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Remark on my paper: On Skolem’s theorem.

By Gaisi TAKEUTI

(Received Dec. 10, 1956)

It was proved in my paper that if the system of axioms of
Fraenkel-von Neumann of the set-theory is consistent, then system
remains consistent after addition of the axiom that every set is a
univalent image of . This result was established by Theorems 1, 2
of that paper. I should like to remark now that from the proof of
these theorems follows immediately also the following result:

“Let I, be any consistent system of axioms in Gentzen’s LK,
representing mathematically a certain domain D of elements. Then
', remains consistent after addition of the system of axioms of the
theory of natural numbers, and the axiom that every element of D
is a univalent image of a natural number.

I shall formulate this result more precisely in the following lines,
and indicate how to prove it.

We begin with I',, the system of axioms of ¢ arithmetic” consist-
ing of axioms of the theory of natural numbers except the axiom of
mathematical induction. In this paper, I', means the following
axioms :

Y x(x=x)
VAYxVy(x=y—(A*x)—A(»))) (See [3], §1 for the notation VA.)
VaVyVa(x <<y \y <<z—x<2)
VaVy 7 (x=y \Nx<Y)
VaVy(x<<y—x' <y\/¥'=y)
Vx(x<<x')

V(0 <<x\/0=x)

Va(x+0=x)

VaVy(x+y =(x+y))
VaVy(x+y=y+x)
VaVyVa((x+y)+z2=x2+(Y+2))
VaVy(x <y—3z2(0 <z \x+2z2=Y))
VaVy(x-y=y-%)
VAVYV2((X-+Y)+2=%+2+Y+2)
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Vx(x+0' =x%)
VAV yY2((%-9)2=%+(y-2))
vay(g1(j(x’y)):x/\g2(j(x’y)):y)
V(0 <x—g,(x) <x)
V(0 <x+—g,(x) <<x)
VaVy(y <<x—j(x, ) =%"+3)
VAVY(X=y—j(%, ) =y"+Y+X)
Then, we have the following theorem.

THEOREM. Let I', be consistent axioms in LK and satisfy the equality
axioms with regard to =. (See [1] for equality axioms) Moreover, we
assume that none of special variables, functions and predicates other
than = is contained in I', and I', al lhe same lime. Then the follow-
ing axioms arve consistent in LK.

rea®  (See [2], §7 for the nolation I'0) where e( ) is a predicate
not contained in I', nor I',.

e,(s) for every special variable s in I'..

VX, Vxe (f(x, -, x,)) for every funclion f in I'.

YVa(x=x)

VAV2Yy(x=y—(A®)—A())

Vx7 (e,(x) \n(x)), where n( ) is a predicate not conlained in I', nor I,.

»n(0)

Y x(n(x)—n(x') \n(g,(x)) \ (&)

YV y(n(x) \n(y)—~n(x-+3) \n(x3) \n(j(% ¥)))

]"an( )

VY AY5(A0) A VHA(x)— A(x)) ) n(x)— A%))

Vxgym(y) \x=f(»)), where f, is a funciion not contained in I,
nor I',.

For the proof of this theorem we use the following three lemmas.

LEMMA 1. Let I', and I', be {wo consistent systems of axioms and
let I'; (i=1,2) salisfy the equality axioms with regard to =. Moreover,
we assume that none of special variables, functions and predicates is
contained in I', and I', at the same time. Lel e/( ), e, ) be two predicates

not contained in I', nor I'. Then the following system of axioms I' is
consistent.

Fle1()

P2eg( )

e,(s') for every special variable s' contained in I',.
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e,(s?) for every special variable s* contained in T,

V- Vx.e,(f (%, -, %,)) for every function f' conlained in I',.

VX,V x8,(f (%, -, %)) for every function f* contained in I,

fo"vxk(ez(xl)\/"'\/ez(xk)'_fl(xu“'r xk)zslo) f01’ every function fl
contained in I, where s', is a fixed special variable contained in TI,.

Vx1"'vxk(el(x1)\/'“\/61(xk)"_f2(x1,”‘,xk)zszo) fO?’ every funCtion fz
contained in I',, where s*; is a fixed special variable coniained in I,

V&N D (X ey X)—e (%) N\ +- \Ne(x;)) for every predicale p' con-
lained in T,.

V-V, (DX, ey X)—6y(%,) \ -+ \€y(;)) for every predicate p* con-
lained in T,.

V(e (x)V e,(x))

V17 (e,(%) A ey(%)).

LEMMA 2. Under the same hypothesis as in Lemma 1, I' satisfies
the equality axioms with regard to =, provided that a=>b is defined to
be (¢,(@) \e,(b) \a=b)\/ (e,(@) \e,(b) \ab).

LEMMA 8. TI', is consistent in LK.

We need not dwell upon the proof of these lemmas which are
immediate. Our is deduced as follows.

In virtue of I', can be used as I', in Lemma 1; we
use I', in our as I', in Lemma 1. Then we can follow, in
virtue of Lemmas 1, 2, the proof of Theorems 1, 2 in [1] in regarding

I',in [1] as I and e( ) in [1] as ¢,( ). We obtain thus our Theorem,
in considering #n(a) in [1] as #(a@) in our Theorem.
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