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Abstract

We consider stochastic partial differential equations, on R? (d>1),
driven by a Gaussian noise white in time and colored in space. Assuming
pathwise uniqueness holds, we establish various strong stability results.
As consequence, we give an application to the convergence of the Pi-
card successive approximation. Finally, we show that in the sense of
Baire category, almost all stochastic partial differential equations with
continuous and bounded coefficients have the properties of existence and
pathwise uniqueness of solutions as well as the continuous dependence
on the coefficients.

1. Introduction and general framework

The paper is concerned with stochastic partial differential equations
(spde’s) of the form

Lu(t,z) = o(t, x, u(t, :10))F(t7 x) + b(t, x, u(t, x)),

(1.1)

u(0,2) =0, o

where, t € [0, 7] for some fixed T > 0, 2 € R, d > 1 and L is a second order
partial differential operator. The coefficients o and b : Ry x R? x R — R are
given measurable functions. Our spde’s include, for instance, the stochastic
heat and wave equations in spatial dimension d > 1. For the simplicity, we will
assume that the initial condition is null. However, the result can be properly
extended to cover smooth initial conditions.

Let D(R4*1) be the space of all infinitely differentiable functions with compact
support. On a probability space (€2, G, P), the noise F = {F(p), ¢ € D(R*1)}
is assumed to be an L?(Q, G, P)-valued Gaussian process with mean zero and
covariance functional given by

/d/ (dz) (io(s,) ¥ 9(s.)) (@),
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where J(s,x) = (s, —x) and I' is a non—negative and non—negative definite
tempered measure, therefore symmetric. Let p denote the spectral measure of
I', which is also a tempered measure.

Denote by F¢ the Fourier transform of ¢. Clearly u = F~1(I'). This gives

Ty = [ ds [ ulde)Fo(s O FTE©)

where Z is the complex conjugate of z.
Following the same approach of [7], the Gaussian process F' can be extended
to a worthy martingale measure M = {M(t,A) := F([0,t] x A) : t > 0, A €
By(R%)} which shall acts as integrator, in the Walsh sense [23]. Here B,(R?)
denotes the bounded Borel subsets of R%. Let G, be the completion of the o—field
generated by the random variables {M (s, A), 0 < s < t, A € By(R?)}. The
properties of F' ensure that the process M = {M(t, A), t > 0, A € By(R?)}, is
a martingale with respect to the filtration {G; : t > 0}.

One can give a rigorous meaning to solution of equation (1.1), by means
of a jointly measurable and G;—adapted process {u(t,z) : (t,z) € Ry x R4}
satisfying, for each t > 0 and 2 € R?, a.s. the following evolution equation:

u(t,x) = St —s,x,y)o(s,y,u(s,y))M(ds,dy)
(1.2) /0 /Rd

t
+ / dS/ dys(t_va7y)b(87y7u(suy))
0 R4

where S(t, z,y) denotes for the fundamental solution of Lu = 0 with boundary
conditions specified before. More developments on this kind of spde’s and
generalized ones can be found in [7], [14], [8], [20] and the references therein.

In the sequel, we shall refer the equation (1.2) as Eq(c,b). To simplify the
notation, we shall write

b(u)(s,y) = b(s,y, u(s,y)) and o(u)(s,y) = o(s,y, u(s,y))-

In this paper, we establish strong stability, as well as some generic property
(in the Baire category sense) for the solution of spde’s of the form (1.2).

We first prove that pathwise uniqueness property implies the LP—stability
of the solutions. It is then quite natural to raise the question whether the set
of all “nice” functions (o,b) for which the pathwise uniqueness holds for the
stochastic partial differential equation Eq(c,b) is larger than its complement,
in a Baire category sense. To make the question meaningful let us recall what
we mean by the generic property. Let £ be a Baire space. A subset A of £ is
said to be meager (or a first category set in the Baire sense), if it is contained
in a countable union of closed nowhere dense subsets of £. The complement
of a meager set is called a comeager (or residual or a second category set).
A property P is said to be generic in a Baire space £ (see Bourbaki [5]) if P
holds in &£ \ A, where A is a set of first category (in the sense of Baire) in &.
Results on generic properties for ordinary differential equations seems to go
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back to an earlier paper of Orlicz [19] and later developed by Lasota and Yorke
[16]. The investigation of such questions for stochastic differential equations is
carried out in Heunis [13] and, Alibert and Bahlali [1]. In this note, we study
the corresponding problem for spde’s like Eq(c, b). We show that the subset of
continuous and bounded coefficients for which existence and pathwise unique-
ness hold (for equation Eq(o, b)) is a residual set. The proof is based essentially
on Theorem 3.2. Moreover it does not use the oscillation function introduced
by Lasota and Yorke in [16] for ordinary differential equations and used for
stochastic differential equations by Heunis [13] and in further development for
the generic property of stochastic differential equations by Bahlali et al. [3].
See also Bahlali et al. [4] for backward stochastic differential equations.

More precisely, we will examine the following four points,
1. the LP—stability of the solution under Lipschitz conditions on the co-
efficients
2. the LP—stability of the solution with respect to the driving process
under pathwise uniqueness of solution.
3. The relations between pathwise uniqueness and convergence of the Pi-
card successive approximation
4. the genericity of the existence, pathwise uniqueness and continuous
dependence on the coefficients
The paper is organized as follows. In Section 2 we establish a Holder reg-
ularity of the solution of (1.2). Section 3 is devoted to prove some results of
stability of solutions of (1.1), first on the coefficients and next on the driv-
ing process. In section 4, we give, under pathwise uniqueness, a necessary
and sufficient conditions which ensure the convergence of the Picard successive
approximation associated to the equation (1.2). Section 5 shows that, the exis-
tence, pathwise uniqueness and the continuous dependence on the coefficients
are generic properties (in the sense of Baire category) for spde’s with bounded
continuous coefficients. In section 6, we study some examples of spde’s of kind
(1.1). Finally, an appendix gathers some technical lemmas which are used
through the work. We always assume that all constants will be denoted by ¢
or C independently of its value.

2. Definitions and Ho6lder regularity of the solution

Definition 2.1. Let p > 2, a stochastic process u defined on X
R, x R? which is jointly measurable and G,—adapted, is said to be a solu-
tion to the spde’s (1.1), if it is an R-valued fields which satisfies (1.2) and
SUPyc(o,7] SUPgere Elu(t, 2)[P < +o0.

We consider the following assumptions,
(L) There exists is a constant ¢ such that

lo(t,z,r) — o(t,z,v)| + |b(t,z,7) — b(t, z,v)| < c|lr —wv| for all ¢, z,r, v,
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(LG) There exists is a constant ¢ such that

lo(t,z,r)| + bt z,7)| <c(l+|r]) forall t,z,r

T
(R.1) For any T > 0, / ds/ u(d€) |FS(s,)(€)]* < 4o0.

0 Rd
(R.2) (i) There exist constants ¢ > 0 and §; > 0 such that for 0 < ¢; <ty < T,

zERY

ta
sup / ds / H(dg) | FS (s — s, VO < elta —ta [
t1 R

(ii) For any compact subset K C RY there exist constants ¢ > 0 and
02 > 0 such that

T )
/ ds/ p(d€) |FS(s, 2+ 2,)(€) — FS(s,2, ) () < e[| =]** |
0 R4

for any = € R and z € K.

It is proved in Dalang [7] that, the assumption (R.1), (L) and (LG) ensure
the existence and uniqueness of the solution of (1.2) in the case of stochastic
heat equation in any space dimension d > 1 and for stochastic wave equation
in dimension d = 1, 2.

Let us recall some recent results on the regularity of wu(¢,z), which has been
proved by Sanz—Solé and Sarra [21] (see also [20] and [9]).

Let v = (71, 72) such that 41,72 > 0 and let K be a compact subset of RZ. We
denote by C7 ([0,T] x K;R) the set of y—Ho6lder continuous functions equipped
with the norm defined by:

‘f(t,l’) - f(say)|
1) [Ifll = sup |f(t,z)|+ sup sup :
PR eyelo K s#te(0,T) ayek [t — 8|+ [lz —yl?

Theorem 2.1.  Assume that (LG), (R.1) and (R.2) hold. Let u be
a solution to equation Eq(c,b). Then,

(i) u belongs to C¥ ([0, T] x K;R) a.s. for any v; < 6;, i = 1,2 and for
any compact subset K of RY.

(i) E (HUHI;TK) < 400 for any p > 2.
Proof. The proof of (i) follows using Kolmogorov’s criterium. For more
details (see [21]).

To prove (ii), we use the Garcia—Rodemich-Rumsey Lemma (see [18]), to obtain

E(||”||5TK) < CpyTod-



Stability and genericity for spde’s driven by spatially correlated noise 703

3. Stability of equation (1.1)
Let f be a function defined on Ry x R? x R. For T > 0, we set

(3.1) [fll700 := sup sup sup|f(t,z,r)|.
te[0,T] zeRe r€R

3.1. Stability under Lipschitz conditions on the coefficients

Assume that (R.1) and (R.2) hold. Let (0,)n>0 and (b,)n>0 be two
sequences of functions on R, x R? x R which satisfy (L) and (LG) uniformly
in n.
Denote by {u,(t,7),t > 0,2 € R4} the unique solution of equation Eq(c,,b,)
ie.

n(t, ) S(t—s,x,y)on(un)(s,y)M(ds,dy)
(3.2) /

Rd
/ ds/ dyS(t — s, x,y)bn(un)(s,y).
R4
Then, we have the following theorem:

Theorem 3.1.  Assume that (0,)n>0 and (by)n>0 converge respectively
to o and b uniformly on compact sets of Ry x R? x R. Then for any p > 2

tim B (lun = ull? 1) =0,

where u is the unique solution of Eq(o,b).

n

The proof of this Theorem is a consequence of Theorem 2.1 and the following
lemma.

Lemma 3.1.  Assume that there exist real valued functions o and b de-
fined on Ry x R? x R such that
(3.3) Jim(llon =0l + lon = bl o ) = 0.

Then, for any p > 2

lim sup sup E (|u,(t,z) —u(t,z)[’) =0,
n—+00 1c(0,T] zeR4

where u is the unique solution of Eq(o,b).
Proof. Without loss of generality we assume that b = 0. For, p > 2, set
on(t,x) = E |un(t,x) — ult, x)lp

and ¢, (t) = sup,cp ¥n(t, ). Clearly,
P

S szy)lon(un)(s,y) = o(un)(s, y)] M(ds, dy)

on(t,z) < cpF

P

+ ek S(t = s,2,9) [0 (un)(s,y) — o (u)(s,y)] M(ds, dy)

Rd
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We use, Burkholder’s inequality, Holder’s inequalities and assumption (L) on
on to get,

D p_ t
0ult) < e Lo =l v et [ (= s)ns)ds
0

<ecpr (||crn =07 00 —|—/0 J(t — s)d)n(s)ds)
where
34)  J(s) = /R pld€) [FS (s, Y(OF and v = /O J(t— 5)ds.

Therefore, assumption (R.1) and Lemma 7.1 yield

sup ¢7L(t) < Cp, T HU'fL - UHg“,oo :
t€[0,T7]

which proves the lemma. 1

Proof of Theorem 3.1. It is enough to prove that the sequence (u, —u)n>1
satisfies the properties (P1) and (P3) of Lemma 7.2. Clearly, by Theorem 2.1,
(up, — u)p>1 satisfy the property (P;) of Lemma 7.2. The property (Ps) is
given by Lemma 3.1. Therefore the proof of Theorem 3.1 follows from the
above properties. O

Definition 3.1. We say that the pathwise uniqueness (PU) holds for
equation (1.2) if whenever (u, M, (Q,G,P),G;) and (v, M',(Q,G, P),G;) are
two weak solutions of equation (1.2) such that M = M’ P-a.s., then u = v/
P-as.

We will establish a variant of Theorem 3.1. Consider, for A € R, the following
sequence of stochastic partial differential equation,

A = t — S, g U)\ S S
) =W+ [ [ S s @) o) M(ds.dy)

(3'5) _|_/O ds/Rd dyS(t—&«Tyy)b)\(u)\)(svy)v

ur(0,2) = ¢ (\) for € RY, where ¢ is a given function.
We then have the following theorem:

Theorem 3.2.  Assume that ox(t,z,r) and by(t,z,r) are continuous
with respect to their arguments. Further, suppose that ¢ is continuous at
Xo € R, and for each T > 0 and each compact subset K of R? there exists
a constant ¢ > 0 such that for all r € R

sup sup sup (|or(t,z,7)[ + [ba(t, z,7)]) < ¢ (1 + |r])
AER t€[0,T] xz€RE
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and

lim (Jlox = 0xg g0 + 103 = bro 7,00 ) =0,
i : ,

where || - ||1,00 has been defined in (3.1). Then, under (PU) for the equation
(3.5) at Ao we have:

AILH;()E {Hu’\ — u)‘DHQTm} =0 for everyT > 0.

Proof. Similar to the proof of Theorem 3.1. O

3.2. Stability with respect to the driving process under (PU)

In this subsection, we consider spde’s driven by spatially correlated noise.
We prove the continuity of solutions with respect to the driving processes, when
the pathwise uniqueness of solutions holds.
Let {M"},,>0 be a sequence of continuous (G;, P)-martingale measure, with
M° = M and 0,b : R x R? x R — R be continuous functions satisfying
(LG). Define the sequence

u"(t,x) = /0 g St —s,z,y)o (u") (s,y) M"(ds, dy)

t
b [ds [ s s ) (s,
0 R4
Suppose that {M™},,>( satisfy the following conditions:

(H.1) The family {M™},,>¢ is bounded in probability in C ([0, T] x K).
(H.2) M™ — M° —,,_. . 0 in probability on C ([0,7T] x K).

Then, we have the following theorem:

Theorem 3.3.  Suppose that (R.1), (R.2), (H.1), (H.2) and (PU)
hold and that Eq(o,b) is non—degenerate. Assume, moreover, that % s a
locally bounded functions of (t,x,r) and that it is Lipschitz continuous in r € R.
Then for any € > 0,

. n _
HETWP (||u —ull, x> 5) =0.

The main tool used in the proofs is the Skorokhod representation theorem given
by the following;:

Lemma 3.2 ([22]). Let (X,p) be a complete separable metric space,
{P,, : n > 1} and P be probability measures on (X, B (X)) such that P, —n— 4o
P. Then, on a probability space ((AZ, é, ﬁ), we can construct X —valued random
variables {u, : n > 1} and u such that:

(1) P, = ﬁu”, n=12..and P= p,.

(ii) up converges to u P-a.s.
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The following lemma gives criteria which allow us to apply Lemma 3.2 to
sequences of laws associated to continuous processes.

Lemma 3.3 ([22]).  Let {u,(t,x) : n > 1} be a sequence of real valued
continuous processes satisfying the following two conditions:
(¢) There exist positive constants C' and q such that

sup E [[un(0,20)|Y] < C for some given xq.
n>1

(#4) There exist positive constants p, 1, B2, Cr such that:

sup B [[u (1. ) = wa (s, 9)|") < Or (|t = s 4l — ")

for every s,t € [0,T] and z,y € RY.
Then, there exist a subsequence (ny)r>1, a probability space (SA), é, ]3) and real
valued continuous processes Un,, k =1,2,... and u defined on it such that:

1. The two random field Uy, and u,, have the same law.

2. Uy, (t, z) converge to u(t, z) uniformly on every compact subset of Ry x
R? P-q.s.

The following lemma is a variant of the Lemma 4.3 in ([12, p. 744-745])
in which we replace the Brownian sheet with a martingale measure.

Lemma 3.4.  For every n > 0 let {z"(t,z) : t € Ry x R} be a family
of continuous G;' —adapted random field and let M™ be a Gaussian martingale
measure carried by some filtered probability space (Q,G, Gy, P). Assume that
for every e >0, T >0 and K a compact subset of R%:

lim P (Hz” = 2| g M= MO > 5) =0.

n—-—+00

Let h(t,z,7) be a bounded Borel function of (t,z,7) € Ry x R x R and define,

t
Lo(t,2) = / S(t — 5,2, y)h(s, g, 2" (s, y))dyds
0 JRd
and

t
Tult, ) = / S(t — s,2,9)h(s,y, 2" (5, ) M" (ds, dy)
0 JRd

Then the following assertions hold:
(2) If h is continuous in r € R, then

(3.6) lim TI,(t,z) =1Io(t,z) and lim J,(¢t,2) = Jo(t,x)

n—-+oo n—-+o0o

in probability for every t > 0 and every x € R?.
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(i) If for almost every (t,x) € Ry xR? the law QF',, of 2™ (t, z) is absolutely
continuous with respect to the Lebesgue measure A on R and the density py, =
dQt .,

dax

satisfies for some a > 1

sup/ / / “drdzdt < 400,
n>0 Rd

then (3.6) also hold in probability for every t > 0 and every x € R

Proof of Theorem 3.3. Suppose that the conclusion of our theorem is
false. Then there exists € > 0 and a subsequence (ny),~, such that

irlllka (Hu”k —ull, x> 5) > €.

Under conditions (R.1), (R.2) and (H.1) one can show that the family
Z" = (u™,u, M™, M) is tight in [C(][0, T] x R? R)]*. Then, by Skorokhod’s rep-
resentation theorem see Lemma 3.2, there exist a probability space (ﬁ, G , 13)
and Z™ = (u™e, ume, Mns M”k) which satisfy:

i) Law(Z™) = Law(Z™)

i1) There exists a subsequence (Z"’C)k also denoted by (Z”’C);C which
converges P-a.s. in [C([0,T] x RY, R)]* to Z = (4,4, M ,M).

Let G* denotes the completion of the o—algebra generated by {2? : s <t} and
set G = N> GY.

Similarly, we define the o—algebra {F; : ¢ € [0,T]} for the limiting process 7.
Then (2, G, G/, P) (resp. (2, G, G, P)) are stochastic basis and M" M (resp.

M, M) are G} (resp. G;)—continuous martingale measures. Moreover the two
random fields u™ and u"™ satisfy the following spde:

") / [ (= s.a)o @) (5.9) M (ds.dy)
/ds dyS(t — s, x,y)b(@") (s,y).
0 R4
and
"(t,) / [ S( = s.2.)0 () (5,93 (ds. )
+ / s / dyS(t 5,y (@) (5,9)

~

on the same stochastic basis (ﬁ, G, M ﬁ)
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Using the Lemma 3.4, we show that the limiting processes satisfy the following
equations:

it z) = /0 [ S(t= 5.0 @) (s o)V (ds, dy)

+/Otds/Rd dyS(t — s, z,y)b (W) (s,y).

and

u(t,x) = /0 y St —s,z,y)o (u) (s,y)M(ds, dy)
—|—/O ds/Rd dyS(t — s, z,y)b(u) (s,y).

Due to (H.2) it is easy to see that M =M, P-as.

Hence, by the pathwise uniqueness, 7 and u are indistinguishable. This con-
tradicts our assumption. Therefore u™ converges to the unique solution uw. [

4. Pathwise uniqueness and Picard’s successive approximation

Throughout this section, we assume that ¢ and b are continuous and satisfy
assumption (LG). We define the sequence of the Picard successive approxima-
tion associated to (1.2) as follows:

wd =0
(4.1) ut(t, ) :=/0 ” S(t— s,z y)o (u™) (s,y)M(ds, dy)
* /o /Rd S(t—s,2,y)b(u") (s,y)dyds.

It is well known that if the coefficients o and b satisfy the condition (L), then
the sequence (u™),>0 converges in LP({2) (as n — o0o). Moreover, this scheme
gives an effective way for construction of a (unique) solution to equation (1.2)
(see for instance [7]).

Now, if we drop the Lipschitz condition on the coefficients and assume only that
equation (1.2) admits a pathwise unique solution, does the sequence (u™),>0
converge to u 7 The answer is negative even in the deterministic case, (see [10,
p. 114-124]).

Assuming pathwise uniqueness, we then give a necessary and sufficient con-
dition which ensures the convergence of the Picard successive approximation.
More precisely, we have the following,

Theorem 4.1.  Let 0 and b be continuous functions satisfying (LG).
Let p > 2. Assume further that (R.1), (R.2) and (PU) hold for equation
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(1.2). Then, for any v = (y1,72) with 1 < 81 and 2 < da, the sequence
(u"),>o converges in LP(§;C7([0,T] x K,R)), to the unique solution of (1.2)

if and only if Hu”‘Irl - u”H converges to 0 in LP(£2).

¥, T, K

To prove this theorem, we need the following lemma.

Lemma 4.1. Under assumptions of the previous theorem, the
sequence (u"), -, defined by (4.1) is tight in C([0,T] x R% R). Moreover,
SUp,,~o E[||u"||gTK] < 400, for any p > 2 and any v = (y1,72) such that
Y1 <_(51 and vy2 < ds.

Proof. For all t > 0 and n > 1, we have

P
[ (t, 2)” < ¢

/ S(t—s,x,y)o(u™ ") (s,y)M(ds,dy)
0 JRrd

p
+Cp

/ot o /Rd dyS(t = 5,2, y)b(u" ") (5,9)

Burkholder’s and Holder’s inequalities provide the following estimate

yER?

, t
Elu"(t,z)|’ < cpuf_l/ (1 + sup E |[u" (s, y)‘p> J(t — s)ds.
0
Set ¢y, (t) := sup,cpa E |u"(t, z)[”. We have,
t
60(0) < o [ (1+0n1(5)) Tt = 5)ds
0
<cpT+cpT/ Pn-1(5)J(t — s)ds.
Using (R.1) and Lemma 15 p. 22 in Dalang (1999), we show that

(4.2) sup sup sup E|u"(¢,z)|” =sup sup sup ¢,(t) < cpr.
n>0t€[0,T) xR n>0t€[0,T] R4

We shall prove the tightness of the sequence u™. we have
ta
u"(tz, x2) —u"(t1,21) = / . S(ta — s,22,y)0 (u"_l)(s,y)M(dS,dy)
R
/ (11— 5,0, p)o(u" ) (5, 4)M(ds, dy)
R
t1
= / /d A(tl,tg,.’bl’x%S,y)O'(Un_l)(S,y)M(dS,dy)
o Jr
to
[ St = st s, )M (ds. dy).
t1 Rd
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Passing to expectations, we get

E |’U,n(t2,.’£2) — u"(tl,x1)|p

t1
/ /d A(tl,tg,xl,xg,s,y)a(un_l)(s,y)M(ds,dy)
0 R

p
< B

to p
e | [ [ St szt ) s )M (ds.dy)
t R4

1

2_q

<q [( [ s [ e 1At s O )

y /0 "ds (14 dn1(s)) /R u(dg) |fA<t1,t2,x1,x2,s7-)(s)ﬁ}

([ ds /R pu(de) | FS(ts — s, 22, ,)@”2)

x / " (14 s (s)) / () | FS (e s,u,-xs)ﬂ |

—1

[N

+ ¢p

Using (4.2), (R.1) and (R.2), we obtain

§ 3
Bl (t2,22) = u"(t1,21) " < ¢ (It2 = 27 + a1 ) .

Therefore, since sup,,>o E[[[u"|? 1 x] < 400 (theorem 2.1 (ii)), u™ is tight in

([0, T] x RY, R). O

Proof of Theorem 4.1.  Suppose that |[u™*! — u"HnY K
n — oo, in LP(2), (p > 2) and that there is some € > 0, and a sequence (ny)
such that:

converges to 0, as

iTIlefE (Hu"’c — u||’;7T7K) > e

According to Lemma 4.1, the family (u”, ut u, M ) satisfies conditions (i) and
(#i) of Lemma 3.3. Then by the Skorokhod representation theorem, there exists
some probability space ((AZ,QA, 13) carrying a sequence of stochastic processes
(@™, a™tt un, M ™) which satisfies the following properties:

(a) For each n € N, the two random field (@", @"+!,u", M™) and
(u", utl M) have the same law for each n € N.

() There exists a subsequence (ny)x>o such that (@, am 1 7", ]/\/[\”’C)
converges to (4, u, w, M) uniformly on every compact subset of R x
R? P-a.s.

Since u™*t! — u™ converges to 0, one can show easily that 7 = u, P-a.s. If
we denote

~

G = o (@(s,), w"(s,9), M"(5,9) s s <t, y € K)
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and
Gi = o (i(s.y). uls,y), Mis,y): s<t, y€K),

then (M\ " _C’//;”) and (]\//.7 , Q\t) are gaussian processes (even martingales measures)
which have the same law as M.

The property (a) and the fact that «™ and u satisfy respectively (4.1) and (1.2)
allow us to prove that u™ satisfies the following stochastic integral equation

L, ) St —s,x,y)o (@") (s,y) M ”(ds,dy)
(4.3) /

g
/ds/RddySt—sxy) (@) (5,9).

Similarly, w™ satisfies
t
w0 = [ [ 80550 (@) (5.0) 01" ds. dy)
0 JRA

t
4 / ds [ dyS(t — s,z,y)b @) (5.9).
0 R4

Using the property (8) and a limit theorem of Skorokhod [22, p. 32], it holds
that

//Rd — s,2,)0 (@) (s,y)M"™ (ds, dy)
and
/ds dyS(t = s,,9)b (") (s,y)
0 Rd

converge, in probability (as k — 00), respectively to

/ St — 5,2, )0 (@) (s, ) M(ds, dy)
0 JRd

and

/ds/wdysmm (@) (5,9)-

Therefore u and w satlsfy the same stochastic partial dlfferentlal equation (1.2),
on the space (Q Q P) with the same gaussian noise M and the same ini-
tial condition. Then, by the pathwise uniqueness property, we conclude that
u(t,z) =u(t,z), Vt,x P-as.

By the uniform integrability, it holds that:

e < limeinfE(Hu" —ull} 7 )

< hmelnfE (||ﬂn’“ — un’“HAY TK) =E (||ﬁ— ﬂ”s,T,K) )

which is a contradiction. O
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Remark 1. Note that under (R.1), (R.2) and (PU), the series
D om0 (u™ — u™) converges in LP(Q;C7([0,7T] x K,R)), (p > 2) if and only if

(umtt —u™) ) converges to 0 in LP(Q;C7([0,T] x K, R)).

5. Genericity of the existence and uniqueness

As we have seen in previous sections, the pathwise uniqueness property
plays a key role in the proof of many stability results. It is then quite natural
to raise the question whether the set of all “nice” functions (o,b) for which
the pathwise uniqueness holds for the stochastic partial differential equation
Eq(o,b) is larger than its complement.

In this section we improve the result obtained in [2] by considering small
spaces which contain the solutions of spde’s in any space dimension but driven
by a spatially correlated noise.

Let £ be a Baire space. A subset A of £ is said to be meager (or a
first category set in the Baire sense), if it is contained in a countable union of
closed nowhere dense subsets of £. The complement of a meager set is called a
comeager (or residual or a second category set).

Let us introduce some notations.

For p > 2, we define MP := {u : Q x Ry x R? — R, jointly continuous
in time and space such that for all 7 > 0 and a compact subset K of RY,
E |[u]]? 7. < +oo).

The space MP is equipped with the topology of uniform convergence on
compact sets of Ry x RY, that is: (u,) converges to u if for every T' > 0 and
every compact set K,

1
p

—0 as n — oo.

A (s w) = (B lun =l 1)

Endowed with this topology MP is complete. It is worth noting that this
topology allows to define a metric d on MP so that (MP,d) is complete.

Let K > 0and C; := { b: Ry x R? x R — R which are continuous and
bounded by }. Define the metric p; on C; as follows:

—+oo
1 p1,n (b1 — b2)
bi1.bo) = IR et Lok S B VA
p1 (b1, b2) nz::l% 1+p17n(b1—b2)’

where
pin(h) = sup sup sup |h(t,z,7)|
t€[0,T] zeR? |r|<n
Note that the metric p; is compatible with the topology of uniform convergence
on compact subsets of Ry x R? x R.

Let Co the set of continuous k-bounded functions o : Ry x R? xR — R.
Define the metric ps on Co by:
400
1 p2.n(01 — 02)
01,02) = — . ,
P2( 1 2) ZQ" 1—|—p27n(01—02)

n=1
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where

p2,n(h) = sup sup sup |h(t,z,7)]
t€[0,T] z€R |r|<n

Clearly the space R = C; XxCs endowed with the product metric p := p1 X p2
is a complete metric space. Hence a Baire space.

Let Rpip be the subset of R consisting of functions which are continuous and
satisfy (L) and (LG).

Proposition 5.1.  The space Rprip is a dense subset in R.

Proof. By truncation and regularization arguments. O

5.1. The existence property is generic

We denote by R, the subset of functions o, b in R for which equation (1.1)
has a, not necessarily unique, solution and by R,, the subset of R which consists
to all functions o, b for which equation (1.1) has a pathwise unique solution.

Theorem 5.1. R, is a residual set in the Baire space (R, p).
To prove this Theorem we need some lemmas.

Lemma 5.1.  Let (0,b) be an element of Rrip. Denote by u®b the
unique solution corresponding to (o,b). Let u>" be an arbitrary solution
of the spde (1.1) with coefficients (op,by). We assume that

pl(on,bn), (6,0)] — 0 as n — oo.

Then, under (R.1) and (R.2), u®’" converges to u®® in (MP,d) as n —
+00.

Proof. To simplify the notation we write v for u”? and w,, for uo. O

Step 1. Let us first prove that sup,,qsup,ecjo ) SUpgera Elun(t, ©)[P is
finite for p > 2. Clearly,

P

t
E|uy(t,2)]" < ¢, E / S(t—s,x,y)on(un)(s, y)M(ds,dy)
0 JRd

p

t
+ o FE / St —s,2,y)bn(un)(s,y)dyds
0 JRd

We use, Burkholder’s inequality, Holder’s inequalities and the boundedness of
o, and b, to get,

P
2

B un(t, )" < ¢ (lonlh, o0 + 15al.o0 ) v

1) J(s) = /R pld€) FS (s, )(OF and v = /O J(t — s)ds.
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Therefore, assumption (R.1) yields

sup sup sup Elu,(t,z)P < ¢kl
n>0t€[0,T] z€R4

Step 2. Tt is clear that u, — u satisfies the property (P;) of Lemma
7.2 (appendix). Let us put ¢,(t,z) = Elu,(t,x) — u(t,z)|? and ¢,(t) =
SUP,crd Pn(t, x). Hence

on(t @) < cp)E 7! VO ds (sup Elon(un)(s,y) - U(U)(Svy)l”> J(t = s),

yER

+ / ds <sup Elbn (1) (s,y) — b(u)(s,yw) J(t -~ s)] ,
0

yER?

where J and v are defined by (5.1).
Let T'> 0 and N € N*. We have,

sup Elan (un)(sa y) - O'(U)(S, y)‘p

yeRY
< ¢p sup Eloy(un)(s,y) — o(un) (s, y)["
yeRY
+¢p sup Elo(u,)(s,y) — o(u)(s,y)|”
yeRY

<¢ (Suﬂgd E [lon(un) (s, ) — o(un) (s, ) 1iju, (s,0) <N}
ye

+ sup E [[on(un)(5,9) = 0(un) (8, 9)]" L{ju, (s.9)>N7]
y€ER
+ sup Elo(un)(s,y) — U(U)(S7y)p>
yER?
<c¢p sup sup sup |on(t,z,r)—o(t,x,r)|”
te[0,T] zeRY |r|<N

1
+cp— sup sup Elun(t,x)P + cpdn(s)
NP 1c10,7) were

1
<o (ﬂ’z’,N(Un o)+ 5 Sup sup Elun(t, z)[” + %(8)) ;
4| xeRe

where we have used the Lipschitz property of o.

Similar arguments give

sup Ebn(un)(s,y) — b(u)(s, y)[”
yER4

1
<cp | P §y(bn —b) + — sup sup Eluy(t,z)|” + ¢n(s) | .
’ NP 10,7 zerd
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Set v}, = SUp; < Vt. Then for 0 <t < T, we have

t
/0 (pg,N(Un —o)+ sz,N(bn —b)

1
+ — sup sup Elu,(t,z)[P + ¢pn(s) | J(t — s)ds
NP te[0,T] zeR?

D1
bn(t) < cpvy’

21

Sopvl |\ (PQ,N(UTL — )+ pf N (b — b))

1
+vi— sup sup FElu,(t,z)|P + / On(8)J(t — s)ds
NP ic(0,7] zere

<cp (V)

- ly;(pg,N(Un —0o)+ pf,N(bn —b))

1
+vi— sup sup Elu,(t,x)|P —l—/¢n J(t —s)ds]| .
NP ic(0,1] zere

Hence, using Lemma 7.1 (appendix) and Step 1, we get

p p Cp, kP
sup $n(t) < cpr | Py n(on —0) + py N(bn — 1) + Ne )
0<t<T

In view of the convergence of o,,, b, to o, b it follows that

lim | ph (00 = @) + o (b = )] = 0.

n—-+o0o

Moreover, using the previous inequality, it follows by Step 1 that

¢y KP
lim su < B
im0 < 7

Now letting N goes to infinity the Lemma 5.1 follows.
Let 6 : R — R4 be the oscillation function defined by

9(07 b) = éli% [Sup {d(u‘”’bl,u”z’b?) s.t. (O’i,bi) c RLipu 1 =1,2
and max {p (0. ); (01,b1)] (0, b)s (72, 2]} < 6}]

Then, we then have the following properties:

Lemma 5.2.  Assume that (R.1) and (R.2) hold.
(4) If (0,b) belongs to Rr:p then 6(o,b) = 0.
(ii) The function 6 is upper semicontinuous on R.
(#i) If 6(o,b) =0 for o,b in R, then equation (1.2) has at least one solution
in MP.
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Remark 2.  (j) Lemma 5.2 is similar to that given in [13]. Note that
this semicontinuity property is essential in the sequel of the proof. However,
the authors couldn’t understand the proof given in [13] for the semicontinuity

property.
(jj) The assertion (iéi) of Lemma 5.2 is a sufficient condition to ensure
existence of solutions of equation (1.2).

Proof of Lemma 5.2. The assertion () is a consequence of Lemma 5.1.
Proof of (i¢). By the definition of § we can write:

0(o,b) = }Er%) 0s(c,b)
where
05(c,b) = [sup {d(u”l’bl,u‘”’bﬂ s.t. (04,b;) € Rpip, 1 =1,2
and max {p[(0,b); (o1, 1), [(6,B); (0, Ba)]} < 6}].

Let n > 0 and (o,b) in R. It is not difficult to see that for every § > 0,
05(0,b) < Os4y(01,b1) for each (o1,b1) in R such that p[(o,b); (o1,b01)] < n.
Which implies that the mapping 6 is upper semicontinuous.

We now turn to the proof of (ii¢). Let (0,b) € R. Since 6(o,b) = 0, then there
exists a decreasing sequence of strictly positive numbers 6§, (6, \, 0) such that

sup {d(u',u?) such that (0;,b;)) € Rpip, i = 1,2

5.2
(5.2) and max {p[(c,b); (61,b1)]; pl(o,b); (02,b2)]} < (5} < %

But, by Proposition 5.1, for each n € N*, there exists a (¢™,b") € Rp;p such
that p[(c™,b"); (0,b)] < 0,. Since 4, decreases, it follows from (5.2) that

d(up, um) < max(L, 1), Hence, (uy)nen is a Cauchy sequence in the Banach

space (MP d). Thus, there exists u € MP such that

(5.3) lim d(uy,u) =0.

n—oo

Let us now check that u satisfies equation (1.2). From (5.3), there exists a
subsequence ny such that

(5.4) Un, (t,2) converges to wu(t,x) P-a.s. as k— 4oo.
It remains to show that for each t € R,
¢
I,(t,x) = / ds /d dyS(t — s, z,y) [b" (un)(s,y) — blu)(s,y)]
0 R

and

Tut)s= [ [ S =52 (0" () (5.9) = ()5, 9)] M. ).
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converge to 0 in Probability.
We have

ElJn(t,z)]” < Cth%_l/O ds <Sélﬂ5£ Elo™ (un)(s,y) — U(U)(Syy)|2> J(t =)

P

2

Cpl.
P”t V4 n

< N2 + cppy N (0" — o)y

[SIS]

et / ds <sup Blo(un)(s,y) - a(u)(s,yw> J(t—s).
0

yeRd
Lemma 5.1 implies that

. cp B
lim vz +cppf y(o" —o)v

=0.
n,N—+oo N2

Nk

On the other hand, since o € Rr;p, (5.4) implies that o(u,) converges to o(u)
dP x dt x dz—a.e. Hence, the Lebesgue dominated convergence theorem allows
us to deduce that

lim ; ds (sup Elo(un)(s,y) — U(u)(s,y)|p> J(t—15)=0.

n— o0 yERA

Similar arguments allow us to prove that I, (¢, z) converge to 0 in probability.
which complete the proof of assertion (iii). Lemma 5.2 is proved. O

Proof of Theorem 5.1. Lemma 5.1 and Lemma 5.2 imply that for each
natural number n, the set H, = {(0,b) € R : 6(0,b) < 1} is a dense open
subset of (R, p). Then, by the Baire category theorem, the set H = Npen-Hy,
is a dense G subset of the Baire space (R, p). Moreover, if (¢,b) € H then
Lemma 5.2 (iii) implies that the corresponding equation (1.2) has one solution.
Hence H C R.. This implies that R, is a residual subset in (R, p).

To prove that R, is residual, we define the function 0:H — R, as follows,
6(c,b) = sup {d(uf’b,ug’b) cul?

K2

is a solution to equation (1.2), i =1, 2}

and for each n € N* we put H,, = {(0,b) € H: 0(c,b) < 1}, By using Lemma
5.1 we see, as in the proof of Lemma 5.2 (ii), that the function 6 is upper semi-
continuous on R. This implies that each G,, COEtainS the igtersection of H and
a dense open subset of (R, p). Thus the set H = N,en+H, contains a dense
G5 subset of the Baire space (R, p). Hence it is residual in (R, p). Finally, if
(0,b) € 'H then the corresponding equation (1.2) has a unique solution. Thus
‘H C Ry. Theorem 5.1 follows. O

5.2. Continuous dependence on the coefficients
For a given 0,b € R we denote by ®(c,b) = u® the solution of Eq(c,b)
when it exists.
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Theorem 5.2.  There exists a second category set Ry such that the map
®: Ry — MP given by ®(o,b) = u”® is well defined and continuous at each
point of Ra.

Proof. We shall show that ® is continuous on H (the dense G set which
has been defined in the proof of Theorem 5.1). Suppose the contrary. Then
there exist ¢ € H, ¢ > 0 and a sequence (¢?), C H such that,

(5.5) liIJ)ra pl(a?,b"); (0,b)] =0 and d[®(c?,b"); ®(0,b)] > & for each p.
p—T00

Fix n € N such that ¢ < }L Since H C H then there exists a decreasing
sequence of strictly positive numbers d,, (d, \, 0) and a sequence of functions
o™, b" € Rrip such that,

(5.6) pwﬁmy@mywnMMd@@mm%y@m<%.

We choose p large enough to have p((o?,bP); (0,b)] < 6, —p[(c™,b™); (0,b)] then

we use (5.6) to obtain p[(a?,bP); (¢™,b™)] < 6,. Hence by Lemma 5.1 we have
d[[®(ca?,bP); ®(0™,b™)] < L. Thus

d[®(”,0%); (0, b)] < d[@(a”,57); 2(0™, b")]
+d[®(c™,b"), B(0,b)]
2

< -,
n

which contradicts (5.5). Theorem 5.2 is then proved. O

5.3. The Uniqueness property is generic
The main result of this section is the following

Theorem 5.3.  The subset Ry, of R consisting of those (o,b) for which
the property (PU) holds for Eq(o,b) is a residual set.

Lemma 5.3.  For each (01,b1) € Rpip and € > 0 there exists § (¢) > 0
such thatV (o,b) € B ((01,b1),9) and for every pair of solutions u,v of Eq(c,b)
(defined on the same probability space, with the same martingale measure), we
have d (u,v) < e.

Proof. Let w be the unique strong solution of the spde’s Eq(o1, b1) defined
on the same probability space, and with respect to the same martingale measure
M. We have

d(u,v) < d(u,w) + d(w, v),
the result follows from the continuity of w with respect to the coefficients. [l
Proof of Theorem 5.3. We put K = Ng>1 U p)er,,, B(o, b),é(%)), the
subset K is a G5 dense subset in the Baire space (R, p), and for every (o, b) € K,

the pathwise uniqueness holds for the spde’s Eq(o, b). It follows that R,, is a
residual subset in R. O
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Remark 3.  Gyongy (2001) has shown that R \ K is not empty.

Remark 4. Roughly speaking, we can summarize our results as follows.
Assume that condition (R.1), (R.2) hold and the coefficients are bounded.
Then we have three situations.

1) If condition (L) is satisfied by (o, b), then Eq(c,b) has a solution which
is pathwise unique and the stability holds.

2) Drooping condition (L). If pathwise uniqueness holds for Eq(o, b), then
the stability holds also.

3) If neither conditions (L) nor pathwise are satisfied, then the set for
which existence and pathwise uniqueness as well as the stability of solutions
hold, is a Gs dense in the space of continuous functions. That is, Existence
uniqueness and the stability of solutions are generic properties for spde’s with
continuous coefficients.

6. Applications

This section is devoted to study two examples of stochastic partial differ-
ential equations for which Theorems 3.1, 4.1, 5.1, 5.2 and 5.3 can be applied.

6.1. Stochastic heat equation
Consider the following spde

Ou 1 .
E(t’ x) = §Au(t, x) + o(u(t,z))M(t, z) + b(u(t, x))

uw(0,7) =0, t €[0,T], z € R%, d > 1.

Recall that for simplicity, we consider null initial conditions. The integral
equation is given by

u(t,z) = / S,‘f(t — s,z —y)o(u(s,y))M(ds,dy)
(6.1) 0/

¢
+/ ds/ dySit(t — s, —y)b(u(s,y)),
0 Rd

where S¢(t,z) = (2rt)~/2 exp(%ﬁ‘z) is the fundamental solution to heat equa-

tion, with d—dimensional spatial parameter.

6.2. Stochastic wave equation
In this part, we deal with the spde’s

%(t,x) = Av(t,x) + b(v)(t,x) + o (v)(t, ) M (t, )

v(0,2) = vo(z) and %(O,x) =0,t>0,2€R? and d € {1,2}.
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Its integral equation takes the form

)= [ Wi - vy s [ [ WG - o) e ands

/ [ Wi e = poto)s. M s, dy)

where W(z) is the fundamental solution to the wave equation with
d-dimensional spatial parameter. In particular if d = 1,2 the wake kernel
is given by

(6.2)

1
th(l‘) = 51{|m\§t} for t>0, z€eR
2 1 1 2
Wi () = -— ——=—=1{jg|<s} for t>0, z € R

o B~ aP?

Let us now consider the stochastic wave equation in dimension 3 whose
integral equation is given by

olter) = [ WHdnu(a =) /ds [ ol — 5.0 = )W)

/ / W (x — y)o(v(s,y) M (ds, dy),

where W3(dy) is the fundamental solution of the wave equation in R3. More
precisely for each s € [0,T] W3 = 427:57 where 35 denotes the uniform surface
measure, with total mass 47s2, on the sphere of radius s.

Let us now verify that Assumptions (R.1) and (R.2) are satisfied for the heat
and wave kernels. We have FS¢(t,-)(¢) = exp(—2nt[¢[?), and

(6.3)

#1\&2 < /OT ds | FSi(s, ) ()" < #2\&2 < +o0,
and FWA(-)(¢) = 751%?:;"5') therefore

s s W, ) < o

1+ ¢ 0 1+ €]

By integrating this inequality over R we observe that the condition (R.1) is

equivalent to (A1) where for 5 €]0,1], (A;):= [za (liﬁgf) < +o0.
From this inequalities and some easy computations we deduce that (A,)
for some 7 implies that (R.1) and (R.2) are satisfied.
It is proved by Dalang and Sanz—Solé [9] that under the following conditions:
(R.3)
1. The covariance measure is absolutely continuous with respect to
Lebesgue measure with density given by I'(dx) = ¢(z)|x|Pdx, where ¢ €

C'(R3) bounded and positive and V¢ € CJ (R?) for some 3 €]0,2[ and ¢ €]0, 1[.
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2. The support of the function vy is contained in the ball B, (0), for some
ro > 0.

3. The initial value function vy belongs to C2(R3) and Awvg is y—Holder
continuous with v €]0, 1[.
The solution v of the equation (6.3) is a—Holder continuous with a €]0,v A
# A ] jointly in (¢, z).

We can conclude our application as follows. Assume that the spectral
measure g of the noise satisfy (A;). If the coefficient b and o satisfy (L) and
(LG) then equations (6.1), (6.2) and (6.3) have unique solutions.

Assume that (R.1) and (R.2) hold. Let (0,)n>0 and (b,)n>0 be two
sequences of functions on R, x R? x R which satisfy (L) and (LG) uniformly
in n. Denote by {u,(t,z),t > 0,2 € R?} the unique solution of equation (6.1)
[resp. (6.2)] with coefficients (o,,by,) instead of (¢,b). If o, and b, converge
uniformly on compact sets of R, x R? x R tot o and b respectively. Then, for
any p > 2

Jim B (Jlun =l 1) =0,

where w is the unique solution of equation (6.1) [resp. (6.2)] and K is a compact
set of R. This means that we have the stability for this class of equations.
Remark also that hypothesis (R.3) implies (R.1) and (R.2). Therefore, the
wave equation (6.3) has unique solution and the stability theorem holds true.
In general Theorems 3.1, 4.1, 5.1, 5.2 and 5.3 are applicable for equations (6.1),
(6.2) and (6.3).

7. Appendix

Lemma 7.1 ([6, p. 226]).  Let f be a positive function on [0,T] such
that

F(8) < h(t) + / gt — 5)f(s)ds, t€[0,7],

with g € L*([0,T)) and h € L?([0,T)), p > 1 both positive. Then
+oo
F(t) < h(t)+ Y (G"h)(t) for all t € [0,T],
n=1

where, forn > 1, G™(h) = fot gn(t —s)h(s)ds and g, (t) = f(f g(t —8)gn_1(8)ds,

g1(t) = g(t).
In particular, if h =0 then f = 0.

Lemma 7.2.  Let {Y,(t,2)}n>1 be a sequence of processes indexed by
[0,T] x R? such that
(P1) For any p > 2 there exist cp,01,02 > 0 such that for any t1,t2 € [0,T]
and x1, 9 € RY

sup B [[Va(t2,22) = Ya(tr,20)"] < ¢ (Jt2 = 0] + [l — 21 ™7) .
n
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(P2) For every (t,z) € [0,T] x R? and p > 2

lim E[|Y,(t,x)["]=0.

n—-+o0o

Then for any v1 € (0,91) and v2 € (0,02)
nEr_{_looE [HYn”?mK} =0,

where K is a compact subset of RY.

Proof. The proof of this lemma can be found in Millet and Sanz—Solé
[17]. O
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