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Abstract. We consider the initial-boundary value problem in hyperbolic
thermoelasticity with second sound in a three-dimensional exterior domain.
The low frequency expansion of solutions to the corresponding stationary re-
solvent problem is given and the limit to the classical thermoelastic problem
is investigated.

1. Introduction.

In this paper, we consider the low frequency expansion of the resolvent
problem corresponding to linear thermoelasticity with second sound in a three-
dimensional exterior domain. The modeling of the second sound effect turns the
classical hyperbolic-parabolic thermoelastic system into a purely hyperbolic one
with a damping term. This is done using Cattaneo’s law instead of Fourier’s law of
heat conduction. Thus the physical paradox of infinite propagation of heat pulses
is removed.

Let § be an exterior domain in R? with C*! boundary I'. The linear hyper-
bolic thermoelastic system with second sound in € is formulated as follows:

uge — pAu — (p+ A)Vdivu + VO = 0
0 + ydivg + ddivu, =0 (1.1)
Toge +q+KkVO =0

in 2 x (0, 00) subject to the initial condition:
u(z,0) = up(x), wu(z,0) =ui(x), 0(x,0)="0p(x), g(x,0)=qo(x) in Q.

As boundary condition in this paper, we consider the Dirichlet condition:
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u=0, 6=0 onT x (0,00)

Here, p, 3, v, § and k are positive constants while A is a constant such that
2u+ A >0, p >0, and u and ¢ are three vectors of unknown functions while
is a unknown scalar function. 7y > 0 is the so-called relaxation parameter, while
7o = 0 leads to the classical hyperbolic-parabolic thermoelastic equations in §2:

upr — pAu — (p+ A)Vdivu + V0 =0

(1.2)
0 — ykAO + ddivuy =0

in © x (0, 00) subject to the initial condition:
u(z,0) =uo(x), u(z,0) =wui(x), 6(x,0) =6y(z) in
and the boundary condition:
u=0, =0 onI x(0,00).

For a survey on results in classical thermoelasticity see [7], for a survey on hy-
perbolic heat conduction models see [1]. The model used here was introduced by
Lord and Shulman [9]. Results on the well-posedness both for linear and nonlinear
thermoelasticity with second sound in one or three dimensions, and on the time-
asymptotic behavior for bounded domains or for the Cauchy problem are given in
[12], [13], [5], [4], [19], [14] and also the references therein. The time-asymptotic
behavior in exterior domains for the system with second sound has not yet been
studied. For this purpose the low frequency expansion for the associated resolvent
problem is of interest.

We are interested in the low frequency expansion of the corresponding resol-
vent problems to (1.1) and (1.2), which is especially important to investigate the
decay property of solutions to (1.1) and (1.2) as time goes to infinity, cf. [6], [15],
[16], [17], [18]. This is possible since the solutions can be represented via resol-
vents (essentially: Laplace transform). In fact, according to a general theory due
to Vainberg [16], [17], [18], in order to obtain the local energy decay of solutions
to the evolution equations of hyperbolic type in exterior domains, the following
observations are crucial:

(1) Asymptotic expansion at the origin of the low frequency part of the generalized
resolvent operator.

(2) Absence of the point spectrum in the lower half-plane including the real axis.

(3) Summability property of the the high frequency part of generalized resolvent
operator.
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Here, the generalized resolvent operator is obtained by shrinking the definition
domain to the space of functions having compact support and expanding the range
to Lg 1oc functions.

Indeed, if we devide the solution formula into the high frequency part and low
frequency part, then the properties (2) and (3) guarantee the exponential stability
(the exponential decay property) of the high frequency part, and the property (1)
implies the decay rate of the low frequency part. As a result, we can decide the
rate of the local energy decay of solutions to the evolution equations of hyperbolic
type by the low frequency expansion formula of the generalized resolvent operator.
Since the equation (1.1) is of hyperbolic type, this strategy should work, that is
combining the low frequency expansion obtained in this paper and the investigation
of the summability property which will be the future work, we will have the rate of
local energy decay of solutions to the initial boundary value problems (1.1), (1.2)
and (1.3).

For wave equations, elasticity or Maxwell equations, a collection of references
for results on low frequency asymptotics is given in the work of Pauly [11].

An essential difference between the classical thermoelastic equations and the
thermoelastic equations with second sound appears in the high frequency part. In
fact, in case of the Cauchy problem, according to the result due to Naito [14],
although the decay rate of the high frequency part is the same, one part of the
solution formulae in the second sound case has the form like e~ t as ¢ — 00,
which means that a vanishing part appears in the expansion formula for the second
sound case as 79 — 0. On the other hand, the low frequency part in the case of
second sound converges to the corresponding low frequency part in the classical
case, which will be seen in the last section of this paper.

For an expansion in classical thermoelasticity (19 = 0) in connection with
scattering following an incident plane wave see [2].

Moreover, we will discuss some convergence property of the resolvent as 7
tends to zero. We remark that it has been observed ([3]) for other systems that
the behavior for 7y > 0 and that for 79 = 0 might be quite different. Indeed, for
bounded domains there may be exponential stability of the system if 79 = 0, while
for 79 > 0 there is no exponential stability. Here we show that the systems are
close to each other.

To state our results precisely, we consider the resolvent problem corresponding
to (1.1) and (1.2), which is formulated as follows:

k*u — pAu — (p+ \)Vdivu + BV0 = f in Q
kO + vdiv g+ dkdivu =g in
Tokq+q+kVO=h in
u=0, 6=0 on T
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and
E*u — pAu — (p+ \)Vdivu + V0 = f in Q
kO — vyeAO + okdivu =g in Q (1.4)
u = 07 =0 onI

respectively.

As main results we shall obtain the low frequency expansion (near k = 0) in
Theorem 3.3 and Theorem 3.4, and the conclusion in Section 4 on the continuous
dependence of the parameter 7q.

The paper is organized as follows: In Section 2 we consider the spectral anal-
ysis for the Cauchy problem where () is all of R3, in Section 3 the case of an
arbitrary exterior domain € is considered, and in Section 4 the conclusion on the
dependence of the relaxation parameter 7o is presented.

2. Spectral analysis of the thermoelastic equations with second
sound for Q = R3.

In this section, we consider the resolvent problem in R3:

k*u — pAu — (p+ \)Vdivu + V0= f in R?
kO + ydiv g + dkdivu = g in R (2.1)

Tokq+q+ kVO=h in R3.
From the third equation of (2.1) we have, for k # —1/7,
q= (rok +1)" (h — kV6) (2.2)
and therefore, inserting this formula into the second equation in (2.1), we have

k*u — pAu — (p+ \)Vdivu + fV0 = f in R?

(2.3)
kO — vyr(tok + 1) 71 A0 + dkdivu = g — y(rok + 1)~ !divh  in R?.

Therefore, for the simplicity instead of (2.3) we consider the following equation:

k*u — pAu — (u+ \)Vdivu + V0 = f  in R?

(2.4)
kO — vk(Tok +1)7LA0 + Skdivu = g in R3.
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To solve (2.4), we introduce the Helmholtz decomposition. In general, given f =
Y(f1, fau [3) € Ly(R3)!, we set

(2.5)

where f = .Z[f] and .Z ! stand for the Fourier transform and its inversion for-
mula, respectively; P(€) is the 3 x 3 matrix given by the formula:

X , 1 j=4¢
P(f):<5je—fé|€;), 5je={0 Iy,

and - stands for the usual inner product in R?. Using these symbols, we have
f=Pf+VQF. (2.6)
In particular, we know from the Fourier multiplier theorem that
divPf =0, [IPfl, s <CIfll, s, (2.7)

provided that 1 < p < co.
Applying P and @ in (2.4) and using the fact that divu = AQu, we have

k*Pu — pAPu = Pf in R
E*Qu — (2u+ N AQu + 80 = Qf in R (2.8)
kO — yr(tok + 1) A0 + 6kAQu =g in R®.

We can solve the first equation of (2.8) easily. In fact, we have

o[ PR,
Pu=%; [k2+u|§l2]( ). (2.9)

On the other hand, to solve the 2nd and 3rd equations in (2.8), for notational
simplicity we set

1t M denotes the transposed M
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w=Qu, F=Qf G=uy. (2.10)
And then, we have
Ew — (2u+\)Aw+ 30 = F

(2.11)
kO — yr(tok + 1) A0 + SkAw = G

in R3. Note that w and 6 are both scalar functions, so that (2.11) is a system
of two partial differential equations. Applying the Fourier transform to (2.11), we
have a system of two linear equations:

(K + 20+ NIEP)w(E) + BOE) = F(©)
(k +v(rok + 1)1 E]2)0(€) — k[E[(€) = G(€).

Setting
Ao [ G e 5
—0kl¢[? k4w (rok + 1)1
we finally arrive at the linear equation:
i ey [2©O] _ [EE©
w516 = [éio | (212)

To obtain the low frequency expansion in R3, we start with the analysis of the
inverse matrix of Ay (¢). We have

det Ay(€) = (2u + N)yw(rok + 1) 7HE + ((2u + X+ 5B)k

+ yk(Tok + 1) k%) 1€)? + K3
= (2u + Nyr(rok + 1) P(LE) (¢ = [€%) (2.13)
where we have set
P(t,k) =2+ (2u + Nve) " 7ok + 1) [(2p + X + 0B)k + vk (mok + 1) 1kt
+ (20 + \)yr) " (rok + 1)K

2u+ A+ 68 k2 ) (tok + 1)k3
=? ——(nk+ 1k t .
( (2p+ A)yk (rok + 1)k + 2u+ A 2u+ AN)vk
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We start with the following lemma.

LEMMA 2.1. Let P(t, k) be the polynomial defined as above. Then, there
exist two functions pj(k,70) (j = 1,2) such that

P(t, k) = (t + p1(k, 70))(t + pa(k, 7))

2u+A+08, .
Ml(k77-0) (2,LL+)\ VR + Z k
k S J+2.
:u2( 7T0) 2 +>\+5ﬁ Z

=1

Here, 51(7'0) and s5 (’7’0) are polynomials in 1o and the expansion formulas converge
absolutely when |l<:\ < ko and |19| < 1 for some positive constant ko which is
independent of .

Proor. To obtain the formula for s (k,79), we set ¢ = ks, and then we
have

52+2u+>\+6ﬁ k{( 1 2u+/\+5ﬂ0>8 : 1 }

(2p+ N)ve § 2u+ A i 2u+ AN)vk i 2u+ Myk
70
+ k=0 2.14
CIESYr: (2.14)
If we set
2u+A+0p
si(k.m) =~ 5 e Z (2.15)

j=1

we have si(m) = (j1)~* (J)(O 7o), and therefore differentiating (2.14) j times,

setting k = 0 in the resultant equation and writing 8(j)(0,7'0) = sgj) (j > 1) for
simplicity, we have

)5 G=0 (0 , 2L+ A+08 ()
21 (0, 2§: SETATOP
st < > TRV

+j( 1 2/L+)\+5ﬁT) G-1) | 01 20270 —0
2u+ X 2u+ Nk 0)°1 QCu+Nve  2u+ Nyk
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Since

2u+ A+ 00 2u+A+00
251(0, =_
$1(070) + (2p+ A)vk (2u+ A)yk

we have

Jj—1
G) (2,u+>\ R PN j—1 (g) (j_g) . 1 2u+ A+ 00 (G-1)
T oA+ 6B Z; LA STy vl
(Slj

252j7’0 }
Cu+Nve  2u+Nys [

From this formula we see that s(j ) are polynomials in 7y for all j > 1, which implies
the assertion for 1 (k, m0) = ks1(k, 70).

To obtain the formula for us(k, ), we set t = k?s, and then we have

2u+ A+ 658 1
(2p+ N)ys 2u+ N)vk

1 2+ X+ 63 ) 7o }
kS s — > =0. 2.16
" {s +<2M+)\+ @tk °)° T @t s (2.16)

If we set

1 ')
Sg(k,Tg) = *m + ZS?(T()),ZCJ

j=1
differentiating (2.16) j times and setting k& = 0 in the resultant equation, we have

2u+A+68 4
0 0
ETESVra i

d\’ ! ) 1 26+ X+ 08 o
ﬂ(dk) {SQ(k’TO) i (2M+>\ RCTESYe )82%’70) " (2/~L+A)W}
=0

from which the assertion for us(k, 7) follows analogously. This completes the proof
of the lemma.

O

Now, we shall give a solution formula. Since
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At =

1 k+vr(rok +1)71¢)? -
det Ay (€) k|| k2 + (2u 4 A)[¢]?

det A (&) = (2u+ Nyr(rok + 1) P(€]% k)

we have

D = ! T K|E[PVE — B(7 §

(€)= e L0k Dk i Q) — Bk + 1)@(5)}(2 ;
Be) = — T8t L bR + (8 4 (2u+ NIEREO)).

(20 + N)ywP (€%, k)
From (2.6) and (2.10), we have u(z) = Pu(x) + VQu(x) = Pu(z) + Vw(x), and
then using (2.9) and (2.17) we have
P(€)f(€) 3
K 4 plél?  (2u+ NysP([€2, k)

X [{(rok + Dk +8[EPHE ) - Blrok + 1G] (218)

ag) =

Recalling (2.5) and (2.10) and denoting the j-th component of P(£)f(¢) by
P(€)£(€) lj, we have

3
7 N ) = &

Finally we arrive at the following formulas:

3 3

NN [ BTy (rok + Dk&;E
1) = 23 e ;(/ﬂerulﬁl g +; (2 + N)yeP (€], k)\§|2f(£)

3

&5 pooy Bk +1)E
2 Pl O T G Bl ©

3
5 ’ (rok +1)0kE (Tok + 1)k? R
0 = —9 . -
O == e n) O Gt (e
(rok + 1)]¢]?

nBER. B 9(8). (2.19)
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From (2.19) we get the following theorem.

THEOREM 2.2. Let 1l < g < o and 0 < 19 < 1. Then, for any
small € > 0 there exist a constant o9 > 0 depending on € and an operator
Sk € Anal (Ug,,e, B(Ly(R?)? x Ly(R?),W2(R?)? x W2(R?))) such that for any
(f,9) € Ly(R®)3>x Ly(R?) , (u,0) = Sk(f,g) solves equation (2.4) uniquely. Here,
for two Banach spaces X and Y, B(X,Y) denotes the set of all bounded linear
operators from X into Y, Uy, denotes an open set in C defined by the formula:

Unpic= {1 e C\ (0} fargh| < (5 ) ~ e, 1Hl < o0

and Anal (Uy, ., X) denotes the set of all holomorphic functions defined on Uy, .
with their values in X.

PRrROOF. In view of Lemma 2.1, we see that for any small € > 0, there exists
a constant ¢, > 0 depending only on € such that

|WIEP? + K| = ce(ulél® + |k[%)

provided that |argk| < (7/2) — e. In view of Lemma 2.1, we also see that there
exist positive numbers oy and ¢, depending on € such that

|PUE K] > ce(l€” + K€ + k%)

provided that |arg k| < (7/2) — € and |k| < o9 whenever 0 < 79 < 1. Therefore, if
we define an operator Sy by the formula:

Sk(f.9) = (F¢ i), F¢ ia], 7 Hus), 7 [0])

where @;(€) (j = 1,2,3) and 6(€) are functions given in (2.19), then applying the
Fourier multiplier theorem, we see that Sy is a holomorphic function with respect
tok € {k € C | Rek > 0 and |k| < oo} with values in B(Lq,(R?)* x L,(R®),
WZ(R?)? x W2(R?)) and (u,0) = Sk(f,g) solves (2.4) for (f,g) € Lqo(R?)*x
L,(R3). O

Now, we shall discuss some expansion formula of Sy in a neighborhood of the
origin: k = 0 of a complex plane, which can be done by shrinking the definition
domain of Sy and widening the range of S, in a suitable sense (see Vainberg [16],
[17], [18]). The main theorem will be stated at the end of this section. To give
an expansion formula for Sy, we shall give several lemmas in what follows.
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LEMMA 2.3. Let Rey/a > 0. Then, we have

g1 1 . 67\/5‘9”‘ 1 1 B 1

7 {Iflhra} @) =T % Lﬂz] (@) = Tl (2.20)
Ze ! _ 1 el valeP [ 2 —sy/alal
e [(IE2 +a)£|2} (@) = irva 8t 8x /0 (I—s)% ds. (2.21)

PROOF. The formulas in (2.20) are well-known, so that we may omit its
proof.
Since

1__1(1_1>
(1€ +a)lg* — a \|g2+a [¢

by (2.20) we have

1 1
! [} ) = —— L (el 1),
N Tyl Kl )
Making an integration by parts two times, we have
1 d 1
o—Valal _1:/ fe—S\/ElrldS:_\/aﬂ/ o—svalel g
o ds
= —valel{ [~ (1 = 0y~ a1 = opemr s
1
— el + (Vala)? [ (1= s)e Vel ds
0
1 ! 1
— —Valal + 3 (Vala)? - 3(valal® [ (1= 9 Vs, (222)
0

Therefore, we have

Ze [(|€I2+a)|§|2]( )

1
{ Valz| + a\x|2 a2\x|3/ (1 —s)2esValzlgg
0

47T|J:|

1 ‘ \/>|.13|2 2 —s+/a|z|
47r\f 8w i 8m /0 (1=s)%e ds.
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This shows (2.21), which completes the proof of the lemma.

LEMMA 2.4.  When Rek > 0, we have the following formulas:

1 1 k L™
F1 |::| )= — — / e s\/ﬁlxlds
N P K e e R oy

a—1 ffﬁ _ L ﬂ _ LjTe .
Ze [(kZ +§|f|2>|s|2](“") - 8w<|i FE > + kGelh lal)

where we have set

-1 ! k Tixy
Gie(k,|x|) = 3/ 1—52{264 —s<3]—|—5' a:)
.7[( ‘ |) 87T/,L§ 0( ) 54 \/ﬁ ‘(E| J[| |

k2 ek
“v‘SQ(\f) xjxg}e sval*l g,
)

(2.23)

(2.24)

(2.25)

PROOF.  Since k* + p|&|? = p(|€]* + (k//n)?), by (2.20) with a = k/\/i we

have

i
1 e Vi
Rl — S

: [k2+ulfl2](x) Ar ||

By (2.22) we have

1
evaltl =1 _ im/ e vl g,
VH 0

Summing up, we have proved (2.23).
To prove (2.24), using (2.21) we observe that

-1 fjfé ]
Ze [(1@ Tl
1 92

- T 1[ 5
w0 =L (g + (J7)7)1eP

J@)

182||ka2

- 8 Ox ;0 o

B 87'(“% 8$j837¢

1
{|x|2/ (1— S)QG_S%II‘ ds|.
0



Low frequency expansion in thermoelasticity 1301

To proceed we observe that

im:ﬁ o | ‘7@7%@ i|x‘2:2x.
ox; |z]” Ox;0xy lz]  |z]?7 Oxy 77
2 2l = 25, ie_s%m _ _Siﬁe—s%\zl
Oz 0y T O VI || ’

2 2
& ksl :_sk<5ﬂ_ mj?>e—s;;7w| +S2<k> ZjT s dolel
D0z, N/ANE Vi

In particular, we have

82
8xj 8;1:5

T 1‘[ k Ty k)’ —s2 x|
=426, —4-2 <6-g:v - >+52<) x-xg}e Vi
{ ’ |z \/> \f sl |z| N !

k Tixy E\? ek
20 3=~ 4+ x) (> TiT }e svmlel,
= {20 = oo (355w el ) + 2 (22)

Therefore, defining G,¢(k, |z|) by the formula (2.25), we have (2.24), which com-
pletes the proof of the lemma. O

[J|e V7]

In the following two lemmas, we treat the other terms.

LEMMA 2.5. Let P(t,k) and pj = pj(k,m0) be the same functions as in
Lemma 2.1. Set

1 1
Hy(z) = |x\2/ (1 —s)2espetbmo)2lel g p—1 9, (2.26)
0

Then, we have the following formulas:

<3 {12] (@) = —— e — 2 ) = s () (2.27)
P(|€| ak) 471’(‘“,1E +Iu,2§) 8m 87'('(/11 — /J,Q)
3 3
— j 2 0H /LE 8H2
yl|: i€ ] -t Hi Loy 2
R e A= = e v e = e

(2.28)
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3
a1| —&&e 9y TjTy wi 0%H,
¢ | Biep ol = 3 ~i2) 0,0
P[], k) 8wlw|  8wlx[® 87 (u1 — p2) Ox;0xy
3
M3 0*H,
- x 2.29
8m(p1 — p2) Oz;07y (2:29)
1
2 2 1
P [ Jue L g
P([¢?, k) Amlz| A7 Jo dm(p? + pd)
3 5
M2 Hi H2 1253
+ 2| - = Hi(x) + —/——Ha(x
877' | 8m(p1 — p2) 1 8m(p1 — p2) 2
(2.30)

LEMMA 2.6.  Let P(t,k) and p; = pj(k,m0) be the same functions as in
Lemma 2.1. Set

1 1
H (z) = / (1 —s)2smesmetkbmo)zlzlge g =19 m=0,1,2. (2.31)
0

Then, we have

7 {P(géfng} (@)

-1
= |2§; HO(z) — HY(z
e [PV ) - Vi)
= (%25 kel ) (3 0) = 3 (0) + g 13(0) — i 3(2)|.
(2.32)
A PRrROOF OF LEMMA 2.5. To obtain (2.27), we write
I 1 I 1 1 }
P(lg)2, k) (€2 +p)(E2 +p2)  p2—pa LIEP 41 (€2 + pe2
1 1 2 1

T — 2 (EP + p) €2 — e (EP + m) €7

By (2.21) we have (2.27) immediately. From (2.27), we have (2.28) and (2.29) by
the following observation:
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95—1 |: Zf] :| (.13) 9 9\_1 1

Alepm) T b, {mw,k)}“)

Mzg OH>
8m(p1 — p2) Ox;

3
i 2 OH
= — Lj —+ i ! (-’17) —
8mlz|  8m(u1 — p2) Oz,

(.Z‘),

a—1 _gjff :| ) = 82 <9~1|: 1 :| T
A R i
— 3{ T M? OH: .\ _ uf OHy
Oz 8rlx|  8m(p1—p2) Ox;j 87 (1 —p2) Ox;
dje Ty pi 0*Hy

= Snlz| T Sxfal® T Sm(ps — pia) 010w

3 0°Hy
8 (p1 — p2) Ox;0xy

To show (2.30), we write

[ 1€|2 €12 + p2 — po

P(gR k) (€P +m)(EP +p2) (52 + p) (€7 + p2)

_ 1 e
€12+ P(lg2 k)

Combining (2.20) and (2.27) and writing
3 1 L
enilel 1 _ 3 |x|/ e—sntlel g
0

we have (2.30). This completes the proof of Lemma 2.5. O

A PRrROOF OF LEMMA 2.6. To show (2.32), we write

1 -1 { 1 ]
D(€2 k) m1—p2 LIEP + €2+ pe

and then by (2.21) we have
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e[
(P, RIEP
e {/Olﬂ — 8)%[af? (e VIl — /jipemevimlel) ds}'

8 (1 — pe) Oxj0x,

We observe that

9 | 2
=2 <
21 ek 0z 0z,

633]'
O (e Vimlel _ frze-svimlal)

8£Cj
X
= —g-L

J
T

(lulleis\/lTllx| — /JJ267‘S\/1LT2|1‘,‘)

82
0z:0x, (\//Tleismm - \//72678\/?2'06')
J

_ <6ﬂ B .IijiU) (/Jllefs\/;Tﬂx‘ _ uge*s\/“?m)

x| faf?

2?? (uf e=sVlal — u§ e=svimlel),
T

By Leibniz’s formula, we have

7 {_@@ ] (@)

S VTENTE
-1 1

= m/ (1—5)2 |:26jé(\//~716_3\/mx| —\/nge_sm‘x‘)
mHL — 0

X
T s

dje  x;y syl —sypEle
+|x|2(5)<|;| |;3)(u16 VITIR _ ooVl

R |
xXr

= el ) |2 VL) V)
_ <3£|L’;'M + 5j€|33|> (m1H{ (z) — poHy () + 2520 (ulng(x) - H;HQQ(I))}
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This completes the proof of the lemma. O
Applying Lemmas 2.4, 2.5 and 2.6 to (2.19), we have

1 k[ s/ ymlal
uj(z) = | —— — 5 Oe ds| * f;

drple]  Ampe

3
> Lﬁru(lwl ) + Kt )] 5

(=1

i (tok + 1)
0
> G vt ) - Vi)
1):1 (2u )il

XT;X
- (3 Il ) (o 0) — a3 (0)

+ z;xy (MI%Hf(a:) - /éH%(x))} % fo

3
00 T;T¢
=y 2M+A Km EE

=1
1 3 62H1 % 82H2
- ( &cjﬁxz( e Oxj0xy (x))} “Je
8T+ Nye [z 1 — oo 8% (@) =1 gy @) ) | =
B i 7'Ok'+ 1 ok |:33£ 1 ( 3/28H1 (,’17) B %8[{2 (w)>:| *f
- — 8 @u+ Ny Lle] g — pe = 0xy Ha By ¢
(Tok + 1)k? [ 2 . }
1 T — |2+ PHy(x) — ps Ha(z)) | x g
(872 + N)yk uF 4k 2] i — (ui Hi(x) — p5 Ha())
k+1
+T(;3 2 [ \ﬁ/ TVl ds — —== o paa
o |x\ Ml +M2
1 3 5
_ P (,uf poH(x) — p3 Hg(m))] * g.

Here and hereafter, * stands for the usual convolution operator, namely

frgx / flz—y) y)dy=/RSf(yg(w—
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Let f € L11oc(R?) and g € L,(R3). Assume that 1 < ¢ < oo and that g(z) = 0
for |x| > R. Then, by Holder’s inequality we have

frg@l< [ 15—l dy

ly|I<R

S { /lyISR ey dy};,{ /ng |f(z=y)llg(y)]* dy};

where ¢’ = ¢/(¢ — 1). Then, for any L > 0 we have

/ ( * 9) ()" de
lz|<L

< /| H /|y|§R|f<x—y>|dy}q' /y|§R|f<x—y>|g(y>qdy}dx
<{ /WM ldnf” /|y<R ( /|| a9l de) o) dy

A e} i)

which implies that
1 %90y S W lliyoy w9l ms)-

Moreover, by Lemma 2.1 we can write

Vi = kégll(kﬁo) + k%gu(k, 70),  H2 = kga1(k, 7o) + k*gaz (k, 7o)

with some holomorphic functions g;¢(k, ) which are defined on U, := {k € C'|
|k| < o}. Here, o is a rather small positive number which is chosen independently
of 79 whenever 0 < 79 < 1. From this observation, u;(x) and §(z) depend on k €
U, analytically as qu’loc(Ri)’) function provided that (f,g) € L,(R3)® x Ly(R?)
and (f,g) vanishes for |z| > R. Moreover, we have



Low frequency expansion in thermoelasticity 1307

() = —— f; - Z LG mte) g,
I ] NG

3
dje :Ejl'g) 3 T,
_— O(|k
*lemuﬂ(zﬂ o) " Sr e e "9 O,

1

—_— O(|k|?).
e 0+ OUR)

O(x) =

Summing up, we have proved the following theorem.

THEOREM 2.7. Letl<g<o0,0<e<n/2,0<79<1andR>0. Let o9
and Sy be the same number and solution operator as in Theorem 2.2, respectively.
Set

Zyr(R) = {(f.9) € Ly(R®)* x Ly(R®) | (f,9) vanishes for |z| > R}
WQ,IOC(R ) WQIOC(Rg) X W210C(R3)'
Then, there ezist a o (0 < o < 09) and G;(k) € Anal(U,, B(Z, r(R?),
Wasoc (BY))) (j = 0,1) such that when (f,9) € %, n(B®), Gy(f,g) = (K"2Go(k) +
G1(k))(f,g) solves equation (2.4) uniquely for k € U, and Gi(f,g) = Sk(f,g) for
keUsye.

Moreover, if we set (ug,0p) = G1(0)(f,qg), then (ug,00) € #g10c(R?) and
(up,0o) solves the equation

—pAug — (u+ N Vdivug + VO = f  in R3

(2.33)
—KkYAly =g in R3

and

o 5 (z) = 1 ff - 23:1 Gje  T;xg «f,
N Arpla] 8rp \ || [=f?

3
Oig Ty 1) zj
n it _ L P T, (234
;&r?wk(lx ) S e 29

1
*
dryk|z] g

90(%) =

We remark that we can derive the solution formula (2.34) to the equation
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(2.33) directly, using

A? ( - ) =4(x) in R? (2.35)

applying P and @ to (2.33), then applying the Fourier transform, solving in Fourier
space, and finally transforming back.

3. Spectral analysis of the thermoelastic equations with second
sound in Q C R3.

In this section, we consider the resolvent problem:
Eu — pAu — (p+ N Vdivu + V0 = f  in Q

k0 + ydiv g + dkdivu = g in (3.1)
Tokqg+q+rVO=h in Q

subject to the boundary condition:
u=0=0 onl (3.2)

where I' denotes the boundary of an exterior domain € of C1'! class. Since ¢ =
(14 m0k)~1(h — kV0), inserting this formula into the second equation of (3.1) we
have

E*u — pAu — (p 4+ \)Vdivu + VO = f in Q
kO — yr(tok + 1)t A0 + dkdivu = g — y(10k + 1) *divh in Q

subject to the boundary condition (3.2). Therefore, for the simplicity we consider
the following boundary value problem below:

k*u — pAu — (p+ \)Vdivu + V0 = f  in Q
kO — vk (tok + 1) A0 + Skdivu = g in Q (3.3)
u=0=0 on .

We shall discuss the low frequency expansion of solutions to (3.3) in this sec-
tion, which corresponds to Theorem 2.7 in Section 2. For this purpose, we shall
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construct a parametrix of (3.3). Let R > 0 be a fixed large number such that
R3\QC Br={z€ R?||z| < R}. Set

Ly r(Q) = {(f,g) € Lq(Q)3 x Ly(Q) | (f,g) vanishes for |z| > R}
W{]Q,IOC(Q) = VVqQ,loc(S))3 X qu,loc(Q)'

Let o, Sk, Go(k) and G1(k) be the same constant and operators as in Theorem
2.7 and set

Gr = EY2Go(k) + Gy (k). (3.4)

We always assume that 0 < 79 < 1 throughout this section. By Theorem 2.7, we
know that given (f,g) € £, r(R?), Gi(f, g) solves equation (2.4) for k € U, and
that G (f,9) = Sk(f,g) for k € Us,. In particular, Gi(f,g) € WZ(R*)* whenever
k € U, because it follows from Theorem 2.2 that Si(f,g) € WZ(R?)*. We also
know that

Go(k), Gi(k) € Anal(Uy, B(Ly,r(R®), W {100 (R?))).
As an auxiliary problem, we consider the boundary value problem:

— AU — (4 N)VdivU + VO = £ in Qpys
— kYA =g in Qpys (3.5)
U=060=0 on 8QR+5

where Qpy5 = QN Bprys and 045 denotes the boundary of Qg5 which is given
by the formula: 0Qry5 = Spis UT with Spis = {z € R® | |z| = R+ 5}. It
is well-known (cf. [8], [7]) that equation (3.5) admits a unique solution (U, ©) €
W2 (Qr+5)? x WZ(Qpys) for any (f,g) € Ly(Qr+5)° X Lg(Qr45). We define a
linear operator T' : Lq(Qr15)® X Lgy(Qrys) — W2 (Qr1s)® x W2(Qpys) by the
formula: T(f,g) = (U,0). Let ¢ = ¢(z) be a function in C§°(R?) such that
p(x) =1 for |[z| < R+2 and ¢(x) = 0 for |z| > R+ 3. Given a function f defined
on 2, fy denotes the zero extension of f to the whole space and Z f the restriction
of f to Qr+5. Now, let us define the operator Ay by the formula:

Ar(f,9) = (1 = 9)Gr(fo,90) + ¢T(Z [, Zg)

for (f,g) € %, r(Q) and we write A (f,9) = (AL(f,9), A2(f,9)) = (uk,0). Since
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Gr(fo,90) and T(Zf,Zg) satisfy equations (2.4) and (3.5), replacing (f,g) by
(fo,90) and (Zf,Zqg), respectively, we have

kup — pAuy — (p+ N)Vdivug + 8V0, = f + Bi(f,g) in Q

kO, — yr(tok + 1) LAl + Skdivuy, = g + Bi(f,9) in Q (3.6)

up =0, =0 on I

where we have set

By(f,9) = ¢k*U + p{2(Vuy, — VU)(V) + (Ap)(uy — U)}
+ (4 N{V[(Ve) - (ux — U)] + (Vo) (divuy, — divU)}
+B(Ve)(0r — ©)
Bi(f,9) = ¢k© + yr(rok + 1) (V) - (VO — VO) + (Ap)(6x — O)]
— 6k(V) - (up — U).
We see that Bi(f,g) (j = 1,2) are compact operators on .Z, r(Q), because they

belong to W, (Q)* and vanish for x| > R+ 3. Set By(f,g) = (BL(f,9), Bi(f.9))
and

P(u,0) = (— pAu— (p+ N)Vdivu+ V0, —yk(rok + 1) A0 + Skdiv u)
for the sake of notational simplicity. By Theorem 2.7 and (3.6) we see that

(K*up, kOy) + PrAk(f,9) = (I + By)(f,g) in€Q,
Ai(f,9) = (0,0) on I’

(3.7)

and

%ii% | Br(f,9) — Bo(f,9)llL, ) =0 (3.8)

where I denotes the identity operator on (£, r(€2))*. If we show the existence of
the inverse operator (I + By)™! of I+ By, on (£, r(R2))?4, then Ay (I+ By)~! is the
solution operator of (3.3). In view of (3.8), to prove the existence of (I + By)™*
it suffices to show the existence of (I + By)~!. Therefore, the main task of this
section is to prove the following lemma.
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LEMMA 3.1. Let 1 < q < oo. Then, (I + By)~! exists as a bounded linear
operator on Ly r(2).

PROOF.  Since By is a compact operator on (£, r(f2))?, to prove the lemma
it suffices to show the injectivity of I + By. Let (f,g) be in .2, r(Q2) such that
(I+ Bo)(f,9) =0. By (3.7) with k£ = 0 we see that

gZOAO(fa g) = (07 0) in Q, Ao(f, g) = (O’ 0) on I'. (39)

Set (u,0) = Ao(f,g), and then we can write (3.9) componentwise as follows:

— pAu — (p+ A)Vdivu+ V0 =0 in Q
YA =0 in Q (3.10)
u=0=0 onl.

Moreover, by (2.34) in Theorem 2.7 we have

3
1 1 Oip Ty
uj(x) = * fo,j — (j— . )*fo,e
0= o o = 2 ol ~ TP
3
1 Oip  T;ixy Jé] T,
D N o ([P A E A A 3.11
;8w<2u+x>(| |x3) fot ¥ gt a <% B
1

0(x)

= — 3.12
dmyr)z] * 9o ( )

for || > R + 3, because Ao(f,9) = G1(0)(fo,90) for |z| > R + 3. Here and
hereafter, we write fo = *(fo,1, fo0,2, fo,3). To complete the proof of the lemma, we
shall use the following well-known facts (cf. e.g. [8]).

THEOREM 3.2. Let1l < g <oo. (1) Let 8 € Wiloc(Q) satisfy the homoge-
neous equation:

Al=0 inQ, 6=0 onT

and the radiation condition:
O(x) = O(\x|71), Vo(z) = O(\x|72) as |z| — o0 (3.13)

then 6 must vanish identically.
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(2) Let u € W2, .()? satisfy the homogeneous equation:
—pAu— (p+A)Vdivu=0 nQ, u=0 onl (3.14)

and the radiation condition:
u(z) = O(lz|™"),  Vu(z)=O(|lz|7?) as|z| — o0 (3.15)

then u must vanish identically.

Since (fo, go) vanishes for |x| > R+3, it follows from (3.12) that @ satisfies the
radiation condition (3.13), so that by Theorem 3.2 we see that § = 0. If we insert
this into the first equation of (3.10), then we see that u satisfies (3.14). Therefore,
our task is to show that u also satisfies (3.15) to conclude that « = 0. From (3.12),
we have

1
027*90:/ 90(y) dy
] Rre [ =yl

1 1 1
=/ (—)go(y)dy+/ go(y)dy for |z > R+3.  (3.16)
re \lz—yl o 2| /s

If we write

/ / S — sy ds
Iw*yl ds Iw*syl \:v*syl?’

using the fact that go(y) = 0 for |y| > R + 3, we have

1 1
‘/ ( —>90(y)dy' < Crla|™ for|a| > R+4
w\T—y Tl

which combined with (3.16) implies that

/ 9o(y) dy = 0. (3.17)
R3

Therefore, if we write

b i s / (%‘ — Y ffj)
. ) ___ b @y J
8m(2u 4+ A)yk |z * g0 8n(2u+ A)vk Jrs |z —y| || 90(y) dy
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in the formula (3.11), we see that
u(@) = O(lz|™"),  Vu(z) =O0(2|7*) as |z — o0

which combined with the assertion (2) of Theorem 3.2 implies that u(z) also
vanishes identically. Now, we have Ay (f, g) = 0, from which it follows that

(1 =9)Go(fo,90) + PT(2f,%g) =0 in Q. (3.18)

If we write Go(fo,90) = (ug,00) and T(Zf,%Zg) = (U,O), then (3.18) reads as
follows:

1=—@lug+eU =0, (1—¢)fy+¢O =0 inQ. (3.19)
Since p(x) =1 for || < R+ 2 and ¢(x) = 0 for |x| > R + 3, from (3.19) we have

ug =0, Og(x)=0 for|z|>R+3 (3.20)
U=0, ©(x)=0 forl|z|<R+2. (3.21)

Note that (ug,60) € W7 ),.(R?)* and (U,0) € W (Qry5)* satisfy the equations:

{—/JAUO — (p+AN)Vdivug + BVl = fo in R? (3.22)
—kyAby = go in R?

—pAU — (p+NVdivU + VO = Zf in Qpis

—kYAO = Zg in Qpys (3.23)

U=0=0 on 0Qpys

respectively. If we set (Up, Op)(x) = (U,0)(z) for x € Q45 and (Up, Bp)(x) =
(0,0) for z € R*\ Q, then by (3.21) and (3.23) we have (Up, ©9) € W2(Brys)*
and

— uAUy — (u + /\)leV Up+ BVOy = fo in Brys

- K’yA@() = go in BR+5 (324)

U():@O:O on SR+5.

From (3.20) and (3.22) it follows that the restriction of (ug,f0y) to Bgrys also
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satisfies (3.24), which combined with the uniqueness of solutions to (3.24) implies
that (ug,800) = (Up, Op) in Bgys, that is (ug,6p) = (U, 0) in Qpys5. Plugging this
into (3.19), we have

0:U0+§0(U—U0):U0, 0:90+<p(@—00):00 in Q

which implies that (f,g) = 0 immediately. This completes the proof of the lemma.
O

Combining Lemma 3.1 and (3.8), we see that there exists a small o/ (0 < o/ <
o) such that

I+ %) = (I - (I+Bo)  (Bo—Br) I+ Bo)™"

= {Z ((I—I— %0)_1(%0 — %k))j}(f + %0)_1

Jj=0

when k € C and |k| < o’. Moreover, Ay(I + %)~! is a solution operator to (3.3)
and the analytical property of Ay (I + %)~! inherits from that of G} mentioned
in Theorem 2.7. Therefore, setting Hy, = Ay(I + %)™, we have the following
theorem.

THEOREM 3.3. Letl < qg<ooand0 < 19 <1. Let R be a large fized number
such that R3\ Q C Bg. Then, there exists a small number o’ (0 < o’ < ) and an
operator Hy, € B(Ly r, W;j10(Q)) for each k € Uy = {k € C | [k| < o'} such that

Hy(f,g) satisfies equation (3.3) uniquely for any (f,g) € L4 r(Q) and k € Uy
and Hy, has the expansion formula:

Hy, = k'2Hy(k) + Hi(k) forke U,

where HO(k), H' (k) € Anal(Uyr, B(Zy Ry W 1106 ()

Since Sy = Gy for k € Uy, we see that Ap(I + %)~ '(f,g9) € WZ2(Q)*
provided that (f,g9) € %, r and k € U, .. And therefore, combining the whole
space solution with Ay (I + %)~ 1(f, g) by cut-off technique we have the following
theorem.

THEOREM 3.4. Letl < g < 00, 0 < € < 7/2 and 0 < 19 < 1. Let
o’ > 0 be the same constant as in Theorem 3.3. Then, there exists an operator
Ty € Anal (Uyr ¢, B(Lq(Q)*, W2(Q)*) such that Ty.(f, g) satisfies equation (3.3) for
any (f,g) € Ly(Q)* and k € Uy .
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PROOF. Let k € Uyr . Let p € C5°(R3) be a cut-off function such that
o(x) =1for || < R+ 2 and p(z) =1 for |z| > R+ 3. For any (f,g) € L,(R?)*,
we set (v, x) = (1—¢)Sk(fo, g0), where (fo, go) denotes the zero extension of (f, g)
to the whole space. Obviously, (v, x) € W{? (Q) and satisfies the equation:

(K0,kx) + Pi(v.X) = (f.9) + (F,G) inQ, Pi(u,0)=(0,0) onT

for some (F,G) € £, r(Q). If we set (w,w) = Ax(I + Bx) " (F,G), then as noted
after Theorem 3.3, (w,w) € W2(Q)*. Therefore, (u,0) = (v, x) — (w,w) € W2 (Q)*
and (u, 6) solves equation (3.3). In the above argument, obviously the dependence
of (u,0) on k € U, . is holomorphic, which completes the proof of the theorem. O

4. The limit 79 — 0.

Employing the same argument, we can show the theorems corresponding to
Theorems 3.3 and 3.4 in the classical thermoelastic case (cf. (1.4)). Moreover, we
have, using Lemma 2.1,

THEOREM 4.1.  The solution operators Hy, constructed in Theorem 3.3 and
Ty in Theorem 3.4 depend on 1y € (0,1] continuously. The limit of Hy and Ty
as 19 — 0 are the corresponding operators of the classical thermoelastic equations,
where the limit is given in the operator norm of B(Ly r(Y), #,2,.()) when k €

q,loc

Uy and B(Lg(Q)*, W2()*) when Rek > 0 and |k| < o', respectively.
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