply :

[6]=12W (b, 2, ¢) =W (b, 1°, @) =2 (b):
6728 (b, 12, ) =q¥ (b, f1+ (1—gV)f", )
=qlg+ Q=g )]1Z )= (g*+q—1) Z(b);

[]72W (b, f*, @) =g [T (b, £*, §) + (1—g7") Z T, 1, ¢)]

=¢* [(1=¢)¢"+ (1—=¢7") (I+q+ (@—1) + (¢°—q) +--
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+ (" 2—¢ ) + (¢ —¢*%)) ] 2 (b)
=¢*(1+4¢™) (1—¢H) 2 ().

On the other hand, when |b|=|x}' <1, Propositibns 13 and M4, as well as
Corollary 12, would imply that '

|b]—1/2 [q—k—lw(b'fki-l, (p) _q_kW(b,fk, (/))] — w<b,fk+1, ¢) —%W(b,f", (/))

is equal to 0 if j>k—+1, and to
1, i=k+1,

1+g—¢q7*, j=Fk,
qz+q—1—%(l+q), j=k—1,

(1 +%) (1—%) —%(qz—l—q*l), j=k—2,

1 1 _j S1epy -
{ (1+E>(1_E) (qk+1 J_qk 1 J), ]Sk_g

15. Proposition. The function Wb, f*, ¢) takes the values just
specified for all bEE™.

Propositions 13 and 15 are proven in [F8], Part 1, by direct computation.
Then Proposition 14 follows at once by virtue of Lemma 12 and its Corollary.

6. Spherical matching in the split case

Our next aim is to show that corresponding spherical functions are
matching in the split case. Here the two groups are G =PGL (3, F) and H=
PGL (2, F), where F is a p-adic field. Denote by R the ring of integers of F,
and put K=PGL (3, R), K'=PGL (2, R). Fixing Haar measures on G and H, say
the ones which assign K and K’ the volumes 1, we define # (and #’) to be the
convolution algebra(s) of K- (and K’'-) biinvariant compactly supported
complex valued functions f (and f) on G (and H, respectively). A function fE€
# (and f €EX’) is uniquely determined by the values of the traces trl (g, f)
and trl’ (g, /) where g runs through the variety of unramified characters of
the diagonal subgroup. Recall that the correspondence of representations maps

a ¥
I' (1), the representation of H normalizedly induced from the character <O b )

+y (a/b), where y is an unramified character of F*, to the representation
I(g, 7%, 1) of G induced from the character diag(a, b, ¢c)— u (a/b) of the
upper triangular subgroup (which is 1 on the unipotent subgroup).

Definition. The function f€ # corresponds to the function f EH if
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tr I'(e, £) =trl (g, 7% 1) f)
for all unramified characters g : F*—%*.

Note that f* is uniquely determined by f, but f is not uniquely determined
by f. Put t=u(m™!). Then tr I' (i, f) =22, F (n, f) ", where

(s DA ) G T

ab
1/2

SAG 2o ™ Db
=Ll ) T

for any a #b with |la/b|=¢" (note that g=gr and | - | is the absolute value on F).
Since F(—n, /) =F (n, f) we may assume that n=>0, choose b=1 and |a|>1.

a _b
b 1a

10
Using the Bruhat decomposition for ( 1) recorded at the beginning of
x

the proof of Lemma 12, it is easy to see that

K'<1 0)(“ 0>K'—K'<” 0 )K’ if [z|>1 and |a|>]b|
« 1/\0 » 0 b/x H L and Al =1l

hence that

-y oo B L)

for la/b|=|7""|. In particular, for la/b|=|7""| we have

sz (s AT 1)

b

On the side of G we have

trl (g, 72, 1) ) =ZF((n+m, m, 0), /)",

where

F(n, m, k), f)=F;g)=

a0l 020 @=e)| [ (gyau=ta/el [ saudan

abc
Here la|=¢" |b|=q" |c|=4q" ¢=diag (a, b, ¢), and U is the upper triangular

unipotent subgroup of G. The equality tr I' (¢, ) =tr I({p, ™%, 1), f) for all
implies that

Fluf) =) F(ntm,m, 0).f),
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Hence

£ —f((ﬂo_l 2))=F(O.f) ~F(2.f)

=Y [P (n+1,m+1,0), ) —F (m+2,m, 0), )],

(o Pt L (P ()|

P 0 bl 0
RO 7| IS | o 7o
m 0 1 0 1

and

These last identities are used in the proof in [F8]of

16. Proposition. If fEH and f EH are corresponding, and
f(diag(z™*, 1, 1)) =f(diag (z™% ', 1)) =0,
then they are matching, namely (b, f, ¢) =|b|"2W (b, £, ) for all bEF*.

The first step in the proof is the computation of the Fourier orbital
integral on H. We shall deal with a slightly more general situation of a
K’'-biinvariant function f on GL(2, F) which transforms under the center via
an unramified character 7 of order at most two, and is compactly supported
modulo the center. We need only the case of =1, but dealing with n #1 too
does not complicate the proof : it clarifies it a little.

17. Proposition. The value of U(—b, f, ¢) =

LIAG TG oo Dt
n<bv2>-l[r<z> —f((“o_l 2))] Jogolu="2)ay irlel>1

(the last integral ranges only over y with ly|=|b|"2, it is zero unless the valuation

s

of bis even, and then the value of the unramified 0 at b"? is defined), and

G 2o 2 osmil(s 1) v

This is proven in [F8], Part 2.
To prove the matching Proposition 16 it is not necessary to compute
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(b, f, ¢) explicitly, but we need to show that it is related to the result of
Proposition 17 via the identities in the few lines prior to Proposition 16. Since

gog-ogo =0 71.(]1 for .70 dlag(l —1, 1) ‘71—(]. 1 _1)

10 2 1 1 0 1 1 —1/2\ /1 0
=101 0 |= 1 1 1 1 ,
10 —2 0 1 1 0 0 1 0 4

we have that T(b, f, ¢) = [ X¢ (x+y)dxdydzdyd ad*B, where ¢=¢ and

1 0 0\/1/b 0 1 —1/4\ /1/a 0 1 0
X=fllx 1 0 1 1 B 010
z y 1 0 1 0 1 1 001
¥ % 0
Here we used the Iwasawa decomposition on H* = ¥ % 0 ) CG, and
0 0 =*
noted that f is K-invariant on the right, and that f i 1s K- 1nvar1ant on the left
(we only used the fact that f(7¢) =f(g9) with 7= ) and changed
variables on z. The argument of f in X can also be expressed as
1 0 0\/1l/ab 0 1 u —a/4
r 10 B 01 0
zy 1 0 1 00 1
1 0 0\/1/ab 0\/1 x =z
= u 10 B 01y
—a/4 0 1 0 1 001

It suffices then to show the following

18. Proposition. The value of W(—b, f, P)lb |72 for f € # with

fldiag (™", 1, 1)) =f(diag (™% 7%, 1)) =0 is the product of [,2(y—b/y)dy
and

YIF (1, m+1,00, ) —F((m+2.m, 0). )]

when |b]|>1. But when |b|=|7/| <1, it is

Y IF(n+14), m+1,0),7) —F(m+2+, m, 0), )]

—q Y [P (n+3+, m+1,0), ) —F (Gn+4-+j, m, 0), /)]
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This is proven in[F8], Part 2, by a direct computaion.

7. Applications to cyclic representations

Now that we have all of the required results about matching local Fourier
orbital integrals, we can return to the global Fourier summation formulae of
Proposition 1 on H' =Resg,rPGL (2) and of Corollary 6 on G=PU (3, E/F).
Let E/F be a quadratic extension of global fields, f=Q&Yf,, f,€C(G,) for all v,
f,=/% for almost all v, and /' =&, fLECT (H,) for all v, f,=£," for almost all v.
Assuming the validity of Proposition 7 at the archimedean places, we may take
E/F to be number fields. Since Proposition 7 is proven above only for finite
places, our applications are fully proven only for function fields E/F.

19. Proposition. Suppose that f, and f, ave malching for all places v of
F. Then

Y (WePa) o (1) + (1.2) + (1.3) = ) n (1) (WP 1) + (6.1) + (6.2).

T

The sum on the left vanges over all cuspidal distinguished (there is ¢ € T with
Pu (@) #0) representations of PGL (2, dg). On the vight T vanges over all generic
(Wo(@) # 0) cyclic (P(¢p) # 0 for some ¢ € ) cuspidal representations of
PU3, E/F) 4.

Proof. Propositions 14 and 16 imply —in the non-split and split cases
respectively —that f;> and f9 are matching, and Proposition 7 asserts that for
each f,€C? (G,) there is a matching f, EC? (H,), and for each such f; there is
a matching f,. Hence the assumption of the proposition is not vacuous. Since f,
and f, are matching for all v, by definition we have that o, f ¢ =
U, f, ¢) for all bEE*/E", and for b=0. Hence the “geometric” sides of the
summation formulae of Proposition 1 and Corollary 6 are equal. Our
proposition simply concludes that for such matching f and f* the spectral sides
are equal.

To use Proposition 19 to derive representation theoretic consequences, we
need to isolate a single contribution 7" or 7 on the left or right of the identity
of Proposition 19,

20. Proposition. Let 'V be a finite set of places of F including all the
places v where ¢, is not unramified or v is ramified (including archimedean) . For
each v& V fix an irreducible unramified unitarizable genevic representation I (u,,) 0
of Hy=PGL (2, E,) (it is of the form I' (1) X I' (uz")° if v splits in E), and denote
by I(uy)° the corresponding representation of G, For each v € V, let f, €
Ce (Hy) and fo €CY (Gy) be matching functions, and put = Qf, with f,=F£" for
all vEV, and f=Qf, with f,=f3 for all vE V. Then
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(20.1) Y (WaPi)w (1) + (1.3) =) n () (WoP) £ 1),

T
where T vanges over the cuspidal distinguished representations of H' (o) =

PGL (2, dg) with m,=1 (u,)° for all v&E V, and T over the cuspidal generic cyclic
vepresentations of G () =PU (3, E/F) 4 with m,=1(p,)° for veE V.

Proof. Let v; & V be a place which stays prime in E, and use the
identity of Proposition 19 with f, f whose components are corresponding
spherical f,, and f;,. The operators m, (f;,) and m, (f,,) act as zero on the
spaces of 7, and 7, except on the Ky-and K,-fixed vectors which exist only
when 7, and 7, are unramified. Hence the identity of Proposition 19 can be
expressed in the form

(1.3) + Y T (o f) Y. (WP () + ). [T (e S (. fi, 9)ds

Ho, T’ Mo,

= YT (o o) Y 1 (1) (WP 2 ) + (6.1)

T

of a standard kind (fi is f'with f;, replaced by f.%, f, is f with f,, replaced by
f0,: the sum over 7’ ranges over those 7’ whose component at v, is I’ (¢y,), and

similarly for the sum over m; and s ranges over i (R/ (Ing,,) ~'%)).

Since trl(go, fo) = trI' (tw. fi), a standard argument based on the
unitarizability of the m;, and the m,, the absolute convergence of the sums and
integrals in the Fourier summation formula, and the Stone-Weierstrass
Theorem (see, e.g., [F4], Proposition 5), imply the identity of our Proposition
20, but with arbitrary matching f, f whose component at vy is f5, fir, and
where 7, 7' range only over those representations whose component at v; is
the fixed 7y, =1(uy,)° and 7, =1 (,,)% Note that the continuous sum, coming
from (1.2) and (6.2), vanishes in the comparison with the discrete sums of
the last displayed identity.

Such argument of “generalized linear independence” of characters
tr I’ (tto,. for) (=tr I (s, fn,)) can be carried out at any finite number of places
1 &€ V which stay prime in E. A similar argument can be employed at any
finite number of places v, € V which split in E, but with a little difference. At
a place vz which splits in E, an unramified generic unitarizable component 7,,
of m which appears in the sum of Proposition 19 is a-priori any representation
I (g1, pt2, ps) of Gy, =PGL (3, F,,) induced from the Borel subgroup. But only
Ty, of the form I (¢, ¢!, 1) correspond to representations (generic unramified
unitarizable) 7, necessarily of the form I’ (¢) XI'(u™!), of Hypy=PGL (2, Fy,) X
PGL (2, Fy,).

We may then apply “linear independence of characters” on G, and
conclude that on fixing a local representation I(,um, U205 M30,)° in the statement
of the proposition, the sum (1.3) and the one over 7" are empty unless fy5ll20,
=1 and p3,,=1. This can be used at a later stage to show that any unramified



420 Yuval Z. Flicker

component at vz of a = which occurs in the sum of Proposition 19 is necessary
of the form I (tts,, 3}, 1). However, Proposition 0 of [F7] —which is proven by
purely local means in the context of GL (n, F,) — implies when n = 3 the
following.

20.2 Lemma. The non-trivial unitarizable irreducible representations of
PGL (3, F,) which have a non-zero GL(2, F,) -invariant form are of the form
I(1 X p;) — where p; is a representation of PGL (2, F,) — induced from the
representation 1 X p, of a maximal parabolic subgroup of PGL (3, F,).

In particular the unramified representations of the Lemma are of the form

I(1, , £V, and they correspond to representations I' () X I' (u™*) of H,,=
PGL(2, F,,) X PGL(2, F,,). Consequently at v, we may apply “linear
independence of characters” on PGL (2, F,,) . We may repeat this argument at
any finite number of places v, € V which split in E. Proposition 20 now follows
from a simple induction-type argument, as in [F4], Lemmas on p. 758. Note
that (6.1) does not appear on the right side of (20.1) since I'(¢) with =1
does not appear in (1.3).

Remark. (1) By rigidity theorem for GL(2), since we fix in

Proposition 20 a representation 7’ of H, for almost all v, there is at most one
cuspidal 7’ with these local components, and at most one representation ' =
I'(y), with p?#1, ,u|sz¢§=1, with these local components, and there is at most
one non-zero contribution to the left of (20.1) (namely the sum of (1.3) or
the sum over 7’ is empty).

(2) The uniqueness of the Whittaker functional on m,, and of the PGL (2, F,)
-invariant functional on the PGL (2, E,)-module m;, imply that each of the
global functionals Wy and Py split as a product of local ones, Wy, and Pg,, on
the local representations. Consequently, we can make the following.

Definition. Let {¢(m,)} indicate a K,-finite orthonormal basis of the
space of 7. Then

(WouPa) s ) = ), Won (2072 (2)) P, (6 ()

$xh)
defines a functional on C¥ (H,).
This functional depends on 7, is independent of the choice of the basis

{¢ (m,)}, it is zero unless 7, is generic and distinguished, and for inequivalent

T, (1 <i<k), the (WyPu,) =4 are linearly independent. It is invariant under

right translations by H,=PGL (2, F,) and transforms under left translations of

1

Jo by <0

For every cuspidal 7 and non-trivial character ¢ there is a constant
¢(m', ¢) such that

x
1>€N; (x€E,) according to ¢,.
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(WyPr) () =c(x', ¢) l;[ (WeoPr) 2o (f)

if f =@.. Both sides are zero if some 7, is not generic and distinguished. The
global cuspidal 7" is (automorphically) distinguished precisely when all 7y
are distinguished, and c(z’, ¢) # 0. The constant ¢ (7, ¢) depends on the
various normalizations involved. For example we may choose the orthonormal
basis {¢(7,)} of an unramified m, to contain a Kj-invariant vector &2, and
require that Py, (§)) =1=W,, (&0) when ¢, is unramified. Then (Wy,Pa,) s () =
trt, (f,) at a spherical (K,-biinvariant) f,.
We shall use these remarks to deduce from Proposition 20 the following.

21. Proposition. Let T be a distinguished cuspidal representation of
PGL (2, 4&), or an induced representation of the form I'(y), with p: A3/E*d§—
€~ and Y*F1. Then T corresponds to a generic cyclic cuspidal representation 1 of
PU (3, E/F)a.

Proof. Consider the case where 7' is cuspidal distinguished. The case
where 7’ is I'(#) can be handled similarly. We shall use Proposition 20 with a
finite set V which contains all places of F which ramify in E (including the
archimedean primes), and all places where ¢, or m, are ramified. The fixed
local representations I'(¢,)° are chosen to be the components 7, of ' for all v
& V. The left side of (20.1) consists of a single summand, that indexed by our
7', by the Remark (1) above. The sum of (1.3) is empty.

To complete the proof we simply need to produce f, € CZ(H;) with

(WooPu)zs (fo) #0 for each v. This f, needs to be matching some f, € CZ (G,).
By the normalization specified at the end of Remark (2) above, we have

(WeuPry)z(fs?) =1 for all v& V (and £’ matches f3 by Propositions 14 and 16).
At each v in V, let ¢ (m,) be a smooth vector in the space of 7, with
Py, (¢1(7))) #0, and ¢,(m)) a smooth vector with Wy, (¢,(m,)) #0. We may
assume that either @.(m;) = ¢1(m;), or that ¢»(m)) is orthogonal to ¢ (7)) .
Each of ¢:(m,) can be multiplied by a scalar to have length one, and we extend
{¢:(m,); i=1, 2} to an orthonormal basis of ;. Since {7, (f}); f, EC= (H,) } span
the algebra of endomorphisms of 7w, we may choose f;, such that
T, (fy) i (my)is 0 unless i=1, and it is @, (m,) if i=1. Then

(W¢013Hv) h (/{,) =W,, (T, (fu) (0 (m,) )ﬁHu (¢1 (m)) = Wy (¢z (m)) 1311.; (¢1 (my)) #0.

By Proposition 7 any f; matches some f, €C? (G,). Applying Proposition 20 we
conclude that the left side of (20.1) is non-zero, hence so is the right side,
namely there is a cuspidal generic cyclic # which corresponds to our 7, as
required.

In the opposite direction we prove the following.

22. Proposition. Let ©° be a generic cyclic cuspidal (irreducible)
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representation of PU(3,E/F)a. Then there is either a wunique cuspidal
distinguished (irveducible) representation w of PGL (2, dg), or a unique induced
representation I' (1t) of PGL (2, di), where tt is a character of A5/E*AF with p*#
1, which corresponds to m°.

Proof. This will be proven along the lines of the proof of Proposition
21, except that the rigidity theorem for PU(3, E/F) is deeper than that for
PGL(2). In any case we choose a finite set V consisting of all places of F
which ramify in E, and where ¢ or m is ramified; this includes the
archimedean places. We apply Proposition 20 with a fixed local representation

I' (1,)° which corresponds to the components 7, of 7, at each v & V. We need
to show that the right side of (20.1) is non-zero.

Using Bernstein's “multiplicity one” theorem recorded in the Appendix
(asserting the uniqueness of P, below), we have the product formula (WyP)(f)

=c(¢, .n) I (Wy,Py) o (fo) for each cuspidal generic cyclic 7. Here (Wy,Py) o (fy)
v

is 2Wy, (1, (f,) ¢(1,)) P, (¢ (m,)), as in the case of PGL (2, 4g). Also Py is a
U (2, E,/F,) -invariant form on PU (3, E,/F,),{¢(m,)}is an orthonormal basis
of smooth vectors in m, and Wy, is a ¢,~Whittaker functional on m, We

assume that {¢(m,)} contains a K,~fixed vector &, and that P,(§)) =1=
Wy, (E9) for all v&E V. Then (Wy,Py) 3 (f3) =1 for all v& V.

Consider a place v € V such that ) is supercuspidal. Such v is
necessarily finite and it stays prime in E. Then there are smooth vectors

¢:(md) (=1, 2) of length one with P, (¢:(nd)) #0 and Wy, (¢, (xd)) #0. We
may assume that ¢, = ¢, or that ¢, is orthogonal to ¢,. Extend {@;, @} to an
orthonormal basis of 7). The matrix coefficient f} (x) = (z)(x) @2 ¢1) is a
supercusp form which satisfies 79 (f5) ¢ = 0 for all ¢ orthogonal to ¢, and
7 (f9) (¢1) = @. (up to a non-zero multiple) . Consequently (Wy,P,)z,(f2) =0
for all 7, inequivalent to 73, and (Wy,P,) »g (f3) #0. Using f5 at each place v €
V where 70 is supercuspidal, we conclude that the sum on the right of (20.1)
extends only over m whose components at these v are the supercuspidal 7;.

Next we consider a place v €V such that ) is not supercuspidal. Then 7} is
the unique generic constituent in the composition series of an induced
representation I(g,) (or I(1 X ps,), where p; is a generic unitarizable
irreducible representation of PGL (2, F,) if v splits in E). As usual we may
choose a basis @, ¢z, -+ for w5, and f, €CT (G,) with 7} (f,)$:=0(G#1), and
Ty (fv) @1= @3, so that (W¢,,ﬁv) 79 (fu) #0.

Applying Bernstein’s decomposition theorem (which is based on
Bernstein’s center, see [BD], a forthcoming work by Bernstein, and a summary
in [F5], pp. 165-6), we may assume that f, is of the form f, % ), where f) €
Ce (Gy) is a function with the property that m, (f) acts as 0 on any 7, whose
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infinitesimal character lies in a Bernstein component different than that of 7,
and 72 (f0) @1 = ¢;. Namely the sum over 7 on the right of (20.1) will range
over all 7 whose component at the v€ V or at the v where @{ is supercuspidal,
is the same as that of 7° but at the remaining finite set of places, where 7j is
the generic constituent of a full induced I(g,), or I(ty, ¢z, 1) in the split case,

we only know that 7, is a constituent of I (,v3) or I (u,v5, y'vy®, 1) for some
sE€%€ (here v, (xr) =|xl,). It appears the sum over 7 may range over a set
larger than 7° alone, and cancellations may cause this sum on the right of
(20.1) to vanish.

At this stage we need to invoke the rigidity theorem for automorphic
representations of U (3, E/F) from [F3] and [F3'] which asserts, in particular,
that : there is at most one cuspidal representation of U(3, E/F)4 almost all of
whose components are specified, and whose remaining finite set of components
consists of generic constituents of induced U(3, E,/F,) -modules. Note that this
is a weak form of the rigidity theorem of [F3]. It does not use the structure of
U(3) -packets as described in [F3], nor multiplicity one theorem for U(3),
which is proven in [F3] using some of the work of [GP]. The part of the
rigidity theorem used here relies on no results stated in [GP]. In any case the
part of the rigidity theorem of [F3] just quoted implies that there is only one
non-zero term in the sum on the right of (20.1), it is indexed by our 7° and
the right side of (20.1) is non-zero for our choice of f, for ve& V.

It now follows that the left side of (20.1) is non-zero, and we obtain
either a cuspidal distinguished 7’ or an induced I’ (#) which corresponds to
our 7° as required.

8. Local cyclic representations

We shall now turn to the local theory of cyclic representations, namely
those representations of PU (3, E,/F,) which admit a U(2, E,/F,) -invariant
form, and those representations of PGL(3, F,) which admit a GL(2, F,)
-invariant form. Here F, is a non-archimedean local field, and E, is a
separable quadratic extension, of characteristic # 2. All representations which
occur in our summation formulae are generic, hence all results derived here
from the summation formulae will concern only generic local representations.

A complete characterization of the distinguished representations 7, of
GL (2, E,), namely those representations which admit a non-zero GL(2, F,)
-invariant form, is given in [F5]. We shall return to this parametrization
shortly, but note that if v splits in E/F, then E,= F,F, and 7, = my, X 72
where 7, is a representation of GL (2, F,), and , is distinguished precisely
when nzv’:ﬁ'w(=contragredient of ). The local application of Propositions
20-21-22, is the following.

23. Proposition. For each generic distinguished vepresentation T3’ of
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PGL (2, E,) which is a component of a cuspidal distinguished representation 7'° of
PGL (2, dg), or of an induced ' °=1I (), : A¥/E*dy—€*, y?#1, there exists a
unique finite set {m,} of representation of PU3,E,/F,), and constants
c(¢y, m,) such that the m, are components of cyclic generic cuspidal representations
7° of PU (3, E/F)a, and all of the T, lic in one packet (a notion introduced and
studied in [F3]) which is uniquely determined by m,°% such that for all matching f, €
Ce (Hy) and f,ECT(G,) we have

(23.1) (WouPa)wio (0= ). ¢ (ur ) (WorPo) o 1),

nye{my}

Conversely, for every component T of a generic cyclic cuspidal representation

7° of PU(3, E/F) 4, thete exists a unique generic distinguished representation m,°
of PGL (2, E,) which is a component of a cuspidal distinguished representation m'°

of PGL (2, dE), or of an induced w°=TI (1), pt: AE/E*Ai—E€>, u?#1, such that
(23.1) holds for all matching fo€ECT (Hy) and fo€CT (Gy), with {my} = {m,} (m)?).
If v splits in E then {m,} consists of a single representation.

Proof. Given a global 7° or the corresponding global 7'° we set up the
identity (20.1) such that 7'° indexes the only term on the left, and 7° occurs
on the right. At each place vi € V, v1 ¥ v, we choose f,, as in the proof of

Proposition 22, to guarantee that (Wg,Py) x3, (f) #0 and that the 7 which

index non-zero terms on the right will have the component 75 at each place v,
Fvin V.

As in the proof of Proposition 22, we used here the rigidity theorem for
U(3, E/F) of [F3]. We derive the identity (23.1) for all matching f, and f,,

where the sum on the right ranges over a subset of the packet of 75, by virtue
of a special case of the rigidity theorem for U (3, E/F) of [F3]: If 7 =
®my is a cuspidal representation of U (3, #e/Ar) lifted (in terms of almost all
places) from a generic representation of U (2, #e/dr), then the local
components at v of any cuspidal representation of U(3) which is almost
everywhere equivalent to 7 must lie in the packet of m,. Note that for each =,
which contributes a non-zero entry to the right side of (23.1), the global

representation 7, (& mf) needs to be cuspidal, cyclic and generic, in order
V1#0

to appear in (20.1).
The {m,} is uniquely determined by 7, and 7, is uniquely determined by

m,, since the distributions (W¢,,P_’v) =, are linearly independent, and the subset
{m,} of the packet of m, is uniquely determined by the rigidity theorem and
the conditions which we put by fixing all other components of 7°.

Definition. A distinguished generic representation m, of PGL (2, E,)
and a cyclic generic representation mw, of PU (3, E,/F,) are said to correspond if
they satisfy the relation (23.1) for all matching f;, and f,.
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Remark. (1) Clearly, each component of a generic representation is
generic.
(2) It is shown in [F3] that once a twisted analogue of the theorem of Rodier
[Ro] , relating the asymptotic behavior of a character with the number of
Whittaker models of the representation, is made available, then the packet
{m} of the 7 of Proposition 23 will contain precisely one generic member,
namely m{ itself, and the sum on the right of (23.1) consists of a single

non-zero summand, indexed by this 7.

Proposition 14 of [F5] asserts (see also the Remark following B17 in [FH])
that : each distinguished infinite dimensional supercuspidal representation T, of
GL (2, E,) can be viewed as a component of a cuspidal distinguished representation
7 of GL(2, dg), in fact with supercuspidal distinguished components at any
prescribed finite set of places. If m, has trivial central character, = can be
chosen to have trivial central character.

The proof of Proposition 14 of [F5] is based on a simple compactness
argument which produces a global test function f with the preassigned local
components, such that the geometric side of the summation formula reduces to
a single non-zero term, hence the spectral side is also non-zero. Analogous
proof applies in the case of cyclic generic representations, and we record only
the result.

24. Proposition. Let E/F be a separable quadratic extension of global
fields, and T, a generic supercuspidal cyclic representation of PU (3, E,/F,) where
E, is a field. Then theve exists a generic cuspidal cyclic vepresentations T of
PU (3, E/F) a4 whose component at v is the given T,.

Again, the proof of this follows closely that of Proposition 14 in [F5], and
will not be given here.

To obtain explicit description of the local cyclic representation, we recall
some of the results of [F5] and [F3]. Our recollection here will be very brief ; for
a full description of the definitions and results see the original papers.
According to [F5], the distinguished representations of GL(2, #z) (and
GL(2,E,)) are precisely those cuspidal (and admissible (irreducible))
representations of these groups which are obtained as the image of the
unstable base change lifting from the unitary group U(2,E/F)a (or
U (2, E,/Fy)) in two variables associated with the quadratic field extension
E/F (or E,/F,) which is implicit in the definition of a distinguished
representation. Note that the unstable base-change lifting depends on a choice
of a character k: A5/E*Ne/rd5—€* whose restriction to ## is not trivial (or
locally on a choice of a k,: EJ/NgrEX—€* with restriction &,|Fy #1). The
image of the lifting is independent of & (or k,).

Combining the unstable base change lifting from U (2) to GL (2, E), with
the global correspondence — defined in terms of almost all components — from
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the set of distinguished cusp forms on PGL (2, #£) to the set of cyclic generic
cusp forms on PU (3, E/F)a, which is studied in this paper, we obtain the

endoscopic lifting from U(2 E/F)% (the superscript & indicates

representations with central character £7!) to PU (3, E/F) a4, which depends on
a choice of £ as above. This endoscopic lifting is studied in [F3].
In the local case of a place v of F which splits in E, we obtain :

25. Proposition. Let p, be a square-integrable vepresentation of
PGL(2,F,). Then the representation I(1Xp,) of PGL(3,F,), which is
normalizedly induced from the vepresentation of a maximal parabolic subgroup
defined by p, on its Levi subgroup, is cyclic, namely admits a non-zero GL (2, F,)
-tnvariant form.

Remark. This statement involves the local non-archimedean field F,
but no quadratic extension E, thereof. A purely local proof of this is given in
[F7], Propositions 0 and 0.1. Proposition 23 asserts also that 7, =1 (1 X p,)

corresponds to 7T, =0y X 0y, namely that (WePr,) o (o) =c (WeoPy) . (f) for all
matching f, and f,, where ¢ is a constant depending on ¢, and p,. This relation
of Whittaker - period distributions does not follow from the methods of [F7].

Proof. Given p, we construct — along standard lines, using the usual
trace formula on U (2, E/F)« and a pseudo-coefficient of o, whose existence
(for non supercuspidals) is proven in Kazhdan [K] —a cuspidal representation
o of U(2, E/F)a (with the required central character) whose component at v
is p». The lift of p to PU(3, E/F) 4 is cyclic, and its component at v is I (1 X p,)
(by following the diagram in the introduction and using [F3]), which is cyclic
as a component of a global cyclic representation.

In the case where E,/F, is a separable quadratic extension of local
non-archimedean fields, we conclude the following. Recall that G, =
PU (3, EJ/Fy).

26. Proposition. Every G,-packet which is the image via the endoscopic
lifting of a squave—integrable rvepresentation of U(2, E,/JF,)* contains a generic
cyclic square-integrable rvepresentation m, Conversely, the packet of any generic
cyclic square-integrable representation m, of G, is the endoscopic lift of a
square-integrable U (2, E,/F,) -module (with central character k;*). Equivalently,
the correspondence establishes a bijection between the set of Gy~packets containing a
generic cyclic squave-integrable representation of G,, and the set of square-
integrable distinguished PGL (2, E,) -modules or the induced I'(y,) where p,:

E}/F3—€*satisfies ui+1.

Proof. For the first claim we need to repeat the proof of Proposition
25, namely that any square-integrable representation p, of U(2, E,/F,)* can
be viewed as a component of a cuspidal representation of U (2, E/F)%. For the
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“conversely”, the case of a supercuspidal 7, is handled by Proposition 24. A
list of the reducible principal series representations of U (3, E,/F,) is given in
[F2], (3.2), p. 558. There are two cases where the full induced representation
has a square integrable constituent. The case of the square integrable

subrepresentation of the induced I (¢,k,v2%), where p,: EX/F3—=€*, is dealt
with by the first assertion of our proposition: it is the generic cyclic lift of the
“special” representation of U(2, E,/F,). The other square-integrable non
supercuspidal U (3, E,/F,) -module is the (“special”) subrepresentation sp (¢,)
of I(tevy), tty: EX/Fi—=€*. 1t is generic, but not an endo-lift from U (2, E,/F,)
(see [F3]). Hence we need to show that sp(g,) is not cyclic. This is done in
Proposition 29 (b) by means of a purely local proof. This completes the proof
of Proposition 26.

Remark. (1) There is one more case of a reducible principal series
U(3, E,/F,)-module ([F2], (3.2(1)), p. 558), namely I (g,), for some

Uy: ES/F;— €. 1t is the lift of the reducible tempered U(2, E,/F,)-module
Io(¢ts/ k). Since the two constituents of o (¢,/k,) are elliptic (their characters
are not identically zero on the elliptic regular set of U (2, E,/F,)), they have
pseudo-coefficients as in [K], and so an irreducible constituent of Iy (¢t,/ k)
makes a local component of a cuspidal U (2, E/F)4-module, whose endo-lift
will then be a cyclic generic cuspidal U (3, E/F)a4-module whose component at
v is cyclic, generic and a constituent of I (y,).

(2) According to Proposition 26, each G,-packet which is the endoscopic lift
of a square-integrable U (2, F,/F,) -module contains a generic member, which
is also cyclic. All of the elements in this packet are square-integrable.
Assuming the validity of the twisted analogue of [Ro] we conclude in [F3] that
this packet contains only one generic element. Then Proposition 26 will assert
that the generic member of the packet is cyclic, all generic square-integrable
cyclic G,-modules are so obtained, and they correspond to the PGL (2, E,)
-modules specified in the proposition. Without using the twisted analogue of
[Ro] we may have several generic cyclic modules in a packet lifted from
U (2, E,/F,), and these contribute to the right side of the correspondence
relation (23.1).

The global result is very much the same. Again 4=PU (3, E/F) a.

27. Proposition. Every G-packet which is endoscopic lift of a cuspidal
U (2, E/F) a-packet contains a generic cyclic cuspidal representation m. Conversely,
the G-packet of any gemeric cyclic cuspidal T is the endoscopic lift of a cuspidal
U (2, E/F) 4 -module with central chavacter k™ . Equivalently, the correspondence
establishes a bijection between the set of Y-packels containing a gemevic cyclic
cuspidal representation of Y, and the set of cuspidal distinguished PGL (2, dg)
-modules or the induced I' (¢t), where pt: Ai/E*AF—€* satisfies p?+#1.

The summation formula is used above to show that certain non fully
induced generic representations of PU (3, E,/F,) are cyclic. Our next aim is to
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study the remaining generic cyclic representations. In the split case we have
Proposition 0 of [F7], whose special case of n =3 is quoted in Lemma 20.2
above.

Before turning to the determination of the induced PU (3, E,/F,) -modules
I(¢,) which are cyclic, we record here (a more detailed version of)
Proposition 9 of [F5], which determines the distinguished GL (2, E,) -modules
I (¢, 1Y), The proof is relegated to B17,[FH], to save space here. Since the
problem is local, we use local notations, as follows. Let E/F be a quadratic
separable extension of local non-archimedean fields, and g a unitary character
of E*.

Note that by [F5] , Proposition 12, the non supercuspidal infinite
dimensional distinguished representations of GL(2, E) are of the form
Iy, @Y, where fi(x) =u (), or of the form Iy, tt5), with g;|NE*=1, and g,
# ft5, or they are the “special” square-integrable subrepresentation sp(g) of
I(uv'?, pv='?), where p is a character of E*/NE*.

28. Proposition. (a) The representation Is=1I(uv*, i *v™°) of GL (2, E)
is distinguished (s € €). (b) The representation I(py, p2), t1 F f2, is
distinguished precisely when wpilF* = 1. (¢) The representation sp(y) is
distinguished precisely when p|F*#1, but y[NE*=1.

Proof. This is Proposition B17 of [FH], which expands the proof of
[F5], Proposition 9.

Remark. (1) In the split case E=F®F, and a representation m; X 7,
of GL(2, E) =GL(2, F) X GL (2, F) is distinguished precisely when m; is the
contragredient 7, of 7. When 71 =1 (i1, ft2) is induced, then m =1 (g3*, ui?).
Let K=GL (2, R) be the standard maximal compact subgroup of G=GL (2, F),
and A the diagonal subgroup of G. Define a G=GL (2, F) -invariant form L; on

(1, ¢2) €1 (v, v™°) X I (v, u™'v™°) (G acts via (9, wgw), w=<0 : »by

10
Ls(¢1, ¢2)L\G¢1<<:1 Zl ))gbz((c;? Zz ))dg.

1 x
If A 01 K+ AK then |x|>1. Put x= (1—b) !, note that

P VRN PR (P

and that dx=|1—b|‘2db. If =1, for K-invariant ¢,, ¢, we have

Iy A e
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11
Normalize the measure to assign A N K\ K the volume 1. Since <b 1) e

N(l—b 0)1{ d(l b>€N<1/(l—b) 0)1{ h d the unit
0 1 an 11 0 ) , when ¢; and ¢ are the uni

vector ¢ in I(vS, v™°), we have

Ls (42, ¢2) =1+f [1—b|2+Y1—b|%db
[1-bl<1

— —m(2s—1) = oy g7® _ L(2s)
_I+Zq jilb_1|=q-mdb_1+(1 q )l_q_ZS L(28+1)

1

The cases of other ¢, and @,, and of ramified g, is similarly handled.

(2) The explicit form of the functional Ls discussed in (1) in the split case,
and in the proof of [FH], B17 (a), in the non-split case, is the local component
of the global integral 7 (g, s) @ of [F5], p. 156, I. 6. Our analysis here yields an
alternative —and more direct and natural—proof of the Lemma of [F5], p. 156.

Next we discuss the analogue of Proposition 28 for PU(3, E/F), where —
as there — E/F is a separable quadratic extension of local non-archimedean
fields, and g is a unitary character of E*. Note that the PU (3, E/F) -module

I(uk) is the endo-lift of the U(2, E/F)-module I, (zt), whose central character

is £7!, namely uk=1 on E'={a €E*; aa=1}. Hence we need to show that

I(y) is cyclic precisely when glE =1.

29. Proposition. (a) The representation 1s=1(uv*) of G=PU(3, E/F)
is cyclic precisely when u|E*=1. (b) The (“special”) subrepresentation sp(y) of
I(uy), p: EX/F*—€*, is not cyclic.

Proof. (a) Recall that C is the centralizer of 7o=diag (1, —1, 1). The
centralizer C; of 71=¢4'749o is 95'C9o. The space of Is consists of the smooth
¢: G—% with

a *
¢ 1 9 |Fr@lasele) @EE*, 9€G6).
0 a!
Define a C,-invariant form Ls on Is by Ls(@) = [sncac,@ (h)dh. Here B=AN is
the upper triangular subgroup of G, A the diagonal subgroup, N the unipotent
upper triangular, and BN C; consists of diag(a, b, a) with a, b in E*. Hence L
is zero unless ,u|E‘= 1. Using the Bruhat decomposition on G it is easy to see

that '
C:1=(C:NB) U (C;NNAIN)=(C;NK) U (C;NNAIN—KNCy),

0 1
where K =G N PGL (3, Rg) and I = -1 . Moreover C; N NAIN
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consists of

e 0\/1 z y/2\/ W D/2 0 \/0 1\/1 z y/2
1 01 & 1 —1 01 &
0o ¢/\Voo 1 0 —2_/\1 0/\o o 1
y—1
. € 0\/y =« 1/2
=F 1 2r 1ty x
0 e/\2 2y

where y=xxr+t€EE; e€E’, x €E, t +T=0. We use these two forms to conclude
that the indicated matrix lies in K if [y —1|=1 or |y|> 1 (and then
|y|>|x|) in the normalization of the right side. The matrix does not lie in K if
ly—1|<1.

Note that it suffices to work with an unramified E/F and g, since only the
tail of the sum matters for convergence. Take ¢=1—adjusting the value of s if
necessary —and let ¢ be the unit vector ¢ in L;. We normalize the measure
on BNC;\C; to assign BNC;\K N C; the volume 1. Then

— _ -2y -1 _1ls#1],, —1]=2
oo =, . golar+ =g [ ly—1y—1lpdzar
1

00

— 1+Zq—2m(3—1) (1 +q—1) q-z,n'

1

The last equality follows from the Lemma in the proof of [FH], B17 (a),
asserting that

=M ., m -1
j;lf+l—l|ESqu dgdt=q q (1+q ).

Hence Ls(¢o) = L (gt ° Ngsr, 2s)/L (¢ ° Nesex, 2s +1) where x is again the
quadratic character of F*/NE*. We conclude that Ls converges on R(s) >0,

and that L (u°Ngsr, 2s) "'Ls has analytic continuation to R (s) =0, with neither
zeroes nor poles. Hence I;=1 (uv®) is cyclic when p|E'=1, as asserted in (a)
(For R (s) <0 note that Is is cyclic iff its contragredient is). We show that it
is not cyclic when g|E"#1, together with (b).

(b) We proceed as in the proof of (b) and (c¢) of B17 in [FH]. By virtue of
Proposition 2 we have the disjoint decomposition G = BC U Bg,C. Hence any
C-invariant form on any subspace of I; is a linear combination of the
following two forms, lo and [;. Put Bc=BNC. Then [, is the average on Bc\C
of ¢, namely the integral of @(h)dh on Bc\C, while Iy is the integral of ¢ over
BN C;\Cy, namely it is Ls of the proof of (a) above. Denote by p an upper
triangular matrix with diagonal diag(a, 1, 1/@) . Then on C we have the
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measure decomposition dh = |a |z'dpdk, and ¢ (pk) = pla)la |§ ¢ (k). Hence
@ (h)dh=p(a) |al$@ (k) dpdk is left B-invariant precisely when £=1 and s =0.
On the other hand as noted in (a) above, Ls vanishes unless =1 on E'. This
completes the proof of (the opposite direction of) (a).

To prove (b), we take s=1, then [y is 0, and we need to show that L; is
also zero on the sub sp(u) of our I(zy), whose length is two. Note that sp(u)
consists of the ¢ in [I(uv) which are orthogonal to the unique,
one-dimensional, quotient g of I(uy). Namely sp(y) consists of the ¢ with

Joe £71(@) @ (9)dg = 0. Since the volume of B¢\C with respect to dg is zero,
and g is trivial on E°, and hence on G, the last integral is no other than the
integral which defines L;. We conclude that Ls is zero on sp(¢), and so sp(u)
is not cyclic, as required.

Remark. It is easy to see that m is cyclic if and only if its
contragredient 7 is. Hence it suffices to show that I is cyclic only for R (s) >
0.

In the split case we complement Proposition 25 with the following.

30. Proposition. For any principal series PGL (2, F) -module p, the
normalizedly induced PGL (3, F) -module 1(1 X p) is cyclic if it is irreducible.

Remark. This is proven—using[BZ] —in Proposition 0.1 of [F7]. The
explicit proof below shows that the invariant linear form is non-zero at the
K-fixed vector.

Proof. We need to show that the representation Is=1(uv*, 1, g7 'v™°) of
PGL (3, F) is cyclic. As remarked prior to the statement of the proposition, we
may assume that s =0, and that g is a unitary character of F*. The shape of a
non-zero GL(2, F)-invariant form on Is is suggested by the double coset
decomposition B\G/H® of [F7], Proposition 13. Here B is the standard Borel
subgroup of G =PGL (3, F), and H° (=GL (2, F)) is the group of (a;;) in G
with a;;=0 when i+j is odd. Put

100 100
e=[0 10, »=10 01
101 010

The required linear form on I; will be given by integration on B\ BerH°
namely on er - {diag (a, a, b)} \H®. We may as well use at once the Iwasawa
decomposition H®=N°A°K®, and the measure decomposition dh = |a/b| 'd*adxdk if
h=mna’k, k in the standard maximal compact subgroup K° of H° n is the upper
triangular unipotent matrix in H® whose (1, 3) entry is x, and a’ denotes the
diagonal matrix with entries (a, 1, b).

Recall that I consists of the smooth ¢ : G—% with
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¢ 1 g9 |=ua/b)la/bl* e (g).
0 b

Write ¢’ (g) = Sxo(gk)dk. Then an H°-invariant linear form Ls on I is given
by mapping ¢ to its integral (against dk) on er * {diag(a, a, b) } \H®, thus

a x 100
Ls((p)=ff(p’ er 1 |a|‘1d"ad:c=ffu(a) lalfe’ {10 1 0 )]|d*adz.
0 1 a x 1

We shall show that Ls(¢) converges for s> 0, where it is not identically
zero. We cut the domain of integration of a €EF*, x €F, into 4 subdomains. In
each case it will be clear that the integral is absolutely convergent, and that
the question of convergence is equivalent to that where ¢ is unramified (when
u is ramified, the first few terms in our sums will vanish, but the convergence
of course depends only on the end of the sum). So we assume that #=1, and
that s € €. For the same reasons we assume that g0|K= 1. In any case, the
subdomains are as follows.

(1) lal<1, |x|<1, where the integral is= [u<ila]d*a= 2 (g7%)”, and this is
n=0

convergent to (1—¢~*) "'=L (s) when Re(s) >0.
(2) la|>1, |a| =]x|, where

1 0 00
N 1 01 0|K
a 1 xr 1

1/a 0\/1 —1\/1 1/a\/1 0 0 1/a 0

0 a/\1 0 0 1 /\0 x 1 0 a

the integral is

[ ([, dx)lallal %= [ |10,
lal>1\J lrl<ldl lal>1

which converges to g7 (1—¢7'7%) '=¢ 'L (s+1) when Re(s) >—1.
(3) |x|>1>al, where the integral is the product of [.<ilal’d*a=L (s) and

Sizisile| = dx= (1—¢7')¢q~°L (s), both integrals converge on Re (s) >0.
(4) |x|>al>1, where
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00 1 0

NlO 10 1 K
0 x 1/\a 1

1 0 10 0 10 O 1 0
=N 1/x 00 —-1)01 1/x 1 K

0 x 01 0 00 1 a 1

1 0 100 1/a 0
=N 1/x 1 0 K=N a/x K

0 x 01 0 x

Hence the integral is

ff la|*|ax|~*"'dxd*a= f|a|_s'ld"a- f|r|"s"1dx,

1<]al el lal>1 lrl21

the last two factors converge on Re(s) >0, as noted in (2) and (3). It then

follows that Ls(¢) converges absolutely to a rational function in ¢™* on
Re(s) > 0, it is not identically zero, and its denominator is of the form
L(s)?L(2s) . The H°-invariant functional can be defined then on Re(s) =0 as

the value of L (2s) 'L (s) 2Ls, and the definition on Re (s) <0 can be given by
analytic continuation, or by noting that m is cyclic precisely when its

contragredient is, and that the contragredient of I (v®, 1, #~'v™°), where it is
irreducible, is I (g~ 'v™%, 1, pv°).

Remark.  The PGL (n, F) -module I;=1 (gv*, 1, £~ 'v™°) normalizedly
induced from the indicated character of the parabolic subgroup of type
(1, n—2, 1), consists of the smooth ¢ : PGL (n, F)—% with

% %k
k g |=
b

(n=D(s+1)/2 (4
u(;)qo(g) (a, bEF*, hREGL(n—2,F)).

< |9

a
el 0
0

h
0
Put H= K )GPGL n, F): hEGLn—1, F)]. Then I can be shown to be

H-cyclic by studying the linear form Ls on I, defined by integrating @dh over
a 0

€ h (a€EF*, hEGL(n—2, F) {\H,

0 a

100

where e={ 0 I 0 |. Put ¢’ (9) = [y, @ (gk)dk. Then
101
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a x 0

L$(<p)=ffgo’ el0 I 0 )|d*adx
0 01

100
:ffﬂ(a)lal(n-l)(s+l)/2(p' 0710 dxad.r,
a x 1

where a €F* and x ranges over the (n—2) rows over F. It can be shown that

this integral is absolutely convergent to a non-zero rational function in ¢”° on
Re(s) >0 (when g is unitary).

9. Appendix. Multiplicity one theorems
The following are special cases of unpublished Theorems of J. Bernstein.

a 0
Let F be a local field, G=G,=GL n, F), C= [(O 1); aEGn_I].

Theorem (J. Bernstein) . Let (m, V) be any admissible irreducible
representation of G. Then dimg [Home¢ (Y, €)] <1.

Proof. Given an I-space ([BZ]) X, put S*(X) for the space of

distributions on X, namely the space of linear maps from S (X) =C7(X) to €.
If a group J acts on X, denote by S*(X)’ the space of EES*(X) fixed by J. Let
T be a finite group which acts on J and on X, let € be a character of T,

extended to the semi-direct product /X T trivially on J. Put S*(X)/*T* for the
E€S*(X)’ on which T acts via .

We shall repeatedly use below three tools from Bernstein [B]. The first
asserts that if Z is a closed subset of X, and U is its (open) complement, then
the sequence 0 —S* (Z)—S* (X)—S* (U)—0 is exact ([BZ], §1;[B], p. 57),
and so is 0—=S*(Z2) /= S* (X) />S*(U)’, when J maps Z to Z and U to U
(same conclusion when J is replaced by {/X T, €}).

The second is the Localization Principle ([B], p. 58). Let g: X—VY be a
continuous map of [-spaces. Then S (X) and hence S*(X) are naturally S(Y)
-modules. Put X, =¢7! (y) for the fiber of y € Y. Identify S* (X,) with the
subspace S%, (X) of S*(X) of distributions supported on X,. Let W be a closed
S (Y) -submodule of S*(X). Then the closure of the span of the union of the
subspaces W,=WNS*(X,) (yEY), is equal to W.

The third is Frobenius Reciprocity ([B], p. 60). Suppose an !-group J
acts on an [-space X, and p: X—Z is a continuous J-equivariant map, where Z
is a homogeneous J-space. Fix 20€ Z. Put Xo=p"'(20) in X, and H=Stab; (z,)
in J. Then for any g€ S*(Z)’ there is a cononical isomorphism from S$* (X,)#
to S*(X)’, explicitly given in[B], p. 60.

We now return to the notations of the theorem. By a criterion of
Gelfand-Kazhdan [GK] (cf. [P1], Lemma 4.2 ;[F5], p. 163), it suffices to show
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that S*(G) ©*¢=8*(G) ¢*¢*T, where C X C acts on G by (9, h)x=gxh™!, and T
is the group generated by an involution ¢t of G which preserves C (thus t*=1,
tlxy) = ty)t(x), t(C) = C). Alternatively, it suffices to show that
S*(G) €*¢*T¢ = {0}, where € (t) = — 1. The support suppE of E € S*(G) is
closed in G © X = X, = space of n X n matrices over F. Replacing E by its
product with the characteristic function of suppE in X, it can be viewed as an
element of S* (X). We will show that S* (X) ¢*¢*T¢ = {0} , where t(x) =
transpose of r €X,

a b
Put k=n—1. For 0<r<k, put X"={<L d)GX; a € Xy, rk (@) =7, bE Myx,

¢ € Mixr, d EF}. Here M,x, signifies the space of u X v matrices over F. The
theorem would follow (using the first tool), once we show, for each 7, the
vanishing of S*(X'7)€*¢*T¢ Fix d, € F*. By the Localization Principle, it
suffices to show this with X'” replaced by its subset X” defined by d =d,. This
we proceed to show.

Consider the C X C-eqivariant map p: X' 2Z2"={a € X); rk (@) =7}. The
group C X C acts transitively on Z” by (g, h) a = gah™'. Denote by I, the

00
identity » X7 matrix. The stabilizer of (0 I )EZ, in CXC contains C'=Gj—, X
7

G, embedded diagonally as (diag(A4, D), diag(4, D)) (A €G,-,, DEG,). By
Frobenius Reciprocity, it suffices to show that S*({(b, ¢)}) €"*T*¢ is zero. Here

b
C" acts by g(b, c) = (gb, cg™"), and t (b, c) = (t(c), t(b)). Write b= (;) and ¢c=

2

(c1, c2), where by, by are columns over F of lengths k—7, 7, while ¢y, ¢, are rows
of lengths k—7, r. For any u, v in F, put Y,,={(b, ¢); c1by=u, c2b,=v}. By the
Localization Principle, it suffices to show that S*(Y,,) ¢ *T¢ is zero for all u,
v. This we do next.

The group C’ acts transitively on Y,, when uv #0. Put h=diag(l, -, 1, u, 1,
-+, 1, v), with u at the (k—7)th place, and t (b, ¢) = (bt (c), t (b)) h™"). Choose co
= (co1, co2), coi= (0, **+, 0, 1), and bo= ht (co) . By Frobenius reciprocity, the
space S* (Yuu) ©*T* is contained in S* ({(bo, co)}) T"¢; T  is the group
generated by t’. This last space is zero since t' (bo, co) = (bo, co). Hence
S*(Yuw) ©*T¢=0 when uv %0. To study the case where x =0, v*0, put ¥,=
{(b, ¢); c2b2=v}. Then S*(Y,) €Tt =S*(Y,) ©*T=. Introduce an action of 1€
F* on Yo, by 2(b, ¢) = ((2:1

2

defined by {b;#0, c;#0},{b:#0, c;=0}, {b6:=0, c1# 0}, {b=0, c;=0}.
Each is preserved under the action of A € F*. Hence A € F* acts on
S*(You) € *T* with eigenvalues 1.

Fix an additive non trivial complex valued character ¢ of F, and define
the partial Fourier transform &, on S*(Y,) by $.E=EJ,, where

), (Aey, ¢2) ) There are four C'-orbits in Yo,
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Fus,0)=[]. f((f) (r, cZ>)¢<nbl+clﬁl>dﬁldrl.

It is an automorphism of S*(Y,)¢*T¢ and A € F* acts on $E with
eigenvalues |A]72*~". Indeed,

- FEG) =ZEQY) =EGFQY)=12"2"EQF)),

since

2
&7 (b, ¢) =fff<< fl) (A, Cz))(b (rib1+ciB1)dBid 1
:|l|_2(""’€%1f((x:bl>, (A1, Cz)>=|2|’z“‘")l - Fifb, o).

In summary, A €F* acts on EES*(Y,,) ¢ *T* with eigenvalues 1. On the
other hand, E can be viewed as an element of S* (Y,) ¢ *T* of the form F.E;,
where E,€S5* (Y,) ¢ *T¢=S* (Y,,) ©*T¢. Hence A €EF* acts on E=§,E, with
eigenvalues| A | 72", Taking A with| A |# 1, we conclude that E =0, hence

that S* (Yo,) €7 is zero. The proof of S* (Yo.) ©*T¢=0 for u#0 is carried
out analogously, on introducing the partial Fourier transform & on{ (b2, c2)}.

The proof that S* (Vo) ©*7=0 can be carried out now in the same way, on
using the Fourier transform §=§ &2 This completes the proof of the theorem.

From now on, E/F will signify a quadratic extension of local fields, and x

0 0 1
—x the action of Gal(E/F). Put 7=(0 —1 0
1 0 O

Proposition. The statement of the theorem holds with G=U (2, 1; E/F)
={gEGL3,E); T'T'T =g}, the quasi-split unitary group in 3 variables over F
which splits over E, and with C the U (1, 1; E/F) ~factor (defined by as»=1, aij=
0 for odd i+j) in the centralizer of diag(1,—1, 1) in G.

Proof. By the criterion of [GK] mentioned above, it suffices to show
that each double C coset in G is fixed by the transpose t. We use the Bruhat
decomposition, G =B U BIN, where B is the upper triangular subgroup of G,

1 x xx/2
and N is its unipotent subgroup. Write N={(x)=|0 1 & |;x€E}, and
' 00 1

note that G=CN'IN'C. As T €C, G is the union over x, y in E of X (x, y) =
C'n (y)n (x) C. For any a €E*, we have X (x, y) =X (ax, y/a). Also ‘X (x, y) =
X(y, x), and X (x, 0) =X (0, —x). If xy # 0, then for a = x/y we have
X (x,y) =Xy, x) =X (ay, x/a) =X (x, y) . Of course ‘X (0, 0) =X (0, 0), and
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X (x, 0)=Xx(0,x)=X(—x, 0)=X((—x/x)x, 0) =X (x, 0), as required.

Proposition 11 of [F5], p. 163, shows that the assertion of the theorem
holds for G=GL (n, E), C=GL (n, F), E/F is as usual a quadratic extension of
local fields. For such E/F, fix 8€ F—Ng,rE. The quaternion algebra D over F

can be presented as the algebra of the matrices <a b6

b a

Remark 1. The assertion of the theorem holds with G=GL (2, E) and
C=multiplicative group of D.

>; a, bEE.

Indeed, G = BC = CBC, where B is the upper triangular subgroup of G.

. ) 1 0\' /1 0O o
The involution t(g9) = 0 8 tg 0 8 preserves C. By the criterion of [GK]

it suffices to show, for any u, v, w € E* (the case of v =0 is trivial) the
existence of a, bEE with aa#bb0 such that

()G )= )G 7)
F a/\0 w v/0 w/\b al’
The solution is given by a= (ub—wb) 6/v.

Remark 2. The aésertion of the theorem holds for the groups
G=U(2, 1; E/F) and the anisotropic C=Cs=U (1) X U(2) of Proposition 1 of
[F9]below (#EF—Ng/rE, E/F=quadratic extension of local fields).

Indeed, Proposition 1 of [F9] asserts that G =BCs (= CsBCp) . Consider the
set X =Cy4BCy, where Cy is the group of the matrices & which are displayed in
Corollary 1 of [F9] (but we no longer require (1) and (2) there). It suffices to

check that the criterion of [GK]applies with the involution t(x) =d Yxd, where
d=diag (26, 1, 1/26) . Given x, zEE*, w €EE with u +#=xx, it can be checked
that a= (b—5z)/ (2072) and c= (bu+buz)z/ (x (1—2z)) (or b= (cx—¢ x2) /uz
when zz=1) satisfy

z zxr zu a b/20 /26

01 « b atc b/26

0 0 1/z/\26c b a
a b/20 ¢/26 z 0 0

=| b atc b/20 20xz 1 0
20c b a 460%uz 20r 1/z

If x=0, take b=0 and a=c(1—22)/ (26uzz).
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