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Estimates on the effective resistance in a
long-range percolation on Z¢?

By

Jun MisumI

Abstract

We give several estimates on volumes and effective resistances in a
long-range percolation on a vertex set of a d-dimensional square lattice.
When d = 1, our results imply some kind of discontinuity in the long-
range percolation model; more precisely, in the order of the effective
resistance. Our another consequence is that, when d > 2 and s € (d,d +
2), where s is the parameter determining the magnitude of the range,
the order of the effective resistance corresponds to the a-stable process
with a = s — d.

1. Introduction and Results

Random walks on the long-range percolation clusters in Z¢ are well-studied
recently. The long-range percolation is, roughly speaking, the model in which
any pair of two points is connected by a random bond independently. In [3],
the recurrence and transience of the random walks on the random graphs gen-
erated in the long-range percolation are studied. In [7], strongly recurrent
random walks on random media are discussed in general context, and as an
application, Gaussian on-diagonal heat kernel estimates are given in a one-
dimensional long-range percolation, under the condition that the effects of long
bonds are relatively small. In Section 2 in [7], the key of the proof was to show
the estimates on the volume and the effective resistance.

In this paper, we extend the volume and resistance estimates to the case of
a long-range percolation on Z¢ with d > 1, s > d ; see Theorems 1.1, 1.2 below.
When d = 1, we prove that the order of the effective resistance is discontinuous
at s = 2, where s is a parameter which determines the magnitude of the range
and will be given in Section 1.1. When d > 2 and s € (d,d + 2), we can prove
that the effective resistance has the order corresponding to the a-stable process
with @ = s —d. Hence, it is expected that the scaling limit of the random walk
may become a stable process in such a case. This is quite different from the
case that the behavior of the random walk is asymptotically Gaussian, which
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is true for large s. This is because the effects of long bonds are large and can
not be ignored when s € (d,d + 2). In the transient case, the argument in [7]
does not work, and so, we can not deduce heat kernel estimates directly from
volume and resistance estimates obtained in this paper. But the estimates on
the effective resistance have an importance giving the information for the Green
function. In this respect, we expect that the estimates given in this paper will
be useful in future studies of the random walks on the long-range percolation
clusters.

1.1. The model

Here, we formulate the long-range percolation model on Z¢, d > 1. Let
p = {p(n)},~; be a sequence of real numbers in [0,1]. We assume that p
satisfies p(n) ~ Bn~* for some s > 0, # > 0, in the following sense:

(1.1) lim 20 4

n—oo 611_5

Each unoriented pair of distinct points z,y € Z¢ is connected by an unoriented
bond with probability p(z,y) = p(y,z) = p(Jz — y|), independently of other
pairs. Here, |z—y| = Z?:l |zi—v;|. Let pgy be a {0, 1}-valued random variable,
which takes 1 if x and y are connected by a bond and takes 0 otherwise. We note
Moy = flyg, and pge = 0. The sum p, = ZyeZd Moy stands for the number of
bonds which have z as an endpoint. For A C Z%, we denote pu(A) =Y . 4 fha-
Now, G = Z? is the vertex set and E = {(x,y)|uzy, = 1} is the edge set of the
corresponding random graph. We identify (x,y) = (y,x).

It is known that the random graph is locally finite (i.e. p, < oo for all
x € Z%) almost surely if and only if s > d, and in this case we can define the
simple random walk on the random graph. Here, the simple random walk means
the discrete-time or continuous-time Markov process in which a particle at the
point jumps to one of the points connected by a bond with an equal probability.
If the random graph has a connected component containing infinitely many
points, such a component is called an co-cluster. Let P be the probability
measure by which the long-range percolation model is defined, and we denote
P,, = P[there exists an co-cluster].

1.2. Volume and Resistance
We give the definition of the volume and the effective resistance associated
with our long-range percolation model. For z € Z¢, R > 0,

(1.2) B(z,R)={yecZ: |z —y| < R}
is the Euclidean ball with center x and radius R. We call

(1.3) V(a, R) = u(B(a, R))
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the volume of B(z, R). We denote B = B(0,R), Vg = V(0,R). For f,g :
74 — R, we define a quadratic form £ by

(1.4) E(f,9) :% Y (@) = F)(9(@) = 9(¥)hay-

x,yeZ9

Set H2 = {f € RZ" : £(f, f) < oo}. Let A, B be disjoint subsets of Z<. We
define the effective resistance between A and B by

(15) Reff(A7B)_1 = lnf{g(fv f) : f € H2)f|A = 1af|B = O}
We simply denote Reg(x,y) = Reg({z}, {y})-

1.3. Results

In this paper, we use the notation c¢; as positive constants which depend
on d, p. We note that the values of ¢;’s may change from line to line. First, we
state the result for the estimate on the volume.

Theorem 1.1. Letd > 1, s >d, and P =1 under p. Then,
(1.6) PIATIR? < Vg < ARY > 1 — exp{—c1\},

where P = P[-||C(0)| = <] is the conditional probability. Here, |C(0)| = oo
means the origin is contained in an oo-cluster.

This theorem implies that
(1.7) Vi ~ R?

as R — oo independently of s. Next, we present the estimate on the effective
resistance Rer(Bgr, BSg), which is the main result of this paper.

Theorem 1.2.  Let P be the conditional probability measure introduced
in Theorem 1.1, let p.(Z%) be the critical probability of the bond percolation,
and v = (2d — s)/(3d — s).

(1) Let d=1. (i) For 1 < s <2, if P =1 under p,

(1.8) PIA'R*2 < Reg(Br, Bor®) < AR*72] > 1 — exp{—c1\}.
(ii) For s =2, if p(n) € [0,1) (n > 1),

(1.9) P\~ < Reg(Bgr, B2g®)] > 1 — exp{—c2\}.

(iii) For s > 2, if p(1) =1,

(1.10) PIA'R < R (Br, Bar®) < c3R] > 1 — ey A4

Here, g =1 for s > 3, and q is any value taken from (0,s —2) for 2 < s < 3.
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(2) Let d =2. (i) For 2 < s <4, if P =1 under p,
(1.11) PIA"'R*™* < Reg(Br, Bar®) < AR > 1 — exp{—cs\7}.

. . 1
(ii) For s =4, if p(1) > 35,

- 1
(1.12) P A—llog—R < Ret(Bgr, Bar®) < M| > 1 — exp{—cgAY/?}.

e . 1
(ili) For s >4, if p(1) > 3,

(1.13) PN\ < Reg(Br, Bag®) < A > 1 — exp{—czA'/?}.
(3) Let d > 3. (i) Ford< s <d+2, if P =1 under p,
(1.14) PN 'R ™2? < Rog(Br, Bar®) < AR*724 > 1 — exp{—cs\"}.
(ii) For s =d+ 2, if Po = 1 under p,
B R2-d
(1.15) P A_llogR < Reg(Br, Bagr®) < AR*™%| > 1 — exp{—coA7}.

(iii) For s > d+2, if p(1) > p.(Z%),
(1.16) PA"'R**? < Reg(Br, B2r®) < AR?*™% > 1 — exp{—cioA/?}.
Roughly speaking, this theorem implies that, when d =1,

. RS2 1<s<2,

and when d > 2,

. R72 d<s<d+2,
Reff(BRvB2R) ~ { RQ—d s>d4+2

as R — co. We note that there exists a large gap at s = 2, in the case d = 1.

Remark 1. (1) Two probability measures P and P are same, if p(1) = 1.
(2) In the above statements, the decaying orders of probabilities are not neces-

sarily the best ones.

(3) Theorem 1.2 (1)(ii) is most delicate. If we assume p(1) = 1, we can prove
that the order of the effective resistance is at most R. But we could not

determine the exact order of the resistance in general.

(4) Theorem 1.2 (1)(iii) is essentially the fact shown in Section 2 in [7]. In this
case, it is not difficult to see that Reg(Br, Bar®) and Res(0, Br) are of the

same order, though this is not true in general.

(5) The assertion in Theorem 1.2 (3) is a natural extension of Theorem 1.2 (2),

except some technical differences.
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1.4. Known results and Backgrounds

Here, we state some additional comments on the backgrounds of our prob-
lem. First, consider the case d = 1. When s < 2 and p(n) € [0,1), n > 1,
we can find p under which P,, = 1. On the other hand, when s > 2 and
p(n) € [0,1), n > 1, Py always equals to 0. Thus, there is a phase transition
in a certain sense. In [7], the case s > 2, p(1) = 1 is considered. Of course,
P, =1if p(1) = 1. The phenomenon at s = 2 is most non-trivial. In [1], the
discontinuity of the percolation density at s = 2 is shown. By the result in [7],
together with the transience result in [3], it is implied that the order of the heat
kernel is discontinuous at s = 2, though we do not have a rigorous proof of the
heat kernel estimate for 1 < s < 2. In the recent study in [2], it is shown that
the order of the mixing time changes discontinuously when s = 2. In Theorem
1.2, we see the discontinuity at s = 2 in the sense of the effective resistance.

Next, when d > 2, by comparing the random graph with the bond perco-
lation clusters, we can see that, if we choose p(1) € (p.(Z%),1), Ps, = 1 for any
s. Here, p.(Z%) € (0,1) is the critical probability of the bond percolation. Es-
pecially, p. = % when d = 2 ([6]). In Theorem 1.2, we can see that, when d > 2,
s € (d,d + 2), the order of the effective resistance corresponds to the a-stable
process with & = s — d. A stable-like behavior in a long-range percolation is
also studied recently in [4].

We will give the proof of Theorems 1.1 and 1.2 in Section 2.

2. Proof of the results
First, we give two lemmas on some large deviation estimates.
Lemma 2.1. Letd>1,s>d. Forall R>1,
(2.1) P[cle < Vi< CQRd] >1-— eXp{—03Rd}.
Proof. For x,y € 7%, x # y, We denote = < y if for some i € {0,1,--- ,d—
1},
zy=y; (Vj<i),
Tit1 < Yit1-
Then, we can represent
Ve= > {uf+u},
rEBR

where pf = Y pigy, gy = > flay. Note that g is independent for each z,
Y= y<x

and so is p . From the large deviation principle for i.i.d. random variables, for

sufficiently small ¢4 > 0,

P[Vi < ca| Brl] <P[ D pf < ca| Bal]

r€EBR
< exp {—c5|Br|}-
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And for sufficiently large cg > 0,

P[Vi > co|Brll =P[ Y pi+ > py > co|Bgl]

r€EBR r€EBR
1 _ 1
splz pt > 5ColBrl| +P > ug > 5¢6|Bxl
Tt€EBR rEBR

< exp{—c7|Bgl}.
So, the assertion holds.

Lemma 2.2. Letd>1,d<s<2d. Forall R>1,
(2.2) Ple; R*~* < Z Z oy < 2R > 1 — exp{—c3R?**~*}.
z€BR y€B2Rr®
Proof. For R € N, x € By, we denote
Mz R = Z Hay-
yEBSR
We have the following estimates, uniformly in z.
(2.3) Elexp{pz.r}] < exp{cysRT%Y,
(2.4) Elexp{—ftz,r}] < exp{—cs R*~"}.
In fact, for (2.3),

exp{ Z Mwy}] = H Elexp{pzy }]

YyE€B3R YE€Bip

E

= H {ep(z,y) + (1 — p(z,y))}

yeEBSL

< H {1+ (e—1)cgly — x|~} = 1.

yeBsR
We have used the fact p(n) ~ Sn~° in the last inequality. Furthermore,
log I = Z log{1+ (e — 1)csly — z|~°}
yeBsR

< Z (e — Degly — | ~° < ez RIS,
yEBSR

We can check (2.4) in the same manner.
Next, by (2.3),

exp{ > um,RH = [ Elexp{ra,r}]

rEBR r€BR

E

< {exp(cngd_s)}‘BRl < exp(09R2d_s).
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On the other hand, by Chebyshev’s inequality, for ¢1g > 0,

eXp{ > ux,RH > exp{cioR***}P [ > tar > coR*

r€EBR rEBR

E

Combining these estimates, the assertion for the upper bound holds when we
choose sufficiently large c¢19. Similarly, by (2.4),

eXp{—CllRZdis} > E[GXP{* Z :U'CC,R}]

r€EBR

> exp{—c1oR***}P l— Z [, r > —C1aR7*

r€EBR

and we obtain the assertion for the lower bound by choosing sufficiently small
c12 > 0. O

Proof of Theorem 1.1. We show the volume estimate by using Lemma
2.1. First, we show the upper bound.

Vg = Z,ux

r€EBR
=30 eyt DD pay =V VL,
rEBR Y>T rEBR Y=<z

where > is the same as in Lemma 2.1. By Chebyshev’s inequality,
P[Vy > AR = P[R9V, > )]
< exp{—c1A}E[exp{c1 RV, }]
= exp{—c1A} H H Elexp{c1R™ " fiay }]

xEBR y>x
<exp{—caiA} [] JJ{1+ (exp{eiR™} = 1)eala — y|~°}.
xEBR y>x
Now,
log [T{1 + (exp{er R~} = Dol —y| ™}
Yy
< Z(exp{clR_d} —Dealz —y|™°
Yy-x
(o)
= (exp{ciR™%} — 1)ey Z n~% x esn®t < ey R7Y
n=1
Hence,

P[Vy > AR < exp{—ciA\}Hexp{c, R~} }1B=l
< csexp{—ci1A}.
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Noting that P[Vz > AR < PV} > $R%] + P[V_ > 3R], the assertion under
PP follows. Since P[Vz > ARY < P[|C(0)] = oo] "P[Vg > ARY), we can replace
P by P.

Secondly, we show the lower bound.

P[Vr < AR = P[RR ™! > )] < exp{—csA\}E[exp{cs R Vr'}]
= exp{—cgA}
X (E[exp{cGRdVR_l}; Vi > czRY + Elexp{cs R¥Vr " '}; Vg < C7Rd])

= exp{—csA}(E1 + Es).
E; < exp{cgcr 1} is obvious. For FEa, by noting that Vg > 1 if |C(0)| = oo,
and by Lemma 2.1,

E2 S eXp{CGRd}@[VR S C7Rd]
< exp{cgR?} x exp{—cgR%}.

In the above, c7, cg are the constants corresponding to Lemma 2.1, and by
taking cg such that cg < cg, we obtain the result. O

Proof of Theorem 1.2. We write Reg = Regt(Br, Bagr®), for convenience.
The part (1)(iii) follows by the same way as the estimate of Reg(0, BR®) in [7].
For the part of the upper bound in (1)(i), (2)(i), (3)(i)(ii),

P[Regr > AR*™2Y) < e~ N Elexp{cy (Rer/R*™2%)7}]
=e N (I + 1),
where
I = Elexp{ci(Reg/R*™2)7} : Regp < coR¥™24),
I = Elexp{ci(Reg/R*™2)7} : Reg > coR*™24).
We have I; < c3, and

I, < exp{c, RCITINP[Reg > o R*™29)

< eXp{CﬁlR(Sd_S)’y}ﬁp Z Z My < C5R2d_s

rEBR yGBgR

< exp{es RPI™9)7} exp{—cg R?™%} < ¢,

for sufficiently small ¢;. We have used the fact that Reg < cg R? if |C(0)| = oo,
and used Lemma 2.2. In the above, cs,cs are the constants corresponding to
Lemma 2.2.

The upper bound parts of (2)(ii)(iii), (3)(iii) are proved using the following
result about bond percolation; if we see only nearest-neighbor bonds, then, (see
Theorem 7.68 in [5])

(2.5) P[Fr] >1-— exp{—cle_l},
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where Fg is the event that, in [—R, R]d there are at least coR?™! left-right
crossing paths which are edge-disjoint each other. Thus, by considering a flow
on such good paths, we have

(2.6) P[Ret < c3R?>79 > 1 — exp{—c4R'}.

So, by using (2.6) instead of Lemma 2.2, we obtain the desired estimate in the
same way as the part we have already proved.
Finally, we see the lower bound in (1)(i)(ii), (2), (3). Let

X
(2.7) 9(x) = 1{jz|<r} + 1{R<|2|<2R} (2 - El) ,
and
Rs—2d d<s<d+2,
#(R) =< R*4/logR s=d+2,
R2-d s>d+ 2.

We have
P[Rest < A" ¢(R)]
Plinf{E(f, f): f € H? flp, =1, flBg, = 0} = A$(R) ']
<PlE(g,9)9(R) = Al
< e Elexp{£(g, 9)¢(R)}]
=™ JI Elexp{o(R)lg(x) — 9()[ pay}]

z,y€Ld

<e [ {1+ {exp(é(R)|g(x) — g()|*) — 1yer|w —y| ™"}

x,yeZ9

= H w.

z,y€L?

We have a desired estimate if we can check HI yezd W < co. First,

II w= Il {+{ep@@®Rz-yf*)—1}elr -y~

x,y€B2r\BR z,y€B2r\Br
R
= H H {1+ {exp{¢(R)R™*n’} — 1}c1n"*}
n=12,y€Bar\Br,|rt—y|=n

csRInd=1

R
< H {14 {exp{p(R)R*n*} — 1}c1n"*} = ag,
n=1
and

R
logag < Z cs R exp{p(R)R™*n?} — 1}n~° = U.

n=1
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When ¢(R) = R, s < d+2, U < ¢sR=4 2 pd=s+1 < ¢4, When

G(R) = R*¥/logR, d>2,5s=d+2, U <" ¢;Rn1=5R~9n2/log R <

cg. When ¢(R) = R>=%, d>2,5s>d+2,logar < Zle con®=5t1 < ¢q.
Secondly,

I w= I {0+ ep@) - ey~
z€BR,yEB2R® r€BR,y€EB2R®
00

11 11 {1+ (exp(#(R)) — ern™"}

n=RzE€BR,yEBar®,|z—y|=n

ﬁ {14 (e?® —1)eyn=2})

n=R

csRind—1

X

IN

)

and when ¢(R) = R*724, d < s <d+2,logX <> > pcaRInd175Rs=2d =
ey R4 omd7571 < 5. When ¢(R) = R*™4, s > d+2,d > 2, logX <
ZZO:R CGRdnd—l—sRQ—d < C7Rd—s+2 < Cs.

Thirdly,

11 W

xEB2r\BR,yEB2Rr®

= II {1+ {exp{@(R)R7*(2R — |2])*} — 1}es|o — 9|7}

zEB2r\BR,yEB2Rr®

M (Ov)- 1 e

x€B2r\Br \Yy€B2r® x€B2r\BRr

and

loga, = Z logY
yEB2R*

<{exp{p(R)R>(2R— [2)*} =1} Y erle—y™

yeEBSL

< {exp{@(R)R22R— [2])’} =1} 3 con™*n®!
n=2R—|z|

< e3¢(R)R™*(2R — [2])* (2R — |2])*™*

unless d = 1, s > 2. Then, a, < exp{czp(R)R™2(2R — |z|)4~*+2}. So, the
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left-hand side is no larger than

H exp{csd(R)R™2(2R — |z|)4~**?}
z€B2r\BRr

=expesp(RIR2 Y (2R [a)"* "
z€Ba2r\BRr

2R—1
< exp {C4¢(R)R2 Z (2R — n)ds+2nd1} :

n=R

When d < s < d+ 2, ¢(R) = R*2?, the right-hand side is no larger than

2R—1 2R—1
(2.8) exp {C5RS_2d_2 Z Rd_s+2nd_1} = exp {C5R_d Z nd_l} < cg.

n=R n=R

When s > d+ 2, ¢(R) = R*>~, the right-hand side is no larger than

2R—-1
(2.9) exp {C7R_d Z nd_l} < csg.

n=R

We can check HIGBRnyBQR\BR W < ¢g in the same way as the estimate of
HIGB2R\BR7y€B§R W. We thus complete the proof of the lower bound. a
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