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The secant varieties of nilpotent orbits

By

Yasuhiro OMoDA*

Abstract

Let g be a complex simple Lie algebra. We have the adjoint rep-
resentation of the adjoint group G on g. Then G acts on the projective
space Pg. We consider the closure X of the image of a nilpotent orbit
in Pg. The i-secant variety Sec X of a projective variety X is the clo-
sure of the union of projective subspaces of dimension i in the ambient
space P spanned by i + 1 points on X. In particular we call the 1-secant
variety the secant variety. In this paper we give explicit descriptions of
the secant and the higher secant varieties of nilpotent orbits of complex
classical simple Lie algebras.

1. Introduction

Let G be a connected complex simple algebraic group, g its Lie algebra,
b its Cartan subalgebra, W its Weyl group. When we want to exhibit corre-
sponding Lie algebra, we denote ) by hy and W by W;. We have the adjoint
action of G on g. Taking a composition of the categorical quotient g — g//G
and an isomorphism g//G ~ h/W given by Chevalley’s theorem for which we
refer to [5], we have a map

p:g—h/W
This map is called the adjoint quotient. For the detail about the adjoint quo-

tient we refer to [10]. The Lie group G acts on the projective space Pg naturally
under the projection,

m: g\{0} — Pg.

For any nonzero nilpotent element = € g we set

X :=n(G-x)CPyg.

Hence X is an irreducible G-invariant projective variety in Pg. The i-secant
variety Sec™ X of the projective variety X is the closure of the union of projec-
tive subspaces of dimension ¢ in the ambient space Pg spanned by ¢ + 1 points
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on X. If X is irreducible, then Sec(” X is also irreducible. In particular we
call the 1-secant variety the secant variety SecX. We refer to the monograph
[12] by F. L. Zak for general results about the secant and the higher secant
varieties.

In this paper we give explicit descriptions of the secant and the higher
secant varieties of nilpotent orbits of complex classical simple Lie algebras
except for the nilpotent orbits [2",1°] in so0,,. The descriptions we give are
characterized by the rank of matrices, determinantal varieties. Some results
are known about the secant and the higher secant varieties of nilpotent orbits.
Kaji-Yasukura [6] proved that if z is a minimal nilpotent element, we have
SecX = G -w(h). Here h is a semisimple element of a slo-triple containing x.
Baur-Draisma [2] presented explicit descriptions of the higher secant varieties
of the minimal nilpotent orbits of classical simple Lie algebras.

We remark that Theorem 4.7 is the result of K.Nishiyama [9]. The author
wishes like to express his hearty thanks to K.Nishiyama for permitting the
author to describe his result in this paper.

2. Preparation

In this section we recall well known results about nilpotent elements and
their orbits in g. (See e.g. [3].) Nilpotent elements and corresponding orbits in
Lie algebras sl,, s0,,, sp,, are parametrized by partitions [ri,r9,...,7s] of n

S
LT > 2T, E Ty = Mn.
i=1

Then we denote the nilpotent elements and corresponding orbits by

[r1,72,...,rs]. This parametrization is given by using the Jordan normal forms
as follows,
D,, 0
D,,
0 D,

Here D; is the ¢ x ¢ Jordan block whose eigenvalue is zero.

Proposition 2.1.  Nilpotent orbits in sl,, are parametrized by the parti-
tions of n.

Proposition 2.2.  Nilpotent orbits in 509,41 are parametrized by the
partitions of 2n + 1 in which even parts occur with even multiplicity.

Proposition 2.3.  Nilpotent orbits in s02, correspond to partitions of
2n in which all even parts occur with even multiplicity, but each “very even”
partition which has only even parts with even multiplicity comes from two orbits.

Proposition 2.4.  Nilpotent orbits in sp,,, are parametrized by the par-
titions of 2n in which odd parts occur with even multiplicity.
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We define a partial order on the set of partitions of n. Given two partitions

u = [ug,Us,...,us) and v = [v1,va,...,0¢], we say that u < v if the following
condition holds:
Z u; < Z v; for any k > 1.
1<j<k 1<5<k

Moreover if u # v, we say that u < v. Then we have the following proposition.

Proposition 2.5.  Let g be a classical Lie algebra over C. Assume that
the nilpotent orbits Oy, O correspond to the partitions u,v. Then the closure
of Oy contains Oy and Oy # Oy if and only if u < v.

Definition 2.6. Let g be a complex simple Lie algebra. We define an
element = to be regular if and only if its orbit in g has maximal dimension.

Next proposition is well known. (See e.g. [10].)

Proposition 2.7. Let g be a complex simple Lie algebra. When we
consider the adjoint quotient p : g — b/W, p is flat and each fiber p~1(t) for
t € h/W contains exactly one orbit of reqular elements which is dense and open
NS
in p~t(t).

We use the same notation [ri,rs,...,7s] for the projective variety X =
w([r1,7r2,...,7s]) obtained from a nilpotent orbit [ry,rs,...,rs]. Moreover we
use the same notation SecX for cone varieties 7~1(SecX) in g as SecX in Pg.

We give two propositions and one corollary which are used many times in
this paper.

Proposition 2.8.  Let g be a simple Lie subalgebra in gl,,. (Here gl,, is
a Lie algebra consisting of all n x n matrices.) If x is a nilpotent element with
rank k, Then we have

SecWX c {Aeg|rank A < k(i+1)}.

Proof. The rank of the sum of ¢ + 1 matrices with rank k is not greater
than k(i 41). Then we obtain the proposition by the definition of Sec” X. [

Next proposition is well known. (See e.g. [1].)

Proposition 2.9. Let X be a closed G-variety in g. If X contains b,
we have X = g.

Then Proposition 2.7 shows the following corollary.

Corollary 2.10.  Let X be a closed G-variety ing andp : g — h/W the
adjoint quotient. If p(X) =b/W, we have X = g.
3. Distinguished case

We recall the definition and the properties of distinguished nilpotent ele-
ments and their orbits in g. (See e.g. [3].)
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Definition 3.1. Let g be a complex simple Lie algebra. We define a
nilpotent element z or its orbit to be distinguished if and only if the only Levi
subalgebra of g containing x is g itself.

For any nilpotent element x we have a sly-triple {z, h, y} such that
[h, 2] = 2z, [h,y] = =2y, [z,y] = h.
Put eigenspaces of h as
g, :={z € g| ad(h)z = iz}.

Then we have a finite decomposition,
s=Poi, zeco.
i

Under this decomposition we have following maps
ad(z) : gi — gitro-
Then the next propositions are well known.
Proposition 3.2.  Let g* be the centralizer of a nilpotent element x in
g. Then we have
o < Do
i>0

Proposition 3.3.  z is distinguished if and only if ad(x) : go — g2 is
bijective.

Combining these propositions and the equality dim g_s = dim g2, we have
the following proposition.

Proposition 3.4. If x is distinguished, we have ad(x) : g_2 — go s
bijective.

If a nilpotent element x is distinguished, from the above proposition we
obtain

SecX DTX D [g,x] D [g—2,2] =g0 D b.
Since X = (G - x) is closed and G-invariant, by Proposition 2.9 we have
SecX DG-h=g.
Then we have the following proposition.

Proposition 3.5.  If a nilpotent element = is distinguished, we have
SecX = g.
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In particular the regular nilpotent orbit is distinguished. Then we have
the following corollary.

Corollary 3.6.  If a nilpotent element x is regular, then we have SecX
= g.

0 1

Example 3.7. Let g be sl; and let « be ( 00

). Then SecX = sls.

4. The case of sl,
In this section we consider the case of sl,,;
sl, = {4 = (a;;) € M,,(C)| trA =0}.

Here M, (C) is the set of all n x n complex matrices. Let hg(, be the set of
all diagonal matrices in sl,. If ny +ng + -+ +ns < n, for (Xq,...,X;) €
sly, X --- x sl,_ the mapping from sl,, x --- x sl,_ to s, defined by,

X 0
(Xl,...,XS) =
X
0 0
gives a natural embedding sl,, x --- x sl,, — sl,. By this embedding we

identify sl,, x --- x sl,,, with the image in sl,,. We also consider corresponding
embeddings of the Cartan subalgebra b, X -+ X hgy,  into hgr, and the Lie
group SL,, X -+ x SL,_ into SL,.

Lemma 4.1.
SLy - bsi, = {z € sly| rank(z) <n}. (2<n<N)

Proof. If N = n, the assertion holds by Proposition 2.9. Then we may
assume N > n+1. Let  be an element of sy whose rank is n. Let D;, (a;) be
the i X i Jordan block whose eigenvalue is a;. Consider the Jordan normal
form of x

Dil(al) 0
Di2(a2)
. ) ‘a1‘2|a2‘2"'2|a5|~
0 Dis(as)
Let k£ be the number such that a # 0 and a4 = 0. If iy = =i, = 1,

then we have x € SLy - sl,,. Otherwise we put

S

A= Z rankD;, (a;) = Z (i —1).

I=k+1 I=k+1
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Let y be an element in sl, 11 C sly whose Jordan normal form is

D;, (a1)

D;, (ax)
0 D 4+1(0)

Hence we have

r e SLy - y C SLy sl
Then it is enough to prove the case where n = N — 1. The inclusion:

SLy - bsiy_, C {z € sly| rank(x) < N — 1}

is obvious. Next we shall prove the inverse inclusion. We consider the adjoint
quotient p : sly — bgr /Wer, . Since generic elements in by, _, are regular in
sly, by Proposition 2.7 we have

SLN Bsty_ D0 ' (p(hsiy_,))-

Then we want to show p~1(p(hsiy_,)) D {z € sly| rank(z) < N —1}. We
consider any element of {x € sly| rank(x) < N—1}. The rank of its semisimple
part is not more than N —1. So the image by the adjoint quotient p is contained
in p(hsr,_, ). Hence we have

p ' (p(hsiy_,)) D {x € sly| rank(z) < N — 1}.
Then we have
SLn Bsiy_, O {7 € sly| rank(z) < N —1}.
Then the result has be shown. |
Lemma 4.2.  Let g be sl,, (n > 3).
Sec[3,1" 73] = {z € sl,,| rank(z) < 4}.

Proof. 'When n = 3 a nilpotent element [3] is regular. Then Sec[3] = sl3.
Proposition 2.8 shows

Sec[3,1"73] C {z € sl,,| rank(x) < 4}.

If the result holds when n = 4, we have Sec[3,1] = sly. Under the natural
embedding sl; C sl, we can regard a nilpotent element [3,1"73%] € sl, as a
nilpotent element [3, 1] € sly C sl,,. Then we have

sl, D Sec[3,1"7] D sly D by,
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Hence by Lemma 4.1 we obtain the required result. So it is enough to prove
the case where n = 4. We can regard a nilpotent element [3,1] as a nilpotent
element [3] € sl3 C s[4 under the natural embedding sl C sly. Since a nilpotent
element [3] is regular in sl3, Sec[3] = sl3. Then we have

sly O 560[37 1} Dsl3 D bhg, = {a11 + aso +azz = 0,a44 = 0}.

The condition that there is some number 7 such that a;; = 0 is stable under
the action of the Weyl group Wy, in bher,. Then the image p(hs1,) of hgi, of the
adjoint quotient p : sly — bhgr, /W, is an irreducible subvariety of codimension
1in bgr, /Wei, and does not contain the image of any element whose determinant
is not equal to zero. If there exists an element in Sec[3, 1] whose determinant
is non-zero, we obtain the result by the irreducibility of Sec[3,1]. Actually we
can find such element as follows. We consider the nilpotent orbit [22]. The
nilpotent orbit [22] is included in the closure of the nilpotent orbit [3,1]. So the
sum of any two elements of the nilpotent orbit [22] is an element of Sec[3,1].
Now we take

o O O

€ Secl3, 1].

SO O
o O o o
o= O O
oo = O
o o oo
_ o O O
o O o o

0

The determinant of y is non-zero. So p(hsr,) never contain p(y). By the ir-
reducibility of Sec[3, 1] we obtain p(Sec[3,1]) = hs, /Wsi,. Then by Corollary
2.10 we have Sec[3, 1] = sl4. O

Lemma 4.3.  Let g be sls.
Sec[3,2] = sls.

Proof. The closure of the nilpotent orbit [3, 2] contains the nilpotent orbit
[3,12]. We can regard a nilpotent element [3,12] as a nilpotent element [3,1] €
s[4 under the natural embedding sl C sl5. Since Sec[3, 1] = sly by Lemma 4.2,
we have

sls O Sec[3,2] D Sec[3,1%] D sly D bsi, = {a11 + aze + asz + asq = 0,a55 = 0}.

The condition that there is some number 7 such that a;,; = 0 is stable under
the action of the Weyl group Wi, in hgr,. Then the image p(hsr,) of g, of the
adjoint quotient p : sls — bg1, /Wi, is an irreducible subvariety of codimension
11in hgr, /Wsi, and does not contain the image of any element whose determinant
is not equal to zero. We can regard a nilpotent element [3, 2] € sl5 as a nilpotent
element [3] x [2] € sl3 x sl C sl5. Since Sec[3] = sl3 and Sec[2] = sly, we have

sls D 560[3,2] D b5|3 X []5[2 = {a11 + a9 + aszz = 0,a44 + as5 = 0}

The image p(hsi, X bsr,) contains some elements whose determinants are not
equal to zero. Then the image p(hs(,) is not a subset of p(hsi, X hsr,). Since
Sec[3,2] is irreducible, we obtain p(Sec[3,2]) = bs1,/Wsi,. Then by Corollary
2.10 we obtain Sec[3,2] = sls. O
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Lemma 4.4.  Let g be sl,, (n > 5).
Sec[3, 2, 17%5] = {z € sl,| rank(z) < 6}.

Proof. If n = 5, the statement is proved in Lemma 4.3. Then by the
similar argument as the argument in the proof of Lemma 4.2 it is enough to
prove the case where n = 6. We can regard a nilpotent element x = [3,2, 1] € slg
as a nilpotent element [3, 2] € sl5 under the natural embedding sl5 C slg. Since
Sec[3,2] = sls by Lemma 4.3, we have

slg D 566[3,2, 1] Dsls D bg[s = {an 4+ aos + a3z + aqq + ass = 0, agg = O}.

The condition that there is some number ¢ such that a;; = 0 is stable under the
action of the Weyl group Wy, in hgi, . The image p(hsr,) of hsr, of the adjoint
quotient p : slg — bgrs/Wei, is an irreducible subvariety of codimension 1 in
Bsts /Wi, and does not contain the image of any element whose determinant
is not equal to zero. We take a sum of two nilpotent elements of the type of
[37 27 1]7

010000 000000
001000 000000
000000 10000 0
v=loooo0oo01|Tloooo oo |ESeB2l
000000 000100
000000 000010

The determinant of y is non-zero. So p(hsr,) never contain p(y). By the irre-
ducibility of Sec[3,2, 1] we obtain p(Sec[3,2,1]) = hs1,/Wai,. Hence by Corol-
lary 2.10 we obtain

Sec[3,2,1] = slg.
Then we proved the assertion. O
Proposition 4.5.  Let g be sl,,. (n=2r +s+3)
Sec[3,2",1°] = {z € sl,| rank(x) < 2r + 4}.

Proof. By the similar argument as the argument in the proof of Lemma
4.2 it is enough to prove the cases where s = 0,1. We prove this proposition
by induction on r. By Lemma 4.3 and 4.4 the cases where r = 1 and s = 0,1
are proved. We assume that the assertion holds if » = k£ and s = 0, 1. First we
study the case where r = £+ 1 and s = 0. We consider a nilpotent element
r = [3,2%,12] € sly.y5. The closure of the orbit [3,25!] contains the orbit
[3,2F,12]. Since Sec[3,2*,1] = slox,4 by the assumption, we have

slopts O Sec[3,2571] O Sec[3,2%,1%] S slogia D beryysss
and

Dot a = {011 + 22 + -+ + G2k 4,2644 = 0, G2k45,204+5 = 0}
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The condition that there is some number ¢ such that a;; = 0 is stable under
the action of the Weyl group Wiy, ., in bsi,, 5. Then the image p(bsr,,,,) of
Dot . Of the adjoint quotient p : slokss — Bsiyyys/Waise,s is an irreducible
subvariety of codimension 1 in by, /Wi, s and does not contain the image
of any element whose determinant is not equal to zero.

We can regard a nilpotent element x = [3,2"+1] € sly, 5 as a nilpotent
element [3,2%] x [2] € slopy3 X sly C slopys. Since Sec[3,2%] = sly13 by the
assumption and Sec[2] = sly, we have

slonis O Sec[3, 2571 D slojis X 5lo D Baryry X Barys

and

b5[2k+5 D b5[2k+3 X hs[g

={an1 + a2+ + a2p4+3,26+3 = 0, Q2kt4,2k+4 + Q2ky5 2645 = 0}

Since the set p(Bsi,,., X hs1,) contains the image of elements whose determinant
is not equal to zero, the set p(hsr,, ., X bs1,) is not a subset of p(hsr,,,,). Then
by the irreducibility of Sec[3,2%+1] we obtain

p(Sec(3,2") = oty s /Waks.
Hence by Corollary 2.10 we have
Sec[3, 28] = slopys.

Next we study the case where r = k + 1,s = 1. We can regard a nilpotent
element = [3,2871 1] € sly,,6 as a nilpotent element [3,2F 1] € slyp 5 C
slopy6. Since we proved Sec[3,2511] = sl 5, we have

slopre D Sec[3,25T1 1] D bapy s = {an1++ +asks,2645 = 0, azkre 2646 = 0}

The condition that there is some number ¢ such that a;; = 0 is stable under the
action of the Weyl group Wi, ¢ in sy, .- Then the image p(bsi,,., ) of hsiyy
of the adjoint quotient p : slag16 — Bsiyy s/ Walsrys 1S an irreducible subvariety
of codimension 1 in bg,, . ,/Wsr, s and does not contain the image of any
element whose determinant is not equal to zero. On the other hand we regard
a nilpotent element x = [3,2F*1 1] as [3,2% 1] x [2] € slopsq X sly C slopis.
Similarly we have

k1
slopre D Sec[3,271 1] D slopya X 8l D baryyy X Doy,

and

Bstora X Doty = {a11 +a22 + -+ az2pra2k44 = 0, G2k 15 2845 + A2r 16,2046 = 0}

The image p(hsi,,,, X bsi,) contains the images of some elements whose deter-
minants are not equal to zero. Then the image p(hsi,, . ;) is not a subset of
P(Bstzes X Bst,). Then by the irreducibility of Sec[3, 251, 1] we obtain

p(SeC[?)’ 2k+1) 1]) = b5[2k+6/W2k7+6'
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Then by Corollary 2.10 we obtain
Sec[3,28 1 1] = slop 6.
This shows the result. O

Theorem 4.6.  Let = be a nilpotent element (# [2F,1"72F]) in sl,, with
rank(z) = k. Then we have

SecX = {x € sl,| rank(x) < 2k}.

Proof. With respect to the closure relation the smallest nilpotent orbit
with fixed rank k except [2%, 17~2F] is [3,2%~1 17~2k~1], Then Lemma 4.1 and
4.5 show the result. a

K.Nishiyama[9] proved the next theorem.

Theorem 4.7.  Let x be [2",1°] € sl,,. (n=2r + s)

SecX = {x € sl,| rank(x) < 2r, det(A\, —2) = \""2"f()), f(N)

is an even function.}.
Here I, is the n X n unit matriz.

Proof. We consider any element whose rank is 2r and whose eigen poly-
nomial is an even function. By the similar argument as the argument in the
proof of Lemma 4.1, it is included in the closure of an orbit of some element
with same properties in sly.11 C sl,. Hence it is enough to prove the case
where s = 0,1. First we study the case where s = 0. Let x = [2"] be a matrix

which decomposes into blocks of 2 x 2 matrices such that if ¢ is not equal to 7,

(4, 7)-block is A;; = ( 8 8 ), and otherwise, A;; = ( 8 (1) ) Then

slo, D SecX Dsl, xsl, X -+ X80, Dhgr, X hor, X -++ X hgr, (r times).

Generic elements of hg, X -+ X bhgr, (r times) are regular in sly,.. When we
consider the adjoint quotient p : sla, — bs,,./Wer,,., by Proposition 2.7 we have

sly, O SecX D p(p(her, X hsr, X -+ X bgr,)).
This shows

SecX D {x € sly,| rank(x) < 2r, det(Al2, — x) is an even function}.

-1

We calculate the eigen polynomial of x+ g~ "zg for the above nilpotent element

x = [2"] in sl and g € SLy,,

det( My, — x — g~ 'ag) = det(\g — gz — xg).
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We divide \g — gx — x¢g into blocks of 2 x 2 matrices. Put g = (ggi). Then
(i, 7)-block is as follows.

/\921'—1,21'—1 — 02i,2i—1 )\921‘—1,21' — 92i—1,2i—1 — 92i,2i
AG2i,2i—1 AG2i,2i — 92i,2i—1

We add each even row x% to the upper odd row. Then (i, j)-block is

1
)‘921'71,22'71 )\921'71,22' — 92i—1,2i—1 — 3 92i,2i—1
)‘921',21'—1 )\921',21' — 92i,2i—1

Next we add each odd column X% to the right even column. Then (4, j)-block
is
Ag2i-1,2i-1  AG2i—1,2i — 3 92i.2i-1
AG2i 2i—1 Ag2i2i '

Finally we multiply all odd columns by % and all even columns by A. Then
(4, j)-block becomes

2
92i-1,2i-1 A“G2i—1,2 — 92i,2i—1
2 .

92i,2i—1 Ag2i,24

Then the eigen polynomial is an even function. In the case where s = 0, we
have

SecX C {x € sly,| rank(x) < 2r, det(Al2, — x) is an even function}.

Next we consider the case where s = 1 i.e. = = [2",1]. Generic elements of
hst, X -+ X Bgr, (r times) are regular in sl 1. When we consider the adjoint
quotient p : sla, 41 — bsry, .y /W, » by Proposition 2.7 we have

SLapqr - (hsr, X -+ X ber,) =p " (p(hsr, X -+ X bs1,)).

This shows

SecX C {x € slypq1| rank(x) < 2r, det(AL, —x) = Af(A), fF(N)

is an even function}.

By the similar calculations as the case where s = 0 we can prove the inverse
inclusion. Then the proof is complete. O

For two varieties X, Y in Pg we define the join X +Y by

X+4Y =r({z+y|zer i X), yer 1 (Y)}), 7: N0} — Pg.

We recall that we use the same notation [ry,...,rs] for the corresponding pro-
jective and the corresponding cone varieties to the nilpotent orbit [r1,...,7].
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Lemma 4.8.  Let g be sl,. For nilpotent orbits [r,1"7"],[2,1"2](r >
2), we have

[r, 1"+ [2,1"72] = {x € sl,,| rank(x) <7} (n >2).

Proof. By Lemma 4.1 it is enough to prove the case where n = r. Example
3.7 shows the result of the case where n = 2. Assume the assertion holds when
n = k. The closure of the nilpotent orbit [k + 1] contains the nilpotent orbit
[k, 1]. Then we have

[k+1]+ (2,157 D [k, 1] + [2,1F71].

Since [k] + [2,1%72] = {x € sl;| rank(x) < k} = sl by the assumption, under
the natural embedding sl C sl;11, we have

slgy1 D [kj + 1] + [2, 1k_1] D sl D bay,
and

slet1 D batpy D bsr, = {011 +a22 + - +arr = 0,ap41 041 = 0}

The condition that there is some number 7 such that a;; = 0 is stable under
the action of the Weyl group Wy, ., in bgi,,,. Then the image p(hsr,) of bsr,
of the adjoint quotient p : slg11 — bsr,,, /Wsr,,, is an irreducible subvariety of
codimension 1 in by, ,, /W, ,, and does not contain the image of any element
whose determinant is not equal to zero. Take nilpotent elements x = [k + 1]
and y = [2,151],

0 1 0 0 0 0
0 0 1

T = 0 » Y=
: o1 0 B
0 -+ v o 0 1 0 - - 0

Then the determinant of = + y is not equal to zero. So p(hsr, ) never contain
p(z+y). By the irreducibility of [k+1]+[2, 1¥71] we obtain p([k+1]+[2, 1¥72]) =
Bsty1/Wstyy, - Then by Corollary 2.10 we obtain

[k+1] 4+ [2,1%7%) = sl4 1.
Then the result follows. O

Lemma 4.9.  Let g be sl,. For the nilpotent orbits [r,1777], [25,17729]
(r>s+1), we have

[r, 1777 4 [2°,1"7%] = {x € sl,,| rank(z) < r + s — 1}.



The secant varieties of nilpotent orbits 61

Proof. When t < s, we have [2¢,1"72!] C [25,17=25]. Then if 7+ s > n, it
is enough to prove the statement for nilpotent orbits [r, 17=7], [2 "+ 12r—n=2],
Hence we can assume that r + s < n. Moreover by Lemma 4.1 it is enough to
prove the case where n = r + s — 1. Lemma 4.8 shows the result of the case
where s = 1. Assume the assertion holds in the case where s = k. We consider
the case where s = k + 1. In this case n = r+ (k+1) — 1 = r + k. The closure
of the nilpotent orbit [25+1 17~2k=2] contains the nilpotent orbit [2¥, 17~2k].
Then by the assumption we have

[7“, 1n—r] + [2k-',-17 1n—2k—2] D) [T7 1n—r} + [2Ic7 1n—2k]
D {x €sl,| rank(z) <r+k—1=n—1}.

Since {x € sl,,| rank(z) <r+k—1=mn—1} D by we obtain,

n—17

sl O [ 1" 28T 1R 2 S = {annt ot an—1a-1 = 0,an, = 0}.

n—1

The condition that there is some number ¢ such that a;; = 0 is stable under
the action of the Weyl group Ws, in bg,,. The image p(hsr,_,) of bar,_,
of the adjoint quotient p : sl, — bs, /We, is an irreducible subvariety of

codimension 1 in b, /Ws, and does not contain the image of any element
whose determinant is not equal to zero. The closure of the nilpotent orbit

[r,1"~"] contains the orbits [r — k,2% 1""=%] = [r — k,2*]. Take nilpotent

elements x = [r — k, 2¥] and y = [2F+1 1"=2k=2] a5 follows,
0
Do
Do 0 Do 0
T = Do Y= D2 0
0 D,k 0 ..
1 0

Here D; is the i x i nilpotent Jordan block. Then the determinant of x + y €
[r, 1777] + [2+1,17=25=2] is not equal to zero. Since p(hsr,_,) never contain
p(z +y) and [r,1777] + [2F+1,17726=2] is irreducible, we obtain p([r, 1"~"] +
[2F+1 17=2k=2]) = b, /W, . Then by Corollary 2.10 we obtain

[r, 1777 4 [28FL 172k = g,
Then the required result follows. O
Hence we have the following proposition.
Proposition 4.10.  Let g be sl,.
SecW[2F 1"=2F] = (g € sl,,| rank(z) < k(i +1)} (i > 2).

Proof. 1t is enough to consider the case of k(i+1) < n. We can construct
a nilpotent element [ki + 1,1"%~!] as a sum of i nilpotent elements of the
type of [2F,1"~2¥]. Then we obtain the theorem by Lemma 4.9. O

Then we have the following theorem.



62 Yasuhiro Omoda
Theorem 4.11.  Let g be sl,, and x a nilpotent element whose rank is

SecVX = {z € sl,| rank(z) < k(i +1)} (i >2).

Proof. The nilpotent orbit [2¥, 1"~2¥] is minimal among orbits which are
constructed from nilpotent elements with fixed rank k. Hence Sec(” X contains
Sec® [2F 17=2F] for any nilpotent element 2 whose rank is k. Then we obtain
the theorem. |
5. The case of so,

We may realize so,, as follows,

502y, = { ( i; _jzljh ) | A; € M, As and As are skew symmetric.}7

and
0 —tv -ty
502n41 = { u Ay As
v A3 —tAl

| u,v € C", A; € M,, Ay and Aj are skew Symmetric.}.

In this realization the Cartan subalgebra §,, is realized as the set of all diag-
onal matrices in s0,. In the case of s0,, we shall use similar embeddings as the
case of sl,,.

Lemma 5.1. If N > 2n, in soy we have
SOp - 509, = {z € son | rank(z) < 2n}.

Proof. The case where N = 2n is obvious. Then we consider the case
where N > 2n + 1. The inclusion:

SOy - 502, C {z € son | rank(z) < 2n}

is obvious. Then we shall prove the inverse inclusion. Under the natural em-
bedding s05,, C 502,41 as the 1-st row and column are zero, we can identify
Bs0s, With Bso,,.,. Then we have

SON * 509, = SON © 50241

We consider an element x € son whose rank is 2n. Let D;(a;) be the i x i
Jordan block whose eigenvalue is a;. Consider the Jordan normal form of z

Dil(al) ( ) 0
D; a9
" gl > lag] > - > |asl.

0 Dis (O'S)
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Let k£ be the number such that a # 0 and a1 = 0. If iy = - =d5 = 1,
we have x € SOy - $09,. Otherwise we put

S

A= Z rankD;, (a;) = Z (i —1).

l=k+1 I=k+1
Then A is even. Moreover for any nonzero l; € {a1,...,ar} we put
blj = Z it'
at:l]‘
Then we have the set of non-zero complex numbers {l1, ..., [, } and correspond-
ing non negative integers {b;,,...,b;, }. Let y be an element in s02,+1 C soy
whose Jordan normal form is
Dbzl (ll)
0
Dbzu (lu)
0 D a11(0)

0

Then z is contained in SOy - y. So we have

x € SOpN - 502,41 = SOp - 509,.
Then this shows
SOy - 509, D {z € son | rank(z) < 2n}.

Hence the result follows. |

Lemma 5.2.  Let g be soy (N =3,4,5,6).

Sec[3] = so3, Sec[3,1] = so4, Sec[3,1%] = s05, Sec[3%] = so.
Proof. If n = 3 the nilpotent orbit [3] is regular. Then corollary 3.6 shows
Sec[3] = so3.

When n = 4 there is an isomorphism so04 >~ sl X sl;. Under this isomorphism
the nilpotent orbit [3,1] in s04 corresponds to the nilpotent orbit [2] x [2] in
sly X slp. Since Sec([2] x [2]) = sly x sly, we have

Sec[3,1] = s04.

When n = 5 under the natural embedding so4 C sos we can identify their
Cartan subalgebras. Since Sec[3, 1] = so4, we have

505 O 566[3, 12] D 504 O h504 = h505-
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Then by Proposition 2.9 we have
Sec[3,1%] = s05.

When n = 6 there is an isomorphism sog ~ sly. Under this isomorphism the
nilpotent orbit [32] in sog corresponds to the nilpotent orbit [3,1] in sly. Since
Sec[3,1] = sly, we have

Sec[3?] = so.

Lemma 5.3.  Let g be soy (N > 3).

Sec[3,22V] = s04,_1, Sec[3,22"V 1] = s04,,

Sec[3,22(V 12) = 504,11, Sec[3%,22" V] = 504,49

Proof. Lemma 5.2 shows the result of the case where n = 1. We prove
this lemma by induction on n. We assume that the assertion holds if n = k—1.
First we study the case of s04,—1. We consider so4;_1) as a Lie subalgebra of
all matrices in s045_1 whose 1-,2k- and (4k — 1)-th rows and columns are zero.
Let = be [3,22*=] in so4,_;. The closure of the nilpotent orbit [3,22*~1)]
contains the nilpotent orbit [3,22(’“’2), 14].  We can regard a nilpotent ele-
ment [3,22(F=2) 14] € s04;_; as a nilpotent element [3,22(F=2) 1] € $04(k—1) C
s045_1. Since Sec[3,22(F=2) 1] = $04(p—1) by the assumption, we have

S504k—1 O 566[3,22(k_1)] D) 504(k—1) D h504(1¢71)'

The Cartan subalgebra bs,,, _,, is realized as a subalgebra of all diagonal matri-
ces in s045,—1 whose (2k, 2k)- and (4k—1, 4k —1)-entries are zero. The condition
that there is some number ¢ except ¢ = 1 such that a;; = 0 is stable under the
action of the Weyl group Wso,,_, in hso,,_,- Then the image p(bso, . _,,) of
Bsosr_1) of the adjoint quotient p : 50451 — bso,,_,/Waoy,_, is an irreducible
subvariety of codimension 1 in bgo,, _,/Wso,,_, and does not contain the image
of any element which has the eigenvalue 0 whose multiplicity is less than 3.
Take a following matrix as a nilpotent element [3,22(*=1)],

0 00 -~ 010 0
-1 0 0 0 0 0 0
0 0 0 0 0
Ap_1 :
x=| 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0
: —t A4
0 0 0 0 0
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Here A; is the following 24 x 2¢ matrix

Do 0

A = )

0 Dy

Taking a sum y = x +* 2 € Sec|[3,22*~1)], we have
det(Myp_1 —y) = AA? = 2)(A\2 — 1)2(-=D),
Since the multiplicity of eigenvalue 0 of y is 1, the image p(h504(,€71)) never
contain p(y). By the irreducibility of Sec[3,22(*~1] we obtain
p(SeC[S’ 22(k_1)]) = b504k—1/W5[4k—1‘
Then by Corollary 2.10 we have
Sec[3,22F=V] = so4_1.
We consider the case of 5041,. Let x be [3,22(F=1) 1] € s04. Since Sec[3,22(F~1)]
= 5041, under the natural embedding $04(;_1)42 C $04%, We have
s04 D Sec[3,22F71 1] 5 s04,_1 D 504(k—1)+2 2 Doy 1)sa-

The Cartan subalgebra bso,,_,,,, is realized as a subalgebra of all diagonal
matrices in so4; whose (2k,2k)- and (4k, 4k)-entries are zero. The condition
that there is some number 7 such that a;; = 0 is stable under the action of
the Weyl group Ws,,, in Bso,,. Then the image p(h504(k—1)+2) of Bso,i1yso
of the adjoint quotient p : 5045 — Bso,,/Weo,, Is an irreducible subvariety of
codimension 1 in bgo,, /Wso,, and does not contain the image of any element
whose determinant is not equal to zero. We consider a nilpotent element [22¥] €
s504%. The closure of the orbit [3,22(*~1) 1] contains the orbit [22¥]. Let’s take
a following y as a nilpotent element [22¥],

(A, O
Y=o 4 )
Take a sum z = y+ty € Sec[3,22*~1 1]. Then the determinant of this element
z is non-zero. So p(hso,_,),,) Never contain p(z). By the irreducibility of

Sec[3,22(k=1 1] we obtain
p(Sec[3, 2270, 1]) = boo, /Wty
Then by Corollary 2.10 we have
Sec|3, 22(k—1), 1] = so4p.

We consider the case of s04x41. Under the natural embedding so04; C $04541
we can identify bgo,,,, With bso,,. Since Sec[3, 22(k=1) 1] = so4y,, we obtain

504k4+1 O S’ec[3,22(k_1), 12} D 504k O []504k = f]504k+1.
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Then by Proposition 2.9 we have
Sec[3,22F71 12] = 5045, 1.

Finally we consider the case of so4x42. The closure of the nilpotent orbit
[32,22(k=D] contains the nilpotent orbit [32,22(*=2) 14]. The closure of the
nilpotent orbit [32,22(F=2) 14] contains the nilpotent orbit [3,22(*=1) 13]. Since
Sec[3,22(k=1) 1] = 5041, we have

504542 D Sec[32,22F7V] 5 5041 D By, -

The Cartan subalgebra bs,,, is realized as a subalgebra of all diagonal matri-
ces in §04542 whose (2k + 1,2k + 1)- and (4k + 2,4k + 2)-entries are zero. The
condition that there is some number ¢ such that a;; = 0 is stable under the
action of W, in bso,,..- Then the image p(bhsoy,) Of bsoyy, of the adjoint

504K42
quotient p : 504x12 — Bsouysn/Wsoanso 1S an irreducible subvariety of codimen-

sion 1in bsoyy o/ Wsoy.,, and does not contain the image of any element whose
determinant is not equal to zero. We consider the embedding

A 0
Slop41 :{ ( 0 _tA ) | Ae 5[2k+1} C 504k 12

Using a nilpotent element [3,2%71] € slox,1 we can realize a nilpotent element
x = [32,22(5=D] € s045,4 9 as

. ( [3,2(;“*1} _t[3’02k_1] )

In sy 1 we have Sec[3,2F71] = slox_1. Then in so4x,2 we have
Sec[3%, 227V D slgp :{ ( 61 ,?A ) [Ae 5[2k+1}'

Hence Sec[32,22(F~1)] contains an element whose determinant is not zero. Then
the image of this element is not contained in p(hso,, ). By the irreducibility of
Sec[3?,22(k=D] we obtain

p(S’ec[32, 22(k_1)]) = Dsosra/Waossa-
Then by Corollary 2.10 we obtain
Sec[3?, 22(k_1)] = 504k12-
Then we proved the lemma. O

Theorem 5.4.  Let x be a nilpotent element (# [22%,1"=**]) in so,, of
rank(z) = 2k.

SecX = {x € s0,| rank(z) < 2k}
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Proof. When 2k > %, X contain some element y whose rank is [§] and
which is not [2[3],1772[3]). If Sec(SO,, -y) = so,, we have SecX = so,.
Then it is enough to prove the case where 2k < 7. Hence we assume that
2k < . Then the minimal nilpotent orbit with a fixed rank 2k except [22%, 1]

is [3,22(k=1) 15+1] or [32,22(F=2)]. Then by Lemma 5.1 and 5.3 we obtain the
theorem. g

By Theorem 5.4 we have the following corollary.

Corollary 5.5.  Let x be a nilpotent element x (# [22%,1"=%k]) in so,,
of rank(x) = 2k.

SecX = {z € s0,| rank(z) < 2k(i 4+ 1)} (i >1).

Proof. We prove the assertion by induction on . When i = 1, the as-
sertion is Theorem 5.4. We assume that the theorem holds when i = s. We
consider the case where ¢ = s + 1. By the assumption we have

Sec!® X = {x € s0,| rank(z) < 2k(s + 1)} = SO, - 502k(s11)-
Then we have
50, D Sec*TVX = Sec® X + X D m + X.
Hence if 2k(s 4+ 2) < n, we have
SOy - 509k (s41) + X D Baoyyora)-
Otherwise we have
SO, - 5095(s41) + X D beo,,-
Then by Lemma 5.1 we obtain

SectV X = {z € s0,| rank(z) < 2k(s + 2)}.
This show the assertion of the corollary. O

In the case [227,1"7%"] € s0,, we have only partial results. We know the
following inequality for any projective variety X,

dim SecX < 2dim X + 1.
(See e.g. [12].) Then we have
Sec[2?",1"74] £ so,,,
because the data about the dimensions of orbits in [3] shows

2dim[2?",1"~*] < dim so,,
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for any r.

6. The case of sp,,

We may realize sp,,, as the following set of matrices,

5Po, = {( ji _j?jh ) | A; € M,,, Ay and Aj are symmetric}.

In this realization the Cartan subalgebra bsp, is realized as the set of all
diagonal matrices. In the case of sp,,, we shall use similar embeddings as the
case of sl,, and so,,.

Proposition 6.1.  Let g be sp,,,.
Sec[2"] = spyy,

Proof. We prove this proposition by induction on n. When n = 1, a
nilpotent element [2] is regular. Then by Corollary 3.6 we have Sec[2] = sp,.
We assume that the assertion holds if n = k£ — 1. We consider spy;,_4) as a
Lie subalgebra of all matrices in sp,;, whose (k, k)- and (2k, 2k)-th rows and
columns are zero. Let z be [2¥] in spy,. The closure of nilpotent orbit [2¥]
contains the nilpotent orbit [271 1%2]. We can regard a nilpotent element
z = [2871,12] € spy;, as a nilpotent element [2571] € spy ;) C 8pyy. Since
Sec[2F71] = spy(_1) by the assumption, we have

5pax D Sec[2] D 5Pty D Depy_y-

The Cartan subalgebra by, o1y 18 realized as a subalgebra of all diagonal ma-
trices of spy;, whose (k, k)- and (2k,2k)-entries are zero. The condition that
there is some number ¢ such that a;; = 0 is stable under the action of the Weyl
group Wep,, in bep,, . The image p(hsp,,_,,) of bsp,,_,, of the adjoint quo-
tient p : spoy — bap,, /Wap,, is an irreducible subvariety of codimension 1 in
Bsp,,/Wsp,, and does not contain the image of any element whose determinant
is not equal to zero. Let = = [2¥] € sp,, be

(0 I
. ( 0L )
Here I is k x k unit matrix. Take a sum y = x +' 2 € Sec[2¥]. Then
the determinant of y is non-zero. So p(hgprl)) never contain p(y). By the

irreducibility of Sec[2*] we obtain p(Sec[2*]) = bqp,, /Ws
2.10 we obtain

Then by Corollary

Pak*

Sec[2¥] = spy,.

Then the proof is complete. O
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Lemma 6.2. Let g be sp,,,.
271 12+ 2" 112 o 2n—2,2]. (n > 2)

Proof. Let’s take two nilpotent elements x,y of the type of [27~1 12]. If
n is odd,

0
An_s 0
2 An_ 0
0 1 0 n_1
_ 0 0 1 _ 0
r= 0 O “tAL,
t 2
An—3 0 0
0 0
0
If n is even,
0 An_2 0
2
An2 0 0 10
e 0 1 _ 0 0 0
- 0 0 Y= tAL—Q
2
Y *tA"QQ 0 0
0 0

Here we used the same notation as the case of sony. Then z + y is a
nilpotent element of the type of [2n — 2, 2]. O

Theorem 6.3.  Let x be a nilpotent element in sp,,, of rank(z) = r.
SecX = {x € sp,,| rank(z) < 2r}.

Proof. The minimal nilpotent orbit which is constructed from a nilpotent
element with rank r with respect to the closure relation is the nilpotent orbit
[27,127727]. Then it is enough to prove the assertion of the case of a nilpotent
element [27,12"727]. The inclusion:

SecX C {x € sp,,| rank(x) < 2r}

is obvious, since rank(z) is r. Next we shall prove the inverse inclusion. We
consider an element y whose rank is 2r. Take a Jordan normal form of y

Dil(al) 0
D, (a2)
’ ) ‘a1‘2|a2‘2"'2|a5|~

0 Dy, (GS)

Here we used the same notation as the case of son. Let k be the number such
that ar # 0 and ag41 = 0. If i1 = -+ = is = 1, we have x € SPy, - 5py,.
Otherwise we put

S

A= Z rankD;, (a;) = Z (i —1).

I=k+1 I=k+1
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Then A is even. Moreover for any nonzero l; € {a1,...,axr} we put
b[j = E T¢.
at:lj

Then we have the set of non-zero complex numbers {l1,...,l,} and correspond-
ing non negative integers {by,,..., b, }. Let z be an element in spy(, 1) C 5Py,
whose Jordan normal form is

Dbl1 (ll)

Then SPs, - z contains y. Put Iy +---+1, = 2m. Under the natural embedding
5Poy X 5Po(n_m) C SPa, We can regard a nilpotent element [27,1°"7%] as a
nilpotent element [2] x[27=™,12"=2"] € sp,,, X8Po(n—m) C 8Py, Then Lemma
6.1 and 6.2 show that 2z € Sec[2",12"72"]. Hence we obtain

Sec[2",12"72"] D {z € sp,,| rank(z) < 2r}.
Then we proved the theorem. O

By Theorem 6.3 and the similar arguments as the argument in the proof
of Theorem 5.4 we have the following corollary.

Corollary 6.4.  Let x be a nilpotent element x in sp,,, with rank(z) = r.
SecWX = {x € sp,, | rank(z) < r(i +1)}. (i > 1)
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