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We discuss the construction of toric Kahler metrics
on symplectic 2n-manifolds with a hamiltonian n-torus
action and present a simple derivation of the Guillemin
formula for a distinguished Kéahler metric on any such
manifold. The results also apply to orbifolds.

Introduction

There is a one-to-one correspondence, established by T. Delzant in
[5], between the class of compact connected symplectic manifolds of
dimension 2n with an effective hamiltonian action of the n-dimensional
torus 7™, known as compact toric symplectic manifolds, and a class a
convex polytopes in R”, known as Delzant polytopes. More precisely,
given a compact toric symplectic manifold, the image of the momentum
map is a Delzant polytope; conversely, to each Delzant polytope A is
canonically associated a compact toric symplectic manifold My, in such
a way that A may be identified with the image of the corresponding
momentum map. By extending the class of Delzant polytopes, a similar
correspondence can be established for orbifolds [9].

It turns out that the symplectic manifold M canonically associated
to A comes naturally equipped with a Kéhler structure (Ma, g, .J) and
a holomorphic action of the complexified torus 7%, which makes the
complex manifold (My, J) into a toric variety; moreover, on the dense
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open orbit of T{?, the Kahler structure admits a 7T"-invariant globally
defined Kahler potential, which has been computed by V. Guillemin in
[6] (see also [7] and [1]).

The aim of this note is to provide a simple derivation of the Guillemin
formula. The idea is to systematically exploit the symplectic geometry
of the Delzant construction, in which the symplectic manifold My is
obtained as a symplectic quotient of R?*? (equipped with its standard
hamiltonian action of T%) by a (d — n)-subtorus of T (here d is the
number of codimension one faces of the Delzant polytope). The canon-
ical Kihler metric is obtained from the identification of R* with C?
induced by the action of T%: the flat metric on C? then descends to a
Kahler metric on Ma, the Guillemin metric.

The key observation is that a Kahler metric on a toric symplectic
manifold determines and—modulo the choice of angular coordinates—
is determined by a reduced metric on the interior of the image of its
momentum map, and that these reduced metrics behave in a straight-
forward way with respect to symplectic quotients. In particular, in the
Delzant construction, the dual R™ of the Lie algebra of the quotient
torus 7" acting on M, is naturally an affine subspace of the dual R%*
of the Lie algebra of 7%, and the reduced metric on the interior Ay of
A is simply the pullback of the reduced metric induced (on a quadrant
of R¥*) by the flat metric on C?. To carry out this pullback, one simply
has to write the flat metric on C? in momentum coordinates, i.e.,

1) go =3B LS o,

(Here the first sum gives the reduced metric, the second the metric on
the d-torus fibres.)

This procedure leads naturally to the Guillemin metric on M4 in mo-
mentum coordinates, which are the derivatives of a Kahler potential
with respect to the more traditional holomorphic coordinates associ-
ated to the complexified torus action. The Legendre transform G of
the Kéhler potential F' gives a dual or symplectic potential for the toric
Kéhler metric in momentum coordinates [6, 7]. The usefulness of dual
potentials and momentum coordinates in toric symplectic geometry has
been emphasised by M. Abreu [1, 2]. In particular, dual potentials,
like reduced metrics, behave straightforwardly under symplectic quo-
tients, and so the dual potential of My is easy to compute. Conversely,
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inverting the Legendre transform, we can reobtain the holomorphic co-
ordinates and the Kahler potential F', yielding the Guillemin formula.

Although this indirect approach is very simple, it seems not to have
been described in detail before. However, it is closely related to the
construction of toric hyperkédhler metrics in [3] by R. Bielawski and
A. Dancer, using the method of [8, Section 2(C)]. As they point out,
the hyperkahler approach also gives the Guillemin formula by setting
to zero half of the coordinates. Nonetheless, we hope it will be of use
to present directly the Kahler story, with complete arguments, here.

We begin by reviewing the Delzant-Lerman—Tolman theory of toric
symplectic manifolds and orbifolds. Then we introduce toric Kéhler
metrics and their description in momentum coordinates. We prove that
under symplectic quotient, the reduced metrics are related by pullback,
then apply this to the flat metric on C?.

Finally, in an appendix, we explain how the Guillemin formula for
the Kahler potential is also a direct consequence of a general formula
appearing in [4] (cf. also [8, Section 3 (E)] ).

1. Hamiltonian group actions

Let (M,w) be a symplectic manifold with an effective action of a Lie
group G. For simplicity, we assume that G is compact. Then we say
the action is hamiltonian if there is a momentum map p: M — g* for
the action, i.e., pu is G-equivariant and 1y, w = —(du, §) for any £ € g,
where X¢ is the corresponding vector field on M (generating the action
of a 1-parameter subgroup of G).

If ¢ is a regular value of y invariant under the coadjoint action of
G, then p~'(c) is a G-invariant submanifold of M and the action of G
on p~'(c) is locally free, with finite isotropy groups. If this action is
free, then M //G := u~'(c)/G is a symplectic manifold, the symplec-
tic quotient of M by G. In general, however, M //.G is a symplectic
orbifold.

Symplectic reduction can also be used to construct symplectic man-
ifolds and orbifolds with hamiltonian group actions, by taking a sym-
plectic quotient by a normal subgroup of the symmetry group.

Lemma 1. Let G be a (compact) Lie group with closed Lie subgroup N,
and suppose that (]\2/,&1) has a hamiltonian G-action with momentum
map p: M — g*, so that uy = i* o u: M — n* is the momentum
map for the induced hamiltonian N-action (here i* is adjoint to the
inclusion of n in g). Suppose further that N is normal in G, that
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¢ € g* is invariant under the coadjoint action of G, and that ¢ = i*(¢)
s a regular value of pun such that the action of N on u;,l(c) 15 locally
free.

Then M = M /[N has a hamiltonian action of G /N whose momen-

tum map, viewed as an N -invariant function on u]’vl(c), 1$ the restric-
tion of 1 — ¢ to uy (c).

Proof. The action of [g] € G/N on [2] € M = uy'(c)/N is given by
(9] - [2] = [g-2]. To see that this is well defined, note that the elements
z of uy'(c) are characterized by (iu(z) — & ¢) = 0 for all ¢ € n; now
since ¢ is G-invariant, for any z in py'(c) and any ¢ in G, we then have
(u(g - 2) = ¢,¢) = (u(z) — ¢,Ady-1¢). Thus, since N is normal in G,
g-zisin py'(c) and [g - 2] depends only on [g] and [2].

The fact that (u(z) — ¢ ¢) = 0 for any 2 € uy'(c) means that the
restriction of y — ¢ to uy'(c), say v, has its values in (g/n)*, identified
with the annihilator n® of n in g*. Moreover, v is N-invariant: since N
is normal, Ad} acts by the identity on n° for any g in N.

Now v gives a momentum map for the action of G/N on M, since
for any ¢ € g, (dv, [£]) pulls back to (du,&) = —ix.@ on py'(c). O

We remark that if u*: (g/n)* — g* is the natural inclusion (adjoint to
u: g — g/n) then the affine embedding ¢ = u* + ¢ gives a commutative
diagram

® L

M —— (g/n)

where ¢ is the natural projection. In particular ¢ identifies the image of
v with the intersection of the affine subspace (i*)7!(c) and the image
of u: M — g*.

2. Toric symplectic manifolds

A hamiltonian m-torus action on a symplectic manifold (M,w) of di-
mension 2n is an effective torus action generated by an m-dimensional
family of hamiltonian vector fields X € C®°(M,TM) ® R™ with a
momentum map pu: M — R”™ whose components Poisson commute,
i.e., tyw = —dp and w(X, X) = 0. (This ensures that the components
of X commute, and that p is T™-equivariant.)
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Observe that R™ is here the Lie algebra of the torus, and so contains
a lattice Z™ such that the torus is 7™ = R™ /2xZ™.

Since the orbits are isotropic with respect to w, it follows that m <
n—if equality holds, we say that (M, w, u) is a toric symplectic mani-
fold.

In this section we summarize the classification of compact toric sym-
plectic manifolds, established by Delzant [5], and the extension of this
theory to orbifolds [9]. It turns out that there is a one to one cor-
respondence between compact connected toric symplectic manifolds
(or orbifolds) and a class of compact convex polytopes, called Delzant
polytopes. More precisely, given a compact connected toric symplectic
manifold (M?",w, i), the image of the momentum map p is a compact
convex polytope A in R™ by the Atiyah—Guillemin—Sternberg convex-
ity theorem. The same holds for toric orbifolds; the polytopes obtained
belong to the following class.

Definition 1. Let R” be an n-dimensional vector space with a lattice
7™, and consider a compact convex polytope A in R™ defined by the
equations

(3) <JT,U]'> Z )‘ja

(uj € R", A\j € R) for j = 1,...d, where d > n is the number of
(n — 1)-faces (simply called faces in the sequel) of A.

Then A is said to be a rational Delzant polytope if the u; belong
to the lattice Z™ and the elements corresponding to faces meeting any
given vertex of the polytope form a basis of R". (It follows that the
polytope is n-valent, i.e., n edges meet each vertex—the dual basis of
R™ gives the directions of these edges.)

The polytope is said to be integral or simply a Delzant polytope if
the u; corresponding to faces meeting any vertex form a (Z-)basis of
the lattice Z".

REMARK 1. Note that in this definition we consider the vectors u; and
the lattice Z™ as part of the data. If A is integral, then in fact the
u; are uniquely determined by A and the lattice, since they must be
primitive; conversely the u; generate the lattice in this case.

More generally, the u; are determined by A, Z" and a positive integer
labelling of the faces of A, since we may write u; = m;y; with y;
primitive and m; € Z*—because of this description, rational Delzant
polytopes are called labelled polytopes in [9]. Now, conversely, the u;

in general only generate a (finite index) sublattice Z" of Z". However,
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there is not much generality lost by replacing Z" with this sublattice—
see Remark 3 below.

The image of the momentum map of a symplectic toric orbifold (man-
ifold) is a rational (integral) Delzant polytope. Conversely, to each ra-
tional Delzant polytope is canonically associated a compact connected
toric symplectic orbifold (Ma,wa, a) such that A is the image of the
momentum map pua. A toric symplectic orbifold is uniquely deter-
mined by its polytope up to equivariant symplectomorphism, so the
two operations are mutually inverse.

The construction of Ma will be important in the sequel, so we sum-
marize it here, following [7, 9]. The idea is to obtain M as a symplec-
tic quotient of a 2d-dimensional symplectic vector space by the natural
action of a (d — n)-dimensional subgroup N of T? = R? /2774,

Here, Z may be thought of (canonically) as the free abelian group
generated by the d faces o; of A, and R? is the corresponding real
vector space Z¢ ®; R. We take the symplectic vector space to be
R% = 79 ®,; R?, where R? is equipped with its standard area form and
circle action. In terms of polar coordinates on R? = C, we then have a
natural action of the torus 7% on R?:

d d
(4) [a, v aql - Y 0y © (rj,0;) =Y 05 @ (15,05 + ay)
7=1 7=1
where [a,, .. .,a4] denotes the class of (ai,...,as) € R? modulo 27Z¢.

This action is hamiltonian with respect to the standard symplectic
form, which in polar coordinates is E?Zl ridr; A df;. Tt follows that
the momentum map p of the T action is given (up to translation) by

d

1 1 .

(5) plo) = 503, 13) = 5 3o
j=1

where o7 is the basis of R% dual to 0, and v = Z?Zl o; ® (r;,0;).
Let u: Z¢ — Z" be the group homomorphism determined by o;

u;. We denote also by u the corresponding homomorphisms from R? to

R” and from T% to T™, which are surjective, and we denote the kernels

by n and N respectively.

REMARK 2. u: Z% — Z" is surjective if and only if the u; generate Z",
in which case N is the quotient of its (abelian) Lie algebra n by the
kernel of u: 27Z?% — 277", and so is a subtorus of T%.
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More generally if the u; generate a sublattice Z", then the quotient
of N by the connected component of the identity is the finite group
VATV

We now consider the restriction of the action of 7¢ on R?*¢ to the
subgroup N. The action of N is still hamiltonian with momentum map
pn = i* o p, where i*: R* — n* is adjoint to the inclusion i: n — R?.
We let ¢ = i*(—)\), where A = (Aq,...\y) is naturally the element
ijl Ajor of R, and consider the momentum level set py'(c).

The annihilator in R%* of n is the image of the adjoint u* of u. It
follows that py'(c) is the set of elements v of R?@ for which there exists
z in R" with p(v) + A = u*(x).

In other words, since u*(z) = Zj:1<x, uj) oy, v = S

=105 ® (5, 0;)
belongs to p1y' (c) if and only if there exists x in R™ such that

(6) () = (z,u;) — A; =

forj=1,...,d.

We observe that (¢y,...¢,) are the components of the affine embed-
ding ¢ = u* — X of R into R¥. Hence v belongs to ' (c) if and only if
p(v) belongs to the image of ¢, and then x appearing in (6) is uniquely
determined by v and belongs to A. This defines a map from uy'(c) to
A, which, following Lemma 1, we denote by v. We thus have:

(7) ((v(v)) = p(v)

for all v = Y 0; ® (1;,0;) in py' (c); v is clearly surjective and for each
z in A and v~!(z) coincides with the orbit of any of its elements under
the action of T In particular, ' (c) is compact.

Notice that v(v) belongs to the interior of A (the complement of the
union of its faces) if and only if all the r; are non-zero; the isotropy
group of v in T? is then zero.

It turns out that for any v in u]’vl(c), the isotropy group N, =T, NN
of v in N is finite, and is zero if the polytope is integral. Indeed, if
v(v) belongs to the intersection of k faces 0j,,...0j,, then r;, = ... =
rj, = 0 and the isotropy group 7, of v in T is the k-dimensional
subtorus of 7% whose Lie algebra t, is the set of (a1, ...a4) with a; =0
for 7 # j1,...,7k. The intersection of T, with N is thus the set of
[ai, ...aq) € T, with E?Zl aju; € 2rZ% However, the u; with a; # 0
mod 27Z, are part of a basis for a (finite index) sublattice of Z¢ (choose
a vertex in 0;, N...Noj, ). This means that the u; with a; # 0 mod 27Z

)

\] |w.ﬂm
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form a basis for a finite index sublattice of t, N Z% N, is the quotient
of t, N Z? by this sublattice.

Therefore N acts locally freely on 11" (c), so ¢ is a regular value of
iy (c) is a closed submanifold of R? and the quotient M := uy'(c)/N
is a compact symplectic orbifold, of (real) dimension 2d—2(d—n) = 2n.
This is the symplectic quotient, at momentum level ¢, of R?? by N.

By Lemma 1, v induces a momentum map with image A for the
natural action of the quotient torus 7" = T¢/N on M = uy'(c)/N.

REMARK 3. If the u; do not generate Z", then we can instead work
with the sublattice Z" generated by the u;: N is then the connected
component of the identity in N, so M is a finite cover of M, with
a hamiltonian action of the cover T" = R"/2xZ" of T" = R"/2rZ".
Thus M is the quotient of M by the finite group Z"/Z". It is usual
in the theory of orbifolds to pass to such global covers if they exist, as
this will (at least partially) resolve some of the orbifold singularities.
This explains why there is not much generality lost in assuming that
the u; generate Z".

3. Kahler quotients

In general, let (M, g, J,w) be a Kéhler manifold with an effective action
of a group G by isometries, which is hamiltonian with momentum map
p: M — g*. Let M//,G be a symplectic quotient of M by G; then
since G acts by isometries on g~ '(c) (and we are supposing the action
is locally free), M//,G is a Kahler orbifold, the Kdhler quotient of M
by G.

We now consider the situation described by Lemma 1, where G acts
on (M,&) and N is a normal subgroup of G. We assume additionally
that G acts freely on M and that the dimension of G is equal to half
the dimension of M so that p: M — g* is a G-principal bundle over its
image. Then if ¢ is a G-invariant compatible metric on M, we obtain
a uniquely defined riemannian metric, say gq on im g such that g is
a riemannian submersion from ¢ to Greq.

Similarly, the quotient group G /N acts freely on the Kéhler quotient
M = M//,N and this makes v: M — (g/n)* into a G/N-principal
bundle over its image, and v is a riemannian submersion for a uniquely
defined riemannian metric g,q on imv, when M is equipped with the
metric g induced by g.
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We denote by ¢ = u* + ¢ the affine map from imv to im p induced
by the natural inclusion u*: (g/n)* — g*.

Lemma 2. The reduced metrics are related by 0* Greq = Gred-

Proof. Let z € uy'(c) and let X € T,M be orthogonal to the G-
orbit through z. Then the (isometric) projection X of X onto T, M is
orthogonal to the G/N-orbit through = = ¢(z). We thus have

V(X ]gea = 1X 1y = X5 = |1(X))

Jred Jred*

Since p(z) = £(v(z)) by Lemma 1, this is what we want. O

We wish to emphasise at this point that the Kahler quotient is a
construction in symplectic geometry—the riemannian metric on M
(and hence the complex structure) is just a passenger; that is, any
G-invariant Kédhler metric on M with Kéhler form w descends to a
compatible Kéhler metric on M //,G.

In general it is difficult to parameterize G-invariant Kéhler metrics
with a fixed Kahler form; instead one usually fixes the complex struc-
ture, so that compatible Kahler metrics are parameterized (locally) by
Kihler potentials K (i.e., dd°K = w, where d° = Jod). In the case of a
compact toric symplectic manifolds however, compatible toric Kéhler
metrics on the open set My = u~'(Ay) determine and are determined
by a T™-invariant lagrangian foliation (the integral leaves of the distri-
bution generated by vector fields JKj,...,JK,,) and by the induced
riemannian metric on Ag, which is of hessian type, i.e. defined in terms
of a dual potential, which is related to the Kahler potential by Legendre
transform (more details in the next section).

4. Dual potentials for toric Kahler metrics

Suppose that (M?" w) is a toric symplectic manifold with momentum
map x: M — R™ and that (g, J) is a compatible toric Kéhler structure.
Let X € C*°(M,TM)®R™ be the corresponding family of hamiltonian
Killing vector fields with txw = —dx.

We wish to study the geometry of M locally, so we assume that the
torus action is free. Then JX is a family of holomorphic vector fields
and the components of X and JX together form a frame of commuting
vector fields. The closed 1-forms in the dual frame are naturally the
components of R*-valued 1-forms o and Ja = —a o J with a(X) equal
to the identity of R™. If we locally write o = dt and Ja = —dy with
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y,t: M — R", then y +it: M — C" is a local holomorphic chart on
M.

The components of Ja and txw span the same rank n-subbundle
of T*M, the annihilator of tangent space to the orbits of the torus
action. Hence there must be mutually inverse functions F: M —
Hom(R",R™) and G: M — Hom(R™,R") such that

txw = (F, Ja) and Ja = (G, ixw).

Since g(X, X) = w(X, JX) = F, we deduce that F' and G are, at each
point of M, symmetric and positive definite elements of R"* ® R™ and
R" @ R".

Concretely, with respect to a basis of the Lie algebra R", we have

dr, =Y F.dy, and  dy, =Y Gdz,.

Now > G, sdx, is closed if and only if G4 is the hessian with respect
to = of a function G. Indeed ), G,sdv, = dy, if and only if G,; =
0y/0xs, in which case y, = 0G/0z, for some function G, since G,
is symmetric. Similarly ) Fsdy, is closed if and only if F is the
hessian with respect to y of a function F.

We therefore have functions F, G on M such that 2, = 0F /0y, and
Y, = 0G /0x,; without loss of generality, we may also assume that the
constant F'+ G — (z,y) is zero. Thus the coordinate systems x and v,
and the functions F' and G, are related by Legendre transform:

0G OF
F+G=(z,y) :;xra—% = zT:yra—yr

F'is a Kahler potential, since w = Zr’s F,ydys, N dt, = dd°F. On the
other hand G is the dual potential we need to parameterize toric Kahler
metrics with fixed symplectic form.

Proposition 1. [6, 1] Let G be a function on R™ whose hessian Gy
15 positive definite with inverse F,;. Then

> (Grodaydr, + Frodt,dt,)

r,s

1s a toric Kdhler metric with Kdhler form
w= Z dx, A\ dt,

and momentum map .
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Observe that g¢.eq is the metric Zr,s G,sdx.dxs on the image of the
momentum map x. The following simple observation explains why dual
potentials are convenient when taking Kéahler quotients of toric Kédhler
manifolds.

Proposition 2. Let (M, §) be a toric Kihler manifold of real dimen-
sion 2d. Denote by My the open set on which the T action is free, so
that the momentum map - My —»UCR¥™ isq principal T4-bundle.

Let N be a subgroup of T of codimension n, with momentum map,
pun = i* o u, where i*: R — n* is the natural projection. Choose
¢ € R™ such that ¢ = i*(¢) is a regular value of uy and the action of
N on uy'(c) is locally free. Let M = uy'(c)/N be the Kdihler quotient
with metric g and q: py' (c) — M the natural projection.

The action of T on M preserves u;,l(c), hence induces a hamilton-

ian action of the quotient torus T™ := T?/N on M with momentum
map v defined by

(8) voq=p—¢é

Let Ay denote the image of v restricted to My, the quotient of py(c) N

Then the reduced metric greq 0n Ao is the pullback by € of the reduced
metric Grea_on U and so if G: U — R is a dual potential for g on My,
then G =G ol: Ay — R s a dual potential for g on M,.

Proof. Most of the statements in this proposition are immediate from
Lemma 1, since the coadjoint actions are trivial and N is necessarily a
normal subgroup of 7. It remains to establish the conclusion that G' =
¢*G is a dual potential for the quotient. This follows from Lemma 2,
since £ is an affine map with respect to the flat affine connections D
and D on Ay and U. Indeed, for the dual potentials we have

DA(0*G) = (*DdG = 0* freq = Grea-

5. The Guillemin formula

In section 2 we explained how any toric symplectic orbifold M could
be obtained as a symplectic quotient of a symplectic vector space R??.
In canonical terms R* = Z? ®; R?, where Z¢ denotes the free abelian
group generated by the faces o1, ...0,4 of the (rational) Delzant poly-
tope A, and R? is the standard symplectic vector space with a (linear)
circle action. To emphasize the symplectic nature of the construction
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we deliberately suppressed the obvious identification of R? with C, and
hence of R?? with C¢. In these terms the torus action (4) on C? is given
by

(9) (a1, ... a4~ (21,...24) = (€™ 21,. .. " 24)

where [a,...aq] € R?/27Z% and 2z; = r;e®i.

Thus R?? is in fact equipped with a canonical flat Kihler metric
compatible with the symplectic form % Y- dz; A dz;, and this induces a
canonical Kahler metric on M, called the Guillemin metric.

In this section, we obtain an explicit expression, the Guillemin for-
maula, for the reduced metric on the interior A of the (rational) Delzant
polytope A. We also obtain formulae for the Kéahler potential and
dual potential. These results are due to Guillemin [6, 7] (see also
Abreu [1, 2]), but we obtain a simple new proof using Proposition 2.

Recall that the toric symplectic manifold (M, w, v) fits into the com-
mutative diagram

py'(c) —— R*

(10) ql Tz
M —— ACR™
where ¢: R™ — R% is the affine map

(11) () = (0(2), .., La())
with
(12) Ui(x) = (uj, ) — Aj.

Now we restrict attention to the open subset of C? where the T¢
action is free, and the corresponding open subset M, of M. These are
principal 7% and T™ bundles over U C R¥ and Ay C R™ respectively,
where U is the positive quadrant of R%.

It remains only to compute the reduced metric g.q and dual potential
G for the flat Kihler structure on C and pull these back by ¢. The
Kahler potential can then be found by Legendre transform.

The explicit derivation of greq and G is a straightforward coordinate
transformation: z; = r;e%s and the components of the momentum map
p are given by p; = 7"]2-/2. Thus the flat metric on C? is

d d

d
(13) S dzdz; =S (dr? + 2 d6;?) = Z(d?’f + 20 d0).
j=1

j=1 j=1 J
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Hence

d 2
- 1 du
(14) Gea == L

2 Wy

so that a dual potential G is given by

d
-1
(15) GZ?Z 1 log 1.

Theorem 1. Let (M?",w) be a toric symplectic orbifold with momen-
tum map v: M — A C R™, where the (rational) Delzant polytope A
s given by

(16) {r e R"™ : lj(x) >0, j=1,...d},
where (j(x) = (uj,x) — Aj for u; € Z™ and \; € R.

Equip M with the Guillemin metric g. Then the reduced metric on
AO 18

¢

DN | =

(17) Jred =
7j=1

and a dual potential and Kahler potential are given by

(18) ZZ )log ¢;(x

d

(19) F = %Z()\j log 0;(z) + ¢;(z))

i=1

Proof. Using Proposition 2, the reduced metric and dual potential fol-
low immediately from (14) and (15) by writing p; = ¢;(x). It remains
to compute the Legendre transform. The dual coordinates y to the
momentum map z are given by

(20) Z u;logl;(x) + u;,
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Thus a Kahler potential is given by

M=

—G(a) + (. y) = = 3 (({ug, 7 — £5(2)) log £5(2) + (u;, 7))

2~
(21) y
1
=5 2 (G(@) + 25 + A log (5(w)).
j=1
This differs from F' by an additive constant. 0

Appendix: An alternative derivation of the Kahler potential

In this Appendix, we show that the expression of the Kahler potential
F appearing in Theorem 1 can also be easily derived from a general
expression of the Kéhler potential of a Kédhler reduction appearing in
[4].

We again consider the construction of M as a Kéhler reduction of
R?? ~ C? with respect to the standard action of a subgroup N of T,
cf. section 2. Notations are the same as in the body of the paper.
We denote by Ng, T¢, T2 the complexifications of N, T T™; the

complex torus T¢ ~ C* x ... x C* (d times) acts holomorphically on
R* =~ C by (1, ,C) (215 +524) = (G215, Caza), where, for
each j = 1,...,d, (; = t;e'%, t; > 0, is a non-zero complex number;

the restriction of this action to the compact part T coincides with the
action already considered. The restriction of this action to N¢ is again
a holomorphic extension of the action of V.

Let C? be the set of points of C? whose Nc-orbit cuts uy'(c) along
a non-empty orbit of N (C? is called the stable part of C¢ in [7]).
Then, as a complex manifold, the Kahler reduction M coincides with
the (ordinary) quotient of C? by Nc.

Moreover, for any z in C¢, there exists a unique element t, = (¢,1,...,t,.4)
in exp(iV') C N C T¢ such that ¢, - z belongs to uy'(c).

We denote by p the natural projection from C¢ onto M = C¢/Ng;
we then have:

(22) p(z) =[t, 2] =[ts121, ..., tsa2d]s

for any z in C¢, where [t, - z] denotes the class mod N of ¢, -z in uy'(c).
We temporarily assume that the \; € 27Z for all j, so that A can
be identified with the character x of T? defined by xx: [a1,...,aq —

(=1 A19) whereas —c is identified with the restriction, y_., of x» to
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N. We still denote y_. the natural extension of y_,. to N¢, with values
in C*.

Proposition 3. The pull-back p*w admits a globally defined N invari-
ant potential, K, on C%, i.e.

(23) prw = dd°K,
where K is given by
R 1<
(24) K(2) = 5 D2 (0(0) + Ay log 2,
j=1

Here, x = (vop)(z) is the point of A corresponding to p(z) and {;(x) =
(l", Uj) - )‘j'

Proof. According to Theorem 3.1 in [4], we have that
N 1
(25) K(Z) = KO(tz . Z) + 5 lOg |Xfc(tz)|27

where K = % is the natural Kahler potential of the flat metric of C4.

By (6), we then have: Ky(t, -z) = |t, - z|* = %Z?Zl l;(x), where

x = (vop)(2), whereas |x_o(t.)]> = 2} ... £} O
We define C¢ as the set of 2z in C? such that z; # 0 for all j. Its
image by p is the open subset, Mj, of M which maps to the interior,
Ay, of A by v.
As an easy consequence of Proposition 3, we get an alternative
derivation of the Guillemin formula for the Kéahler potential [7]:

Proposition 4. The restriction of w to My has a globally defined,
T?/N -invariant potential K, i.e.,

(26) Wy, = dd°K,

with K = Fov, and

(27) F(r) = (;(x) + A; log £;()),

d
=1

DN =

J

for any x in Ay.

Proof. Let z be an element of C¢, so that z; # 0 for all j = 1,...,d.
The element ¢,, viewed as an element of R" x ... x Rt (d times), is
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then written as ¢, = (t,1,...,t,4), where, by (6), each positive real

number ¢, ; is determined by: tgj = 2@({;)‘ We then have:
’ i
d d
2);
log X—c(|t=[") = "logt.? =Y " Alogt?,

7j=1 7=1

(28) )
= Z \j(log €; — log |2;]* + log 2).
7j=1

Since the terms in log|z;|* and the constant term log2 have no effect
in the computation of w/,, , we directly derive (27) from (24). O

REMARK 4. In this approach, we assumed the \; were integral. How-
ever, an easy rescaling argument yields the same result when the \; are
rational, hence finally, by a continuity argument, in the general case
where the \; are real, i.e., for any Delzant polytope, as we showed in
the body of the paper.
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