J. Math. Kyoto Univ. (JMKYAZ)
46-2 (2006), 439-456

Asymptotics of solutions to the fourth order
Schrodinger type equation with a dissipative
nonlinearity

By
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Abstract

In this paper, the asymptotic behavior in time of solutions to the
one-dimensional fourth order nonlinear Schrodinger type equation with
a cubic dissipative nonlinearity /\|u|2u, where A is a complex constant
satisfying Im A < 0, is studied. This nonlinearity is a long-range inter-
action. The local Cauchy problem at infinite initial time (the final value
problem) to this equation is solved for a given final state with no size
restriction on it. This implies the existence of a unique solution for the
equation approaching some modified free dynamics as t — +o0 in a suit-
able function space. Our modified free dynamics decays like (¢ log t)fl/ 2
as t — oo.

1. Introduction

We study the asymptotic behavior in time of solutions for the fourth order
nonlinear Schrédinger type equation with a cubic dissipative nonlinearity in
one space dimension:

1
(1.1) i0u — Zaiu =M\ +ide)|ulPu, t>0, z€R,

where §; = 9/0t, 0, = 9/0x, A\ € R, Aa < 0, and u is a complex valued
unknown function of (¢,2). The nonlinearity of the equation (1.1) has a dissi-
pative property, and it is a long-range interaction. In this paper, we solve the
local Cauchy problem at infinite initial time (the final value problem) to the
equation (1.1) for a given final state uy with no size restriction on w,, which
implies the existence of a unique solution u for the equation (1.1) approaching
some modified free dynamics u, as t — +o0 in a suitable function space. The
asymptotics u, decays like (tlogt)~/? as t — oo.

We recall several known results on the asymptotic behavior of solutions to
the nonlinear Schrodinger equation
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. 1 p—1 n
(1.2) i0yu + §Au = plulP" u, t>0, x € R",

where p > 1, p € C\ {0} and A = Y7, §*/0x7 is the Laplace operator with
respect to the space variable z. It is well-known that if p > 1+ 2/n, then
the nonlinearity u|u|P~'u is a short-range interaction, that is, contribution of
the nonlinearity is negligible for large time. (For results on the short-range
scattering for the equation (1.2), see, e.g., Ginibre [4].) On the other hand, if
p < 1+ 2/n, then the nonlinearity p|u[P~!u is a long-range interaction, that
is, contribution of the nonlinear term is not negligible for large time. (More
precisely, in Barab [1], it was shown that there does not exist an asymptotically
free solution for the equation (1.2) if 1 < p < 1+42/n and p € R\{0}.) Therefore
we see that for the equation (1.2), the exponent p = 1+ 2/n is critical between
the short range case and the long range one. Recall that the solution to the
Cauchy problem of the free Schrodinger equation

1
10pu + EAU =0, (t,z)e RxR",
u(0,7) = ¢(z), xeR”

is given by U(t)¢, where U(t) = €*2/2, and it decays as ||U(t)¢||re <
Ct"(1/2=1/9)|¢|| .., where ¢ > 2 and 1/q+1/q’ = 1. We consider the equation
(1.2) with the critical exponent p = 1+ 2/n and p € R\ {0}. In this case,
the modified wave operators to the equation (1.2) were constructed by Ozawa
[10] for n = 1 and Ginibre-Ozawa [5] for n = 2 or 3 for small final data u4 by
a suitable phase shift, more precisely, the solution u behaves like the modified
free profile U(t)e "= V)y_  where S(t,x) = uliy(x)|>"logt. Ginibre and
Velo [6] proved the existence of modified wave operators to the equation (1.2)
in the case n = 1 without any size restriction of the final state u; and extended
the above results. For p = 1+2/n and n < 3, Hayashi and Naumkin [7] showed
that the small global solution for the initial value problem of the equation (1.2)
with 4 € R\ {0} satisfies the time decay estimate ||u(t)| > = O(t~"/?), and
that the solution has a modified free profile with the above phase shift. Fur-
thermore, for p = 3 and n = 1, Carles [3] proved the existence of the modified
scattering operator via the geometric optics. Recently, when p = 1+ 2/n and
n < 3, Hayashi and Naumkin [8] constructed the modified scattering operator,
and their result is an improvement of [3] in the one-dimensional case.

In the case of p € C with Im p < 0 and the critical exponent p =1+ 2/n,
the nonlinearity p|u|P~lu of the nonlinear Schrédinger equation (1.2) has a
dissipative property. In this case, recently, in [15], a time decay estimate and
an asymptotic behavior of the small global solution for the initial value problem
of the equation (1.2) were obtained when the space dimension n = 1,2 or 3.
According to [15], roughly speaking, there exists a u; € L2 N L such that the
small solution to the initial value problem to the equation (1.2) with p € C,
Imp < 0 and p = 1+ 2/n behaves like U(t)B(t, —iV)uy in L2 as t — +oo,
where
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—n/2

- sl n/

B(t,x) = (1 + %|u+(x)|2/” logt>

L b 2|pa], . 2/n ))
X exp |4 log {1+ —|uy(x logt ) |,
p (157 0 (1 22 o)/ o

and p = p1 + ipg with gy € R and pe < 0. (This means that the solution has
a modified free profile not only with a phase shift but also with a correction
of amplitude.) Furthermore, in this case, the solution u of the equation (1.2)
decays like [|u(t)||r = (tlogt)™™/? as t — +ooc.

We return to the fourth order nonlinear Schrédinger type equation (1.1).
The local well-posedness for the fourth order nonlinear Schrodinger type equa-
tion was studied in [11, 12], and by the Strichartz estimate, the global well-
posedness in L? for the equation (1.1) was proved in the appendix in [13]. We
consider the asymptotic behavior in time of solutions to the equation (1.1).
The solution to the initial value problem of the free equation

1040 — iaﬁv =0, (t,z)eRxR,
v(0,x) = vo(x)

is given by v(t, <) = V(t)vg, where V(t) = e~9:/4 is the free evolution operator.
Ben-Artzi, Koch and Saut [2] showed that the free solution V(t)vy decays like
t=1/% in L for vo € L1, that is, ||V (t)vo|lr= < C’||'Uo||Lit_1/4. Furthermore,
it is well-known that if vg satisfies |99(&)| = O(|€|*), as || — 0, with suitable
a > 0, then the free solution V (t)vy behaves as

1 do (2 ) ex §i:z:3E
@i 72 [z \VE) TP a7

in large time, and this function decays like t=1/2 in L2 as for the nonlinear
Schrodinger equation (see [13]). Here ¢y denotes the Fourier transform of vy.
In view of this, it is expected that cubic nonlinearities are critical between the
short-range and the long-range interaction as in the case of one dimensional the
nonlinear Schrodinger equation. In the case of A2 = 0, in [13], the large time
behavior of solutions to the equation (1.1) was studied, that is, the existence of
the modified wave operator was shown for a given small final state u satisfying
|ty (&) = O(|¢]*) with some a > 0 as |{] — 0. The asymptotics at ¢ = +oo of

solution in [13] is V2rF (¢, z)ay ({/z/)e" 52D | where

1 o
F(t,z) = Dy /}Re”g_”g/4 dg

s

is the fundamental solution to the free equation, and

RGN

gi(t7m) =+3 (V)2 og ||
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is a phase correction. Furthermore, in [14], the modified wave operator for the
fourth order Schrédinger type equation with the non-gauge-invariant nonlin-
earity Ao|u|?u + Aju® + Auwi® + \3u3, where \g € R and A1, Ay, A3 € C, was
constructed.

In this paper, in the case of \; € R and Ay < 0, we solve the local Cauchy
problem at infinite initial time (the final value problem) to the equation (1.1)
for a given final state uy with no size restriction on u,, that is, the existence
of a unique solution u for the equation (1.1) approaching some modified free
dynamics u, as t — +0o in a suitable function space. Our asymptotics u, of
solution u is a modified free profile not only with a phase shift but also with
a correction of amplitude (see the definition (1.5)—(1.9) of u, below). We can
solve this problem without assuming smallness condition on the final state u
(see (1.5)—(1.9)), since the asymptotics u, decays like (tlogt)~'/2 in LS°, which
is faster than the free solution.

Notation.  For i) € &', we denote the Fourier transform of ¢ by 1[) or
Fip. For ¢p € LY(R™), 1 is represented as

FY(€) = (&) = (2m) /2 - Y(x)e™ ¢ da.

For a space-time variable (¢,7) € R?, we denote 9y = 9; = 9/0t and 0 = 0, =
0/0x. For m,s € R, we introduce the weighted Sobolev spaces:

H™® = H™(R) = {¢ € §'; [l ame = [[(1+ |2*)*?(1 = 83)™/*¢|| 12 < o}
We denote H™° by H™. H™ is the homogeneous Sobolev space:
H™ = H™(R) = {¢ € 8 |[¥]l o = 1(=87)""*l| 2 < 00}

We introduce the following operators:

(1.3) V(t) = e"9:/4 £ =0, - iaﬁ.

For a € R, /a denotes the unique real root of the equation 2® = a. C' denotes
a constant and so forth. They may differ from line to line, when it does not

cause any confusion.

Before stating the main result, we introduce the set of final states and the
asymptotic function.
Let

(1.4) D ={y e L*|¢lp < oo},

where

4
[llp = ¥llmos + > llz* ]| e

k=0
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For a final state uy, we introduce the following asymptotic profile:

(1.5) ug(t, ) = uy (t,2)B (t, %) ,
where

1 T 3. . T
(1.6) up(t,x) = )1/2 |\/_| <\/7) exp <sz t) ,
(1.7) B(t,z) = W(t,z)e ")

iy (Yx)|?
(1.8) S(t,z) = 2?;2“ g <1+ 2'?‘" ngt) ,
a2 ~1/2

19 W= (14 BlR )

for t > 1 and = € R. u; is an approximate solution for the free equation
1
(1.10) 100 — Za;*v =0, (t,z)eRxR

with v(0,2) = uy(x). (See [13].) wu, is a modified free dynamics with the
modifier B. We note that S and W are real valued.
The main result in this paper is the following theorem:

Theorem 1.1. Let \y € R, Ay < 0 and let uy. € D be a final state,
where D is defined by (1.4). Then there exist a T > 3 and a unique solution u
for the equation (1.1) satisfying

u e C’([T,oo);Li),
A1) s tfute) ~ wa®lsz + e~ s sona) < oo,

where 3/8 < d < 1 and the asymptotic profile u, is defined by (1.5)—(1.9).

Remark 1. In Theorem 1.1, no smallness condition on the final state
u4 is assumed.

Remark 2. We comment on the time decay for the asymptotic profile

u, and the solution v and on the convergence rate of their difference u — u,.

Let Ay € R, Ay < 0, ug € D and 44 # 0. It is easy to see by the definition
1

(1.5)—(1.9) of u, that
ﬁ v () )

11/ V@i (SDW (. )| L2

[ua(t)]|z2 =

(1.12) L

\/_

From the identity (1.12), the inequality

(1.13) (1 Vx)iy (V)W (t 2)| < (1) V)i (Vr)l,
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and the equality

(1.14) 1(1/ /@)y (V)| 2 = V3|lag ] 2 = vV3[lug| e,
we have

lua @)Lz < lutllLz

Furthermore by the identities (1.12) and (1.14), the estimate (1.13) and
Lebesgue’s dominated convergence theorem, we see that

(1.15) lim |ug(t)]z2 = 0.

t—+

On the other hand, there exists a constant x > 0 such that

(1.16) Jota (8))1 22 (log £)1/2 >

for sufficiently large ¢t > 3. The above estimate (1.16) follows from
la(®)l22 =%n<1/%>a+<mw<m>|@

( 2|AQIIU+(\/5)I2IOgt>_1/2M

3 (Vo) vz |,
2 \a -1/
H( 22 a2 (o >|2logt> s (@)
L2
2 A —1/2
> (1 22 e tome)
L2
90\ ~1/2 )
—<1+ Wl 3. 1ogt> it 2

2|>\2| 1 e 1/2
z(1+ I~ +||Loo) ot 2z log £)~172,

prov1ded logt > 1, u+ € L2 and |z|~'ay € L2°, which follows from u, €
H'NH2 zu, ¢ H- ! and the embedding H! < L%°. From the asymptotic
formula (1. 11) and the time decay (1.15) of [|ua(t)| 2, we see that the solution
u for the equation (1.1) obtained in Theorem 1.1 converges to zero in L? as
t — +oo:

(117) Jim ()12 = 0.

Similarly, by the asymptotic formula (1.11) and the lower boundedness (1.16)
of [lua(t)| 2 (log )12, we see that

(1.18) lu(t)]| 22 (logt)'/? > k
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for ¢ > 3. In view of the asymptotic formula (1.11) in Theorem 1.1, the de-
cay (1.17) of [lu(t)||zz and the lower boundedness (1.18) of |ju(t)]|2 (logt)*/2,
|u(t) — ua(t)|lz2 decays faster than lu()lz2 as t — +oo. This means that
the modified free dynamics u, approximates the solution w for the equation
(1.1) better than “zero” as t — 4o0. Finally we remark the time decay of the
asymptotics u, in L°:

C
D <
llua ()] Lo o 72(tlog £)1/2

for ¢t > 3, since A2 < 0. (See Proposition 4.1 below.)

Remark 3. In the case of \; € R and Ay > 0, a similar result holds for
the negative time if we replace the modifiers by

i 3/7)|2
S(t, ) :2)\—110g (1 + ?mlogV) )

iy (Yz)]? 1/
W(t,z) = (1 + %%logﬁ)

fort < —1and x € R.

We briefly explain the strategy of the proof of Theorem 1.1. Put f(u) =
(A1 + iXa)|u|?u, where A; € R and Ay < 0. For T > 0 and p > 0, we introduce
the following function spaces

Xr ={w € O([T,00); L7); ||wllx, < oo},
Xr(p) = {w € C([T,00); L2); [lw]xr < p},

where

[wllxz = sup t4(|[w(t) ]| £z + llwlls((,00):22)):
t>T
where 3/8 < d < 1. Let A be a function satisfying

(1.19) JA(t)|| e < n(tlogt) =12,
(1.20) ICA(®) — F(A@) |2 < nt™1 =7,

where d’ > d. First, we prove that for any n > 0, there exist a 7' > 3 and
a unique solution u to the equation (1.1) satisfying u — A € Xp. The main
part of the proof is to show that for any p > 0 and n > 0, there exists a
sufficiently large T' > 3 such that the equation (1.1) has a unique solution u
satisfying u— A € )?T(p) by using the Strichartz estimate (see Lemma 2.2) and
the contraction argument. (See Proposition 3.1.) Next, for a given final state
uy € D, we show that our asymptotics u, defined by (1.5)—(1.9) satisfies the
conditions (1.19) and (1.20) with some d’ > d (see Proposition 4.1). Note that
the asymptotics u, of solution u is a modified free profile not only with a phase
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shift but also with a correction of amplitude in order to absorb the long-range
effect of f(u,). (For how to choose an asymptotics u,, see Remark 5.) These
two steps yield Theorem 1.1.

This paper is organized as follows. In Section 2, we derive several lemmas
needed for the proof of Theorem 1.1. In Section 3, we solve the abstract final
value problem around an asymptotic function which decays like (¢log t)*l/ 2in
Lg° and approximates the equation (1.1) suitably in large time. In Section 4,
we show our asymptotics u, defined by (1.5)—(1.9) satisfies the assumptions of
the final value problem in Section 3, and we prove Theorem 1.1.

2. Preliminaries

The following lemma is used in order to solve the Cauchy problem at
infinity in Section 3.

Lemma 2.1. Leta>1 and b > 0. Then there exists a constant C' > 0
such that fort > 2,

/ s %(logs) "t ds < Ct~*T(logt)~".
t
Proof. By the integration by parts, we see
o
/ s %(logs) " ds
t

L o—an —b
= [ — a 1
g

1
a—1

oo

t

+

/ 57T (—b)(logs) " 1s 1 ds
t

oo
/ s %(logs) """ ds
t

1
=t %"l (logt) = —

a—1 a—1

1
<——t7 9 (logt) b,
<——7 (logt)

This proves the lemma. |

We introduce the Strichartz estimate for the free equation obtained by
Kenig-Ponce-Vega [9]. We define the linear operator

(Gh)(t) = /too V(t— s)h(s)ds,

where V(t) is the free evolution of the equation operator defined by (1.3), and
h is a function of (t,z). The following lemma is needed in order to solve the
Cauchy problem at infinity by the contraction argument in the next section.

Lemma 2.2 (Kenig-Ponce-Vega [9]).  Let (q,7) and (4,7) be pairs of
positive numbers satisfying 4/ = 1/2 —1/r, 8 < q¢ < o0, 4/ = 1/2 — 17
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and 8 < ¢ < oo. Then G is a bounded operator from Lf/((To,oo);L;/(]R))
into LE((Ty, 00); LE(R)) with norm uniformly bounded with respect to Ty, where
(¢',7) is a pair of positive numbers satisfying 1/G+1/¢ =1 and 1/F+1/7 = 1.
Furthermore, if h € Lf/((To, 00); L' (R)), then Gh € Cy([Ty, o); L2(R)).

To estimate asymptotic functions, the following two lemmas are needed in
Section 4.

Lemma 2.3.  Let a > 1/3. Then the identity
2]~ (V)| L2 = V3|23 Y| 2
holds if |z|'=3%) € L2.

Proof. By the change of variables y = /z in the integral, we have

el w(¥@lzz = ( [ wl2a|¢<%>|2dx)1/2

- ( JRORE dy)m
V3 ( / |y|2—6“|¢<y)|2dy)1/2,

which implies this lemma. O

Lemma 2.4. Let g be a measurable function on R, and let g(z) =
9(¥x)/|¥/x|. Then the identity

I3lz2 = V3lgllz2

holds for g € L?, and there exists a constant Cy > 0 such that

x’
k . .
105302 < Cr Y lllal > 00glls, k=123,
§=0
if the right hand sides are finite.

Proof. The first identity follows from Lemma 2.3 immediately. Using the
Leibniz rule and Lemma 2.3, we can show the second inequality by a simple
calculation. |

3. The final value problem

In this section, we solve the abstract Cauchy problem at infinite initial
time for the equation (1.1). Let A be a given asymptotic profile of the equation
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(1.1), namely an approximate solution for that equation as t — +o00. We put
our nonlinearity by f(u):

(3.1) fu) = Aul*u,
where A = A1 + i)z, A1 € R and A2 < 0. We introduce the following function:
(3.2) R=LA- f(A),

where L is the operator defined by (1.3). The function R is difference between
the left hand sides and the right hand ones in the equation (1.1) substituted
u=A.

For T > 0, we introduce the following function space

Xr = {w e O([T, 00); L); [wl|x, < oo},
where
|wllx, = ggtd(ﬂw(t)HLi + | wll L8 ((t,00);25) )
where 3/8 < d < 1. For p > 0 and T > 0, we define
Xr(p) = {w € C([T,00); L2); [[w]x, < p}-

Xy is a Banach space with the norm || - ||x, and X7 (p) is a complete metric
space with the || - || x,-metric.

Proposition 3.1. Let \; € R and Ay < 0, and let d be a constant
satisfying 3/8 < d < 1. Assume that there exists a constant nn > 0 such that for
t>3,

JA(t)| 2 < n(tlogt) =12,
IR 12 = |LA®W) — FAWD) |2 <t~

where d' is a constant satisfying d' > d. Then there exist a T > 3 and a unique
solution u for the equation (1.1) satisfying

u € C([T, 00); L2),
sup t4(lut) — A®) |22 + lu — AllLs((t,00);220)) < 0.

Proof. We put v =u — A. Then the equation (1.1) is equivalent to
(3.3) Lv=f(v+A)— f(A) — R,

where R is defined by (3.2). The associate integral equation to the equation
(3.3) is

(3-4) u(t) = i/too V(t = s)[{f(v(s) + A(s)) = F(A(s))} — R(s)] ds.
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It is sufficient to show the existence of a unique solution v to the equation
(3.4) in Xp for sufficiently large 7' > 3. Our main task is to show that for
any p > 0 and n > 0, there exists a T' > 3 such that the equation (3.4) has a
unique solution in )N(T(p) by the contraction argument. Namely we define the
nonlinear operator K by

(Kv)(t) = i/too V(t = s)[{f(v(s) + Als)) = [(A(s))} — R(s)] ds

for v € )Z'T(p), and we show that for any p > 0 and n > 0, K is a contraction
map on )Z'T(p) if T' > 3 is sufficiently large. Let p > 0 be arbitrary, and 7' > 3
which will be determined below. Let v € X’T(p) and t > T. By the assumptions,
Holder’s inequality, Lemmas 2.1, 2.2 and the fact 3/8 < d < min{1, d’}, we see

[(Kv)(@)lrz + [KvllLs ((t,00);050)
SC(I[P | ssr(e,0pizry + AP ((200):L2)
+ AP L2 (,00):22) + IR L1 ((100):22))
SC(Ivll s ((t,00)ipe) 102 2373 ((1,00):2.0)
+ ol s ((to0)inee) 1AV | /7t 00):22)

+ APl Ly ((tooyizz) + IR (t00)iL2)
> s3 5\
SO{|U||L8((t7m);LZO) (/ HU(S)”L/g ds)
) :

o0 7/8
8 8/7
Il ez ( | 1A 11 ds)

+ /too(llA(S)lli;ollv(S)lng + 1 R(s)lz2) dS}

0o 3/4
SC{pt_d </ /3 5=84/3 ds>
t

S 7/8
4 ptd (/ 7 (slog s) =47 g8/ 758U ds)
t

+/ (n*(slogs) ™" ps™* +n8‘1‘d/)d8}

t

<O (M2 | 2= d3/8 (1og 1) 1/2
+ pn*(logt) =+t~ (=),

Therefore we obtain

(3.5) K] xp < C(PPT™23/4 4 pp2(log T) ™t 4+ 5T~ (@= D).
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In the same way as above, for vy, vs € )Z'T(p), we can show

[ Kv1 — Kva| xp
(3.6) <C((Iv1ll%, + llv2ll3, )T 72434 + 2 (log T) ™) lv1 — va x4
<C(p*T~23/% 4 (log T) ™)1 — v2 | xp.-

We note that for p > 0 and n > 0, there exists a sufficiently large T" > 3 such
that

C(p*T~243/% 4 pn?(log T) ™! + 9T~ =D) < p,

CpP*T >3+ (log T) ™) <

N =

since 3/8 < d < d'. From this fact, the estimates (3.5) and (3.6), we see that
the operator K is a contraction map on Xr(p) for sufficiently large T > 3.
Therefore for any p > 0 and n > 0, there exist a 7' > 3 and a unique solution
to the integral equation (3.4) in Xz (p). The uniqueness of solutions to the
equation (3.4) in X7 for sufficiently large T' > 3 (which depends only on n > 0)
follows from the first inequality of the estimate (3.6) for solutions v; € X7 and
v € Xp, (ie., Kv; = vj, j = 1,2). Hence for any n > 0, there exists a T > 3
such that the equation (3.4) has a unique solution in Xp. This completes the
proof of this proposition. O

Remark 4. In Proposition 3.1, no size restriction on 1 > 0 is assumed.

4. Proof of Theorem 1.1

In this section, we show Theorem 1.1, by proving that the asymptotic
profile u, defined by (1.5)—(1.9) satisfies the assumptions in Proposition 3.1.

Let u4 € D be a final state, where D is defined by (1.4), and let u, be the
asymptotics defined by (1.5)—(1.9). f(u) is our nonlinearity defined by (3.1).

The main task of this section is to show the following proposition, namely
we show that u, satisfies the assumption of Proposition 3.1. Theorem 1.1
immediately follows from Propositions 3.1 and 4.1.

Proposition 4.1. Let A\ € R, X2 < 0, up € D and u, be the asymp-
totics defined by (1.5)~(1.9). Then there exist a polynomial P(||uy|lp) of |u+|p
and a positive integer k such that for t > 3,

(4.1) lua(D) Lz < Ol 72 (tlog ) =12,
(4.2) 1£ua(t) = fua(t))llzz < CP(|lusllp)t*(logt)" .
The inequality (4.1) follows from the definition of u, immediately. (See

the proof of Proposition 4.1 below.) Our main task is the proof of the estimate
(4.2).
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Let t > 3, z € R, and we denote (9ph) (¢, z) = (0:h)(t, z). By the definition
of the asymptotics u, and the Leibniz rule, we have

Lug = (Lun)B (1. 7) +wid (B(1.7))
- B, (51 2)) - S0t (50 3))

s (5(12)) ot (5(02)

(4.3) = u1i(0p B) (t, %) + (Luq)B (t, %)
- % (%ul + 8§u1> (0:B) (t7 %)
- 2 @u)@2B) (1.5) - 5 @)@B) (1.7
11

By the definition (1.7)—(1.9) of the modifier B, we note that B satisfies the
following ordinary differential equation:

iy ()|?

2

for ¢ > 1 and x € R. On the other hand, it follows from the definitions of
A i 1
fua) = LT

asymptotics u, and the nonlinearity f(u) that
3 2 ’l)+ ( \ E)
(4.5) st (Va/t) t

LGN

From the equalities (4.4) and (4.5), we see that

(4.6) wi(@B) (£7) = f(ua).

Therefore by the equations (4.3) and (4.6), we obtain

Cuo— Ta) = (£u)B (1.2 % (%m + agm) ©.) (1)

(@) - S @)@ (15) - 5 @.u)@2B) (1.5)
11

Remark 5. Here we remark how to choose a modifier B = We™%.
Solving the ordinary differential equation (4.4) with B(1,x) = 1, we determine
our modifier B so that B satisfies the equality (4.6). By using the equality

(4.6), we can cancel contribution of the long-range term f(uy) in Lug — f(ug).
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We estimate the right hand side of the equality (4.7).

Lemma 4.1. Let A\ € R, A\s < 0, uy € D, and uy and B be defined
by (1.6) and (1.7)—(1.9), respectively. Then there exist a constant C > 0, a
polynomial P(||lus||p) of ||ut||p and a positive integer k such that for t > 3,

(4.8) [02ur ()|l < Clluy|pt™/2, j=0,1,2,
(4.9) [ Lur ()| 2 < Cllu|lpt™2,
(4.10) %ul(t) B < Clluplot?,

L2
(4.11) 102B(t)||2 < P(|luyp)(ogt)*, j=0,1,2,3,4,
(4.12) 10IB(t)|| e < P(|lus|p)(logt)*, j=0,1.

Proof. Putting ¢(x) = 44 (¥/x)/| /x| and using the Leibniz rule, Holder’s
inequality, the relations (w/6)lz = [¥llze and [(@/Dllzz = /2[0]lzz
for t € R\ {0}, Lemmas 2.3 and 2.4, and the Sobolev embedding theorem
HY(R) — L*(R), we can show the estimates (4.8), (4.11) and (4.12) by a
direct calculation. Hereafter we describe the proof of the estimates (4.9) and

(4.10).

Let

Lo, _3 .7
P(z) = Wu+(\/5)7 q(t,z) = TRAVATE
Then
1 T\
_ 1\ Liq(t,x)
uy(t,z) = (3it)1/2¢(t)e .
We note that
(4.13) 0,1 = i0,qe’, 9%’ = (i02q — (0,q)%)e™,
(4.14) e’ = (i02q — 3(0q)(02q) — i(0q)*)e™,
(4.15)  9e' = (i03q — 4(0:9)(3q) — 3(929)* — 6i(929)*(D2q) + (Drq)*)e™
and
a3, 11 2/3
(4.16) Oq(t,z) = (;) , O0q(t,x) = 37 (—) ,
, 21 g\ 10 1 fzy~/3

(4.17) Bata)=—:5 (7). At =5 (5)

We show the estimate (4.9). By the Leibniz rule, we have

o, _ 1 P
P (3it)1/2{4t4( 2 ( )

4.1 3 1q 2 (92 2 zq
(4.18) @) (5) 0.+ 5y 0%0) (7) a2

%(8(;5)( ) agei + 1 qS( )aﬁeiq}.
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By the identities (4.13)—(4.17) and (4.18), Hélder’s inequality and Lemmas 2.3
and 2.4, we can write (1/4)0%u; as
1y, 1 1 rz 4 iq
1% =Gy ¢ (t) (9z4)"e
1 3, /x 2082 N iq
- Gt (7) @@
1 9 T

(4.19) (gmmt(a@(t) (.00~ v (2)
1 1 N\ /x\4/3 i i 1 T\ g
e -t>1/z¢(z) (7) e ‘Wmd’(z)e

NG ;1/2 t31/2 (09) (%) %eiq - 155%3/ (%) e,

where Y is some complex valued function on R satisfying

1 x
/2 HY (?) HL% =YLz < Cllutllo

(4.20)

with some constant C' > 0. On the other hand, by a simple calculation, we
have

101 :i (3;)1/2(25 (%) (%)4/3 el — 72(3;)1/2 153%¢ (%) et
1

) 1 T\ T ,
Gz 7z 99 (?) 7o

From the identities (4.19) and (4.21), we obtain

(4.21)

1 T\
— L) pia
(4.22) Luy = t5/2Y (t) e,

The equality (4.22) and the estimate (4.20) imply the estimate (4.9).
Finally we prove the estimate (4.10). By the Leibniz rule, we have

o =000 () + ) (5) 0.

(a¢)( )826"1—1—(;5( )33 “1}

By the identities (4.13)—(4.14), (4.16)—(4.17) and (4.23), Hoélder’s inequality
and Lemmas 2.3 and 2.4, we can write d3u; as

(4.23)

(4.24) T % (31t1)1/2¢ (%) e+ t?’%z (%) e,

i 1 T\
ul+t3/2Z( )eq7
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where Z is some complex valued function on R satisfying
Llz(3) = <c
(4.25) a7 HZ (;)HLE =Zllrz < Cllu+llp

with some constant C' > 0. The estimate (4.10) follows from the identity (4.24)
and the inequality (4.25). This lemma is proved. [l

Remark 6.  According to the estimate (4.9), Luy(t) decays in L2 with
respect to ¢, though wuy(t) does not decay. (Note that |ui(t)||rz = ||t+|r2.)
This is because u; is an approximate solution of the free equation (1.10).

We prove Proposition 4.1.

Proof of Proposition 4.1. Let t > 3. By the definition of u,, we see that

|ua(t, z)| = ’ul(t,x)W (t’ %)‘

1 5/
o\
x/t
2 —-1/2
2 1
X <1+ ] Uy (f/%) logt> .

3 (Va/t)?
The above equality and the fact sup,eg(|y|(1 + ay®)~1/2) = a=/? for a > 0
imply the estimate (4.1).
We show the estimate (4.2). By the identity (4.7), Holder’s inequality, the

relations [(z/t)lzz = [lle and [(z/t)lzz = /2]l for t € R\ {0}
and Lemma 4.1, we see that

[ Lua(t) = f(ua(t))l| L2
1 ‘ i

< L@z BNz + 5 | Fua®) + ()

t

b
(3t)1/2

10:B(t)| g
Ly

31
+ §t_2||8£u1 (O)l=t"2107B(t)]| 2
1
+ t—3||3xu1(f)||Lg°t1/2|\333(t)||Lg
11
+ Zt_4||u1 (t)HL;ot”QII@iB(t)IILg
< P(|lus|p)t~*(logt)"*
with some polynomial P(|luy||p) of ||ui|p and some positive integer k. This
yields the estimate (4.2). O

Now we prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that all the assumptions in Theorem 1.1
are satisfied. Namely, assume that uy € D, Ay € R and Ay < 0. Let u,
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be defined by (1.5)—(1.9). Then by Proposition 4.1, we see that the asymp-
totic profile u, satisfies the the assumptions in Proposition 3.1. Theorem 1.1
immediately follows from Proposition 3.1. O
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