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NON-KAHLER SOLVMANIFOLDS WITH GENERALIZED
KAHLER STRUCTURE

ANNA FINO AND ADRIANO TOMASSINI

We construct a compact 6-dimensional solvmanifold endowed with
a non-trivial invariant generalized Kéhler structure and which does not
admit any Kéahler metric. This is in contrast with the case of nilman-
ifolds which cannot admit any invariant generalized K&hler structure
unless they are tori.

1. Introduction

The generalized Kahler structures were introduced and studied by Gualtieri
in his PhD thesis [16] in the more general context of generalized geometry
started by Hitchin in [20].

There are many explicit constructions of non-trivial generalized-Kéahler
structures [1, 2, 4, 7, 21, 24, 25]. For instance Gualtieri proved that all
compact-even dimensional semisimple Lie groups are generalized Kéhler.
In [25], the generalized K&hler quotient construction is considered in rela-
tion with the hyperkahler quotient construction and generalized Ké&hler
structures are given on CP™, on some toric varieties and on the complex
Grassmannian.

Some obstructions and conditions on the underlying complex manifolds
were found (see [2, 5, 16] and related references).

By [2, 16] it turns out that a generalized Kéhler structure on a
2n-dimensional manifold M is equivalent to a pair of Hermitian structures
(J4+,g9) and (J_,g), where Ji are two integrable almost complex struc-
tures on M and g is a Hermitian metric with respect to Ji, such that the
3-form H = dF, = —d° F_ is closed, where Fi(-,-) = g(J+-,-) are the
fundamental 2-forms associated with the Hermitian structures (Ji,g) and
di = i(0+ — 0+). In particular, any Kéhler metric (J,g) gives rise to a
generalized Kahler structure by taking J; = J and J_ = +J.

In the context of Hermitian geometry, the closed 3-form H is called the
torsion of the generalized Kahler structure and it can be also identified with
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the torsion of the Bismut connection associated with the Hermitian structure
(Jx,9) (see [3, 14]). The generalized Kéhler structure is called untwisted
or twisted according to the fact that the cohomology class [H] € H?(M,R)
vanishes or not. In this paper we will give a homogeneous example of twisted
generalized Kahler manifold which does not admit any Kéahler structure.

If (Jy, g) is a generalized Kéhler structure, then the fundamental 2-forms
F. are 0+04-closed. Therefore, the Hermitian structures (Ji, g) are strong
Kahler with torsion (SKT). Such structures have been studied by many
authors in [9, 11, 15, 23, 30].

In dimension 4 a Hermitian metric g which satisfies the SK'T condition
is standard in the terminology of Gauduchon [13] and if, in addition, M is
compact, then any Hermitian conformal class contains a standard metric.
Compact examples in six dimensions are given in [11] where the Hermitian
manifolds are provided by nilmanifolds, i.e. compact quotients of nilpotent
Lie groups endowed with a Hermitian structure (J, g) in which J and g arise
from left-invariant tensors. In [5] it was proved that these manifolds can-
not admit an invariant generalized Kéhler structure, since they are not for-
mal unless they are tori. Nevertheless, all 6-dimensional nilmanifolds admit
invariant generalized complex structures [6].

No general restrictions are known in the case of solvmanifolds, i.e., on
compact quotients of solvable Lie groups by uniform discrete subgroups.
By [18] a solvmanifold has a Kéhler structure if and only it is covered by
a complex torus which has a structure of a complex torus bundle over a
complex torus.

As far as we know, the only known solvmanifold carrying a general-
ized Kéhler structure is the Inoue surface. In [2] the complex solvmanifold
from [8] was considered and it was shown that this manifold does not admit
any left-invariant SKT metric compatible with the natural left-invariant
complex structure.

Other examples are given in [9], where the SKT metrics are called pluri-
closed in its terminology. By [10] there are compact complex manifolds
of dimension higher than four which do no admit any SKT Hermitian
metric.

In [2], generalized Kéahler structures for which the corresponding com-
plex structures Ji commute are studied and a classification of compact
4-dimensional endowed with a generalized Kahler structure for which the
induced complex structures yield opposite orientations is obtained. By [2],
if J; and J_ commute, then the product J.J_ is an involution of T'M
and the tangent bundle splits as TM = T_-M & Ty M direct sum of the
+1-eigenspaces of the involution. By their result, the holomorphic tangent
bundle of a compact complex surface (M*,.J) admitting a generalized Kéhler
structure splits as a direct sum of two holomorphic sub-bundles and (M*,.J)
is bi-holomorphic to one of the following;:
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(1) a geometrically ruled surface;

(2) a bi-elliptic complex surface;

(3) a compact complex surface of Kodaira dimension 1 and even first
Betti number;

(4) a compact complex surface of general type;

(5) a Hopf surface;

(6) an Inoue surface in the family constructed in [22].

Moreover, in relation to the distinction between untwisted and twisted
generalized Kéhler structures, they prove that untwisted generalized Kéhler
structures on compact 4-dimensional manifolds may exist only if the first
Betti number is even and in the twisted case the first Betti number must
be odd.

The Inoue surface S° can be viewed also as the quotient H x C/G};, where
‘H is the upper-half of the complex plane C and Gy is a group of analytic
automorphisms of H x C (see [22, 32]). The complex surface S° can be also
obtained as a 4-dimensional solvmanifold [17]. Moreover, since by Hattori’s
theorem [19] its de Rham cohomology is given by the invariant one, it is
easy to check that S° is formal.

Generalizing the description of the Inoue surface S° as solvmanifold, in
Section 3, we will construct a compact 6-dimensional manifold with a twisted
generalized Kéhler structure. The 6-dimensional manifold is a solvmanifold,
a compact quotient of a non-completely solvable Lie group and the general-
ized Kahler structure is left-invariant. Such a manifold does not admit any
Kahler structure since its first Betti number is one and it is a total space
of a T2-bundle over the Inoue surface. The construction can be extended in
any even dimension bigger than six.

Moreover, in the last section, we give an example of a non-unimodular
6-dimensional Lie group endowed with a generalized Kéahler structure. The
corresponding Hermitian structures (Ji,g) are locally conformal Kéhler.

2. Preliminaries

In this section, we briefly recall the definition of generalized complex and
Kéhler structures, following [2, 5, 16, 20]. Let M be an m-dimensional
manifold. Denote by T'"M and T*M the tangent and cotangent bundle of
M, respectively.

Let H be a closed 3-form on M; the (twisted) Courant bracket on the
sections of TM & T* M is defined by

X+ &Y 4] = [X, Y]+ Ly — Ly€ — Ldn(X) — €0V) + iyexH,

where Lx and tx denote, respectively, the Lie derivative and the contraction
by X.
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On TM @ T*M a natural symmetric pairing of signature (m,m) is
given by:

(21) (X4EY +n) = S (n(X) +E(V)),

A generalized complex structure J on (M, H) is a complex structure on
the bundle T'M & T* M which preserves the pairing and whose i-eigenspace
L is involutive with respect to the Courant bracket.

A generalized complex structure J can be also viewed as an element of
the orthogonal Lie algebra so(T'M @ T*M) and thus, with respect to the
splitting

so(TM & T*M) = A*TM © End(TM) @ A*T* M,

it can be written as the block matrix

A 7
7-( 3):

where 7 is a bi-vector field, A an endomorphism of TM and o a 2-form.

For H = 0, examples of generalized complex structures are given by com-
plex and symplectic structures. In the case of a complex manifold, the i-
eigenspace is given by L = T%'M @ T*40M and in the symplectic case
L ={X —itxw,X € Tc M}, where w is the symplectic form on M. In the
block matrix form we may write:

—-J 0 0 —w!
(30 a0 %)

A generalized Kdhler structure on a 2n-dimensional manifold M is a pair
of commuting generalized complex structures (71, J2) on M which satisfy
the following conditions:

(i) J1 and J» are integrable with respect to the (twisted) Courant bracket
on T'M@&T*M and they are compatible with the natural inner product
(-,-) of signature (2n,2n) on TM @& T*M given by (2.1);

(ii) the quadratic form (J;-, Jo-) is definite on T'M & T*M.

By [2, 16] it turns out that a generalized Kahler structure on a manifold
M is equivalent to a triple (J4, J_, g), where Ji are two integrable almost
complex structures on M and ¢ is a Hermitian metric with respect to Ji,
which satisfy the equations:

(2.2) d°Fy +d°F_ =0, d(d,Fy)=0, d(d°F.)=0,

where Fy(-,-) = g(Jx-,-) are the fundamental 2-forms associated with the
Hermitian structures (J4,¢) and di = i(0+ — 0+) = (—1)"J+dJ+. These
conditions are equivalent to

(2.3)  JydF, +J.dF- =0, d(J,dF,)=0, d(J_dF_)=0,
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and in physics they appear in the target space geometry for a (2,2) super-
symmetric sigma model (see, e.g., [12]).

A trivial solution of equation (2.2) is given by a Kéhler structure (g, J)
on M, by taking J,. = J and J_ = £J. So the interesting case is when
J_ # £J4, i.e., when the generalized Kéhler structure does not arise from
a Kahler structure.

By (2.2), the fundamental 2-forms Fy are d.+0-closed. In general, a Her-
mitian structure (J, g, F') is called a strong Kéahler structure with torsion
(SKT) if 99F = 0 and a Kihler structure satisfies this condition.

3. Compact example

In this section, we will describe explicitly a compact 6-dimensional example
of generalized Kéahler manifold.
Consider the 2-step solvable Lie algebra s, with structure equations:

de! = ael A €2,
de? =0,
3 1 2 3
de® = —ae” N e”,
2
a1 o9 4
de = 50e A e,
de® = be? A €b,

deb = —be? A e,

where a, b are non-zero real numbers. Let S, ; be the simply connected solv-
able Lie group with Lie algebra s, and (¢, z1, 22, x3, 24, x5) be global coor-
dinates on R®. Then the Lie group Sap can be described using the following
product:

t t/ t+t
T x’l e_at$/1 + x1
(32 NEHE PN,
x3 Z3 e2'ry + I3
Ty ry xy cos(bt) — xf sin(bt) + x4
x5 5 @ sin(bt) + xf cos(bt) + x5

Then the 1-forms

—a _a
el =edry, e®>=dt, e3> =e 2ldry, e*=e 2%dus,
6 _

e® = cos(bt)dzy + sin(bt)drs, €% = —sin(bt)dzy + cos(bt)dxs.
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are left-invariant on S, and they satisfy the structure equations (3.1). It
turns out that S, is a unimodular semidirect product

R x, (R x R? x R?),

where ¢ = (1, 2) is the diagonal action of R on R x R? x R?| given by (3.2).
We start with the following.

)

Lemma 3.1. The solvable Lie group Sl,% (corresponding to a = 1,b =

NIE]

admits a compact quotient M5 = SL%/F.

Proof. In order to construct a uniform discrete subgroup of Sl,g, we will
proceed as follows. The 4-dimensional solvable Lie group R x,, (R x R?)
with structure equations

.
de! = el A €2,

de? =0,

1
ded = —e2 A 3
e 56 Ne,
d€4:162/\64
\ 2 ’

admits a compact quotient by a uniform discrete subgroup of the form
Iy = Z Xy, Z3, since it can be identified with the Inoue surface M* of
type SO [22], described as in [17, 32]. More precisely, the action ¢; can be
given by assigning a matrix ¢1(1) = (m;) € SL(3,Z), with two conjugate
eigenvalues o, @ and a irrational eigenvalue ¢ > 1 such that |a|?c = 1 and
considering the product on R x (R x C) defined by

(t,iu,2) - (U, u,2) = (t+t', v +u, 0’2 +2), t,t' uu €R,z 2 €C.
If we denote by (a1, a2,a3) an eigenvector corresponding to « and by
(c1,c9,c3) a real eigenvector corresponding to ¢, then I'y is generated by

ho : (t,u, z) — (t + 1, cu, az),
hj:(t,u,z)— (t,Lu+cj,z+05), j=1,2,3.

The vectors (cj, ), j = 1,2,3 are linearly independent over R and

3
(3.3) (cej, ) = myy (e, ),
k=1

for any j =1,2,3.
The 3-dimensional solvable Lie group R x R? with structure equations
de? =0,
de® = 2me? N €Y,
deb = —2me? A e,
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is a non-completely solvable Lie group which admits a compact quotient
and the uniform discrete subgroup is of the form 'y = Z x Z? (see [31,
Theorem 1.9; 26]). Indeed, the Lie group R x R? is the group of matrices

cos(2mt) sin(2wt) 0 =
—sin(2nt) cos(27t) 0 y
0 0 1 ¢
0 0 01
and a lattice I'y is generated by:
<27m) ) (27m>
cos | — sm{—] 0 =
p p
2mn omn 1 0 0 w 1 0 0 wu
—sin| —— ] cos{— ] 0 y 01 0 v 01 0 v
P P oo 1 o |oo01 0]
0 0 1 2 000 1 000 1
p
0 0 01

where n is an integer, p = 2, 3,4, 6 and

uyp v1
det (u2 2}2) #0

Therefore, Sy z is isomorphic to (R = R x (R x C x C), ), where the
product * is given by

(t,u, z,w) * (U, u, 2, w') = (t + 1, +u, 0t + 2, e'zty + w),
for any t,u,t', v € R, z,w,2’,w’ € C.
Then, a uniform discrete subgroup I' & Z x (Z3 x Z?) of S1,z is the group
generated by the transformations

go: (t,u,z,w) — (t+ 1, cu, az,iw),

3.4 gj:(t,U,Z,W)'_>(t,U+Cj,Z+Oéj,’w), j:172737
(3-4) ga: (tu, z,w) — (tu, z,w + 1),

g5 ¢ (tu, z,w) — (t,u, z,w + 7).

Indeed, I is a closed subgroup of SL% and the action of I on Sl,% is properly

discontinuous and without fixed points. The compactness of the quotient can
be checked. 0

According to the Mostow structure theorem (see [28]), the solvmanifold
M?S can be fibered over S! with fiber a 5-dimensional torus T?, since the
maximal connected nilpotent subgroup is the abelian Lie group N whose
Lie algebra is spanned by (e1,es,eq, €5, €), where (eq,...,es) denotes the
dual frame of (e!,...,e").
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Proposition 3.2. The compact manifold M® = SL%/F is the total space of
a T2-bundle over the Inoue surface and by(MS) = 1.

Proof. Since ' N (R x (R x C x C),*) is a uniform discrete subgroup of
(R x (R x C),-), the map

T:Rx(RxCxC)—Rx (R xC),
(t7 u? Z7 w) )H (t’ u? Z)?

gives a fibration
7o MS — M 4,
with fibre T?.
By (3.3) and (3.4), the generators of I" satisfy the following relations:

959k = 9k9j, Vi, k=1,...,5.
Moreover,
(90, 95] = gogjgalgjl st u, z,w) — (tu —¢j + ccj, 2 — o + aay, w),
71=1,2,3,
(90, 94] = gogagy tar "+ (tu, 2,w) — (t,u, 2,w — 1 414),
[90,95] = gogg,galggl St u,z,w) — (Gu, z,w — 1 — 1)
and the other commutators [g;, gx], for any j,k =1,...,5 are trivial. Hence,
90, 95] = 9" 95 295 *g; ", 5 =1,2,3,
(90, 94] = 94~ " g5,
90, 95] = 94~ "g5 "

Since I' is 2-step solvable, it follows that [I",T'] is a torsion-free abelian sub-
group of I" and the rank of [I',T'] is 5. By definition (see [29])

rankl" = rankI'/[I", '] 4 rank[I", I';

therefore
VY
and consequently by (M®) = 1. O

Remark 3.3. It has to be noted that we cannot apply Hattori’s theorem [19]
to compute the de Rham cohomology of the solvmanifold M9 since the group
Sl,g is non-completely solvable.

As a direct consequence we obtain the following.
Corollary 3.4. M5 does not admit any Kdhler metric.
Now we can prove our main result:

Theorem 3.5. The compact manifold M% = SL%/F carries a left-invariant
(non-trivial) twisted generalized Kdahler structure.
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Proof. First of all we define the two almost complex structures Ji, by setting

wi =el +ie?, wi =e® 4 ie, wi =e’ +iel,
1

1 2 2 3

wh =et —ie?, Ww? =ed+iet, Wi =e® +ieb.

Then by definition (w},w?,w3) are the (1,0)-forms associated with Ji.. The
almost complex structures Ji are both integrable. Indeed:

i
dwi = fwi /\@i,

2
2 P 2 2, —1
dw+:—1(w+Aw++w+/\w+),
3 Tl 3 3 A1
dw+:—z(w+/\w++w+/\w+),

and

1
dwl,:—iwi/\wl,,

]
dw%zz(wl_/\w%—i—w%/\wl_)

T
4

Moreover, it is easy to see that Ji commute and J_ # —J. Consider the
Riemannian metric g defined by

dw? = —(wl Aw? +w? ATL).

6
(3.5) g= Z e @ el
i=1

Thus g is Ji-Hermitian. Denote by F. the fundamental 2-form associated
with the Hermitian structures (J4,g); by a direct computation, we have

JydFy = —e' N Net = —J_dF_.

Since e! A e? A et is a closed and non-exact 3-form, the conditions (2.3) are
satisfied and (Ji,g) define a non-trivial left-invariant twisted generalized
Kihler structure on M% = S/T. O

The metric g given by (3.5) is not flat since the Ricci tensor is diagonal,
with the only non-vanishing component Ric(eg, es) = —% and the Hermitian
structures (Ji, g) are not locally conformally Kéhler since

dFy = e Ned A et

Remark 3.6. The previous construction can be extended in order to get
a non-trivial generalized Kéhler on a T?"-bundle over the Inoue surface, by
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considering the 2-step solvable Lie algebra
de' = ael A €2,
de? =0,

3_1 o, 3
de’ = —ae” N e”,

2

a_ L 9 4

de* = —ae” N e,

2
de?k 3 — pe2 p 2k +4,

de?k T = —pe2 N3 kK =1,....n,

Withazlandb:g.

The two integrable complex structures Ji are given by setting
wi =el +ie?, Wl =P tiet, W= RS g etk
wh = el —ie? W =B et R = 2R3y 2k

as the associated (1,0)-forms.

4. Non-compact homogeneous example

In this section, we construct a non-compact homogeneous example of
6-dimensional Lie group endowed with a non-trivial generalized Kéhler
structure.

Let [ be the Lie algebra with structure equations:

I = AP

df? = 0,

a = L FA P
b det = L f A,

&= A

o= LA

and L be the simply-connected Lie group with Lie algebra [.
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The Lie group L can be described using the following product on R® with
global coordinates (¢, y1, Y2, Y3, Y4, Y5):

¢ t t+1
n Y, eyl + 1
1
Y2 yh 62ty§ + Y2
. .
Y3 Y e2'ys + ys
Y4 Y esty! +
4 Yg T Y4
/ 1
¥ Y5 ez'ys +ys

The 1-forms
fr=etdey, fP=dt, f>=e 2tdy,,
fr=etatdys, 5 =e2ldys,  fO = e 2tdys

are left-invariant on L and L is a 2-step completely solvable Lie group.
Moreover, L is not-unimodular and consequently by [27] it does not admit
any compact quotient.

Proposition 4.1. The Lie group L admits a left-invariant (non-trivial)
generalized Kahler structure.

Proof. Consider the two almost complex structures Ji, whose (1,0)-forms
are given by

0y = fl+if?, 0= +ift, 01 = +if°
0L =f1—if?, 02 = rift, 02 = +if

We have
do’ = %9_1 AL,
6% — —%(ei A2 4+ 02 AT,
63 = —i(ei NG+ 63 ADL)
and

' = Lot A7
LA
62 = i(eim%w% AT,

63 = %(01_ NG 03 AT,
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Then, Jy are both integrable, commute and J_ # —J;. The Riemannian
metric

6
g=> _ fef
i=1
is J-Hermitian and
JodFy = —fYAPBAfA— AN A =—J dF_,
where Iy the fundamental 2-form associated with the Hermitian structures
(Jx,g); since fEAfINFA4+FAAFIAfO is a closed 3-form, the conditions (2.3)

are satisfied and (J4, g) define a non-trivial left-invariant generalized Kahler
structure on L. O

The Ricci tensor is diagonal and given by
18
. _ql 1 2 2 j j
Rie(g) = f'® [1 = 2f*@ f —QX;fj@fj,
j=

hence the metric ¢ is not flat. Furthermore, in contrast with the previous
example, the Hermitian structures (Ji,g) are locally conformally Ké&hler
since

dFy = f2 N Fq.
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