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A bifurcation phenomenon
for the periodic solutions
of a semilinear dissipative wave equation

By

Yukie KOMATSU

1. Introduction and main result

In this paper, we consider the time periodic solutions of a following semi-
linear dissipative wave equation

(L.1) Upt — gy + pug + 1 = ft,x), t,xzeR,
with periodic boundary condition
(1.2) u(t,z) =u(t,x+ L), t,x€R.

Here ¢ and p are positive constants and f(¢, x) is a given external force, which
is T-periodic in t. It is known that for any periodic external force, there ex-
ists at least one T-periodic solution of (1.1) with (1.2). Moreover, if f(t,z)
is suitably small, then any time periodic solution of (1.1) with (1.2) is unique
and asymptotically stable. It was basically proved by P. H. Rabinowitz [7],
[8]. However, in the case of relatively large external force, the numerical com-
putations suggest not only the non-uniqueness of T-periodic solution, but also
the existence of 2T -periodic solution. In order to investigate these phenomena,
we give one-parameter family of external force {fr}a>0, where fo = 0, and
consider the structure of periodic solution in the product space A x u. Here, A
is a positive parameter which somewhat represents the magnitude of external
force. Then, as A increase from 0, various bifurcation phenomena are observed
by numerical computations. In particular, we can observe the period-doubling
bifurcations which are known as very important phenomena along the route
toward a so called “Chaos”. However, for the nonlinear dissipative wave equa-
tion (1.1), there has been no rigorous proof on the existence of these bifurcation
phenomena.

In order to attack this basic problem, we take the following strategy. At
first, we construct a specific one parameter family of functions {uy}x>o. Next,
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we give the one parameter family of external forces {fx(¢)}r>o so that {uy}
become the exact solution of (1.1). It means that we insert the “probe” {uy}
from the origin in the product space. In this paper, we deal with more specific
case and consider the structure of solution around the “probe”.

Let’s define {ux(t)}aso and {fr(¢)}r>0 as follows

13 ux(t) ;= AU(t), U(t): given T-periodic smooth function,

B9 L A0 = o)+ )+ o0
Here we note that if the solution of (1.1) is uniform with respect to z, the
solution satisfies the ordinary differential equation so called Duffing equation.
For Duffing equation, we investigated the bifurcation phenomena by the same
strategy [4], [5], and succeeded in showing the existence of bifurcation points.
In particular, for some {f)}x>0, we proved the existence of countably many
period-doubling bifurcation points. Since the solution of Duffing equation is
also the solution of (1.1), we see that the bifurcation points of Duffing equation
also become the bifurcation points of (1.1). Therefore we do focus our attention
on the existence of spatially non-homogeneous bifurcation.

Now, we show the numerical results computed for the case ¢ = u = 1,
L =27, and U(t) = sin 27t+0.5, by the second order central difference scheme,
putting a suitable initial data. (See Figs. 1 through 4, details in Section 6) These
numerical results indicate that when A = 1 (Figs. 1 and 2), the trivial vibration
u(t) is asymptotically stable, but when A = 1.5 (Figs. 3 and 4), the 27-periodic
solution (which is L/2-periodic for =) appears. The aim of this paper is giving
a rigorous proof on the existence of a period-doubling bifurcation phenomenon
from the time periodic vibration uy(t). In order to describe main result, we
prepare notations. For positive constants T’ and L, H,..((0, T)% (0, L)) denotes
the Banach space:

(1.4) N N B B
Hyep ((0,T) x (0, L)) = {u;u(0,) = u(T’,-),u(-,0) = u(-, L), |ullmy,, < oo},

with the norm
T L
(1.5) ullZn :/ / (uf2 + [ug|? + [ 2t
per o Jo

Main result of this paper is the following.

Theorem 1.1.  Suppose that the specific function and coefficients of
(1.1) are given by

(1.6) ux(t) = A(sin 27t + 0.5), =1, — =1

Then there exists a period-doubling bifurcation point A\g = 1.45--- such that
(1) ux(t) is asymptotically stable for any A(0 < XA < o),
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(2)  There is a neighborhood V' of (Mo, u,) in RT x HJ.((0,2T) x (0, L)),
and an interval (—9,8) such that the solution of (1.1) with (1.2) in V is given
by
(1.7)

{vun(®) = (A un) € VIU{(A(e), un(t) + Ae)(ev(t, z) + e(e)) : |e] < 0)}

where v is belonging to H),,.((0,2T) x (0,L/2)) and T-anti periodic, X and v
are continuous functions X : (—6,0) — R, ¢ : (—0,0) — H,,.((0,2T) % (0, L/2))
which satisfy that A(0) = Ao, (0) = 0.

In the next section, we show the existence of periodic solution of (1.1)
with (1.2), applying Leray-Schauder’s fixed point Theorem. In Section 3, we
reformulate the problem in order to apply Crandall-Rabinowitz’s Theorem [2]
on bifurcation theory. In this process, the eigenvalue problem of linearized
equation plays an essential role. To study it, we expand the solution by Fourier
series in the space valuable. Because we consider the problem around wy ()
which is uniform with respect to the space valuable, we can reduce to a linear
system of ordinary differential equations. Since all of these equations have the
same form of linearized Duffing equation, we can make use of the idea employed
in the study of Duffing equation [4], [5]. Then we see the fundamental solutions
of the corresponding Hill’s equation are crucial, and we give a criterion of the
existence of bifurcation points in Section 4. In Section 5, to check this criterion,
we make a computer assisted proof by using softwares of the interval arithmetics
made by Prof. H. Yosihara. Finally, we show the results of the numerical
computations in Section 6.

2. Existence of the periodic solution

In this section, we show the existence of a T-periodic solution of (1.1)
with periodic boundary condition (1.2) for any external force f with period T,
applying Leray-Schauder’s fixed point Theorem. In order to do it, we reduce
(1.1) to an integral equation. Let’s define the operator £7' : L2  ((0,T) x
(0,L)) — H,.((0,T) x (0, L)) by

per
(2.1) g tig—u,
where u € H',.((0,T) x (0,L)) is a solution of the equation

per
(2.2) Upp — gy + pty +u = g.
Then £7! is well defined and a compact operator L2,.((0,7) x (0,L)) —

per

L2, ((0,T) x (0,L)) (p > 2). In fact, we expand g and u by Fourier series

per
as

g(t,z) = Z ng)neiQsz/LeiQﬂm&/T7
(2.3) s | |
'u,(t’ ;13) = Z Z Um)nelQﬂmm/L(ilQﬂnt/T.

m n
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Then it satisfies

- ZZ{{ (27m>2+02(27;m)2+i27;un+1}um’n_gm’n}

zQﬂ'mx/LezZTrnt/T = 0.

X e
Since it holds

|gm,n|?
(_(2;7;) +62(2wm) +1) _’_(27\-;71)27

we have that if g belongs to L2_,.((0,7) x (0, L)), then u belongs to H.,.((0,T) x

(0,L)). From the embedding relation H},.((0,T) x (0,L)) — LE_.((0,T) x

(0,L)) (p > 2), we can see that £ is a compact operator L2.,.((0,T) x (0, L))
— Lb..((0,7) x (0,L)) (p > 2). Here we note that (1.1) is rewritten by

(2.6) w= £ u—u?+ f),

where £ (u—u?+ f) is a compact operator in LS_.((0,T) x (0, L)). Therefore,
in order to apply Leray-Schauder’s fixed point Theorem, we only have to show
that for any e € [0, 1], there exists M such that any solution of the equation

(2.5) \um,n|2 =

(2.7) u=eL  u—u®+ f)
satisfies
(2.8) lulzs,, < M,

where M is a positive constant independent of e. Note that (2.7) is rewritten
by

(2.9) Upy — gy + puty + (I1—eu-+ eu =ef.

Since we can easily have the following estimates from (2.9)

T L T oL
(2.10) / / puidrdt < / / fAdxdt
0 o Jo

an
2,3 4 Tt o3e 4/3
(2.11) Aul 4 (1—eu +Zeu dxdt < Z|f| + uidxdt,
o Jo

we see Hu||H;CT < M, where

(2.12)

T L
M =max (/ / 4f2+§|f|4/3dxdt,
o Jo
ot T oL 1/2
3 ) 8 ,
/ / 2f2+§|f|4/3dxdt+\/TL </ / 3f2+2|f|4/3dxdt>
o Jo o Jo
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Using the fact [[ul[zs, < Cllullm;,, . we have the estimates corresponding to
(2.8). Thus we can show the existence of periodic solution of (1.1) with (1.2).

3. Reformulation of the problem

We first note that any periodic solution of (1.1) should have the period

T = mT for an m € N. Hence, for any fixed m € N, we look for the periodic
solution of (1.1) in the form:

(3.1) u(t, ) = ux(t, ) + M(t, x),

where v(t, z) is a T-periodic in t. Then v(¢, z) must satisfy the periodic problem

1
Vgt — gy + pivg + A <U2v +Uv? + —113) =0,
(3.2) 3

v(t+T,z) =v(t,z), tzeR,

where we set A = 3\2. To study the bifurcation problem to (3.2) around
the trivial solution v = 0, we make use of a following bifurcation Theorem in
Crandall-Rabinowitz [2].

Theorem 3.1 (Crandall and Rabinowitz).  Let X, Y be Banach spaces,
V' a neighborhood of 0 in X and

F:(0,0)xV =Y

have the properties for a Ag > 0

(a) F(A,0)=0 for A € (0,00),

(b)  The partial derivatives F, F, and Fa, exist and are continuous,

(¢c) N(Fy(Ao,0)) and Y/R(F;(Ao,0)) are one dimensional,

(d)  Faz(Ag,0)xo € R(F.(Ao,0)), for a non trivial xog € N(F,(Ag,0)).
Let Z be any complement of N(Fy(Ao,0)) in X. Then there is a neighborhood U
of (Ao, 0) in Rx X, an interval (—9,0), and continuous functions ¢ : (—9,6) —
R, v : (—6,0) — Z such that ¢(0) = Aoy, ¥(0) =0 and

(3.3) FH0)NU = {(p(e), exo + ep(e)) : |e] < 5} U{(A,0) : (A,0) € U}.

That is, (p(€), exo + ep(€)) is the solution of the equation F(A,v) =0, and the
solution v = exg + e(€) bifurcates from trivial solution v =0 at A = Ag.

Similar to the previous section, we define the operator £ : Lz..((0, T) x
(0,1)) = Hyer((0,7) x (0, L)) by

(3.4) £ lig—u,

where u € HY, ((0,T) x (0, L)) is a unique solution of the equation

per

(3.5) Ut — CUpy + ity +u = g.
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Using this operator, (3.2) is rewritten by

~ 1
(3.6) U:S_lcw—A<U%+Im2+§ﬁ)>,

where A = 3)\%. Let’s define the operator F : (0, 00) x ngr((O,Tv) x (0,L)) —
Hy, ((0,T) x (0, 1)) by

per
~ 1
(3.7) F(Av)=v—g7! (v—A(UQU—FUUQ—FgUg)).

Then we have next lemma.

Lemma 3.2.  In the problem (3.7), the hypotheses (a)—(d) of Theorem
3.1 reduce the following three conditions.

(i) A = Ay is a positive eigenvalue of the following linearized eigenvalue
problem of (3.2) at v =0:

Vit — gy + py + AU%v =0,
(3.8) v(t,x + L) = v(t,x),
v(t+T,z) =v(t,z).

(ii) The eigenspace of (3.8) is one dimensional.

(iii)

L T
(3.9 /0/Ovo(t,x)vg(t,x)UQ(t)dtdx7£O,

where vo(t,x) is an eigenfunction of (3.8) with A = Ao and v{(t,x) is a non-
trivial solution of the adjoint problem to (3.8) with A = Ay

Vgt — CP Vg — vy + AU = 0,
(3.10) v(t,z+ L) =v(t, ),
v(t+T,z) = v(t,z).

Proof. 1t’s clear that F'(A,0) =0 for any A € (0,00). Moreover, F,(A,0),
Fay(A,0) are given by
(3.11) Fy(A,0)w =w— £ (w— AU?w),
(3.12) Fro(A, 0)w = —£7H(=Uw).

Therefore, we have N(F,(Ao,0)) coincides with the eigenspace of (3.8) with
A = Ay. Since it holds from the Fredholm’s alternative Theorem that

codim(R(Fy (Ao, 0))) = dim(N (F;7 (Ao, 0)) = dim(N(F, (Ao, 0))),
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we see that the condition (c¢) in Theorem 3.1 reduces to the condition (ii).
Finally, we consider the condition (d). If Fj,(Ag,0)vy € R(F,(Ao,0)), then
there exists w such that

Wit — CWay 4+ pwy + AoU?w = Uy,

which implies fOL fOT vo(t, ®)v (t, 2)U?(t)dtdxr = 0. Therefore the condition (d)
reduces to the condition (iii). Thus the proof is completed. O

The condition (iii) means that the eigenvalue A = Ag is simple. Since our
problem here is not self-adjoint, its condition is not trivial at all.

4. Eigenvalue problem of the linearized equation
In this section, we investigate the eigenvalue problem (3.8) in details. We
expand the solution by Fourier series as

oo

w(t,x) = Z wn(zf)emiw7

n=-—oo
then w, (t) satisfies

(4.1)

) 2
w! (t) + pw, (t) + ( ”L”C> wa(t) + AU2(t)wn(t) =0, forn=0,1,2,....

We set w, (t) = e~ #*/2y, (t), then (4.1) becomes

2 mnc 2
(4.2 y:;<t>+(—%+(2 ) +AU2<t>> yalt) =0

which is a type of so called Hill’s equation. The equation (4.2) also has the
matrix form

(4.3) (5:)1 = (HT _ (%?5 — AU2(t), (1)> (Z) '

To consider the original problem (3.8), we may seck the solution of (4.2) in
the form e#t/2§(t), where 7 is periodic of period T = mT. Let ®,(A,t) be a
fundamental matrix for (4.3),

¢1(A,n,t) d)g(A,n,t)
(44) ‘I’”(Avt):(w,n,w ¢5<A,n,t>)

where {¢;(A,n,t)}?_, are given by the solutions of initial value problem to
(4.2) with initial data ®,,(A,0) = E. By the Floquet’s Theory, we can see that
the equation (4.1) has an mT-periodic solution if and only if ®,(A,T) has a
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characteristic root e#T/2w,,, where w,, is a primitive m-th root of 1. Note that
det @,,(A,t) = 1 for t > 0, because the trace of the coefficient matrix of (4.3)
is zero. Then, the characteristic roots of ®,(A,T) are given by the roots of
characteristic equation

(4.5) o2 — A(A,n)o +1=0,

where A(A, n) is a trace of @, (A, T), that is, A(A,n) = ¢1(A,n,T) + ¢4(A, n,
T). Therefore, we can divide the characteristic roots {o;} into the following
three types:

|oiliz12 <1 it |A(A,n)| <2,
(4.6) o1 = WNT 5y = e72(A)T if A(A,n) > 2,
oy = —eFANT o —sAWT i A(An) < —2.

Here z(A,n) is explicitly given by the formula for |A(A,n)| > 2

1 A(A 1 Al 4+ /I]A]Z -4
(4.7) z(A,n) = T cosh™ % =7 log %

We also define z(A,n) = 0 for |[A(A,n)| < 2. Then, z(A,n) coincides with so
called “Lyapunov exponent” of the solution of (4.1). By these consideration
above, we have next lemma.

Lemma 4.1.  For the linearized equation (3.8), it holds the followings.
(i) mT(m > 3)-periodic solution does not exist.
(il) T-periodic solution exists at A = Ao if and only if there exists ng
such that A(Ag,ng) = etT/2 4 e=nT/2,
(iil) 2T -periodic solution exists at A = Ao if and only if there exists ng
such that A(Ag,ng) = —(e*T/2 + e=#T/2). This 2T -periodic solution is T-anti-
periodic solution, i.e. u(t,x) = —u(t+T,x) for t,z € R.

Now, we further investigate the properties of A(A,n) and z(A,n). Define
Y={AeRr |AN) <2},

and let K be a operator in L% (R) defined by

1 d? w2 2mnc )\’
K‘W(‘EJ’(Z_( L ) :

where L7, denotes the weighted L?-space defined by

() =m0 [ 06U e)ds < oo}

Then, we can see that K is a self-adjoint operator in L%,Q, the spectrum of K
coincides with X, and the resolvent set coincides with R\ X. In particular, if
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A ¢ 3, by the above argument on @, (T) and A(A), there are two independent
solution of (4.2) wi(t) (t € R) such that w}(t) (resp. wy (t)) decays at the
rate e=*®* (resp. e*M!) as t — +oo (resp. t — —oc), and *(wi(0), wi (0))
is an eigenvector of @4 (7). Then, the solution of

(4.8) (K—=ADg=f in L.

which is equivalent to

(4.9) —%+ <“£— <27TLnC>2—AU2>g:U2f
is concretely constructed by the Green function in the form
(110) 1) = | Gatt. U (5) ()

where

wi (wy (s).

GA(tas) = GA(S7t) = [U}+ U)_] ;o t=>s,
A A

and [w},w}] is the Wronskian.
In [5], the Lyapunov exponent z(A,n) were investigated precisely. In our
case, the same property holds.

Lemma 4.2. For A ¢ X, dz/dA can be represented in the form

dz 1 [T 9
(4.11) A= —?/0 Ga(r, 7)U(7)dr.

According to the expansion theory by generalized eigen-functions estab-
lished by Weyl, Stone, Titschmarsh and Kodaira, Ga(s,t) has the following
representation;

(4.12) Gals,t) = /E Elgi,jg@(séf_)(lj\j(ta§)Uij(df)7

where {0;;} is a matrix valued Stieltjes measure which is nonnegative definite.
From 4.2 and (4.12), we have following two lemmas.

Lemma 4.3.

d?z o(d

for A €%, that is, z(A,n) is a convex function on R\ X.

Lemma 4.4.  For any eigenvalues A = Ay of (4.1) with n = nyg, it holds
that

dz

dA

where Wy, is a solution of (4.1) withn = ng and wy,  is a solution of the adjoint
equation of (4.1) with n = ny.

(4.14) (Ag,no) # 0 <= /0 W, (H)w) (LU (t)dt # 0,
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By these lemmas, we have the following Theorem.

Theorem 4.5.  (I) Suppose that there exists (Ao, no) satisfying the next
conditions:
(1) A(Ag,ng) = etT/2 4 e #T/12 (resp. — (eFT/? 4 e=+T/2)),
(i) A(Ao,n) £ £(eFT/2 + eHT/2) for n £ ny,
(i) (dA/dA)(Ag,ng) # 0.
Then T-periodic (resp. 2T -periodic) solution bifurcates at A = Ag. Moreover,
there is a neighborhood V of (Ag,0) in R* x H: ((0,T) x (0,L)), and an

per

interval (—9,09) such that the solution of (3.2) in V is given by
(4.15) {(A,0): (A, 0) € VIU{(A(e), evo(t, z) + e(e)) : |e| < 8}.

Here A E{”d ¥ are continuous functions A (=6,8) — R, ¥ : (=5,0) —
H.,, ((0,T) x (0, L) which satisfy that
(4.16) A0) = Ao, ¥(0) =0,

Furthermore, we have

(4.17) vo(t + T, x) = vo(t,x) (resp. —vo(t,x)),
. UO(tax+L/n0) :UO(tvm)'
(IT) If A = Ag is the smallest eigenvalue of (3.8), which satisfys the above

conditions (1)—(iil), then trivial solution alternates the asymptotic stability at
A=A

Proof. From Lemmas 4.1 and 4.4, if it holds the condition (i)—(iii), then all
hypotheses of Lemma 3.2 are satisfied. Therefore, if it holds the condition (i)-
(iil), T-periodic (resp. 2T-periodic) solution bifurcates at A = Ag. Considering
the problem in H;er((O,f) x (0, L/ng)) instead of H;er(((),f) x (0,L)), we get
(4.17). Moreover, we see that the sign of z(A, ng) — uT'/2 changes from negative
to positive at A = Ag, which implies that the stability of uy(t) alternates at

A=Ay U

Remark 1.  Concerning the function A : (=4,8) — R, where A(0) = Ay,
we have the following properties.

A t t, x)dtd
(418) Sign {d/\|€_0} — Sign fO fO 1)0 x)vo( SC) X
e fo fo U2 (t)vo(t, z)vg(t, x)dtdx

2\ a(t, t, x)dtd
(4'19) sign { d /2\|€ 0} = sign fo x Uo( x) X
de fo fo U2(t)vo(t, x)vg (t, z)dtdz

Here, we note that if A = Ay is a period-doubling bifurcation point, then
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(dA/de)|c—o = 0, because we have

L 2T
/ / U ()02 (t, )0 (¢, 2)dtde
0 0

L T
(4.20) = /O /0 U(t)vg(t, x)vg (t, z)dtdx

L T
+ / / Ut + T)i(t+ T, x)vg(t + T, x)dtd
o Jo
=0.
5. Proof of Main Theorem

In the previous section, we have a criterion of the existence of bifurcation
points, which is given by a trace of fundamental solution. In this section,
we show the existence of Ay which satisfies a criterion, analyzing a trace of
fundamental solution for a system of the following equations:

liiJ
(5.1) d— =A()®, @®(0)=1I,
dt
where
0 1
(5.2) A(t):( 2 e ! ), n=20,1,2,....
i (2me)2 AU(H), 0

To prove the existence of bifurcation point, we take the following steps.

(1) We decide the interval (0, \) and look for the bifurcation point in this
interval. This X is properly picked up by observation of rather rough numerical
computations.

(2) We determine ng € N depending on A such that if n > ng then the
equation (4.1) does not have nontrivial solution for A € (0, A). Then, we inves-
tigate the fundamental solutions of (5.1) only for 0 < n < ng.

(3) We decide the target interval [\, \2] C (0,)), and make a detailed
numerical computations of (5.1), in particular on the trace A(A,n), at A = A\
and A = Ag. Because we'll show in Lemma 5.2 that |[A(A\,n) — A(Ag,n)| <
CIA — Xo|, for any A, Ao € [A1,A2]. For numerical computations, we use the
following fourth order Taylor finite difference scheme

®pi = RMo, k=0,1,2,--- K
At)? At)3 At)*
(5'3) = Pp + AtA D + %kapk + %qu)k + %Dk@k,
Py =1,

where At = T/K, A, = A(kAt), B, = B(kAt),C, = C(kAt), Dy, = D(kAt),
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and
Bt = L0 4 pe)
o) = dzﬁi D20 A+ a0 ¢ o),
(5-4) BAE)  _d2A() dA(t)\? NZOp
D(t) = — 5= + 35> A(h) 3(7> + 3 A%(D)
+ 2A(t)wA(t) +A(t)2%it) +A(t)d;t12( ) + A%(t).

(4) We estimate the difference ||®(T) — ®x||, where ®x is a value of
fundamental solution by the numerical computation using the scheme (5.3).
The estimate will be given by Proposition 5.4, Lemmas 5.5 and 5.6. To do
that, we have to prepare some softwares which perform the interval arithmetics
for the computations. Here, we used softwares for computations of double
precision by the Sun Workstation, supported by Prof. Hideaki Yosihara.

Taking the step (1)—(4), we prove the existence of bifurcation point A\g €
(A1, A2). Moreover, in order to prove that )¢ is a first bifurcation point, we
need to add the following step.

(5) We show that A(X\,n) # £(e'/2 + e 1/2) for 0 < A < A, 0 < n < ny.

Proof of Main Theorem.

Preparation. At first, we determine \, ng, and the target interval as
follows.

(1) X =15,

(2) ng = 8 (see Fig. 5),

(3) Target interval is [1.4525,1.4550].
Next, we compute the fundamental solution using (5.3) with double precision.
The number of mesh-points is K = 1024, that is, At = 1/1024.

(4) We estimate the difference

(5.5) [|®(T) — ®x|| < 0.0000041,

from Proposition 5.4, Lemmas 5.5 and 5.6. The details are postponed until the
end of this section.

Verification.  Here, we verify the hypotheses of Theorem 4.5.
(I) (i) From the numerical computation and (5.5), we have

(5.6) A(X,2) > —2.2540897 + 0.0000082, A =1.4525,
(5.7) A(X,2) < —2.2571220 — 0.0000082, A = 1.4550.

From the fact 2.25525193 — 10710 < e!/2 4 ¢71/2 < 2.25525193 + 10~ 10, and
the Intermediate theorem, we can see that there exists an eigenvalue of the

linearized equation A\og(A\g € (1.4525,1.4550)) such that A(\g,2) = —(e!/? +
e 1/2),
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(I) (i) Computing the fundamental solution for n = 0,1,3,-- -8, we have

(5.8) sup IA(A, n)| < 2.006967 + 0.000021,
A€[1.4525,1.4550],n#£2

which implies that A(Ag,n) # +(e'/? +e~/2) for n # 2.
(I) (iii) Suppose that (dA/dA)(Xo,2) = 0. According to the convexity of

z(A,n) by Lemma 4.3, there exist A € (X, 1.4550) and A € (X, 1.4550) such
that A(X,2) =2 and A(}X,2) = —2. Then we have

(5.9)  max|A(\2) - AN2)| > 24 et/24e71/2 A= (A1 +A2)/2.
On the other hand, by Lemma 5.2 and (5.54),
(5.10) max|A(X,2) - AN 2)| < 1.

It contradicts (5.9). Therefore we have (dA/dA)(Xo,2) # 0.

Thus, we can obtain the existence of the period-doubling bifurcation point
Ao(Ao € (1.4525,1.4550)).

(IT) By Lemma 5.3, we see that A(\,n) # +(e'/2 + e~1/2) for any \ €
(0,0.068], n € N. And we have

(5.11) sup IA(A, n)| < 2.2540897 + 0.0000082,
A€[0.068,1.4525],n=2
(5.12) sup IA(A, n)| < 2.2481613 + 0.0000366,

A€E[0.068,1.4525],n£2

which imply that A(\,n) # +(e'/? + e71/2) for 0 < X\ < 1.4525, 0 < n < 8,
Therefore, Ag is the first bifurcation point.
Thus, we can verify all hypotheses of Theorem 4.5. O

From here, we show some lemma needed in the proof of main theorem.
First, we show the lemma used in step (2), which is important for reductions
to the problem of finite number of ordinary differential equations.

Lemma 5.1.  For any fized A, if it holds

VAL )
(5.13) n > yr sup |U'(t)],

then w, (t) =0 for 0 < A <A.

Proof. From (4.1), we have the equalities

T T
(5.14) / p(w))?dt = / AUU w2 dt,
0 0
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and
T 2 T
2

(5.15) / (%) w2 + AUl dt = / (w],)2dt.

0 0
Combining (5.14) and (5.15), we have

T 2 T

c2mn A

5.16 w2dt < —(sup |U'(t 2/ w2 dt.
s [ (FF) s powo? [
Therefore, if 2mn/L > VAsup, |U'(t)|/(21), then w,(t) = 0 for 0 < A <
A. O

From this lemma, we know the relation between n and A such that the
equation (4.1) does not have a non-trivial solution. Especially, in the case
p =1, 2r¢/L = 1, U(t) = sin2xt + 0.5, we obtain that if n > 3v/37/2
(8.162---) then w,(t) = 0 for 0 < A < 1.5. The following figure shows the
relation n and A.

A=0 A=15

n=0

AN

We see that (4.1) does not have a non-trivial solution in the area (B). Therefore,
we only have to consider the eigenvalue problem in the area (A). In order to
compute the fundamental solution of (5.1) in the area (A), we prepare the
following lemma relating the mesh size of A.

Figure 8

Lemma 5.2.  Let A(A,n) and A(Ag,n) be the trace of the fundamental
solutions for A(t,A,n) and A(t,Ag,n). Then we have

(517) |A(A,n) —A(Ao,’n)‘ SCJ‘A_AO|7

where C3 is a positive constant, depend on n.
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In fact, C is explicitly given by Lemma 5.6.
Now, we consider the case (A,n) = (0,0). In this case, the linearized
equation (4.1)

(5.18) wh +wl, =0

has nontrivial solution w,, = C, where C is a nonzero constant. Since A(0,0) =
e'T + e T we can’t use the computer aided proof for the neighborhood of
(A,n) = (0,0). As concerns the behavior for the neiborhood of A = 0, we have
following lemma.

Lemma 5.3.  If it holds

2

W
5.19 0<A<—- 1L
(5.19) = 32(sup, [U(1)])?

then (1.1) has no periodic solution except for uy(t).

Proof. Instead of (3.1), we set u(t,z) = ux(t) + p(t,z). Then p(t,z)
satisfies
(5.20) Prt — Cpaw + upr + 3N2U?p + 3\Up? 4 p* = 0.

Multiplying p; or p and integrated by parts, we have

L T L T
5.21 pupdtde = — 3N2U%pp; + 3NUP*pidtde,
t
o Jo o Jo

and

L T L T
(5.22) / / pldtdr = / / 2p2 4 3N2U?p? + 3\Up® + p'dtda.
0 0 0 0

Combining (5.21) and (5.22), we have

L T 3 L T
/ / — (NU? + p?)p2dtdx < / / prdtdx
) 0 0 16 0 0

(5.23 L
< / / —NU(NU? + p?)pPdtda.

o Jo M
Therefore, if 18\? sup, |U()|?/u? < 3/16, then p(t,x) = 0. In the case u = 1,
2re/L = 1, U(t) = sin 27t + 0.5, we obtain that if A < /6/36 (0.068---) then
p(t,z) = 0. O

At the step (4), we have to estimate ||®(T") — ®x||. To do that, we need
the theory of pseudo trajectory. Let {@k}kK:bl be the computed value using the
scheme (5.3) which is so called a pseudo trajectory of (5.3) which contains the

round-off error at each step:

(5.24) |[Brr — R¥B|| <a, k=0,1,2,...K,
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where the round-off error o depends on the complexity computation (5.3) and
also on the computer and its software of floating point arithmetics. To estimate
the round-off error, we have to have prepared some softwares which perform
the interval arithmetics for the computations.

Proposition 5.4 (Nishida, Teramoto and Yosihara [6]). ~ We have the
estimate for the difference between ®(kAt) and ®y:

(5.25) ||®(kAL) — By|| < C1EALC10(AL)?,
where
(5.26) Ci = Ogr;g;TllL(t, )|,
(5.27)
a — f At (A2 (At)3 (At) —
- 1+ = AA

010 (At)4 +Cl (At)?’ ( + 2 + 6 + 24 + 120 0105 exp( t),
(5.28) Cr = max [[@;]],
(5.29) Gy = O T2~ poe)

: 5T o lisia Coodts ’
(5.30)

f= max {[|AJAL) — Al B AL) = B, [|C(5At) — Gyl [[D(jAL) — Djl[}-

Here, we see that Cj is the cut off error of the scheme (5.3), 5 is the error
of the coefficients of (5.1).

Proof. Let’s set Qp = @ — ®(kAt). First, we show the equality:

(5.31)
k

Qr = ZL(kAt,jAt)Vj, where V; = ®; — L(jAt, (j — 1)At)®;_1.
j=0

Suppose that the above equality is true. Then it follows that

(5.32)
Qr+1 = Ppry1 — ®((k+ 1)AY)
=By — L((k + )AL kAT, + L((k + 1) At kA {T), — B(kAL)}

k
= Bpa1 — L((k+ )AL kAT, + Y L((k+ 1)At, jAL)V;
§=0
k+1
= L((k+1)At, jAL)V;.
§=0
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From an induction, we show the equality (5.31). Therefore, we have only to
estimate V.

IVl < 118 = RME 1| + [|RM B4y — L(kAL, (k — 1) AL S |

(5.33) “ v
<a+||RM®,_y — L(kAt, (k — 1)At)Pj_1]|.

The second term of right hand side has the following estimate:
IRF @,y — L(kAL, (k — 1) Aty ||

_ At —
< At][@— ]| {IA(JAt) — 41+ S lIBGAY - By

(At)? . (A3 _
(5.34) T % |IC(jAL) — Cjl| +7||D(JA75) — Dj]|
(At _
o me B max LG, (k= DAOT |

C1C5 exp(||4]|At).

At (A2 (At)3 (At)d
2 6 ' 24 >+

< C1pAt <1+ — + 130

Therefore, we have

2 3
Qi < Cik{a + C1BAt <1 + % GO (A@)

(5.35) i 6 24
+ (At)O?C exp(||A||At)}
120 10 Xp .
Thus the proof of Proposition 5.4 is completed. O

Now, we have the relation between C; and C; by the following lemma.
Lemma 5.5. C,,C satisfy the estimate

(exp(2||Al|At) + T/ At)Ch
1—CiT(B(1+ At) + (At)*Cs exp(]|A||At)/120)

(5.36) C <

Proof. For any (s,t), we take (I,k) € N x N such that (I — 1)At < s <
IAt < kAt <t < (k+ 1)At. Then it holds that

(5.37) L(t,s) = L(t, kAt)L(kAt, IAt) L(IAL, ).

According to Proposition 5.4, we have

(5.38) IL(2, 5)I| < exp(~[|Al|A)(Cy — C1C10k(At)") exp(—||Al|At).
Dividing Ci¢ into two parts: Cig = I; + I,C1, where

(5.39)

o« B At (A2 (A3 At
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we have

(exp(2]| A||A) + Lik(AL)H)Cy
1 — L,C1k(AL)* ' O

(5.40) C <

Moreover, C is explicitly given by the following lemma.

Lemma 5.6.  Suppose that p =1, 2wc¢/L = 1. Let y,, be the solution of
the equation (4.2). Then it follows for any € > 0, r> > 0 that
(g + eyn)? + (0 +r2)yn + AU ) (1)

5.41
(541 < U (Y, 4 eyn)® + (07 + 12yl + AUPY2)(s),
where

14472 €/2 — 2en? + Amax; |U’|
de (2 +n2+1r2)

(5.42) V:max{?e,e—l— ,m?X|U’|—2€}.

Proof. From (4.2), we have

Wo)?  Ly2 AU\ 1, ;s
4 W)~ | 2Yn n) =Sy A ,
(5.43) ( 5 +n 5 + 5 4y y, + AUU y2
1
(5.44) (nn)" = (i) + o —ny; — AUy}

Combining (5.43) and (5.44), we have

7 \2
(—(yg) + €Ynyh +

2,2 AU2y2 /
nQyn N 2yn>
(5.45)

€

1Y — €07y, — AUy,

1
= JUntn + AUU'Y; + €(y)” +

Therefore, it holds for any r? > 0 that

(5.46)
((yn + €yn)® + (° + r)yp + AU?y2)

1
=2e(y,)* + (5 + 262 4 2r2> YnYp + (% - 26n2) Y2 — 2eAU?y2 + 20UU"y2

1
< 2e(y,)* + (5 + 26 + 2r2> Yn¥n
+ (/2 — 2en?® + m?xA|U’\)y,2L + (m?x |U'| — 2¢) AU?y2
<v((Yn + eyn)® + (07 + %)y + AU,

which implies (5.41). O
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Putting s = 0 in this lemma, we have

(5.47)
((¢h + €¢1)? + (n® +r?)pT + AU )(T) < €T (€2 + (n* +1° + AU?(0)),
((¢h + €d2)® + (n* +17)¢5 + AU?¢3)(T) < "7,

which gives the bound of C; and Cj,

(5.48)
Cy <2 | {1+ €2 +n2 +r2 + AU2(0)} #jt 14— 2
= n? 4 r? VnZ+r2) |’
Cn < T \/€2+n2+T2+AU2(O)+€+ 1
3 n2 + r2 Vn2 1 r2

Now recall the basic numerical data c = p =1, L = 2m, A = 1.5, K = 1024,
At =1/1024, U(t) = sin 27wt +0.5. In our numerical computations with double
precision, the round off error is known to satisfy

(5.49) a<1.0x 10714,
and we performed the computations so that the error of coefficients satisfy
(5.50) B <1.0x10710,

Then Lemma 5.6 gives

(5.51)
927 1 € 2
Cr<ey | (1+e+m2+r24+ 22 ) —— 4+ (14 ——
15 € ( +te+nT+r +44)<n2+r2—|—< + TJer) >7
9 \/62+n2+7‘2+%2747+6 1
(5.52) Cs < —e +
=4 ’I’L2+'f'2 /n—2+r2 )
where
e=2251"=€—1/4, n =0,

(5:53) e=2151 = —-1/4,n=1,

e =1.65, 7"2262—1/4,71:2,
e:7r/2,7n2:()7 n> 3.

Especially, in the case n = 2, we have

Cy <445, T < 46.3,

(5.54) .
C3<87, C5 < 2.5 x 10°.
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Thus, we can estimate the difference
(5.55) |®(T') — @] < 0.0000041,

by Proposition 5.4, and can obtain all concrete value used in the proof of Main
Theorem.

6. Numerical computations

In this section, we show some results of numerical computations. First,
we made the numerical computations for the equation (1.1) with (1.2), by the
second order central difference scheme, putting a suitable initial data. In the
case c=pu =1, L =2m, and U(t) = sin 27t + 0.5(T = 1), the numerical results
are given in Figs. 1 through 4. When A = 1, Fig. 1 shows the trajectory of
(z,u(t, ) —0.5) from to until ¢ty + T, where tq is sufficiently large time, and the
trajectory (¢, u(t,z) — 0.5) at x = 3L/8 is given in Fig. 2. These trajectories
indicate that the trivial vibration u(t) is asymptotically stable. On the other
hand, when A = 1.5, the trajectory (z, 1.5(u(¢,z) — 0.5)) from to until tg + T
is given in Fig. 3, and the trajectory (¢, 1.5(u(t,z) — 0.5)) at x = 3L/8 is given
in Fig. 4. Figure 3 shows that the solution is not uniformly and L/2-periodic
for x, moreover Fig. 4 shows that the solution is 27-periodic. In fact, we know
the existence of a period-doubling bifurcation point Ag(Ag € (1.4525,1.4550)),
from Example 1.

However, we mathematically studied that the conditions for the existence
of bifurcation points reduct the condition for A(A,n), which is a trace of the
fundamental solution of (5.1). Therefore we made the numerical computations
of A(\,n), using the forth order Taylor finite difference scheme, but not using
the software of floating point arithmetics. The graph of (A, A(A,n)) for 0 <
A < 5 is given in Fig. 6. The curve of n = 0 shows that A(0,0) = e7/2 4+ e~ 7/2,
which is consistent with the fact (5.18). The curve of n = 2 intersects the line
A= —(T24e7T/2) at M\g(Xo € (1.4,1.5)), and the other curve don’t intersect
the line A = —(eT/2 + ¢~ 7/2) in X € (0, 1.5).

Finally, we investigated the relations between the bifurcation points and
the amplitude of periodic vibrations uy(t) = A(sin27t +¢€) 0 < e < 1. We
made a numerical computations of A(\,n), using the forth order Taylor finite
difference scheme, (not using the software of floating point arithmetics) and
plot the points which satisfy the condition of Proposition 3.5. Figure 7 shows
the relation (A, ¢e) for 0 < A < 3, 0 < € < 1, where the mesh sizes of A, e are
respectively 0.01, 0.0125. This picture point out as follows.

(i) When 0 < e < 0.1375, the solution which is T-periodic and L/5 periodic
for x, bifurcates at first.

(if) When 0.15 < € < 0.1625, the solution which is 2T-periodic and uniform
in x, bifurcates at first.

(ili) When 0.175 < ¢ < 0.2, the solution which is 2T-periodic and L-
periodic for z, bifurcates at first.

(iv) When 0.2125 < e < 1.0, the solution which is 27-periodic and L/2-
periodic for x, bifurcates at first.
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(v) The bifurcation occurs at smaller A as € becomes large.

In particular, in the case ¢ = 0, we can prove that the period-doubling
bifurcation point does not exist at all. Since the period of U?(t) is T/2, the
argument of Lemma 4.1 implies the period of any bifurcation points is 7'/2 or
T.

u(t,z) — 0.5 u(t,z) — 0.5

to<t<to+T = =3L/8

Figure 1 Figrure 2

2\ 2\
‘ "‘ \V/

ORISR RISSX
T
27 SN N to+ 2T

N

NN o
N NN\
\\-’/ffawn
s —

z=3L/8
o<t<t+T

Figure 3 Figrure 4
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A=0 A=15
n=0 0.068<A<15,  (n=0)
018<A<15  (n=1)
036<A<15 (n=2)
A
055<A<15 (n=3)
n=4 0.73<A< 15, (n=4)
09<A<1S,  (n=5)
B
11<A<15,  (n=6)
128<A<15,  (n=7)
n=8 147<X <15, (n=8)
Figure 5
A(An)
el/2 +e-1/2

—(e¥? + 112 ::::,..::,:::.,:4::|=::.,::::,..Yﬁ.w

Figure 6
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U(t) =sin2mt + ¢
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