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On Betti Numbers of Riemannian Spaces.
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(Received June. 15, 1949)

1. Recently H. Iwamoto [1] has proved the following
Theorem. Let $B_{P}$ be the p-th Betti uumber of an $orient\dot{a}ble$ compact

$positiz\prime c$ definite Riemannian space and let $B_{P}^{\prime}$ be $tI\iota e$ maximum number of
linearly independent skew-symmetric $te/lsors$ of $t/le$ degr$eep$ whose covariant
$deri_{\iota^{J}}^{r}ati_{Z)}es$ vanish. The$n’\angle ve/lave$ a relation

$B_{P}\geqq B_{P}^{\prime}$ .

We shall remark first that the proof of this theorem by H. Iwamoto,

depending on the theorem of de Rham [2] may be simplified if we use
the following theorem of Hodge [3].

Tfie p-th Betti number of an orientalle compact positive defnile Rieman-
nian space is equal to the maximum number of linearly inclependent $/\iota armorlic$

tensors of the degree $p$ . A tensor $\xi_{a_{1}\cdot\cdot a_{p}}$ is said to b.e harmonic if (1) it
is skew-symmetric, and (2) it satisfies the conditions

(A) $\xi_{a_{1}\cdot a_{p};_{r}=\sum_{q=1}^{p}\hat{\sigma}_{a_{1}\cdot\cdot a_{q-\iota}ra_{q+1}..a_{p\prime}a_{q}}}$

and

(B) $\xi_{a_{1}\cdot a_{p};r}g^{a_{p}r}=0$ ,

where the semi-colon denotes the covariant derivative with regard to the
Christoffel symbols.

By this Hodge’s therem, we can prove the above ‘theorem as follows.
Let $\overline{\backslash }a_{1}\cdots a_{p}$ be $a\ldots$ skew-symmetric tensor w,hose covariant derivative vanishes.
Then $\xi_{a_{1}\ldots a_{p}}$ satisfies evidently the conditions (A) and (B).

Hence it becomes a harmonic tensor. If there exist two linearly
independent skew-symmetric tensors $\xi_{a_{1}\ldots a_{p}}$ and $\eta_{a_{1}\cdots a_{p}}$ whose covariant
derivatives vanish, then their linear combinations are skew-symmetric and
their covariant derivatives vanish also. Hence they are also harmonic.
Thus we have
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$B_{a}\geqq B_{p}^{\prime}$ . Q. E. D.

Let us now examine the case in which the equality $B_{p}=B_{p}^{\prime}$ occurs.
We shall prove that the equallity holds under some restriction in the case
of the symmetric space of E. Cartan.

Theorem 1. Let $R_{n}$ be an orientable compact positive definite Riemannian
space. $1fR_{n}$ has tlte properties:

(1) $R_{ijkl;h}=0$ ; (spmmtric space !)

\langle 2) $t/ze$ quadratic form
$\{P(P-1)R_{ijki}g_{st}+g_{kl}(2pR_{ijl\epsilon}-pR_{ij}g_{s\ell}-R_{st}g_{ij})\}\underline{.}l:\epsilon\xi^{kjt}$

with respect to $\xi$ is negative defnite, $’\iota$vlzere we assume
$\xi ijk^{\underline{\wedge}}=-jik$

then $t/le$ covariant derivative of any harmonic tensor Of the degree $p$ vanishes,
$t/lat$ is to say

$B_{p}=B_{p}^{\prime}$ .

Especially in $ th\ell$ case $p=1$ , the condition (2) $beco\prime\prime les$

(2) tlre quadratic form
$(2R_{ijt*}-R_{ij}g_{l}-R_{s\ell}g_{ij})\xi^{*}\xi^{t}$

is negative $d\ell fnite$ , where we assume
$\xi^{ij}=:-J^{i}$ and $\xi^{ij}\neq\rho g^{ij}$ .

Proof. Let $\xi_{a_{1}\ldots a_{p}}$ be any harmonic tensor, put

$\varphi=\xi_{a_{1}\ldots a_{p};r^{\frac{\wedge}{\backslash }}}a_{1}\ldots a_{p};$

’ (1 $\cdot$ 1)

where

$\xi^{a_{1}\ldots a_{p};r}=g^{a_{1}b}’\ldots g^{a_{l}b_{p}}g^{rs_{\xi_{b_{1}\ldots b_{p};s}}}$ $(1 \cdot 2)$

and consider a scalar defined by

$\Delta=g^{ab}\varphi_{a;b}$ . $(1 \cdot 3)$
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By Green’s theorem [4], we have

$\int_{Rn}\Delta dv=0$ , $(1\cdot 4)$

where $\int dv$ denotes the volume integral over the whole space. On the

other hand, we have

$\Delta=2g^{bc_{\xi_{a_{1}}\ldots\xi^{a_{1}\ldots a_{p};r}}}+2_{\backslash }^{\approx}\xi^{a_{1}\ldots a_{p};t;b}$ $(1 \cdot 5)$

To calculate the first term in the second member, putting

$\Phi=g_{\backslash }^{bc\sim}-\xi^{a_{1}\ldots a_{p};r}a_{2}\ldots a_{p}$; $r;b;c$

we have

$\Phi=(-\wedge a_{1}a_{p}$ ; $b;ra_{s}r$

$=(\xi_{a_{1}\ldots a_{p};b;r;c}-\sum_{l=\iota}^{p}R_{a_{\epsilon}rb;\iota^{\xi_{a_{1}\ldots m\ldots a_{p};c})g^{bc}\xi^{a_{1}\ldots a_{p};r}}}^{m}c\xi a_{1}m\ldots a_{p}a_{\epsilon}r$

from which, by virtue of the relation

$R_{ijkl;h}=0$ ,

we have

$\Phi=$
$(\xi_{a_{1}\ldots a_{p};\delta;r;c^{-\sum_{s=1}^{p}R^{m}}\cdot a_{s}rb}\xi_{a_{1}\ldots\prime\prime\prime,(\epsilon)}$. ;. $a_{p}$ ;

$c)g^{bc}\xi^{a_{1}\ldots a_{p};r}$

$=(\text{\’{e}} R^{m}.\xi\xi_{a_{I}\ldots a_{p};m}a_{1}\ldots a_{p}$; $b;c;ra_{s}rca_{1}\ldots m_{)}\ldots afl$ ;$ b(\epsilon$

$-\sum_{1s=}^{p}R_{a_{s}rb}^{;n}\xi_{a_{1}\ldots m\ldots a_{p};c})g^{bc}\xi^{a_{I}\ldots a_{p};\prime}$. $(1 \cdot 7)$

From the conditions for the harmonic tensor, we obtain

$\Phi=(.-\sum_{1\epsilon=,(s=}^{p}R_{a_{s}rc}^{;n}(s$ $(1 \cdot 8)$

$-Rn_{brca_{1}\ldots a_{p};m}\epsilon_{\vee}-\sum_{\epsilon s_{1}}^{p}R_{a_{s}rb}^{m}\xi_{a_{1}\ldots m_{)}\ldots a_{p};c})g^{bc_{\xi^{a_{1}\ldots a_{p};\prime^{\prime}}}}$
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$=\{_{\frac{>^{p_{\urcorner_{\int}}}}{s=1}}\xi_{a_{1}\ldots b\ldots a_{l^{\prime}};c;a_{s};r}-(\sum_{s=\iota}^{p}R_{a_{\ell}a_{\epsilon}c^{\backslash }a_{1}\ldots m\ldots b\ldots a_{p}}^{;;t}\sim\simeq(l)(S)+R_{ba_{s}ca_{1}\ldots m\ldots a_{p}}^{rJl\frac{\cdot}{\sigma}})_{;r}\backslash $

$-\sum_{s=1}^{p}R^{m}.a_{s}\frac{\wedge}{\backslash }-R_{l/rc}^{\prime\prime l}\xi_{t7_{l}\ldots a_{p};\prime\prime l}(S)-\sum_{s=1}^{p_{1R_{a_{s}rt)}^{lll}}}\xi_{a_{1}\ldots\prime\prime l\ldots a_{p};c}\}$

$\times g^{bc_{\overline{\backslash ^{\wedge}}}^{a_{1}\ldots a,,;r}}$

$\Phi=-\{-p(p-1)R\prime\prime.\iota_{a_{p}a_{p-1}c-2^{!};r}\xi_{a_{1}\ldots a_{p}jJJl}+pR_{la_{p}c;/l}^{;n}\xi_{a_{1}\ldots a_{p}-\iota;r-}$

$+2pR^{;ll}.\xi+a_{p^{7}}//\iota_{1}\ldots a_{p-1};n;cR^{\prime\prime l}.\xi_{(l_{1}\cdot.a_{p};Jl}1)Z^{\prime}cr\}g^{\gamma,c_{\xi^{a_{1}\ldots a_{p};r}}}$

$=-\{p(p-1)R,;i1\prime g_{kt}-pR_{1}g_{\iota j\delta^{(r}kJ}+2p_{jJ}R_{/l}l\ovalbox{\tt\small REJECT} kg_{li\iota,t}-R_{r}g_{l/i}g_{Jlj}\}$

$\times\xi_{a_{I}\ldots a_{p-2^{/y;n;k}}}\xi^{(7_{1}\cdot.a_{p-\sim^{\backslash }}ij;J}$
$(1 \cdot 9)$

There exists always a coordinate system in which the metric tensor
$\delta_{ij}^{\backslash }$ takes the $va1_{1}\iota es\delta_{ij}$ at a specified point. Then the quantity

$\xi_{a_{1}..a_{p-2}}\xi b\prime n;ka_{1}..a_{p-2}ij;l$

takes the form

$\sum_{a_{1^{\prime}}}.\overline{\xi}_{a^{\prime}}^{l^{\prime},n^{\prime};k^{\prime-}i^{\prime}j^{\prime};l^{\prime}}a_{1_{p^{\prime}-2}}\ldots a_{p-2}^{\prime}..\hat{\sigma}_{a_{1^{\prime}}\ldots a_{p-2}^{\prime}}.$.
Hence, if the quadratic form of $\xi$

$\{p(l-1)R_{mjib}g_{kl}+g_{bi}(2pR_{\prime\iota jlk},-l^{R_{m}}\mathscr{E}kl-R_{kt}g_{mj})\}\xi^{bntA}\xi^{ijl}$ $(1 \cdot 10)$

with the relation

$\xi^{ijl}=-\backslash ’\prime ji\iota$

is negative definite, then $\Phi$ becomes positive unless

$\xi_{a_{1}\ldots a_{p};r}=0$ .

On the other band, from $(1 \cdot 5)$ we have

$\Delta=2\Phi+2\xi_{a_{1}..a_{p};r;b}$,
$\epsilon^{a_{1}\ldots a_{p};r\cdot;b}$

$(11 \cdot 1)$
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Therefore, if $\xi_{a_{1}\ldots a_{p};r}$ is not identically zero, then the scalar $\Delta$ is not
negative and is positive at some point of the space. Hence we must
have

$\int_{lt}\Delta_{n}dv>0$

But this inequality contradicts to $(1 \cdot 4)$ , Hence it follows that

$\xi_{a_{1}\ldots a_{p}.r}=0$ . Q.E. D.

2. From Hodge’s theorem, we get easily the following
Theorem 2. Let $R_{n}$ be an orientable compact $posl^{\prime}tive$ definite Riemannian

space. $1f$ $R_{n}adm.’ tsm$ linearly independent parallel vectoi $\prime s$ , tlen it follows
that

$B^{1}\geqq m$ ,

$B_{m^{\prime}}\geqq 1,$ $(m^{\prime}\leqq\prime\prime\iota)$

$B_{2k}\geqq 1,$ $(k=1,2,$ $\ldots,$
$\frac{n}{2}-1)$ , ($n$ even).

Proof. By the assumption, there exist $m$ linearly independent parallel
vectors

$(1)(2j(mv^{i},v^{i},$$\ldots..,v_{)}^{i}$

Pu tting

$v--g_{ij}v^{j}(m^{f})(m^{\prime})$
$(m^{\prime}=1,2\ldots\ldots,m)$

we have

$(m^{l}v_{j^{j}}=0$

Therefore, these covariant vectors are harmonic. Hence, it follows
from Hodge’s theorem that

$B_{1}\geqq m$
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Next, we consider an $J7l^{\prime}$ -vector such as

$|_{(1)}v_{i}$
$(2)^{i}v$

$(m)v_{r^{i}}|$

$(2\leqq m^{\prime}\leqq m)$ .

It is not identically zero and its covariant derivative vanishes. The-
refore they are harmonic tensors of the degree $m^{\prime}$ . Hence it follows that

$B_{m^{\prime}}\geqq 1$ . $(m^{\prime}\leqq m)$

Next, we construct a skew-symmetric tensor such that

$[H_{i_{1}i:}H_{i_{3}} {}_{i_{4}}H_{i_{2^{k-1_{\sim}^{;_{k}}}}}]$ $(1\leqq k\leqq\frac{n}{2}-1)$ ,

where

$H_{i}i_{121_{\vee^{\prime}}}=|v_{i}’\iota_{j}/-v_{j}z_{l}|$ .

Evidently its covariant derivative vanishes.
Hence it is a harmonic tensor of the degree $2k$, unless it is identically

zero. Then, if the dimension of the space is even, it follows tat

$B_{2k}\geqq 1(k=1,2,\ldots,\frac{n}{2}-1)$ . Q. E. D.

3: Let $R_{n}$ be an orientable compact positive definite Riemannian
space. If our $R_{n}$ admits a tensor $V_{jk}^{i}$ whose covariant derivative vanishes,
$i$ . $e$ .

$\nabla^{i_{jk;l}}=0$ , $(3 \cdot 1)$

then we can construct the following skew-symmetric tensors

$V_{ik}^{i},$ $\delta(J^{1}k1kf_{2}^{2}f_{3}^{3}k)V_{i_{\sim^{k}1}}^{i_{1}},V_{i_{3k_{1}}}^{i_{2}}V_{i_{1^{k}3}}^{i_{3}}\ldots\ldots$ ,

$\delta\left(\begin{array}{ll}k_{1}. & k_{m}\\j_{1}\cdot & j_{m}\end{array}\right)V_{i_{2kJ}}^{i_{1}}V^{i}:_{i_{8}k_{2}}\ldots\ldots V_{i_{1kn}}^{i_{m}}$ $(m<n)$ ,

where the symbol

$\delta\left(\begin{array}{lll}k_{1} & \cdots & \chi_{m}\\f_{1} & \cdots & i_{m}\end{array}\right)$

is equal to 1 or $-1$ according as $k_{1}\ldots k_{m}$ constitutes an $e$ven or odd permu-
tation of $i_{1}\ldots i_{m}$ and is otherwise $ze$ro. Form $(3 \cdot 1)$ it follows that these
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tensors are harmonic. Hence, if the tensor of the degree $p$ of $(3 \cdot 2)1S$

not identically zero, then the p-th Betti number of $R_{n}$ is not zero. Gene-
rally, if there exists a tensor $X_{jk_{1}\ldots k_{p}}^{i}$ such that

(a) $X_{jk_{1}\ldots/rp}^{i}$ is not symmetric with respect to any
pair of the indices $k_{1}\ldots k_{p}$ , (3.3)

(b) $X_{j^{i}k_{1}\ldots k_{p};r}=0$ ,
$\sim$

then we can construct the following tensors,

$ X_{ik_{1}\ldots k_{p}}^{i},\ldots\delta\left(\begin{array}{lllll} & & k_{1} & \cdots & k_{ll:p}\\ & & j_{l} & \cdots & f_{r,\iota p}\end{array}\right)X_{i_{0}1_{1}\ldots k_{p}}^{i_{1}}X_{i_{3}k_{p+}\ldots k_{\sim}}^{i_{\sim}}ol\nu$

$\times X_{ik_{mp-p+1}\ldots k_{mp}}^{i_{m_{1}}}$ . $(7’\iota p<n)$
$(3 \cdot 4)$

These tensors are skew-symmetric and their covariant derivatives
vanish. Therefore they are harmonic.

Hence we see that* if the tensor of the degree $mp$ of $(3 \cdot 4)$ is not
identically zero, then the mp-th Betti number of $R_{n}$ is not zero.

Example. If our $R_{n}$ is symmetric, $i$ . $e$ .

$R_{i}^{i}u;h=0$ , $(3\cdot 5)$

then we can construct the following harmonic tensors,

$\delta(j_{1}^{1}j_{4}^{4})R_{i_{2}k_{1}l_{2}^{J}R_{rk_{3}k_{4}}^{i_{2}}}^{i_{1}}.l$

’

$\delta(J^{1}k_{1}...J^{2m}k_{2m})R_{\iota_{2}k_{1}k_{2}R_{i_{2}k_{1}k_{2}}^{i_{2}}}^{i_{1}}.\cdots\ldots R_{ik_{2\prime\prime\iota}k_{2m}}^{i_{m_{J}}}(2m<\prime l)$ . $(3 \cdot 6)$

Hence we have the

Theorem 3. Tthe m-th Betti number $(2\leqq m<\frac{n}{2})$ Of an orientabl,

compact positive $def\prime jite$ symmetric Riemannian space is not $\alpha eso$ .

4. Moreover, if there exists a tensor $W_{l_{1}\ldots k_{p}}$, with the properties:

* When $m=2$ and $l$ is odd, the tensor of (3.4) becomes identically zero.
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(a) $W_{k_{1}\ldots k_{p};r}=0$

(b) $p$ is even,
(4 $\cdot$ 1)

(c) $W_{k_{1}\ldots k_{p}}$ is not symmetric with respect to any pair
of the indices,

then we can construct the following $llalmonic$ tensors

$\delta\left(\begin{array}{lll}\nearrow\iota^{\prime}1 & \cdots & k_{mp}\\j] & \cdots & j_{mp}\end{array}\right)W_{l_{1}^{\prime}\ldots I_{\vee p}}$ ... II $r,/mp-p+1\ldots k_{mp}(mp<n)$ . (4 $\cdot$ 2)

Therefore, if the tensor of degree $\prime p$ of $(4\cdot 2)$ is not identically zero,
then the mp-th Betti number is not zero. Further, if there exist many
tensors satisfying $(4 \cdot 1)$ or $(3 \cdot 3)$ and being linearly independent to each
other, then their products of the form

$\delta(k_{1}J^{1}\cdot..\cdot.k_{pq}j^{p}:^{q})R_{i:k_{1}\ldots k_{p}}^{i_{J}}S_{i_{1}k_{p+1}\ldots\prime_{p+q}}^{i_{2}}.$, $(4\cdot 4)$

or

$\delta(kJ^{1_{1}}\cdot..\cdot.kj_{m}^{m}:_{l}^{l})P_{\chi_{1}\ldots\chi_{l}},Q_{\chi_{l+1}\ldots k_{m+l}}$

become also harmonic.

5. Previously, T. Y. Thomas [4] treated a $te$nsor equation of the
form

$T_{a_{1}\ldots a_{p};r;s}g^{rs}=cT_{a_{1}\ldots a_{p}}$ (5 $\cdot$ 1)

which, for the sake of brevity, we $wr_{1}te$ as

$\Delta T=cT$, $(5\cdot 2)$

where $c$ is a constant. We shall now generalize above equation as
follows:

(a) $T_{a_{1}\ldots a_{p};r;s}g^{rs}=K_{a_{1}\ldots a_{p^{l}}}b\ldots b_{p}T_{b_{1}\ldots b_{p}}$

(5 $\cdot$ 3)
(b) $T_{a_{1}\ldots a_{p};r;s}g^{\prime\tau}=K_{a};..a_{p^{1\cdots p}}^{bb/}T_{b_{1}\ldots b_{p}}+L_{a_{1}\ldots a_{p}}$
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where $K$ and $L$ are given tensors. For the sake of brevity, we write
$(6\cdot 3)$ as follows:

(a) $\Delta T=K\cdot T$,
(5 $\cdot$ 4)

(b) $\Delta T=K\cdot T+L$ ,

If $(5\cdot 4)$ (a) has a solution $T,$ theil we have

$\Delta(T\cdot T)=(T_{a_{1}\ldots t\psi}T^{a_{1}\ldots a_{p}})_{;r;s}g^{rs}=2(T_{a_{1}\ldots a_{p};r;s}T^{a_{1}\ldots a_{p}}g^{rs})$

$+2T_{a_{1}\ldots a_{p};r}T^{a_{1}\ldots}a_{p}$
;

$=2(\Delta T\cdot T)+2(\delta T\cdot\delta T)$ ,

where we have put

$T^{a_{1}\ldots a_{p}}$ $=g^{a_{1}b_{1}}\cdots\cdots g^{a_{p}b_{p}}\tau_{b_{1}\ldots l;_{p}}$

$T^{a_{1}\ldots a_{p};r}T^{a_{1}\ldots a_{p}}\cdot s$

$\delta T=T_{a_{1}..a_{p};t}$

By Green’s theorem [5], we have

$0--\int_{R_{n}}\Delta(T\cdot T)dv=2\int_{n}(\Delta T\cdot T)dv+2\int_{R_{n}R}(\overline{\delta}T\cdot\delta T)dv$
, (5 $\cdot$ 6)

where $dv$ denotes the volume element. From $(5\cdot 4)$ (a) and $(5\cdot 6)$ , we
have

$0=2\int_{{}^{t}n}(K\cdot T\cdot T)dv+2.\int_{lP:_{n}}(\delta T\cdot\delta T)dv$
. $(5\cdot 7)$

As $R_{n}$ is positive definite, the second term in the second member of
$(5\cdot 7)$ is not negative. Therefore, if the quadratic form $K\cdot T\cdot T$ is positive
definite, then the first term in the second member of $(5\cdot 7)$ becomes positive
unless $\tau\equiv 0$ . Hence, if $K\cdot T\cdot T$ is positive definite, the solution $T$ must
vanish identically.

Next, if $K\cdot T\cdot T$ is everywhere positive semi-definite, then the second
member of $(5\cdot 7)$ must vanish. In this case we have

$\delta T=0$ , (5 $\cdot$ 8)

that is to say

$T_{a_{1}\ldots a_{p};r}=0$ ,
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Moreover, from $(5\cdot 4)$ (a) and $(5\cdot 8)$ , we have

$K\cdot T=0$ . $(5\cdot 9)$

Next, if $(5\cdot 4)$ (b) has two solutions $T$ and $U$ , then their difference
T–U must satisfy $(5\cdot 4)$ (a). Then, if $(^{r_{)}}\cdot 4)$ (a) has no solution other
than zero, the equation $(5\cdot 4)(b)$ has not two solutions. Hence we have
the

Theorem 4. $1f$ the quadralic for$mK\cdot T\cdot T$ is positive defnite at every
point of $R_{n}$ , then $t/lC$ equation

(A) $\Delta T=K\cdot T$

has no solution $ot/ler$ lhan $r_{\rightarrow e^{r}o}$ . $1ntl_{l}is$ case $t/\iota eeql/a^{f}ion$

(B) $\Delta T=1\zeta.T+L$

cannot have $t^{\prime}\iota c;0$ sotutions. $1fK\cdot T\cdot T$ is $every_{\angle}^{r}c//zel^{\prime}epositiz/e$ se$mi- dc^{f}fnite,$ the
solution of the equation $(A)$ mnst satisfy the $foll_{0^{p}}\prime cingre/ations$

$\delta T=0$ and $K\cdot T=0$ .

6. Above theorem has many interesting applications.
One of them is the problem of the infinitesimal collineation. An

infinitesimal point transformation which carries any geodesic into a geode-
sic is called infinitesimal affine collineation, provided that the change of
the paramete $r$ is linear. Let

$\overline{x}^{i}=x^{i}+\epsilon^{\underline{\wedge}}i(x)$

be an infinitesimal affine collineation. Then the covariant components of
the vector $\xi^{i}$ must satisfy

$\xi_{i;j;k}+R_{ijka}\xi^{a}=0$ . (K. Yano and Y. Tomonaga [6]) (6.1)

Let $\xi_{i}$ be a solntion of $(6\cdot 1)$ . Then we have

$\Delta\xi=\xi_{i;j;k}\xi^{a}-R_{ij}\xi^{j}$ .
We1 see that if $R_{ij}\xi^{i}\dot{\sigma}^{j}$ is negative definite at every point of $R_{n}$ ,

then the solution of $(6 \cdot 1)$ must vanish identically and if $R_{ij}\xi^{i}\hat{\sigma}^{j}$ is everywhere
negative semi-definite, then it follows that
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$\xi_{i;j^{=0}}$ ,

that is to say $\xi^{i}$ is absolutely parallel. Hence we have the
Theorem 5. $1f$ tiie quadratic form $R_{ij}\xi^{i}\xi^{j}$ is $every^{}?v_{J}lr_{ere}$ negative

definite, tiien $R_{n}$ admits no infinitesimal $a_{\vee}ffine$ collineation of $tI\iota e$ class $C^{\prime\prime}$ .
If $R_{ij}\xi^{i}\dot{\sigma}^{j}$ is $every_{\iota}^{r}$vhere negalive semi-dejEnite, tlien tiie veclor of the trans-
formation, if it exists, is absolutely parallel. Especially in the case of the
infinitesimal motion we have the

Theorem. (S. Bochner. [7])
$1fR_{ij^{\xi i}},\xi^{j}$ is $every^{J}\iota vhere$ negative definite, then $R_{n}$ admits no $in\beta nitesimal$

motion.

7. Harmonic tensors.
A skew-symmetric tensor $\xi_{a_{1}\ldots a_{p}}$ is a hrmonic tensor, if it satisfies the

conditions

(a) $\xi_{a_{1}\ldots a_{p};r}=\sum_{m=1}^{p}\xi_{a\ldots r\ldots a_{p};a_{m}}$

(7 $\cdot$ 1)
(b) $\xi_{a_{1}\ldots a_{p};}sg^{a_{p}s}=0$ .

Then $\xi_{a_{1}\ldots a_{p}}$ satisfies the equation of the form

$\Delta_{*}^{\prime}-=K\cdot\xi$ , (6 $\cdot$ 2)

where $K$ is a complicated tensor. In this case we have

$K\cdot\xi.\xi=(pga_{1}h^{R}a_{1}I;_{1}-p(p-1)Rr_{J}r_{J})\xi^{a_{1\sim}}a_{\Phi}a_{2}a_{p}\xi_{a_{2}^{2}\ldots a_{p}}^{\delta_{\iota^{\gamma,}}}$ (7 $\cdot$ 3)

Therefore, if $ K\cdot\xi.\xi$ is $every_{\mathcal{L}}^{\prime}vhere$ positive defnite, $t/\ell en$ it follows from
Hodge’s $tI_{l}eorem$ [3] that the p-th Betti number of $R_{n}$ is zero. This fact
was discovered by S. Bochner [7]. Moreover, if $ K\cdot\xi\cdot\xi$ is everywhere
positive semi-definite, then there exist follcwing two cases:
1. The p-th Betti number $B_{p}$ is zero.
2. $B_{p}\neq 0$ . In this case there exists at least one $halm_{\ell}onic$ tensor, say $\xi$ .
Then we have

$\delta\xi=0$ and $fi.\xi=0$ .
Hence, there exists at least one skew-symmetric tensor whose covari-

ant derivative vanishes.
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