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Samelson products in the exceptional Lie group
of rank 2*

By

Hideaki OSHIMA

1. Introduction

Samelson products [7] have been studied extensively for classical Lie groups
[2], [11], [12], but few results are known for exceptional Lie groups. The purpose
of this note is to study the Samelson products

(1.1) (s ) :m0(G2) x m11(G2) = mny11(G2)  (n € {3,11}),

where G is the exceptional Lie group of rank 2. Note that ,,(Gz2) is infinite
if and only if m € {3,11}, and that (7m3(G2), 73(G2)) = 76(G2) = Zs3 by [15].
We determine (1.1) when n = 3, and the odd component of (1.1) when n = 11.
We have two applications: (1) we determine the nilpotency class of H(Gz)(p),
where J{(Gz) is the group of homotopy classes of self maps of Go and ( ) is
the localization at a prime number p; (2) we decide odd primes p for which the
typical map ¢ : S*x S — Gy (see (2.17) below) is a mod p H-map with respect
to a product multiplication for S?p) X S(I;) and the canonical multiplication for
Gap)-

In Section 2, we list up known results on homotopy groups of spheres and
Lie groups we need, and we state our results. In Section 3, we prove that
the image of (1.1) contains the odd component. In Section 4, we complete
the proof of our main theorem (Theorem 2.1). In Section 5, we determine the
nilpotency class of H(Gz) ) for every prime p (Corollary 2.1). In Section 6, we
decide whether or not ¢, is an H-map (Corollary 2.2). In Section 7, we give
a remark on (m3(G), m11(G)) for G = Spin(7), Spin(8), Spin(9), Fy4.

2. Notations and results

We do not distinguish in notation between a map and its homotopy class.
Let ¢, denote the identity map of S™. We use the following fibrations (cf. [23,
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Appendix A))

$ 5, suE) 2 s,
(2.1) SU®3) —L— Gy —2— 86,
(2.2) Gy —— Spin(7) —— S,

and the following elements of [22]:
Up € Tpt3(S™) (n>4), &, € mp1s(S™) (n>3), T, € muys(S™) (n > 6).

The following results are contained in [14], [15], [22]:

(2.3)  my3(S") = Zg{vn,} ®Zs forn>5, m(ST) =0 for k=11,12,
(2.4) 711(S%) = Z{[t6, 6]}, [t6,ts] is the Whitehead product,
(2.5) m14(S%) = Zs {6} ® Zo{es} ® Zs, m14(ST) = Za,
(2.6) m3(SU3)) = Z{i5}, mi3(SU(3)) = Zs,
(2.7) m10(SU3)) = Zso, m1(SU(3)) = Za{[13]}, pi[v3] = vs 01,
(2.8) 714(Spin(7)) = (Zg)* ® Zo © Zg 5.7,
(2.9) m:(Ge) =0 for k = 10,13,
(2.10) m3(Ga) = Z{iz}, i3 = joiy, m(Ge) = Z{y} ® Zo{j.[v23]},
(2.11)

m14(G2) = Zs{[V + 6]} ® Zo{js[VZ] 0 v11} ® Z3.r, pa[T6 + €] = Us + €6,
(2.12) m22(G2) = Zg © Za ® Zg.7.11,
(2.13) T92(Spin(7)) = (Zs)? @ (Z2)* @® Zor.5.7.115
(2.14) T22(S7) = Zg ® (Z2)® ® Zs.5, m22(S") = Zs ® Zo.7.

By (2.5), (2.6), (2.9) and (2.11), we have
(215) Ker{p* : 7T14(G2) — 7T14(S6)} = ZQ{]* [Vg] o V11} D Zgl.

Choose v € m11(G2) so as to satisfy [18, Lemma 5.8] (cf. [20, Proposi-
tion 2.1(4)]). Then ~ is unique up to sign. Our main result is

Theorem 2.1.  The order of {iz,~) is 3- 7.

This theorem contains a known result that the order of (iz,v) is a multi-
ple of 7 (see [9, Corollary 2.6]). But our proof is new even for 7-component.
Furukawa [5] proved the identity:

(2.16) (i, j=[V3]) = j«[v3] o w11

By this identity and Theorem 2.1, we know the image of (1.1) for n = 3 as
follows:

<7T3(G2),7T11(G2)> = ZQ{]* [Vg] o Vll} D Zo;.



Samelson products in Ga 413

Let H(Gz) = [Ga, G2] be the set of all homotopy classes of based self maps
of Go. It inherits a group structure from Gs. Let nilT" denote the nilpotency
class of the group I'. We proved in [20] (and will recall in Section 5) that
nil H(Gq) = 3.

Corollary 2.1.  nil(H(G2))(y) is 3, 2 or 1 according asp =2, p € {3,7}
orp #{2,3,7}.

Let us define

(2.17) 8P xS — Ga,  p(2,y) = is(z)V(y).

Recall from [10], [21] that, for a prime p, ¢, : (S*XxS') () = SF, xS, — Ga(y)
is a homotopy equivalence if and only if p > 7. As is well-known [1], for a
prime p, S?;L)H (n # 0,1,3) has an H-multiplication if and only if p is odd.
For an odd prime p, let ¢/ and p/ be H-multiplications for S?p) and S%;),
respectively, and let p be the usual multiplication for Gg. Let u/ x u” be the

product multiplication for S, x S}, that is, (1 x ") ((z1, 1), (z2,92)) =
(W (1, w2), 1" (y1,92))-

Corollary 2.2.  Let p be an odd prime. Then the following statements
are equivalent:
(1) ) - (S?p) X S%;),u' x ") = (Gapy,s lp)) is an H-map for some '
and p";
(2) ) - (S?p) X S%;),,u”’) — (Gap), fi(p)) s an H-map for all H-multi-
plications p""" on S‘?p) X S(lg);
p=>5orp=13;
(3) 5 13
4) S? - x S has only one H-multiplication;
(p) (p)
5) Ga(py has only one H-multiplication.
(p)

Remark. By [13], the above statement (3) is equivalent to
(6) p1(py is homotopy commutative.

3. 0Odd components of (i3,~) and (v,7)
The purpose of this section is to prove

Proposition 3.1.  The orders of (iz,7) and {~,v) are multiples of 3-7
and 9-7- 11, respectively.

We need

Lemma 3.1.  The homomorphism i, : m,(Ga) — 7 (Spin(7)) is an iso-
morphism for k = 3,11 and a monomorphism for k = 14,22.

Proof. Consider the homotopy exact sequence of (2.2). Then the asser-
tions follow from (2.3), (2.5), (2.8), (2.11)~(2.14). O
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Proof of Proposition 3.1. Let m : Spin(7) — SO(7) be the covering map.
Let n be 3 or 11. We have the following commutative diagram:

<1>

7n(G2) X T11(G2) ——  Tpy11(G2)
(3.1) T (Spin(7)) X m11(Spin(7)) ——2 7ps11(Spin(7))

ﬂ*xw*l’:v EJ,W*

ma(SO(T)) X T11(SO(T))  — 711 (SO(7)).

By [4, Theorem 2.1], for every natural number m, there exists a homotopy
equivalence between localized classifying spaces

® : (BSO(2m +1)); — (BSp(m))s,

1
2

where ()1 denotes localization away from the prime 2. Hence

QP :Q(BSO(2m+1))1 — Q(BSp(m))

1 1
2 2

is an H-equivalence (i.e. a homotopy equivalence which is an H-map), where
QX is the space of loops in the space X. Therefore we have an H-equivalence
¢ :S0(2m+1)1 — Sp(m)

)

=

1
2
and so the commutative square

7a(SO(7)3) x m1(SO(7)3) —- 11 (SO(7) )

1
2

dw«zﬁl% %ldu

T(SP(3)3) X T (SP(3)3) ——Lo Ts11(SP(3),)-

By combining the last square with (3.1), we have the following commutative
square

SRR Tn+11(G2)

Tn(G2) 1 X m11(G2) 1

(3.2) =| v

7a(SP(3)3 X T (SP(3))y —— st (SP(3)) s,

1
2

where ¢ = ¢, o (7. oi*)% is a monomorphism by Lemma 3.1. Since the inclusion
induces a monomorphism m22(Sp(3)) 1 — m22(Sp(5)) 1 (see [16]), it follows from
[2, Theorem 2] that the image of

(, ) :m1(Sp(3))1 x m11(Sp(3)) 1 — m22(Sp(3))

1 1
2 2
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is a subgroup of order 9-7-11 so that (v, y) is of order 9-7-11 in m32(Gz2) 1 by (3.2).

For similar reasons, (is,?) is of order 3- 7 in 714(Gz) 1. Hence Proposition 3.1
follows. O

4. The 2-component of (i3, ")
The purpose of this section is to prove
Proposition 4.1.  The order of (is,7) is a divisor of 3- 7.

If this is true, then the order of (iz,~y) is 3 - 7 by Proposition 3.1 and so
Theorem 2.1 follows.
The relative Samelson products { , ), associated with (2.1) are pairings

< ) >T : WS(SU(?’)) X 7Tt(SG) - 7rs+t(86),
(5 )r:mi(S%) x ms(SU(3)) — mepe(S°)

and they satisfy (o, 8), = (=1)*71(3, ), for a € 75(SU(3)), B € m(S%) (cf.
[7])-

Let A:7,y1(S®) — 75(SU(3)) be the connecting homomorphism of (2.1).
The homotopy exact sequence of (2.1) implies the identity p.(v) = +30[c6, tg] by
(2.4), (2.7), (2.9) and (2.10). On the other hand, we have p.(is,v) = (i%, p«7)r
by [7, (15.14)]. Hence

(4.1) pa (i, v) = £30(i%, [t6, t6])r-
Lemma 4.1. 6<Zg, |:L6, [’6]>T‘ = O.

If Lemma 4.1 holds, then (i3,v) € Za{j.[v2]ovi1}®Za; by (4.1) and (2.15)
and hence 21(iz,v) = 0 by (2.11), since (i3,7) is divisible by 4, as was proved
in [20] and will be recalled in the next section, and so Proposition 4.1 follows.

We devote the rest of this section to the proof of Lemma 4.1. We have

(4.2) [t6,t6] = £(Ate, L6)r
by [7, (16.3)], and so
(43) <Z/3, [L(;, 56]>r = :|:<’Lé, <AL6, 56>r>r~

The following Jacobi identity holds (cf. [7, (15.12)]):

<L67 <Z§,, AL6>>1" - <AL67 <56aig>r>r + <Z§,, <AL67 L6>7">r =0.
Since (i5, Avg) = (Awg, %4y (cf. [7, (15.10)]), we then have

(44) <Zé7 <AL67 [’6>T>’r‘ = <AL67 <L67ié>7”>’r - <[’67 <AL677;§>>T'

Lemma 4.2.  There exists an integer m such that, in 7T14(SG)(2), we
have
(45) <AL6, <L6, Z'é>7~>,« = 2’/71?6,

(46) <L67 <AL6, Zé>>r = iQmUG.
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If Lemma 4.2 holds, then (i%, [t6, t6])r = 2m(1 £ 1)Tg in 71'14(86)(2) by (4.3)
and (4.4), and so 6(i%, [t6, t6])r = 0 by (2.5), and hence Lemma 4.1 follows.

Proof of Lemma 4.2.  In this proof, all groups are localized at 2. By (2.3),
we can write

(47) <L6,ig>7~ =kvg, keZ.

By [2, Corollary], [7, (15.13)], [14] and [15], we can easily show that k is odd.
We omit its proof, since we do not use this fact below. Now

(48) <AL6, <L6,Z'é>7~>r = k’<AL6, I/6>7~.

We have
(Avg, vg)r = (Atg o 5,16 0 Ug)y
= (A, t6)r 011 (by [7, (15.11)])
= +[t6,t6] ov1i1  (by (4.2))
= 1275 (by [22, Lemma 6.2]),

that is, we have
(49) <AL6, V6>7. == iQ?@.

Hence (Acg, (t6,75)r)r = £2kUg by (4.8). Therefore, by taking m = +k, we
obtain (4.5).
We have (Aug,i5) = £A(q,15), by [7, (15.10), (15.13)], and

<L6, <AL63 Z/3>>r = :l:<L6; A<L67 Zé>r>r
— ke, Ave)y (by (4.7)).
Since (1, Avg), = £(Aug, v6)r by [7, (16.3)] and [23, (7.5) on p. 474], it follows

from (4.9) that we have (g, Avg), = £2Ug so that (i, (i, Awg))r = £2kTs.
Therefore we obtain (4.6). This completes the proof of Lemma 4.2. O

5. Proof of Corollary 2.1

We use the usual cell structure of G (cf. [18], [20]). Let Gén) be the
11-skeleton of Go. Let g14 : Go — Go /Gén) = S™ be the quotient map and let
i1 Gén) — Gy be the inclusion map.

Theorem 5.1 (Theorem 2.2 of [20]).
(1) The sequence

0 — ma(Go) —1 3¢(Qy) — 1 (G, Gy —— 1

is a central extension of groups.
(2) There exists o € H(Gz) such that
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(a) H(Gz) is generated by 1, o and Im(q3,), where 1 denotes the iden-

tity map,
(b) [1,[1,0]] = ¢}, (j«[v3] o v11), where [, ]| denotes the commutator,
(c) there exists xg € m4(Ga) such that 2[1, o] = 2¢i,(z0) and (iz,y) =
:|:4£L'0,

(3) nil[Géll), Go] = nil[G(Qu),Gg](g) =2 and nil[Géu),Gg](p) =1 for every
odd prime p.

Hence nil H(Gz2) = 3 = nil H(G2)(2y and nil H(Gz),y < 2 for every odd

prime p. If p =5 or p > 7, then H(G2)(,) = [Ggu), Ga](p) by the above exact
sequence and (2.11), and so nil H(Gz)(,y = 1. It follows from Theorem 2.1 and
(2)(c) that the order of [1,a] is a multiple of 21 so that nil H(Gz),) > 2, and
hence nil H(G2)(,) = 2, for p = 3, 7. This completes the proof of Corollary 2.1.

6. Proof of Corollary 2.2

Let e : Y — Y{; be the p-localization map for any nilpotent space Y.

“(2) = (1)” is obvious.

To prove “(1) = (3)” by a contradiction, suppose that p is 3, 7 or 11 and
that ¢, : (S?p) X S%;),// x i) — (Gapys H(p)) is an H-map for some ' and
p". Firstly we consider the cases p = 3,7. We denote by js : S — Si()’p) X S%;)

11

and ji; : ' — S?p) X S( ) the compositions of e and the inclusion maps. Then

P
(43,711) = 0 by the definition of the Samelson product (cf. [19]). Hence we have

0= @), (J3: J11) = ex(iz,7) € T14(G2)p)-
This contradicts Proposition 3.1. Secondly we consider the case p = 11. As is
easily seen, y(11) : (S%lll), 1) — (Ga(11), #(11)) is an H-map under the assump-
tion. We have (e o111, e0t11) = 0, since m2(S'")(11) = 0 by (2.14). Therefore
0= 7(11)*<€ ou11,€011) = ex(7,7) € ma2(G2)(11)-

This contradicts Proposition 3.1.
To prove “(3) = (2)”, let p = 5 or p > 13, and let u” be any H-
multiplication for S‘Z’p) X S%;). Let
D = D(p@p), 1" i) € [Xp), o)) = [X, G2 )

be the H-deviation of ¢, (see [24, 1.4.1]), where X = (S* x S') A (S® x S'1).
Then ¢,y is an H-map with respect to u"" and p, if and only if D = 0. We
prove the assertion by showing [X, G|, = 0. Since X has a cell structure

(6.1) X =Suetue®ue®ue®,

it suffices to prove that m,,(Gz)(,) = 0 for m = 6,14,22,28. By [15], we have
Tm(G2)(p) = 0 for m = 6,14, 22. By [22, Chapter XIII] and [6], we have

m28(Ga) (p) = m28(Spin(7)) ) = m2s(Sp(3)) (p) = m28(SP(2)) () = 0.
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Hence (2) follows.
Recall from [3, Theorem 5.5A] that if Y is a CW-H-space, then the set of
H-multiplications for Y is in 1 — 1 correspondence with [Y A Y,Y]. We have

3 11 3 11 3 11 3 11
[(Stp) X Spy) A (Spy X S(p))s Sty X S(py] = [X: 5] X [X, S

By using (6.1) and [22], we can show that [X, S?p)] and [X7S%;)] are trivial if
and only if p =5 or p > 13. Hence (3) and (4) are equivalent.

In the rest of the proof, we show that (3) and (5) are equivalent. Let p > 7.
Then S?p) X S(lg) ~ Ggy(p) as recalled in Section 2, and so Ga(,) has only one
H-multiplication if and only if p > 13 by the above discussion. By [17], Ga(s) =~
31(5)(5), where 31(5) is a S3—bundle over SH. Hence [G2(5) /\G2(5),G2(5)] =
[B1(5) A B1(5), B1(5)(5)]. By using [22, Chapter XIII] and a cell structure
Bi(5) = S*Uelt Ue' (cf. [8]), we can show that [By(5) A Bi(5), B1(5)5)] is
trivial. Hence Gg(s) has only one H-multiplication. Let C': Ga A G2 — G2 be
the commutator map, that is, C(xAy) = zyx~1y~L. Since Co(izAiz) = (i3, i3)
and 7g(Gsa) = Z3{ (i3, i3)} by [15], it follows that the order of C' is a multiple
of 3. Hence [Ga(s) A Ga(z), Gasy] is not trivial and so Ga(gy has at least three
H-multiplications. Therefore (3) and (5) are equivalent. O

7. A remark

By [15] and (2.16), we can show that inclusions (cf. [23, Appendix A])
(7.1) G2 C Spin(7) C Spin(8) C Spin(9) C Fy
induce isomorphisms

(7.2)
(m3(G2), m11(Gz)) = (m3(Spin(7)), m11(Spin(7))) = (m3(Spin(8)), m11(Spin(8))),
(7.3) (m3(Spin(9)), m11(Spin(9))) = (m3(Fa), m11(Fa)) = m14(Fa)

and an epimorphism

(m3(Spin(8)), m11(Spin(8))) — (m3(Spin(9)), 711 (Spin(9))).

Groups in (7.2) and (7.3) are, respectively, isomorphic to Zo @ Zo; and Zs.
Here, for every G in (7.1), Zs is a direct summand of m14(G) and generated by
the image of (i4, [V2]) € m14(SU(3)) under the inclusion of SU(3) into G.
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