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On an absolute constant in the theory of
quasi-conformal mappings.”

By Akira MORI. +

(Received Dec. 9, 1955)

1. A topological mapping w=T(z) of a planer region D onto
another such region 4 is called a quasi-conformal mapping with the
parameter of quasi-conformality K, or, simply, a K-QC mapping, if

(i) it preserves the orientation of the plane; and

(ii) for any quadrilateral £2(z, z,, z,, z,) contained in D together
with its boundary, the inequality

mod T(L2(z,, 2, 24 2,)) = Kmod £2(z,, z,, 2, 2,) ,

holds, where K is a constant >1. (See Mori [3], and also Ahlfors
1)

Let w=T(z) be a K-QC mapping of |z|<<1 onto |w|<<1 such that
T(0)-=0. Then, as is already known, this mapping can be regarded as
a topological mapping of |z| <1 onto |w|<1. (See Ahlfors [1], Mori
[3], [4]) And, if z,z, are arbitrary two points on |z|<1, we have

(1) 1T(2) - T(2) | =Clz, 2K,

where C is a numerical constant.

To the author’s knowledge this was first proved by Yajobo [6],
though under a narrower definition than that given above, the author
proved it with C--= 48. (Mori [3], [4]). Though with C depending on K,
(C=12%%), Ahlfors proved (1) under the same definition. Further,
Lavrentieff is reported to have proved (1) in a paper to which the
author has not access (Lavrentieff [2]), so the author does not know
with what C and under what definition Lavrentieff proved it.

1) The author of this paper, A. Mori suddenly died on July 5, 1955 at the age of 30.
This paper was edited by Z. Y(1j6b6 after a manuscript of A. Mori (written in Japanese)
found after his death.
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The purpose of this paper is to show that 16 is the best possible
value of C (as a constant not depending on K); i.e.,, to prove the
following

THEOREM. Let w=T(z) be an arbitrary K-QC mapping of |z|<<1
onto |w|<<1, such that T(0)=0. Then

(@) sup 1 T@) =T @) g6 lal=1, lzl=<1).

K,T,zl#zg IZ "‘z IK
1 2

(However, there is no mapping 7" which attains this value 16.)

2. Preliminaries. Let A be an annulus?. We always suppose
that neither of the two complementary continua of the annulus is
not reduced to one point (including the point at infinity). Then we
can map A conformally onto a circular annulus ¢<<|¢|<<1, (0<<g<1).
We call log (1/g) the “modulus” of A and denote it by mod A. Then,
it is easily proved, that for any K-QC mapping w=T(z) of a planer
region D onto another such region and for any annulus AcD, we
have

(3) ]1{ mod A =mod T(A)= Kmod A.

(See Mori [3], [4])

Next, we enumerate some known facts concerning the moduli of
annuli. (For proofs, see Teichmiuller [5])

(I) (Grotzsch) For any real number P such that 1 <<P<C 4 o, we
denote by G, the annulus whose two complementary continua are
respectively {z;]z|<1} and {z; P<Rz2=<+ oo, Jz=0}. (G, is called
Grotzsch’s extremal region.) Then, if one of the complementary con-
tinua of an annulus A contains {z;|z|<1}, and if the other contains
z=oco0 and also a point on |z|=P, we have

4) mod A<mod Gp,

and moreover the equality holds if and only if A is an annulus ob-
tained by a revolution of G, around the point z=0.

(II) (Teichmiiller) For any real number P such that 1 <P <+ oo,
we denote by H, the annulus whose two complementary continua are

2) We call “annulus” any doubly connected planar region.
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respectively {z; —1<Rz=<0, Sz=0} and {z; P<Rz<+ o0, Fz2=0}.
(Hp is called Teichmiiller’s extremal region.) Then, if one of the

complementary continua of an annulus A contains both z==0 and z= —1,
and if the other contains z=c and also a point on |z|=P, we have
b) mod A < mod H,

and moreover the equality holds if and only if A is H,.
(ITI) We write

mod Gp=1log @(P),
mod H,=1log ¥(P).
Then the following facts hold.

(6) v(P)==[®¢(+1+P)},
(7) P<@P)<4P, @(P)P14 as P—o oo
(8) P<wv(P)<16P+8. ¥(P))P—16 as P— +oo.

3. For any real number A such that 0 <A =<2, we denote by
A, the annulus whose two complementary continua are respectively

z;lz|=1, jarg z| <sin™' M and {2; —o0 <<NRz<0, F2=0}, and write
2

mod A,=1log X(\).

Then we have

LEMMA 1. Let A be an annulus on the z-plane, and I',I"" be
respectively the two complementary continua of A. Then, if

diam. (I'N{z|<1)=A>0,
I'sz2=0, z=co,
we have

9) mod A<mod 4,,

3) We mean, by this, that @(P)/P is an increasing function of P, (P>¢() and
moreover lim (Q(P)/P)=4.

Potoo
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and moreover the equality holds if and only if A is an annulus obtained
by a revolution of A,, around the point z=0.
LEMMA 2. We have

(10) X0 -0 2ver i)
-
V2—y/42\*
(11) AX(n) 116 as A—+0.9

PrROOF OF LEMMA 1 AND LEMMA 2. We may assume, without loss
of generality, that I' contains z=1 and also a point 2z, such that
12,|=1, |z,—1|=A; because, if not so, we can transform A into such
one by a suitable transformation of the form Z=az, (|a]=1) without
varying mod A.

We construct the Riemann surface F of the analytic function
¢=+/2z above the z-plane. Denote by B the annulus which is obtained
by excluding the two replicas of I' from F. Then, since B contains
the two replicas of A and since, moreover, each of them separates
the boundary continua of B, we have

1

(12) mod A << 2 mod B.

(See Teichmiiller [5])
Now, we shall try to maximize mod B. We map F onto the

whole w-plane by the composition of the two transformations &¢’=z,
w:ii;? Then, the whole part of F lying above |z|<C1, is mapped
onto the upper half-plane of the w-plane, the two points lying above
z=1 are transformed respectively to w=0, « ; 2z=0 is transformed to
w=t, and z=-co is transformed to w= —z7. Let the images of z, be
w,=pe?, 0o, <7) and w/=p/ev, 0<@/<7). We then have
(i) - 4p,

O<a=|z,—-1]= =_ P
=la—dl 1+ 2p, sin @, + p}

i+p,ei

4) We mean, by this, that 2X(4) is a decreasing function of 2, (0<{2<2) and

moreover lim 2X(A)=16.
A->+0
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Consequently, since sin@ >0 for 0 <@ <, we have

(P 4p, .
1+p5
whence follows
(13) PI=Py=P,,
where
T2 Y
p— 2—V4-N p,—= 2+V 4N
A A

Similarly, we can prove
(14) Pi=pP/=p,.

It follows easily from and that one of the images of the
two replicas of I' lying on F' on the w-plane contains w=0 and a
point on |w|=p, and that the other contains w=< and a point on
lw|=p,. Hence we have, by (II) in 2,

(15) modB_é_log!If( P2 ):]oggp ( (2+1/7;42;5\2 )? :
Py

where the equality holds if and only if the two images of I' are
respectively

—p, =Rw<0, Sw=0
and
po=Rw=<+o, Sw=0,
or
—w<hw< —p,, Jw=0
and
0<Rw=<p,, JSw=0.

The condition for equality in (15) may be also stated as follows. It
VaanY
holds, if and only if I is a minor arc z,z, of the unit circle, with

Ve
2,=1, |z,—2z,|=A. There exist two such minor arcs: z,2, We denote
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by I'{» one of them, which lies in the upper balf-plane and by I'{”
the other.
Now, we consider the case where I' coincides either with I'(" or

with I'®. We rotate the z-plane around z=0, until the middle point

of I' coincides with z=1. Then, in formula [I2): mod Ag_é_ mod B,

the equality holds if and only if IV is mapped onto |Z|=1" g by the
conformal mapping which maps B onto a circular annulus g<<|Z|<1.
(See Teichmiiller [5]) As is easily seen, this happens if and only if
I'" is the negative real axis. Consequently, since we have in such a
case

mod A= 1 moaB-— 1 log ¥ ( 2+ 422 ) ) ,
2 2 Al

and also A=A, we have

2

(16) log X(A)=mod A,= éﬁ log ¥ ( (2+‘,/7%j7t2)2) .

Now, (9) follows immediately from [12), and [(16). Further-
more, it is easily observed from the facts obtained until now, that
 the equality in the formula (9) holds if and only if A is the annulus
obtained by a revolution of A, around the point z=0. Next,
follows from and (6). being proved, we have

Vi @ *52;1/2‘4—74_7\2*
1 AXM) =22+ dnt e -, X
S VZEVa

Now, since %1/ 2+,/4—»® Iis a decreasing function of A, the

second fraction in the right-hand side is a decreasing function of A by

(7). As 2v/2+,/4_* decreases also when A increases, AX(A) is a
decreasing function of A. Therefore we have, by (6) and

AX(n) 116 as A—+0,

which proves (11).



162 A. Mor1

4. Proof of the theorem. First, we prove that
1T(z)-T(z
1

lzl_zz‘ K

(18) sup I <16,

K,T,z1%z2

For this purpose, it suffices to show
1
(19) : lT(z1)_T(z2)l<16]z1—z2| K y

for an arbitrary K-QC mapping w=7(z) of |z|<<1 onto |w|<<1 such
that 7(0)=0 and for arbitrary two points z,2z, such that |z |<1,
2,1 =<1, z,=kz,. We set T(z)=w,, T(z,)=w,.

,In case |z,—z,|=>1, is trivial. So we may assume that
0<]z,—2z,]<<1. Now, w=T(z) can be extended to a K-QC mapping
from |z] <<+ oo to |w|<<+ oo. (See Ahlfors [I], Mori [3], [4]}) We

denote by A the annulus {z; ; 2z, —z,|<<|z— 21-;22_{ <~; ] Then
we have
1
mod A=log — ——
’zl_z2l

and consequently, by the fact stated at the beginning of 2,

(20) log dw-lﬁf <mod T(A).

|z1_z2|K

Now, we shall estimate the right- hand side of this formula.
Suppose first that

1° Zta . 1
2 [T e
Then, A is contained in |z|<C1, and so T(A) is contained in |w| <1,
and a fortiori, in jw—w,| <<2. Consequently, one of the complementary

continua of 7(A) contains both w, and w, and the other contains
(w; |lw-—-w,|=2}. Therefore, we have by (I) in 2

mod T(A) < log @ (H&),iu.zl ) .
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Consequently we have, by and (7),

R TR .
lzlmzolK' le_wz’ lwx"wz|

whence (18) follows.
Next, suppose that

> 1.

2

90 | 2,+2,
T2

Then A does not contain z=0, and so T(A) does not contain w=0.
So that one of the complementary continua of 7T(A) contains both
w=0 and w= oo, and the other contains both w, and w, Therefore,
we have by

mod T(A) < log X(|w, —w,]) .
Consequently, by and (11), we have

1 16

T =X(lw,—w, )<< ————,
|2,—2,] K lw, —w,

whence follows immediately.
Thus we have proved (18).
Next, let us prove

iz1“—z2|K‘

(21) sup

K, T,21%z9

-=16.

For any small positive number s, we denote by A{* the annulus
{z;]z]| <<+ oo} —{2; —o0 <R2<0, Jz2=0}—{(2; |2|=1, |argz|=s/2}. We
map the planar region {z;|z|<<+ oo}—{2; —o0o <N2=<0, Fz=0} con-
formally onto the planar region {Z;|Z|<<1} on the Z-plane by a
regular function Z=f(z) in such a manner that z=0 and z=—oo
correspond to Z= —1 and Z=1 respectively. Then the image of |z|=1
is the part of the imaginary axis of the Z-plane contained in |[Z] <1,
and consequently the image of the arc {z;|z|=1, |argz|<5/2} is a
segment on the imaginary axis, whose middle point is Z=0. We:
denote the length of this segment by /. Then we can easily obtain
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(22) lim ¢ - 1
s-0 8 4
The image of A® is the annulus obtained by excluding this segment
from |Z|<<1. We denote this image by Al?.
Next, we map A% conformally onto a circular annulus A®:
v<<|¢]<<1 on the ¢-plane by a regular function {=@(Z). We can
easily obtain

} 1
23 lim 7 -
(23) 11 -0 ] 4

1
Then we map A{® onto a circular annulus A :y X <|w|<<1 on

the w-plane by the K-QC mapping - (&) —|¢| K ei™=<.

Further, we map A{® conformally onto AW’ which is the annulus
obtained by excluding from | W|<1 a segment lying on the imaginary
axis of the W-plane whose middle point is W--0. We denote by
W-=+v(w) the mapping function and by /* the length of this segment.
We can easily obtain
. *
(24) Hm -

0

—4.
1
v K

Now, as is easily ascertained, two boundary points of A% lying
on its slit which are in the same position in the Z-plane are trans-
formed by the composite mapping W=+ (7(®(Z))) to two boundary
points of A{"’ lying on its slit in the same position in the W-plane.
Consequently W=+-(7(¢(Z))) can be regarded as a continuous function
in | Z] <1, and hence this mapping can be regarded as a K-QC mapping
of |Z] <1 onto | W|<<1. (See Ahlfors [1], Mori [3], [4]) By this ex-
tended mapping W=+ (7(®(Z))), the part of the imaginary axis con-
tained in |Z| <1 is transformed into the part of the imaginary axis
contained in | W|<C1.

Next we map | W|<<1 conformally onto the planar region {w;|w|
<+t oo} —{w; — oo <<Rw=<0, Jw=0} by a regular function w=g(W) in
such a manner that W= -1 and W=1 correspond respectively to
w=0 and w= — o. Then, the part of the imaginary axis contained
in | W| <1 corresponds to the unit circle on the w-plane, and con-
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sequently, A{"’ is transformed into a planar annulus A{ obtained
by excluding from {w;|w|<<+ co}—{w; —co <Rw=0, Jw=0} an arc
lying on |w|=1 which is symmetric with respect to the real axis.
We denote by s* the length of this arec. Then we can easily obtain

(25) lim S —4.

l"‘6 -0 l

We denote by w=7T,z) the mapping from A% onto A which is
obtained by combining the above-mentioned five mappings one after
another. Then w=7T,(z) is a K-QC mapping in AP. As iseasily as-
certained, two boundary points of A% lying on the negative real axis
in the same position in the z-plane are transformed by w=T(z) to
two boundary points of A® lying on the negative real axis in the
same position in the w-plane. On the other hand, since f(z) and g(W)
are regular in {z;|z|<C+ oo} —{2; —co<<Rz=<0,Fz=0} and in {W;
| W| <1} respectively, and since, as was shown above, ¥(7(®(Z))) can
be regarded as a K-QC mapping in |Z| <1, w=T(z) can be regarded
as a K-QC mapping of {z;|z| <<+t oo} —{2; —co <<Rz=<0, Fz=0} onto
w;|w| <<+ oo}—{w; — oo <<RwW=0, Jw=0}. Therefore w=T4(z) can be
regarded as a K-QC mapping of |z| <<+ oo onto |w|<<+ oo.

Next, as was remarked above, the unit circle on the z-plane is
transformed into the part of the imaginary axis contained in |Z]| <1
by Z=f(z). The interval on the imaginary axis contained in [Z] <1
is transformed into {W; | JW|<<1, RW =0} by W=+(v(®(Z))), and the
part of the imaginary axis contained in | W|<<1 is transformed into
the unit circle on the w-plane by w—=g(W). Consequently |z|<<1 is
mapped onto |w|<<1 by w="T(z).

Now, we have obviously

sup 1T(z)-T@@)| - s*

- 1
K;T;le\:‘z IZI—Z2 | K

On the other hand, we have, by (22), [23), and [(25),

1
S K

. * - 1
lim % - =16 &,
s—0 SK

follows immediately from these two formulas.
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A. Mor1i
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