J. Math. Kyoto Univ. (JMKYAZ)
43-4 (2003), 719-735

Spectrum perturbations of operators on tensor
products of Hilbert spaces

By

M. I. GIL*

Abstract
We investigate the spectrum perturbations and spectrum localiza-
tion of a class of operators on a tensor product of separable Hilbert
spaces. In particular, estimates for the spectral radius and norm of
the resolvent are derived. Applications to partial integral and integro-
differential operators are also discussed.

1. Introduction and notation

Operators on tensor products of Hilbert spaces arise in various problems
of pure and applied mathematics, cf. [4], [11], and references therein. In many
applications, for example, in numerical mathematics and stability analysis,
bounds for the spectrum of operators on tensor products are very important.
But for the best of our knowledge, the bounds are not investigated. In the
present paper we consider a class of linear operators on tensor products of
Hilbert spaces. The spectrum perturbations and localization are investigated.
In particular, we suggest estimates for the spectral radius and the norm of the
resolvent. Applications to partial integral operators and integro-differential
operators are also discussed.

A few words about the contents. In Section 2, estimates for quasinilpotent
operators are derived. They are needed to prove the main result of the paper-
Theorem 3.3 on an estimate for the resolvent. By virtue of Theorem 3.3, in
Section 4, we establish bounds for the spectrum. Section 5 deals with partial
integral operators. Section 6 is devoted to integro-differential operators.

Let E; and Es be separable Hilbert spaces with the scalar products (-, )1
and (-, )9, respectively and norms || - ||; = +/(-,-); ( =1,2). Let H = E4 ® E>
be a tensor product of 4 and Fs. This means that H is the collection of all
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formal sums of the form

(1.1) w=>Y y;®h;  (y; € Er,h; € Ey)

with the understanding that

AMy@h)=Ay)@h=y®Ah), (y+y)dh=y@h+y1 ®h,

Here y,y1 € E1 ;h,h1 € Fs, and X is a number. The scalar product in H is
defined as

(Y@ h,y1 @ h1)g = (Y, y1)1 (h, h1)2 (y,y1 € Ev,h,hy € E»)

and the cross norm || - || = \/(-, ). From the theory of tensor products we
only need the basic definition and elementary facts which can be found in [4].

For a linear operator A, o(A) is the spectrum, Dom (A) is the domain,
rs(A) denotes the spectral radius, a (A) = sup Re o(A) and

p(AN) = teln(fA) [t — Al
is the distance between o(A) and a A € C.
A linear operator V is said to be quasinilpotent if (V) = {0}. V is called
a Volterra operator, if it is quasinilpotent and compact. In addition, I = Iy
and I; mean the unit operator in H and FEj, respectively.
Let us consider the operator

(1.2) A=D+Vi®I+ 11 ®Va,

where D is a normal operator, V; and V5 are Volterra operators in £ and Es,
respectively. A wide classes of linear operators on tensor products of Hilbert
spaces can be represented as perturbations of operators of type (1.2).

Recall that a mazimal resolution of the identity (m.r.i.) P(t) (—oo <t <
00) is a left continuous orthogonal resolution of the identity, such that any gap
P(to + 0) — P(to) of P(t) (if it exists) is one-dimensional, cf. the books by
Brodskii [3], Gohberg and Krein [9] and Gil’ [5, p. 69]. It is assumed that there
are m.r.i. Pj(t) (j =1,2) in Ej, such that

(1.3) P (Q)V;P;(t) = V;Pi(t)  (—oo <t <o)
and

(1.4) D= / / w(t, s)dP(t,s),
where

(1.5) P(t,s) = Pi(t) ® Pa(s) (t,s € R)



Spectrum perturbations of operators on tensor products of Hilbert spaces 721

and w is a P-measurable scalar-valued function defined on R2. Below we will
check that

(1.6) Va=ViL+1; @V,

is a quasinilpotent operator. In the sequel, P(t,s), D and V4 will be called
the spectral measure, diagonal part and nilpotent part of A, respectively. In
addition, the equality

(1.7) A=D+V,

is said to be the triangular representation of A.

2. Powers of quasinilpotent operators

Everywhere below, ni(V) denotes the nilpotency index of a nilpotent oper-
ator V, so that V"(V) = 0 % V(V)=1. if V is quasinilpotent but not nilpotent
we write ni(V) = co. Recall the following formula for the spectral radius of an

operator A, cf. [4]
rs(A) = lim %/||A™|.

Thus a quasinilpotent operator V satisfies the relation

lim {/][V™] = 0.

m— 00

Let Wy, W5 be commuting operators in H. Then, clearly,

(2.1) (W1 + W) chwl wpk,
k=0

Here and below C¥ = n!/k!(n — k)! are the binomial coefficients. Let cj :=
||WJkH and

e — 0 (j=1,2k=1,2,...).
So Wy, Wy are quasinilpotent operators. Then W; + W5 is a quasinilpotent
operator. Indeed, due to (2.1),

[(W1+ W2)"|| < esp 1= ZC C1kC2,n—k

since W1, Wy commute. Since, cij, c2  are coeflicients of some entire functions
fi(2) and fa(z), and
n
E C1kC2 n—k
k=0

are coefficients of the entire function f;(2)f2(z), taking into account that C* <
2" (k < n), we can assert that {/cz, — 0. So W1+ Wj is really a quasinilpotent
operator.
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Recall that a norm ideal Y; (j = 1,2) of compact operators acting in a E;
is algebraically a two-sided ideal, which is complete in an auxiliary norm | - [y,
for which |CBly, and |BCl|y, are both dominated by ||C||;|Bly; for a bounded
operator C' in E; and a B € Y}, cf. [9]. Assume, in addition, that there are

positive constants 9,(3 ) (k € N), with
\/6y) — o,

for which, for an arbitrary Volterra operator V € Y;

(2.2) IVH <ol Vs (k=12 00(V) ~1; j=1,2).

Below we will check that the Neumann-Schatten ideal has the property (2.2).
Let us suppose that

(2.3) VieY; (=12

and

(2.4) Wi=Vi®l, and Wy=1 ®Vs.
Then

IWEl = IVFl; <001Vilk  (k=1,2,...,0i(V)) — 1; j = 1,2).

Thus,
ny
n 1 2 _
(2.5) Wy + W)l < Y CRoDo vk, vl
k:ng
where
(2.6) ny = min{n,ni(V1) — 1}, ny = max{0,n — ni(Va) + 1}.

Here we have (W7 + W3)™ = 0 if ny < ng. We thus have proved

Lemma 2.1.  Let W7 and Wy be quasinilpotent and commuting opera-
tors. Then the operator Wy + Wy is quasinilpotent. Moreover, conditions (2.3)
and (2.4) imply inequality (2.5).

In particular, let
(2.7) VieCy  (1=12),

where Cy = Cy(F;) is the ideal of Hilbert-Schmidt operators in F; with the
Hilbert-Schmidt norm

No(K) = [Trace K*K|Y? (K € C).
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The asterisk means the adjoint operation. Due to Lemma 2.3.1 from [5], any
quasinilpotent operator V' € Cy in E; satisfies the inequality

NE(V)
NG

(2.8) V5|, < (k=1,2,...,ni(V) - 1).

Now Lemma 2.1 implies
Corollary 2.2.  Under conditions, (2.4) and (2.7), we have

(Vi)Ng' " (Va)
(=B

Nk
[(W1 + W2)"||a < Z Cr—=2

k=no

Since, Ck < 2™ (k < n), we have

1 < -
[(W1+ W2)"|[u < W Zcﬁx/ CENy (Vi)Ng " (Va)

2n2 n
(2.9) < ZC’CNQ DNy R (1)

_ [\/—(NQ(V1)+N2(V2))]" Vith € G,

Vn!

Let now C, = C,(E;) be the Neumann-Schatten ideal in E; with some p > 0.
That is,

N,(K) := [Trace (K*K)P/?|'/? < o0 (K € Cp).
Recall that for an arbitrary natural r > 1,

N,

(K SNp(K) (K eCy),

(cf. [8, Section II1.7]). According to this inequality and (2.8), for any quasinilpo-
tent operator V € Cgp( ;) with a natural p > 1, we have

Ny (vr) N (V)
Vil T ml

Hence, for any k=i+mp (i =0,...,p—1; m=0,1,2,...), we have

Vel <

[V Ng (vr) _ Ny (V)
vm! - Vml

IVEll; = [viFem); <
This inequality can be written as
k N2p A
(2.10) IVA; € ——== (Vely; k=1,2,...),

where [z] means the integer part of a number z > 0.
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Corollary 2.3.  Under the conditions (2.4) and
(2.11) VieCy (j=1,2p=12..)

we have

" N, (VNG (V)
. n ck 2 P .
(2.12) 0¥+ Wl < 2 O e

Under condition (2.11) we can also derive estimate similar to (2.9).

3. Estimates for resolvents

Simple calculations show that
(3.1) A1 ® Azllm = [|All1]|Az]|2

for all bounded operators A; acting in E; (j = 1,2). Again consider the
operator A defined by (1.2) under conditions (1.3), (1.4). Due to the triangular
representation (1.7) we have

(32) (A=A =(D+VAa- A" =([T+Q\) ' (D-X)""  (Aga(A),

where
Qx=(D = X)WV,

According to (1.4),

(D— 1)) / / VldP(ts) (A& o(D)).
Or -
(D— 1)) / APy (1) @ Ty(t, ) = / Ti(s, ) @ dPs(s),
where -
Tl(s,)\)Z/_ (w(t,s) — \) " dPy(t)
and

Ta(t,\) = /OO (w(t,s) — A\) " dPy(s).

Then Qx = By (\) 4+ B2()), where

oo

Bi(A) = (D-N"'(Vi @ I) = / Ty(s, \)WVi ® dPy(s)

—0o0

and
o0

By(\) := (D*A)71(11®V2):/ dPy(t) @ Ta(t, \)Va.

— 00
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It can be directly checked that operators B;(A) and By(\) commute and that
B\ = /jo (Ti(s, V)" @ dPs(s)  (n=1,2,..).
Since Tj(s,A) and V; have the same m.r.i. P;, due to Lemma 3.2.4 from [5]
T;(s, A\)V; are qausinilpotent operators. So

05 (Vi3

. Ti(s, V)" ||; < 09|V, |5 1T (s, M||? < ———=—2
(3.3) I( J(87 ) i) ||J <07 J|Yj|| 5i(ss )”] = n(D, )

(j=1,2).

Let {ex} be an orthogonal normal basis in F; and {dx} an orthogonal normal
basis in F5. Vectors of the form

(3.4) EZZZijek(@dj:Zek@Uk
j=1k=1 k=1
are dense in H. Here

s
V = E ijdj.
k=1

Now let w € E5 be a generating vector. That is, for any hy € Fs and € > 0,
there are numbers ¢, € C and

—o00 <tyg <ty << tg <00,
such that

h2 — Z CkAPQ (tk)w
k=1

<e (APy(t) = Py(ty) — Pao(ty—1))
2

(cf. [1, Section VI.83]). Thus, there are coefficients by, j = 1,...,[, such that

!
v = Z b AP (t)w + ag (o, € E»)

j=1

with [Jag |2 < €l|vgll2. So

s s l s
Zek QU = Zzek ® br; AP (t5)w + Zek & og.
k=1

k=1j=1 k=1

2 s

S
=D llowl3 <Y llowl:
k=1

H k=1

S
E er X g
k=1

Thus vectors of the form

s l
(3.5) ho = Z Z er ® bk;jAPQ (tj)w

k=1j=1
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are dense in H. Furthermore, due to (3.3),

IBY (Mhol[

s l

*ZZV’M\ / (T (s, V1) ex | 3d{Pa(s) APyt )w, APy (t;)w)s
k=1j5=1
(1) 0
<ZZ|%\2 92n|‘g;;1)) / d(P2(s)APy(tj)w, APy (t;)w)e
k=1j=1 —0o0

(1) 1 \2
:%ZZI%I AP, (t5)w]|3.

k=1j=1

But according to (3.5)

1holl?; = ZZI%I IAP(t))wlf3.

k=1j=1

Thus

00 il
n < An 2
187 Whollu < T2 5= Iholl

Since vectors of the form (3.5) are dense in H, we have

05 Vil
1B (Mlm < (DN
Similarly,
(2) n
On"[Valy,
BY (A < ——22
Now (2.1) implies
bn(A,Y)
) n — n <
(36) I + B2 = Q3 < 22520,
where
(3.7) ba(A,Y) =Y koD 07 VifiH valk,.

Relations (3.2) imply

1A =A™ i < D =A™ 3 QR

n=0

According to (3.6) we get
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Lemma 3.1.  Under conditions (1.2) through (1.4) and (2.3), the
inequality

A=A <y m

n=0
is valid for any regular point A of D.

Lemma 3.2.  Under conditions (1.2) through (1.4) and (2.3) the rela-
tion o(D) = o(A) is true.

Proof. Let A be a regular point of D. Then due to the previous lemma A
is a regular point of A.

Now we are going to prove that from p € o(D) it follows that u € o(A).

First, let p be the eigenvalue of D and h the corresponding eigenvector.
Then according to (1.4), P(t,s) has a jump AP corresponding the eigenspace,
such that DAP = puAP and APh = h. In addition, V4 can have the zero
eigenvalues, only, since it is quasinilpotent. So APV4AP = 0. We thus, have
Dh = ph, (Vah,Vah)g = 0 and due to (1.7),

(A= pwh,(A—wh)g = {(D+Va—p)h,(D+ Vs —p)h)y
= (Vah,Vah)yg = 0.

Therefore 1 € o(A).

Let now pu € o(D) be a point of the continuous spectrum. Then according
to (1.4) p = w(ty, s1) for some real ¢1, 5. For a 0 > 0, put

AP = P(t1 + 5,81 + 5) — P(tl,sl).
Then
- s1+0  pti+0
(D — APy = / / w(t, s)dP(t, s).
S1 t1

Since P is continuous in a neighborhood of point (¢1, s1), for any € > 0, there
is a ¢, such that

(D — p)AP|g <e and [[APV4AP|x <e,
since V4 is quasinilpotent. Hence,

(D — p)APv, VAAPv) | = [((D — n)APv, APVAAPv) |
<ol (veH)

and according to (1.7),
(A= AP, (A— p)APu)g = (D + Va — AP, (D + Va — 1)APo) g

<26 + (D — p)APv, (D — p)APv)y
+ ((V4APv, VAAP) i < 462
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Take v € APH. Then ||(A— p)v||% < 4¢2||v||%. Since € is arbirary, this proves
that p € o(A). Since we also have proved that any regular point of D is a
regular point of A, the proof of the lemma is complete. O

Lemmas 3.1 and 3.2 imply the main result of the paper.
Theorem 3.3.  Under conditions (1.2) through (1.4) and (2.3), the

inequality

(3.8) [(A=XD)7Y < Z n+1 A A

is valid for any regular point A of A.

If A= D is normal, that is, V; = V5 = 0, then we have the exact relation

1y 1
IA=AD s = —s5 (g old)).

Note that according to (2.5), we can replace b,(A,Y) in (3.8) by

1 2 _
Z CroD, 0 Vi [k |Valk

k‘nz

where ny,ny are defined by (2.6).
Theorem 3.3 and Corollary 2.3 imply

Corollary 3.4.  Under conditions (1.2) through (1.4) and (2.11), the
inequality

(3.9) A=A <Y % (A ¢ o(4))

n=0

18 valid with

" Ol (VNG *(Ve)
(3.10) bn(A, Cap) : Z \/n_ T

Note that according to (2.5), in (3.9) we can replace b, (A4, Cy,) by

CENE( vnN"—k(vz)

kznzz VI —k)/p)lk/p]!

Moreover, if V7, V4 are Hilbert-Schmidt operators, due to (2.9) we have

1 o [V2(Na (V1) + Nao(Va))]™
(3.11) (A= MDY < nZ:‘B NOEETRY

(A & a(A)).
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By the Schwarz inequality
Z L
\/_x” o on/2/plan

1/2 1/2
Ol e N Vaexn | &
n=0

n=0

This relation and (3.11) imply
(3.12)
I(A=AD)~H| <

2 ~

4. Spectrum of perturbed operators

Let us consider the perturbed operator B = A+ Z, where operator A has
the form (1.2) and Z is a bounded operator in H with a “sufficiently small”
norm ¢ := || Z]|. So

(4.1) B=D+Vi@L+1L oV, +Z
Denote
> bi(AY
(4.2) WA@:Z}éﬁg (z > 0),
k=0

where b, (A,Y) are defined by (3.7).
Theorem 4.1.  Under conditions (1.2) through (1.4) and (2.3), let
G0(4, p(D,\)) < 1
Then X is a regular point of B. Moreover,

YA, p(A,N)

Proof. It is simple to check that under conditions ¢||Rx(A4)]| < 1, A is a
regular point of operator B = A 4+ Z and

[ BA(A) || e
”R)\(B)”H < m

Now the result is due to Theorem 3.3. O

|RA(B) | < 5

Furthermore, under (2.11), set

Recall that by, (A, Cy,) are defined by ( 0). Now Theorem 4.1 and Corollary
3.4 imply
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Corollary 4.2.  Under conditions (1.2) through (1.4) and (2.11), let

qu(Aa ,O(D, )\)) < 1.
Then X is a reqular point of B. Moreover,

Yp(A, p(D, N))
- qz/Jp(A,p(D, >‘))

Let A and B be arbitrary linear operators in H. The quantity

IRA(B) < 1

sva(B) := sup inf -A
(B) i A = Al

is said to be the spectral variation of a linear operator B with respect to a linear
operator A.

Theorem 4.3.  Let conditions (1.2) through (1.4), (2.3) and (4.1) hold.
Then, sup(B) < z(A, q), where z(A, q) is the extreme right-hand (nonnegative)
root of the equation

(4.3) 1= qu(A, ).

In particular, a(B) < a(D) + 2(A,q). If, in addition, D is bounded, then
rs(B) <rs(D)+ z(A,q).

Proof. This result follows from [5, Lemma 4.1.4] and Theorem 3.3 with
Lemma 3.2 taken into account. ([

If V1 = Vo =0, then z(A4,q) = ¢q and svp(B) < q.
To estimate z(A4, q), let us consider the equation

(oo}
(4.4) > apt =1,
k=1

where the coefficients aj, are nonnegative and have the property
Yo = Qm]?X Yap < 00.

Due to Lemma 3.4 from [7], the unique nonnegative root zy of equation (4.4)
satisfies the estimate

Hence it follows
(4.6) 2(A,q) <§(A,q) := Qm?X Y qbr(A,Y).

Now Theorem 4.1 implies
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Corollary 4.4.  Let conditions (1.2) through (1.4), (2.3) and (4.1) hold.
Then svp(B) < 6(A,q). In particular, «(B) < a(D) + §(A, q). If in addition,
D is bounded, then rs(B) < rs(D)+ d(A,q).

Furthermore, due to Corollary 3.4, Theorem 4.1 and inequality (4.5) imply.

Corollary 4.5.  Let conditions (1.2) through (1.4), (2.11) and (4.1)
hold. Let z,(A,q) be the extreme right-hand root of the equation

(4.7) 1= qp(A, 2).
Then, svp(B) < z,(A,q) < 0,(4, q), where

3p(A, ) = 2max Y aby(4,Coy).

In particular, a(B) < a(D) + z,(4, q) < a(D) + 6,(A, q). If in addition, D is
bounded, then

7s(B) < 7rs(D) + 2,(A, q) < 7s(D) + ,(4, q).

Let us assume that Vp, V5 are Hilbert-Schmidt operators. According to
(3.12), z2(A, q) < Z3(4, q), where 23(A, q) is the extreme right-hand root of the
equation
2(Na(Vh) + Na(Va))?

22

(4.8) 1=qV2z texp

Let us use the following
Lemma 4.6.  The unique positive root zg of the equation
(4.9) zef =a (a = const > 0)
satisfies the estimate
(4.10) 20 >1In[1/24+/1/4 +d].
If, in addition, the condition a > e holds, then zo > In a —Inln a.

For the proof see [7, Lemma 4.3]. Equation (4.8) is equivalent to the
following one:
4(No(Vy) + NQ(VQ))z

2

1 =2¢*z2exp

Substituting
~ A(Na (V1) + Na(Va))?

22
we have equation (4.9). Now (4.10) gives us the inequality Z3(A4,q) < 5(A, q),
where
1 1 2(IV. N 2
L (N2(Vi) + N2 (V)
2 4 q?

ln1/2
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Now the previous Corollary yields.

_ Corollary 4.7.  Let the conditions (1.2) through (1.4), (4.1) and V1, V3 €
Cs hold. Then, svp(B) < 02(A,q). In particular, a(B) < a(D) + d2(A, q). If
in addition, D is bounded, then rs(B) < rs(D) + 62(A,q).

5. Example 1. A partial integral operator

Let us consider in the complex space H = L?([0,1] x [0, 1]) the operator
B defined by

(Bu)(z, ) = alz, y)u(z, y) + / Ky (2, 2)uler, y)day
(5.1) 0

1
+/ Ko (y, y1)u(z, y1)dy1,
0

where K7, Ko are scalar Hilbert-Schmidt kernels, and a(z,y) is scalar bounded
measurable function defined on [0,1]%. Such operators arose in various appli-
cations, (cf. [2], [10]). In the considered case Ey = Ey = L?[0,1].

Rewrite B as B = A + Z, where

(5.2)
(Au)(x,y) = a(x,y)U(x,y)—F/O }'(1(3771'1)1%‘%17y)dwl"_\/0 Kg(y7y1)u(x,y1)dy1

and
1 1
(Zu)(z,y) = / Ky (o )ula, y)der + / Koy, y )l 1 )dys.
@ y

In this case (1.2) holds with D defined by (Du)(z,y) = a(z, y)u(z,y) and

(5.3) (Viv)(z) = /Ox K;(x,z1)v(z1)dxy (j=1,2; v € L*0,1]).
So

1 T 1/2
(5.4) Ny (V;) = {/0 /0 | K (2, 21)|*dry dx} < 00.

For 0 <t <1, define P;(t) and P»(t) by

(5.5) <P1(t>u><w>=<p2(t>u><x>:{0 i t<a<l,

u(z) for 0 < <t if 0<z<t
In addition, put P;j(t) = I, for t > 1 and P;(t) =0 for t < 0;j = 1, 2. Clearly,

o(D)={z€C:z=uqa(z,y), 0<z,y <1}
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Then due to Corollary 4.7
U(B) c {Z €eC: |Z *(l(l',y)| S ZQ(A,q) < 52("43(])7 0 < z,y S 1};

where g = || Z]|, Z2(4, q) is the unique positive root of the equation (4.8) and
d2(A, q) is defined by (4.11) with (5.4) taken into account. Simple calculations

show that
11
+ [/ / | Ky (2, 21)|*dey da
0 Jx

1 41
q< [/ / \Kl(x,x1)|2dac1 dx}
0 x

In particular Corollary 4.7 gives us the inequality

1/2 1/2

(56)  ri(B) < max|a(e,y)| + 2(4,q) < max|a(z,y)| +02(4, )
and
a(B) < HzlE?LJXRe a(z,y) + Z2(4,q) < HzlE?LJXRe a(x,y) + 02(A, q).
An arbitrary linear operator A is said to be stable, if a(A4) <0.
Thus, the operator defined by (5.1) is stable, provided a(z,y)+d2(A,q) < 0

for all z,y € [0, 1].
Clearly, instead of (5.2), we can take

1 1
(Au)(x,y) :a(x,y)u+/ Kl(xaxl)u(flay)dxl+/ Ko (y, y1)u(x, y1)dy
and
@) = [ Kot + [ Koo n)in.

Similarly, we can consider operators of the type
1 1
(Bu)(a,y) = alep)ut [ Kaloo)u(ory)dn + [ Kol )uo, )
0 0

1 1
+/ / KZ(xaxluyvyl)u(xlvyl)dyl dx1~
0 Jo

Moreover, Theorem 4.3 allows us to investigate operators with unbounded
(l(~, )
6. Example 2. An integro-differential operator

Let us consider in H = L?([0,1] x [0, 1]) the operator

(6.1) (Bu)(z,y) := %jgy) —|—/O Ky (z, x1)u(zr, y)dzy (u € Dom(B))
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with

0?u
Dom (B) = uEH:a—y2€H; u(z,0) =u(z,1)=0,.

Here K is a Hilbert-Schmidt kernel. We can write out B = A + Z, where

(6.2) (Au)(z,y) = %;;y) + /Of Ky (z,z1)u(zy, y)da, (u € Dom(B))

and .
(Zu)(a.) = | Ko wuler o,
In this case (1.2) holds with V; defined by (5.3), V2 = 0 and

2u(z
(Du)(z,y) = %y;y) (u € Dom (B)).

Take P; as in (5.5) and

1
0

(Po(0)0)(w) = (Pal)e)) ) = Y sin (k) | olan)sin (kmy)olon)dn.
k=1

(n=1,2,...). Clearly, o(D) = {-7?k?, k =1,2,...}. Then due to Corollary
4.7

o(B) C{z € C:|z+m*m?| < %(A,q) < 02(A,q), m=1,2,...},

where
1/2

1 1
q= ||Z||H < l:/ / |K1(,§E,Qj1)|2ddf1 dx s
0 T

Z2(A, q) is the unique positive root of the equation (4.8) and b2(A, q) is defined
by (4.11) with (5.4) taken into account. In particular,

a(B) < =12+ 2(A,q) < -2+ 62(A, q).
Thus, B is stable, provided —72 + 52(/1, q) <0.
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