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ZERO-SETS OF NEAR-SYMPLECTIC FORMS

TiM PERUTZ

We give elementary proofs of two ‘folklore’ assertions about near-
symplectic forms on four-manifolds: that any such form can be modi-
fied, by an evolutionary process taking place inside a finite set of balls,
so as to have any chosen positive number of zero-circles; and that, on
a closed manifold, the number of zero-circles for which the splitting of
the normal bundle is trivial has the same parity as 1 + by + b3 .

1. Statement of results

In this paper, we establish some properties of near-symplectic forms, as
defined in [1]:

Definition 1.1. A two-form w on an oriented four-manifold X is called
near-positive if at each point = € X, either (i) (w A w)(z) > 0, or (ii)
w(z) = 0 and the intrinsic gradient (Vw)(x): T, X — A*T*X has rank 3 as
a linear map. It is near-symplectic if, in addition, dw = 0.

To clarify: at a point where w(z) = 0, there is an intrinsic gradient
(Vow)(z) € AT} X in the direction v, for any v € T, X, because z is a zero
of a smooth section of a vector bundle. If w A w > 0 in a neighbourhood
of z then (V,w) A (Vyw) > 0 for all v € T, X. The wedge-square quadratic
form A’T*X @ A’T*X — A*T*X — R* which is defined up to a positive
scalar, has signature (3, 3), so to say that (Vw)(z) has rank 3 is to say that
its image is a maximal positive-definite subspace for the wedge-square form.

Lemma 1.2. The zero-set Z, = {z € X : w, = 0} C X of a near-positive
formw € (2%( 18 a smooth 1-dimensional submanifold.

Proof. Take z € Z,. Working over a small ball B 5 z, choose a three-
plane subbundle E C A?T*B such that E, is complementary to im(Vw)(2).
Project w|p to a section @ of (A2T*B)/E. Then (Vw)(z) is surjective,
so, shrinking B if necessary, w vanishes transversely along a 1-submanifold
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Z C B. Moreover, T,Z = ker(Vw)(z) for z € Z, so w is constant along Z;
hence Z = Z, N B. Il

A smooth path of two-forms {w:},e[o,1) can be regarded as a section we of
the pullback of the vector bundle A2T* X to [0,1] x X.

Definition 1.3. Define a near-symplectic cobordism on X to be a path
{wi}tepo,1) of closed two-forms such that for all (z,t) € X x [0,1], either
(i) we(x) Awe(x) > 0, or (ii) we(z) = 0, and (Vw,)(t, ) has rank 3. Here
(Vwe)(t,x) is the intrinsic gradient on [0, 1] x X.

When wy and wy are near-symplectic, the zero-set Z = {Ue(o 1 {t} % Zus,
of the cobordism w, is a smooth surface in [0, 1] x X, realizing a cobordism
between Z,,, and Z,,,.

In this article we prove the following:

Theorem 1.4. Suppose that the connected, oriented four-manifold X car-
ries a near-symplectic form wy whose zero-set has m components, where
n>1. Then

1) there is a near-symplectic cobordism {wi}ieo,1), constant on the com-
plement of a ball in X, such that the zero-set of w1 has n 4+ 1 compo-
nents;

2) if n > 2, there is a near-symplectic cobordism {wi}ie(o,1], constant on
the complement of a ball in X, such that the zero-set of wy has n — 1
components.

In either case, the zero-surface Z of the cobordism realizes an elementary
cobordism between the zero-sets of wy and wy: the projection Z — [0,1] is a
Morse function with just one critical point, of index 1.

The proof given here is elementary—it relies on stability arguments a la
Moser. We shall show that given any pair of disjoint arcs embedded in the
zero-set of wp, and a path in X connecting interior points of these arcs,
one can find a near-symplectic cobordism whose zero-surface is the result of
attaching a (2-dimensional) 1-handle to the pair of arcs so that the core of
the handle is the chosen path. Thus, given arcs on two distinct components
of the zero-set, one can join them up to make a single component. On
the other hand, taking the arcs to be on the same component, the surgery
increases by one the number of components.

Karl Luttinger worked extensively on self-dual harmonic 2-forms before
leaving academia circa 1997. His announcement of a theorem similar to
Theorem 1.4 was publicised by Taubes in his 1998 ICM lecture [10], from
which I learned of it. After I had written a draft of the present article,
Taubes sent me a preprint, which has now appeared as [12], in which he
also shows that the number of zero-circles can be increased or decreased by
a local modification. His approach also uses 1-handle addition, but aside
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from that it is different. It does not proceed through an evolution of the
forms, and so does not include the cobordism statement, but rather through
a ‘mutation’ in which one removes a ball whose intersection with the zero-
set is a pair of arcs, then invokes Eliashberg’s classification of overtwisted
contact structures to argue that it can be glued back so that the ends of the
arcs match up differently. Taubes also proves by means of a ‘birth’ model
that any near-symplectic form is near-symplectically cobordant to one with
one more zero-circle.

As a simpler variant, one can deduce the following weaker statement from
a result of Calabi:

Proposition 1.5. Let w be a near-symplectic form on an oriented four-
manifold whose zero-set has n > 0 components. Then there is a near-
symplectic form whose zero-set has n + 2 components and which coincides
with w outside an embedded ball.

Proof. We consider near-symplectic forms wy , on R* = R? x R which arise
from functions f € C*°(R3?) and metrics g on R? which coincide with the
FEuclidean metric gy outside a compact set:

wrg = df Ndt+ *gdf.

The two-form wy 4 is closed if and only if df is g-coclosed. If f is Morse then
wf g is near-positive, and its zero-circles are in bijection with the critical
points. For example, when fo(z) = x3, we recover standard symplectic R%:
Wfo,go = WR4-

In [2], Calabi gives a recognition criterion for a closed one-form to be
coclosed with respect to some metric. As an example, he shows that one
can start with the function fy = z3 and modify it to a function f; which
coincides with f; outside a closed ball of chosen radius r, such that df; is
gi-coclosed for some g standard outside the r-ball.

By Darboux’s theorem, there exists » > 0 such that the open ball
D*(0;2r) of radius 2r, with its symplectic form Wiy.90, €mbeds into our
near-symplectic manifold. We can then plug in wy, 4, in place of wy, 4,
which has the effect of increasing by two the number of zero-circles. O

Example 1.6. When X is closed, connected and not negative-definite, there
are near-symplectic forms with arbitrary positive numbers of zero-circles.
The existence of a near-symplectic form in this situation is well known, and
can be proved either using Hodge theory as in [8, 6]—an argument which
originated in the 1980s—or via handle decompositions and the flexibility of
overtwisted contact structures [3].

Remark 1.7. Let wy, w1 be two near-symplectic forms on a closed manifold
X. Assuming either that bj (X) > 1, or that they represent the same coho-
mology class, these forms are near-symplectically cobordant (in C*, k < o)
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by the work of Honda [6, Thm. 2.24]. When wy and wy are symplectic, the
zero-set of a cobordism projects to an orientable surface in X whose homol-
ogy class is presumably determined by c1(X,wo) — c1(X,w1). Supposing this
vanishes, one can ask whether there are constraints on the topology of the
surface, or on the function on it defined by the t-coordinate of the cobordism.
For example, when o three-manifold M fibres over S, there is a standard
construction of a symplectic form on S x M. Given two possibly inequiv-
alent fibrations on M, representing the same class in H'(M;Z) and having
the same Euler class in H*(M;Z), it is not clear whether the associated
symplectic forms need be deformation-equivalent. One could try first to use
Morse theory on M to construct a mear-symplectic cobordism between them
whose zero-set is a union of product tori, and then to attempt to modify this
cobordism so that its zero-set becomes empty.

I also learned the following topological statement from Taubes’ lecture
[10]; he attributes it to Gompf. Though proofs are no doubt known to a
few experts, no proof has appeared in print (and this one was worked out
independently).

A near-symplectic form w determines a splitting of the normal bundle
Nz, x into two sub-bundles, on which the quadratic form Nz, ,x — R,
v = (1(2)Vyw,v) is, respectively, positive- or negative-definite; here z is a
non-vanishing tangent vector field on Z,. One of these bundles has rank
1. A component of Z, over which this line bundle is topologically trivial is
called ‘even’; one for which it is non-trivial is called ‘odd’.

Theorem 1.8. The number of even circles in the zero-set of a mnear-
symplectic form on a closed, connected four-manifold X is congruent modulo
2to1—b(X)+ by (X).

For example, there is an even number of them when X admits an almost
complex structure.

In the proof of Theorem 1.4, two chosen components are joined together
to form a single circle. The new circle has even parity if and only if the
parities of the two old circles were different.

The zero-set Z,, is always nullhomologous: it is dual to the Euler class
of Af, which is zero by a calculation of Hirzebruch and Hopf [4] (its com-
ponents might not be nullhomologous, however). Here is a brief indication
of the proof of Theorem 1.8 in the special case where the zero-circles are
contained in disjoint balls B;. On the complement of the balls, the form
distinguishes an almost complex structure J, up to homotopy. This has
a first Chern class, which extends uniquely to a class ¢ € H?(X;Z). The
number +(c? — 2e(X) — 30(X)), which reduces modulo 2 to 1 — by + b3, is
the obstruction to extending J over the punctures. Each odd circle makes
an even contribution to this obstruction, and vice versa.
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The general case can be reduced to this one by carrying out surgery on
all the circles so that they bound disjointly embedded discs.

Remark 1.9. Given a near-symplectic form on X with m even and n odd
components, there is another with m' even components and n' odd compo-
nents provided that m —m’ is even and m’ +n' > 0. To see this, first reduce
the total number of its zero-circles to 0 or 1. Pairs of even circles can then be
introduced as in the proposition above. By Theorem 1.4, a pair of even circles
can be fused into a single circle, which by Theorem 1.8 is necessarily odd.

The remaining question is to determine when the last remaining zero-
circle (if it is odd) can be removed so as to obtain a symplectic form.

2. Local near-symplectic geometry

A two-form is near-symplectic if and only if it is self-dual and harmonic
for some conformal structure and vanishes transversely as a section of the
bundle AT of self-dual forms. This follows from the following standard
lemma (see [1, Proposition 1], for example).

Lemma 2.1. (a) Let X be a four-manifold with chosen conformal struc-
ture. Let w € Q} be a transverse section of AT. Then w is near-
positive.

(b) Let w be a near-positive form on an oriented four-manifold X. The
following sets are in canonical bijection:
1) conformal structures making w self-dual;
2) positive-definite three-plane sub-bundles AT C A3 having w as sec-
tion;
3) almost complex structures J on X\Z, such that g;(-,-) = w(-,J")
defines a metric whose conformal class extends to one on X.
(¢) These sets are non-empty, and contractible in the C> topologies.

The following self-dual form © on Euclidean R* is the prototypical near-
symplectic form: let (¢, x1, z2,x3) denote standard, positively-oriented coor-
dinates. Write

61 = dt ANdx1 + dxo N dxs,
(1) B = dt A daa + dxz A dry,
B3 = dt A dxs + dxi A das.

Define © € Q%@ by

(2) O = 2161 + w232 — 2333,

so that ©2 = 2(a? + 23 + 423) dt A doy A dxg A dzg. The form © is near-
symplectic with zero-set Zg = {x1 = x9 = x3 = 0}.
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Two examples of near-symplectic forms with compact zero-set arise
through symmetries of ©. These symmetries are

O(t,x) =0(t—1,z) = O(t,ox),

where o(z1,x9,23) = (21, —x2, —x3). By the first of these, © descends to
a form O, on S' x R3. By the second, it descends to a form ©,qq on the
mapping torus T(c) = (R x R3)/(t — 1,z) ~ (t,ox). Its zero-set is the
zero-section of the mapping torus.

2.1. Birth model (Luttinger and Simpson). The following example is
from [9] (apart from very slight variations in the formulae): There is a path
of closed forms {UJt}te[_l/Zl/Q] on the unit ball in R*, whose zero-set Z,,, is a
circle for t > 0, a point {p} att =0, and empty when t < 0. They are near-
symplectic when t # 0. At t =0, (Vwo)(p) has rank 2, but (VE *Ew,)(p,0)
has rank 3. The path we is a near-symplectic cobordism.

We write down such a path as follows. Using positively oriented coordi-
nates (1,2, 23, 4), and writing dx;; for da; A dxj, define

(3) ¢ = xa(dz12 + dx3s) — x4(dw1g + d23),
1
(4) N = 5(1‘% + $§ — t)(dxlg + d$42) + $4($1d$12 + xgdx;gg).

Fix any € < 1/2. Set w; = ¢ + en;. Then, on the open unit ball D* C
R*, the path {(Ut}te[,l/zjl/m has the properties just described. To see this,
observe that w; is a C°°(R*)-linear combination of the three forms

dxiz + dxzs, dria+ drosz — e(x1dri2 + x3drsg),  driz + dzgs.

A simple determinant computation shows that these span a maximal
positive-definite subbundle of the two-forms over D* when ¢ < 1/2. Hence
w; has positive square except at those points where the three coefficients
(namely z2, ¥4 and (2?2 + 23 — t)) are zero. At those points, daw; and
Oqwy are linearly independent, so Vw; has rank > 2. By including also
(101 + x303)wy one finds that Vw; has rank 3 along the zero-set, except
when t = 0 and x = 0. In that case, the t-derivative is non-zero.

2.2. Surgery model. We vary the birth model by replacing the family of
forms 7, by a new family n;:

1
(5) 772 = 5(1’% — 1‘% — t)(dl‘lg + d.%'42) + $4(.%'1dx12 — $3d$32).

Taking ¢ € [-1/2,1/2] and € < 1/2, the forms ¢ + en, are near-symplectic
on D* (except when ¢ = 0, where the rank condition fails at the origin).
However, the zero-set is now {(z1,0,23,0) : 23 — 23 —t = 0}. Thus as ¢
passes through zero, the zero-set undergoes a surgery (it changes by addition
of a one-handle). When ¢ = 0, V(¢ + en;)(p) has rank 2 at the double point
p of the zero-set. This model is again a near-symplectic cobordism.
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2.3. Geometry near the zero-circles. Taubes [11] has established the
following picture of the differential geometry of a near-symplectic form w
near its zero-set Z = Z,,. Fix a metric g with *,w = w, and identify the
intrinsic normal bundle Nz, y with the metric complement (TZ)*.

(a) Vw defines a vector bundle isomorphism Ny x — A*|z. In particular,
there is a universal procedure for orienting Z (as for the zero-manifold
of any transverse section of an oriented vector bundle).

(b) Let z (resp. () denote the unit-length oriented vector field (resp. one-
form) on Z. The map

Atz — (NZ/X)*a n = u(z)n

is a bundle isomorphism; its inverse is o — (( A a) + *({ A ).
(c) We have a sequence
Nzx — Atz LN (Ngz/x)* =55 Nyjxo
whose composite we denote by Sy, 4 € End(Nz,x). The endomorphism
Sw,g 1s a self-adjoint, trace-free automorphism.

(d) It follows that, at each point of Z, S, 4 has a basis of eigenvectors,
and that two of its eigenvalues are positive and one negative (this
statement pins down our convention for the universal orientation rule).
The positive and negative eigenspaces trace out eigenbundles L;r and
Ly (here L, has rank 1 and is obviously locally trivial; L; is its

orthogonal complement). Thus Ny x = L ® L.
The auxiliary choice of metric is actually irrelevant. While there are
many conformal classes [g] which make w self-dual, they are all the same
along Z, because for z € Z, they satisfy im(Vw)(z) = A}, . The subbundle

lg],
TZ+ C TX|z is therefore intrinsic to w.
We condense these points into a metric-free statement:

Proposition 2.2. A near-symplectic form w determines

1) a canonical orientation for the 1-manifold Z,,;

2) a canonical embedding of the intrinsic normal bundle Nz /x as a sub-
bundle of TX|z complementary to TZ;

3) a conformal class of quadratic forms S, on Ny /x, of signature (2,1);

4) a vector bundle splitting N, x = Lt @ L™, such that S, is positive-
definite on L and negative-definite on L.

A trivial three-plane bundle over S admits precisely two topological split-
tings, distinguished by the orientability of the summands. Thus a basic
invariant of a near-symplectic form w is its ‘parity function’ &, : mo(Z,) —
Z/2, which sends a component-circle I" of Z, to (wy(L7),[I']).
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This function is equivariant under oriented diffeomorphisms, and invariant
under isotopies of near-symplectic forms w; (note that the topology of the
zero-set cannot change if all the w; are near-symplectic).

Each of the model forms O¢, and ©,qq defined after (2) vanishes along a
circle, and their parities are those suggested by the notation.

3. Moser—Honda deformation arguments

The extent to which the Moser deformation argument from symplectic geom-
etry applies in the near-symplectic setting was worked out by Honda [5].
He showed that any near-symplectic form can be deformed, through near-
symplectic forms with fixed zero-set, so that near a chosen zero-circle it
embeds into Og, or Oyqq.! We use Honda’s method—a careful application
of Moser’s argument on the complement for the zero-set—to prove a slight
variant of this result:

Lemma 3.1. Let w € (2%( be near-symplectic, and let A be a closed arc
embedded in its zero-set Z,. Let U be a neighbourhood of A in X. There
exists a smooth family {ws}secp,1) of near-symplectic forms, with constant
zero-set, such that ws(p) = w(p) if s = 0 or p € X\U, and where wy is
standard near A in the following sense: there is an orientation-preserving
open embedding i: [—1,1]x D3(0;r) — X, for somer > 0, mapping [—1,1] x
{0} to A, such that i*w; = ©.

Here D3(0;7) denotes the open ball of radius r centred at 0 € R3.

Proof. 1. There is no loss of generality in assuming that X = (—2,2) x
D3(0;7); that the zero-set of w is Z = (—2,2) x {0}; that A = [~1,1] x {0};
and that U = (=1 —¢,1 +¢) x D3(0;7), for some 7' < r. Writing ¢ for the
coordinate on (—2,2), we may suppose that d; is a positively oriented vector
field on Z for the orientation determined by w.

Take a metric g for which w is self-dual. We can then find an orthonormal
frame (e1, ez, e3) for Nz x such that L;r = span(e1, e2) and L, = span(es).

The metric and the choice of e; give rise to normal coordinates (¢, x1, 2, x3)
near Z, identifying a small neighbourhood with (—e¢, 1+ ¢€) x D3(0;7"). We
then have three basic two-forms (3;, as in (1). In the basis (e, es,€3), the
linear map S, 4(t) (see Section 2.3) is represented by a trace-free symmetric
matrix S(t) = ST (t) S (t), where ST (t) is 2 x 2 and positive-definite, and
S7(t) < 0. Regarding x and 3 as column vectors, we have an expansion

1One can do without the preliminary deformation at the price of a loss of smoothness.
Given two near-symplectic forms wo, w1, with zero-circles Zy, Z; of the same parity, one
has ¥*w1 = wo near Zp for some map : nd(Zo) — nd(Z1); however, v is in general only
Lipschitz continuous along Zy (it is C*° elsewhere).
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near Z:

w(t,z) =z S(t)8+O(|z?)

= (21 22) ST(t) (ﬁ '

B2
The advantage of paying attention to the eigenbundle splitting is that one
can then apply convexity arguments.

Define 65 = (1 — s)w + s(x1 51 + z2B2 — 2x333). On a small neighbourhood
of Z, this is a family of near-symplectic forms, with common zero-set Z.

2. On the total space of a vector bundle with a chosen metric one has the
following explicit Poincaré lemma. Let p: V' — M be the bundle projection,
i: M — V the zero-section. Let hy: V' — V be the fibrewise dilation = — tx,
and R the Euler vector field, that is, the vertical vector field defined on
any fibre V,, by R(y) = Z?/jaiyj’ where the y; are orthonormal Euclidean

) + 2387 (1)B3 + O(|=|*).

coordinates on V. The map
1
H:Qy =05 a b—>/ hi(L(R)a)t™tdt
0

satisfies & — p*i*a = d(Ha) + Hda. Notice that if o vanishes along i(M)
then H(«) vanishes to second order along i(M).

Applying this to a neighbourhood of the zero-section in Nz x, we find
that ns := H(0s) vanishes to second order along Z, and satisfies dns = 0.

3. Let U’ C U be a neighbourhood of A on which 6y is defined and near-
symplectic. Take a non-negative cutoff function y, supported in U’ and
identically 1 near A. We choose x to have the shape x(t,z) = x1(t)x2(|z|)
for functions x1, x2 € C°°(R). Introduce the vector fields vs on X\ Z defined
by ¢(vs)0s + xns = 0.

The family {vs}sep,1) generates a flow {¢s}scp0,1) on X\Z, supported
inside U. The reason is that, along Z, V6,(u) is non-zero for all 0 # u €
Ny x, while V(xns)(u) = 0, so that [vs(z)| < k|z| near Z, for some constant
k. A trajectory xg, defined on some interval [0, s], satisfies %(log |zs|) > —k;
integrating over [0, s'], we obtain |zy| > e *'|zq|. This shows that the tra-
jectory stays inside X\ Z, and therefore that ¢, is defined.

Now define w!, by setting w, = ¢*w on X\Z and wl(z) = 0 for z € Z.
Outside U we have w!, = w. Moser’s argument shows that w/, = 5 in some
neighbourhood of A.

The path W/, gives an isotopy with all the required properties except one:
w’, fails to be smooth at certain points of Z—the points where x1(¢) is non-
constant. At those points, its coefficients might merely be Lipschitz.

4. The ‘problem-points’ of w/ lie strictly inside a pair of regions R_ =
I x D3(0;7) CU\A and Ry = I, x D3(0;73) C U\A, for closed intervals
I_c(-1—¢—1)and Iy C (1,14 €). The map ¢5 embeds R_ U R into
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X, and acts as the identity along Z. We can extend these embeddings ¢,
to a path of homeomorphisms s — 15 € Homeo(X), such that (i) ¢y = id;
(i) supp(vs) C Us (iil) ¥s|(r_ur.) = ¢sl(r_ur.); (iv) the only points where
smoothness fails (smoothness of 1), or of the path) are inside Ry U R_; and
(V) ¢ is the identity in a neighbourhood of A.

Finally, setting ws = 17 *w., we obtain a smooth path with the required
properties. Il

4. Proof of Theorem 1.4

Let 6 be near-symplectic, and Zy, Z; two components of Z = Zy, not neces-
sarily distinct. Take distinct points pg € Zp and p; € Z1, and a smooth path
v:[0,1] = X from pg to pi, transverse to Z, with v~ 1(Z) = {0,1}. The
plan is this: first, we show how to modify 6 so that it is standard in some
neighbourhood N of im(y). We then exhibit a path of forms on N, con-
stant near O, which realizes a surgery on zero-sets; these can be plugged
into 6.

The delicacy lies in finding a variant of our earlier ‘surgery model’ which is
a constant path of forms outside a suitable neighbourhood of the origin. This
is awkward partly because we cannot control the shape of the neighbourhood
N: in local coordinates we can take it to be an ellipsoid, but it might be
very thin.

Definition 4.1. A letter H in a near-symplectic manifold (X,6)
consists of three smooth embeddings vi,vy,h: [0,1] — X, such that
v1(1/2) = h(0) and v2(1/2) = h(1) (transverse intersections), with no other
intersection points. We require that im(v;) and im(vz) lie in the zero-set
Zy. The interior of the arc im(h) joining them then necessarily consists of
symplectic points.

Lemma 4.2. Let H; be a letter H in (X;,0;), for i = 0, 1. Then 6y is
isotopic, through near-symplectic forms with fized zero-set, to a form (), such
that there are regular neighbourhoods nd(H;) D H; and a diffeomorphism

¢: nd(Ho) — nd(Hl) with ¢*91 = 96

Proof. We may assume that we are in R, and that H; coincides with Hy. By
Lemma 3.1, we may also assume that 6 and 65 coincide in a neighbourhood
of the two vertical arcs.

Let P be the ‘horizontal stroke’ im(h) in the letter H. For definiteness, say
P =[-1,1]x{(0,0,0)} C R*. We claim that there exist linearly independent
vector fields (vy = O, ,v2, v3,v4) along P such that the matrix (6 (vs, v5))i;

takes the form
J 0 0 —1
A(t) , J= , o A(t) > 0;
0o J 1 0
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and also linearly independent vector fields (vf = 0y, , v, v4,v}) along P such
that the matrix (61 (v, v})) takes the same form (for the same function A).
Moreover, we may assume that, near 0P, where 6y and 6, coincide, we have
(Uia 7/27 Ué? Uﬁl) = (Ula V2, U3, U4)-

To see this, decompose P into three subintervals: P; = [0, d] x {(0,0,0)},
Py = ([0,1—0]) x {(0,0,0)}, P =[1—0,1] x{(0,0,0)}. If § is small, we can
find such frames over P; U P3, and we may assume, rescaling as necessary,
that the function A is identically equal to 1 near the interior endpoints of
P; and P3. Over P,, we can find symplectic trivialisations of the tangent
bundle, for either form, and since the symplectic group is path-connected,
we can make these trivialisations match those on P; and Ps.

There is now an open neighbourhood N; D P and a diffeomorphism
®: Ny — Ny, such that ®(z) =z if z € P or x lies close enough to P, and
such that, along P, D®(v;) = v}. Define

0, = (1—5)0y +s®*0, € OR,, s€[0,1].

There is a smaller open neighbourhood Ny O P on which these forms are
near-symplectic.

The function s — 05 € Q?\,, has constant derivative df;/ds = ®*wy — by.
We may write dfs/ds = da, where a € Q}VQ vanishes near OP. Since 6, is a
constant path along P, we may assume further that « vanishes along P.

Take an open set N3 D P with N3 C No, and a cutoff function R* — [0, 1]
such that y(N3) = {1} and x(R*\N;) = {0}. Define a family of vector fields
vs on R*, supported on N3, by ¢(vs)fs + xa = 0. These fields are zero near
the common zero-set of the 6;. The family {vs} generates a flow s — F,
which acts as the identity along P. The near-symplectic form F7' 6y coincides
with 6y outside No and with 6; = ®*6j in some still smaller neighbourhood
of P, say Ny C N3. The result follows. O

4.1. Sharpening the surgery model. The forms appearing in our surgery
model fit into a larger family, which contains different examples more
amenable to embedding in other manifolds.

For any smooth function f: R? — R, set

0 0
n' = flx1,23)(dr1s + drse) + 24 <6;1d$12 + 83{3@32) ;

1
f— - f
w C+277.

Here ¢ is as in (3). Note that 7/ and ¢ are closed. If the condition
of

of
(6) %218753 + mmaxl’ < x% + :ci
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holds then w/ A w/ > (23 4 x3)dx1234. Moreover, (w/ A wf)(21,0,23,0) =
2f(x1,x3)2dx1234. Hence w/ satisfies the dichotomy that at any point it
either has positive square or is zero.

We now work in Us = {|x1] < 2, |z3| < 2,23 + 22 < §}, where § < 1. Put

@ flarws) = 103 - 1),

For this f, condition (6) holds, and w/f is near-symplectic in Us. Tts zero-set
consists of the two straight line segments, {x3 = +1,z9 = x4 = 0}.

Lemma 4.3. There is a smooth family of functions f2: [-2,2]x[-2,2] — R,
parametrized by 6 € (0, 1—10] and t € [—1,1], with the following properties:

o f0, = f, the function appearing in (7);

o 7 is independent of t outside the square [—1 — 26,1 + 28] x [—1,1];

o when t < 0, the zero-set of f0 consists of two arcs, homotopic (with
fized endpoints) to those of f; when t = 0, the zero-set is a letter X;
and when t > 0 it again consists of two arcs, connecting the endpoints
the other way. Moreover, the vanishing is of order exactly 1, except at
the singular point when t = 0 where it is quadratic; and

o 7 is bounded in C', uniformly in t and 6.

Proof. See Figure 1 for contour plots showing what such a family might look
like. They show five different ¢t-values for a fixed . Each box represents the
square [—1 — 24,14 20] x [-1 — 26,1 + 2§]. The functions are t-independent
outside this range, and ffl = f, so the values of the functions on the
contours are implied by the points at which the contours hit the boundary
of the square (all contours do hit the boundary). The bold contours are the
zero-sets.

Begin by constructing smooth functions f: [~2,2] — R as in the final
picture, taking the zero-sets to be d-independent and the functions to be
even in both variables. Then sup |f?| = 3/4 and the derivative of f{ is
uniformly bounded (note that it is at most O(8) on the region where f9 < 0).
Now define fté =1—-t/2f+1+ t/2ff. It is not immediately clear that the
contours of ff resemble those in the pictures. However, if we choose ff SO
that 8f{5/8w1 vanishes only where 1 = 0, we find that for t > —1, the
only zero of f) in (=1 — 28,1+ 258) x (=1 — 26,1 + 20) which is a critical
point of f is the origin. Moreover, the origin is critical for just one t-value
(shown as t = 0.5 in Figure 1), and this is a non-degenerate critical point.
For all other ¢t-values, the zero-sets are smooth, and hence evolve by smooth
homotopy. It follows that the family {f{} satisfies the requirements of the
lemma. U
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1
= ———— ]
/\
t=0 N — 1:0.5v
-
r:l\/
A

Figure 1. Contour plots for the functions ff , as t varies
from —1 to 1.

Returning to the construction of our refined surgery model, we fix
{f?}, and determine an € € (0,1] such that the functions ef} all sat-
isfy condition (6) in Us. This is possible because of the uniform C*
bound.

Given a letter H in a near-symplectic manifold (X, ), we can perturb 6
with fixed zero-set to a new form €', and embed the form wf in the region
{lz1] <6, |z3] <1+ 6,23 + 23 < §} into (X, ') along the H.



250 T. PERUTZ

We choose to reparametrize R* by the dilation Ds: (21,22, 23,74)
(0x1, w2, x3, T4), which leaves f invariant; so we have an embedding of D;;wef
on the region Us into (X, 6). We have

D:;‘C = xg((delz + d$34) — x4(5d$14 + dm23),
1 1
Dgnf = Z(l‘g — 1)(5dl’13 + d$42) + 5333{54(13332.
Consider the family of forms

(8)
ofp

O€ 0
Qt = D5C + = <ft (x1,x3)(ddx13 + dxg2) + x4 <8fdx + ?dx 2>)
3

We observe that, for any fixed §, the path t — Qt is a near-symplectic
cobordism. Indeed, the estimate (6) for ef} implies that (Q2)% > §(23 +

x3)dx1234, while on the plane where 3 = x4 = 0, we have (22)% = 63 : (f9)2.

4.2. Stability arguments. Formula (8) defines a path of forms Q 9, inde-
pendent of ¢+ when (x1,z3) lies outside a certain neighbourhood of 0 € R2.
Moreover, Q‘s_l embeds in our near-symplectic manifold, for some §. We
would now like to refine the path so as to make it constant outside a suit-
able neighbourhood of the origin in R*. We will achieve this using a stability
principle from contact geometry—effectively, a refined Moser argument:

Proposition 4.4. Let {wt}te[og} be a smooth path of symplectic forms on a
manifold M, and let H C M be a compact, orientable hypersurface. Suppose
that there exists a smooth path of one-forms oy on M, with doy = wy, all
of which are contact forms on H. Then there exists a neighbourhood N of
H, and smoothly varying embeddings ¢¢: N — M, such that (i) ¢g is the
inclusion; (1) ¢o(H) = H; and (i) ¢*wr = wy.

Remark 4.5. By carrying out a topologically trivial surgery on a tubular
neighbourhood of H, we can rephrase the conclusion as follows: there is a
new path wy, with wly = wo, which coincides with the old one outside a small
neighbourhood of H, and which is constant on H.

Proof. Let Ay be the Liouville vector field, characterized by ¢(A\)wy = ay. It
defines an embedding

er: [—e, el x H— M, (s,z)— flowgy, (),
where € is chosen small enough that the flow of A; exists on [—¢, €], for all
t, and we have e;d(e®a;) = wy. By Gray’s stability theorem, there is a path
t — f; € Diff(H), with fo = id, satisfying f;"oy = ey for some functions
gt- Put
pr=ero(e 9 x fi)o eo_1

on a neighbourhood N of H where e; is defined. Then ¢; restricts to H as
ft, and @fwr = wo. O
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We note that if the path «; is constant in a (Liouville) tubular neighbour-
hood N(H') of a region H' C H then the resulting embeddings ¢; are
inclusions in N(H').

We shall apply this to (a part of) the boundary of the region Us. The
portion of QUs of interest is the subset

Cs = {|z1| < 2,|w3| < 2,25 + 2f = 6°}.

We consider the path of forms Q,‘E near QUs. This path is constant except
on the subset C§ C Cs of points satisfying max(|xs|,|z1|) < 14 20. The
situation is shown schematically in Figure 2. The one-form

o = x9x1dro — rax1dxy — T4T02dX3

satisfies da = (. Moreover, d(73 + 23) A a A da = 4(x3 + 23)dx1234, Which
shows that « is a contact form on each positive level set of (23 + x3). Thus
Dja is contact on C.

Recall that Q¢ is the sum of terms D3¢, ded (w4 fidxs), and 6%e fidx13. We
need primitives 'yf for ft‘S dx13. We choose 'yf so that its value at x depends
only on the values of ft‘S along the path s — (x1, sx2, x3, sz4). In particular,
'ytf is independent of ¢ at points of C' where max(|x1[, |x3]) > 1+ 20.

Now consider the one-forms Dja + %(u ff dxg + 57? ). By decreasing €
(independently of §), we can ensure that all these forms are contact on Cj.

Finally, apply the stability lemma to the path of contact forms Dja +
%(u fidzy + 6+7) on Cs. This path is constant outside the subset C§. The
output, in the version described in Remark 4.5, is a new path of two-forms
on Us, constant near JU, which can be plugged into our near-symplectic
manifold near the chosen letter H.

This completes the proof of the theorem.

. T4
z
| . |
T3

-1-26 0 1+26

Figure 2. Diagram of an (x1,z9, z4)-section. The stability
argument is to be applied to the cylindrical hypersurface Cy
depicted here. The path of forms is constant except in the
portion Cj between the inner ellipses.
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5. The number of even circles

5.1. Oriented two-plane fields on three-manifolds. The set J(Y) of
homotopy classes of smooth, oriented two-plane fields & C T'Y over an ori-
ented three-manifold Y is non-empty because e(TY) = 0. A good way to
describe its structure (one which does not involve choosing a trivialisation
of TY) is to exploit the classification of Spin®-structures. We review this,
following Kronheimer and Mrowka [7].

On an oriented Riemannian three-manifold, a Spin®-structure t is specified
by a Hermitian C2-bundle S — Y and a map p: T*Y — su(S) satisfying
p(a)? = —|al?d. It should also be consistent with the orientation, which
means that p(ej)p(e2)p(es) = ids when (eq, e, e3) is an oriented orthonormal
basis for 7Y

The isomorphism class of t is an element t of a freely transitive H2(Y'; Z)-
set Spin®(Y’). This set is essentially independent of the metric.

Proposition 5.1. Oriented two-plane fields are in canonical bijection with
isomorphism classes of pairs (£, V), where ¥ € I'(Y,S) is a unit-length
spinor.

Proof. The two-plane field associated with (t, ¥) is ker(c), the kernel of
the unique one-form « with |a|?> = 1 such that p(a) has C¥ and ¥t as
eigenspaces belonging to i and —i. Conversely, an oriented two-plane field
& supports a hermitian structure, unique up to homotopy, which induces a
hermitian structure on the real vector bundle S := T*Y @e! = &*@(£*) T @el.
Here £* C T*Y is the image of £ under the metric isomorphism 7Y — T*Y
and €' is the trivial real line bundle. The last summand has an obvious unit-
length section W. The Clifford map p is given, at each point y € Y, by a
map LB R — su(L & C), where L is a 1-dimensional hermitian vector space;
as such, it can be described using the quaternions H. Right multiplication
by j makes H a complex vector space, with complex subspaces (i, k) and
(1,7). Left multiplication gives a map (i, k) @ (j) — su(H), which gives the
model for p. O

It is straightforward to deduce the following results from this correspon-
dence. We refer to [7] for further explanation.

First, there is a coarse decomposition of J(Y') by isomorphism classes of
Spin®-structures, slightly finer than that by Euler class:

JY)= |J Jmv.
€ Spin®(Y)

For a pair of two-plane fields (&p,&1), representing (to,t1), the difference
to—t; € H?(Y;Z) is the classical obstruction to homotopy of &y and & over
the two-skeleton, which lies in H?(Y;m2(S?)) = H*(Y; Z).
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There is then a fine decomposition of J(Y,t): We assume Y connected.
Then each J(Y,t) is a transitive Z-set: the action j — j[n] of n € Z is
induced by an automorphism of 7Y, supported over a small ball in Y: take
a map (B3,0B3) — (SO(3),1) of degree 2n, and transfer it to TY via an
embedding B3 < Y.

The stabiliser of this action, a subset of 2Z, is the image of the homomor-
phism

HYY) = Z, ar (aUc(1)]Y].

5.2. Almost complex structures. On an oriented Riemannian four-
manifold these also have a spinorial interpretation [7]:

Proposition 5.2. There is a canonical bijection between orthogonal, posi-
tively oriented almost complex structures and isomorphism classes of pairs
(5,®) of Spin®-structure and unit-length positive spinor ® € T'(ST).

The Spin® structure § is specified by hermitian C?-bundles ST, S~ with a
map p: T*X — Hom(S™,S™) such that p(a)*p(a) = |a|?idg+ .

We now depart from our review of Kronheimer and Mrowka’s ideas. Take
a compact, oriented four-manifold Xy, with non-empty boundary, and intro-
duce the set J(Xp,s) of homotopy classes of almost complex structures on
Xo underlying s € Spin®(Xp). This set admits an action by H;(Xo, 0Xo;Z):
for a € J(Xo,s), and an oriented path v with boundary in (and transverse
to) 0Xp, define a[y] by choosing a map (B3,0B3) — (SO(3),1) of degree 2,
and using this to induce an automorphism « of T' X supported in a tubular
neighbourhood B3 x [0, 1] of im(v). Choose a representative I for a, and let
a[y] be the class of a*I. Note that this does represent s.

An almost complex structure preserves a unique field [¢] € J(0X() over
its boundary. Thus there is a ‘restriction’ map J(Xo,s) — J(9Xo,slax,)-
The group actions are compatible: (a[y])|ax, = (alax,)[07], where [07] €
Hy(0X0;Z).

Lemma 5.3. The Hy(Xo,0Xo;Z)-action on J(Y,s) is transitive. Its sta-
biliser is the image of the homomorphism Hs (X, 0Xo;Z) — H1(Xo;0X0;7Z),
x> ci(s)Nx.

Proof. We can represent orthogonal almost complex structures Jy, Jp in the
class s by spinors Uy and ¥y = 0¥, for a function §: Xy — S'. Homotopy
of ¥ and Uy is detected by the relative Euler class of ST x [0, 1] — X x [0, 1]:
(9) e(ST x [0,1]; W, ¥y) € H1(Xo x [0,1],0X¢ x [0,1];Z).

Indeed, given a cell decomposition of X relative to Xy, e(Stx |0, 1]; ¥, ¥1)
is the obstruction to homotopy over the 3-skeleton; but there is then no

obstruction to extending the homotopy over the 4-skeleton.
Put §(¥g, V1) = i(e), where

T Hl(XO X [0, 1},8X0 X [0, 1],Z) — Hl(X(),aX();Z)
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is the obvious isomorphism. Thus 6(¥¢, ¥;) is represented by the projection
to X of the 1-cycle of zeros of a section of ST x [0, 1] extending the ;.

Now, if a € J(X,s) is represented by (8§, W) then aly| is represented by a
pair (§, ¥1) with 6(¥o, ¥1) = [v]. For, if & € Aut(7X) induces the action by
7, then (using a standard model for a) the zeros of (1 —¢)¥y + ta* ¥ occur
only at t = 1/2 and along ~. Hence J(Xy,s) is a transitive Hq (X, 0Xo; Z)-
set.

The function 6 represents a class [#] € H'(X;Z), and

(W, 0Vg) = £c1(s) N PD[O] € H1(X0,0X0;Z) (universal sign).

This can be seen using the linear homotopy (1 — ¢)¥o + t0¥{,, where ¥’ is a
unit-length spinor homotopic to ¥ such that ¥y A ¥, vanishes transversely.
Its zero-set is concentrated at t = 1/2; there, it is the intersection of the
zero-set of Wy A U( (representing ¢1(ST)) and a level set of §. Thus the
stabiliser is as claimed. O

5.3. Application to near-symplectic geometry. We can now read off
from the discussion above that there is an isomorphism of Z-sets J(S%) = Z,
and that for S' x S? we have

Lemma 5.4. J(S' x 5?) =,z J(S' x S?,t,), where t,, € Spin°(S* x S?)
is characterized by (c1(t,), [{t} x S?]) = 2n. As Z-sets,

J(S x 82, t,) = Z/(2n).

Choose disjoint embeddings B* < §* and S! x B3 < §%, and let W be
the closure of the complement of their images.

Lemma 5.5. We have

JW) = J J(W;s,),
nez

where s, € Spin®(W) is the unique element which restricts to t, on S' x S2;
and Hi(W,0W;Z) = Z, where 1 € Z corresponds to a path v running from
S3 to S x S%. Each J(W,s,) is acted upon transitively by Z, and because
HY(W;Z) = 0 this action is free.

There are restriction maps r1: J(W,s,) — J(S3) and ro: J(W,s,) —
J(S' x S2,t,), satisfying

ri(a[l]) = (ri(a))[=1],  ra(all]) = (rz(a))[1].
To complete the description of the restriction maps it is necessary to give
only one pair (r1(a),r2(a)) for each n. The case which will be relevant to our
purposes is n = —1. The sets J(S%) and J(S! x S%,t_;) have distinguished
basepoints, represented, respectively, by the boundary of the standard com-
plex structure on B*, and by an S'-invariant 2-plane field. Referring to
these basepoints, we have
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Lemma 5.6. There is an a with (ri(a),r2(a)) = (0,0) € Z x Z/2.
Indeed, this follows from the following calculation:

Lemma 5.7. Oy, restricted to {|x| = 1} and considered as a map S*x5? —
R3\{0}, extends to a map D? x S? — R3\{0}.

Proof. A tubular neighbourhood of a circle S* C S* gives a decomposition
54 = (Sl X D3) U51><52 (D2 X 52)

What follows is an explicit model for this decomposition.
Consider the function f : C? — [0,00), f(21,22) = (|z1] —2)? + |22/%. The

pair (£71[0,1], £71(0)) is diffeomorphic to (S x D3, St x {0}), via the map
o (21,29) = (|21] 7215 |21 — 2, Re(22), Im(22)).
The pullback a*Oe, is given by (21, z2) — (—2(|z1| — 2), 22). Define
F: C\f7H(0) = RMN\{0};  (21,22) = f(21,22) 2 (=2(|z1| — 2), 20).
Then F = a*@e, on f~1(1). We consider the map F/|F|, restricted to a
sphere S% = {|z1|?+|22|> = R?}, R > 0. This map is not surjective ((1,0,0)

is not in its image). But a map S® — S? which is not surjective has trivial
Hopf invariant, and hence extends over the four-ball. O

Proof of 1.8. Let ng (resp. n1) denote the number of even (resp. odd) circles
of w. Choose a Riemannian metric making w self-dual. We proceed in five
steps.

1. We recall from [4] a corollary of Hirzebruch’s signature theorem:
When one has disjointly embedded closed four-balls By,...,By C X, and
a unit-length section A of A* over X\ |Jint(B*) with ‘Hopf invariants’
hi(A),...hn(A), the relation

(c? — 2e(X) — 30(X))
1 =Y hi(N)

holds. Here ¢ € H?(X;Z) is the unique class which restricts to c1 (X \ | Bi, A),
over the complement of | J B;. The Hopf invariant h;(\) € [S3,5?%] = Z is
the obstruction to extending A over B;. It could also be viewed as a relative
Euler number e(S™, \) for the positive spinor bundle over the four-ball, with
the non-vanishing spinor determined by A over the boundary.

Since c is characteristic, ¢ = ¢(X) mod 8, and so the relation reduces
modulo 2 to

BX)=> hi(\) mod 2,
where we write B(X) for the integer 1 — by (X) + b3 (X).
2. Let X, denote the manifold obtained by surgery along an embedded,

framed, oriented 1-submanifold v C X. This means that we excise an open
tubular neighbourhood of v to obtain a manifold Xy; the framing gives (up
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to homotopy) an identification of X, with a number of copies of S! x S2.
To each boundary component we attach the complement of a standard copy
of B3 x S' ¢ $* (this is diffeomorphic to S? x B?). Then

B(Xy) = B(X) + 1.

Indeed, § = (e + 0)/2. As a cobordism invariant, the signature o is unaf-
fected by surgery, while a pair of Mayer—Vietoris sequences yields

e(X) —e(X)=e(S?x BY) —e(B3>x St =2-0.

3. We now carry out surgery along Z,. Along each component there are
two homotopically distinct framings, since 71(SO(3)) = Z/2, but either will
do here. Note that 3(X') = 3(X) + ng + n1.

4. The result of this surgery is a manifold

N
X=X, U U X/,
=1

with standard pieces X/, and a non-vanishing self-dual two-form w|Xj on
Xo. Let I be an almost complex structure compatible with w|Xy. It restricts
to 0X/ to give a class in J(S! x S2). This class lies in J(S! x S2,t_1), since
as shown by Taubes [11], (c1(w),[{t} x S?]) = —2 with our orientation
conventions. Because of our choice of framing, this class is the odd or even
element of J(S! x S%,t_1) = Z/2 according to the parities of the original
circles.

By Lemma 5.6, the element a € J(S! x S?,t_1) extends over the standard
manifold W to give an element b € J(S3) = Z if and only if a =b mod 2.

5. The previous steps together give (1.8): the form w|X( extends to a unit-
length section of A*(X"\ U™ B;) (where B; is a small ball in X!). The
sum of the Hopf invariants is n; mod 2, and we have 3(X) 4+ ng +ny3 =ny
mod 2. g
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