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Introduction.

It was shown by N. Aronszajn [1], that, if «(x) satisfies a second order
linear elliptic differential equation Ax(x)=0 on a domain D and has a zero
point of infinite order in D, then it vanishes identically in D. Recently one
of the authors has proved a similar result for a parabolic equation du(t, x)/0¢t
=Au(t, x) (0<<t<<oo,xeD) for the case when D is bounded. The purpose of

this paper is to extend this result to the case when D is not necessarily
bounded.

§1. Assumptions and the main theorems.

Let D be a (not-necessarily bounded) domain in a euclidean m-space whose
boundary B=D-—D consists' of at most countably many C?hypersurfaces
of m—1 dimension. Consider an elliptic differential operator A defined by

_ L 0 (s O
(A) AM—V&Z})‘ B Va(x) a o +e(x)u  for xeD
with a boundary condition
(B) a(Eu4-{1—a(&)}You/ons=0 for £ B.

Here ([@%(x)|| denotes a strictly positive-definite symmetric matrix for any
xeD,0=a(&)<1 on B, 0%Y(x)/0x%0x" (i, 7, k, [=1,---,m) and 0°«(&)/DEPOE (p, q
=1,---,m—1) are Lipschitz continuous in x&€D and in £& B respectively, where
local coordinates on B are denoted by < &%,..., ™ 1>,

Moreover c(x) is assumed to be Lipschitz continuous in xeD, and satisfies

©) — oo ¢(x)£C<<oo

for some constant C. Here the differentiability of functions on D at any
point £=B and normal derivatives 0u/on. (6= B) with respect to the metric
tensor @%(x) should be understood as those defined in one of It6’s papers [6]

Under these assumption shown above, it was shown in that there
exists a so-called fundamental solution U(¢,y, x)=U(¢, x,¥)=0 of a parabolic
equation
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(1.1) ou(t, x)/0t = Au(t, x) (t>0,x€D)

associated with the boundary condition (B). Namely, for any feL?(D) with
p=1 (with respect to the measure dx=+a(x)dx'---dx™), the function

(12) ult, )=[T.f1x)=[ (U3, 2y

belongs to L?(D) and is a solution of satisfying both the initial condi-
tion

(1.3) ltilrgx NT.f—rll,=0, (| [l, denotes the norm in L?(D))

and the boundary condition (B). The main result in the present paper is
the following

Turorem 1. If i) ult, x) is defined by (1.2) with f€L*D) and ii) there exist
ty,=>0 and an open set D,CD such that u(ty, x)=0 for any x&D,, then u(t, x)=0
Sfor any t>0 and any x=D, and consequently f(x)=0 almost everywhere in D.

The proof will be given in §3.

The uniqueness of the solution of the equation with the initial
condition (1.3} and with the boundary condition (B), does not necessarily hold
(see [6], Appendix I). If we assume that

A the equation (1.1) has a unique solution u(t, x)=L¥D) satisfying both
(1.4)
the initial condition (1.3) with p=2 and the boundary condition (B),

then the solution can be expressed by and hence it follows from Theo-
rem 1 that '

Tuaeorem 2. Let ult, x) be a solution of a parabolic equation (1.1) satisfying
(B). If u(t, x) belongs to L¥XD) for any t>0, and if the assumption ii) in Theo-
rem 1 holds, then u(t, x)=0 for any <t,x>,1>0.

The uniqueness (1.4) holds for any p=1 if, for example,

(1.5) a(x) are bounded and ||a¥(x)|| is uniformly elliptic in D .

Hence our result covers the case when D is compact. Without the
assumption (1.4) does not hold (see §4).

If (1.5) is satisfied, then U(¢,», x) is bounded in <x,y>eDXxD for any
t>0 and we can prove that, for any feL?(D) with 1=p=<2, u(¢, +) defined by
belongs to LAD) for +>0. Hence is valid for u(¢, x)eL?(D)
if 1=p<2, and therefore we have: If wu(X) is an additive set function of

bounded variation on D, and if the function u(t, x):ju U(t, y, x)dp(y) satisfies

the assumption ii) in Theorem 1, then u(t, x)=0 for any <t,x>, and furthermore
w(X)=0 for any Borel set XCD.
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§2. Some properties of solutions of a parabolic equation ou/0t=Au.

Consider the elliptic differential operator A with the boundary condition
(B) defined in §1, and assume that C=0 in (C). In one of Itd’s papers [6],
it is shown that® : There exist a sequence {¢,(x; 2); p=1,2,---}, (gceﬁ, 0<A<Co0)
of solutions of Ap+Aip=0 satisfying the boundary condition (B) gnd a sequence
{op; p=1,2,---} of Borel measures on [0, ) with p,([0,)=1 for any p such
that:

a) any feL*D) is expressible in the form

) N N
(2.1) fw=1im > [ 8atxs 2755(Ddoy(2)
where
(2.2) Sb=glim § dalas D ey

(s-lim means the strong limit in i@U(EO, ), pp)), and
D=

23) 3 [0 Pdoy D= | 0 Pds.

b) the fundamental solution Ult,y, x) of the equation 0u/ot= Au associated
with the boundary condition (B) can be expressed as

(2.4) Utt, y, )= 55 :e-ﬂ B33 1) b3 Didpp(d) .

It can be seen from the argument in [6], Chapter III that both the
summation and the integral in the right hand side of converge uniformly
in <ty x> on any compact subset of (0, «)xDxD, and

c) bulx3R), p=1,2,---, are measurable in the variable < x, 1 >.

A set function p(A}::i op(A)27? defines a Borel measure p on [0, o)
p=1
satisfying p([0, «0))=1. Besides all p,’s are absolutely continuous with respect
to p. Hence there exist non-negative functions w,(2),p=1,2,--- such that

(2.5) dpp(d)=w,(A)do(R)
and

f :w,,<x>dp<x>=1 .

Now, let #(t,x) be the function defined by with f(x)eL¥D). Then,
by a), b) and we have

*) Similar results were proved by F.E. Browder [3] [4], L. Garing and others.
Here we quote the expression taken in [6] for the convenience of notations in the
present paper,
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N pN

(2.6) f@=1im. 3 | 6,055 Dfp(Deoy(Ddo(d),

Noe p=1J0
2.7) [ @ an=3 [ 1,0 ro,@)ded),
and
(2.8) Ult, %)= 5, f el 1) 63 2) 0,(Ddp(2)
It follows from and that
(2.9) ult, 9= FNUE, 3, 0y

=3 [ 9l De 7, (Do, (dp(2)

and therefore

(2.10) s-lim _j‘ bo(x; X) ult, x)dx=e"%f,(2).
F:compactliD v F
If we put
(2.11) vp(x; A)=0,(x, ) fp(A)wp(R) ,
we have
e oo 2
(2.12) {2 [ Lty D ldo)}
p=1v0

<{Z [ 50 re,ndsWHE, [e1g,x; 1) Po,ddpa)}

=U2t, x,x)f [ Flx)fdx

by virtue of Schwarz’s inequality and of and [2.8).
Lemma 1. For every integer n=0, A™u(t, x) is real-analytic in t>0, and of
class C* in x. Furthermore

(2.13) oult, 5)/0"= A, )= [ e M= 2)y0y(x; Adp(d)
p=1

for n=1. (Notice that a¥(x)s and c(x) are not assumed to be analytic.)
Proor. It follows from (2.12) that

2.14) 5% [Temaroy s )dpd) Swa (U, 5 0 ) P}
p=1Y0 D

for any =0 where w,(#)=sup{e #?2"; 1=0}. Hence, for any fixed #=0, a
sequences of functions {u#{(f, x); N=1, 2,---} defined by
N

(2.15) usp(t, 0=3] [ e (=20, Ddold)

converges uniformly in any compact subset of {#;#>0}xD to the function
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(2.16) u™(Z, x):i { :e"“(~/1)”vp(x s Do) .

This does converge even if we consider #’s in and in as complex
variables, namely converges uniformly in any compact subset of {#*
RNt >0yxD. Since u@(t, x)’s are analytic in {R¢>0} for any fixed x, so are
w™(¢, xy5. In particular these functions are real-analytic. Evidently

(2.17) O™ult, x)/0t"=0"u'D(¢, x)/0t" =u™(¢, x) (=1, 2,--).

Let yr(x) be a function of class C? with a compact support —D. Then
J untt, A edx= Au(t, epeidz= upit, ppr(x)dx.
D D D
By letting N go to infinity, we get
[ att, vy Ay (wdn={ ad, xpp(xds.
D D

Consequently z#M(¢, x) is of class C? in x&D, according to the [6], Theorem 5,
[7] Chapitre V, Theoreme XII and we have
(2.18) Ault, x)=uV({, x) .

Successive uses of similar arguments will prove that #™(# x) is of class
C? in xeD and

(2.19) Au™ (¢, x)=u®D(t, x).
Combining [2.16), [2.17), [2.18) and [2.19] we have Lemma 1 is thus
proved.

Lemma 2. For o-almost every A, the function

(2.20) (s )= v,(x3 A)
p=1
is of class C* in x, and satisfies
(2.21) Av(x; D)=—2v(x; )
on D, and
(2.22) ult, )= e (x: Ddo(d) .
0

Remark. It is important that holds for all <t,x>&(0,0)xD by
virtue of [2.12).

Proor. It follows from (c) that »,(x; ) (p=1,2,---) are measurable in
< x,2> and hence, by Fubini’s theorem, implies

(2.23) jﬁ éllup(x; )| dx<co

for any compact FCD, except for A€, of p measure 0. Hence v(x; ) defined
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by is locally summable in x for A¢:4, Since VN(x;l)=§ vp(x; )
p=1

satisfies

f Vinlxs DAY (x)dx= j AVi(x; DY (x)dr=— j AVlx; D@

for any function ¥ (x) of class C? with its compact support CD, we obtain
for A4,

j o(w; DAY (x)dv=— j (s Ay (ada

as N tends to infinity. This implies and follows from [2.12}
and q.e.d.

§3. Proof of theorems.
Lemma 3. If v(A)eLp) and jme‘”v(l)d,o(l):o for any t>0, then v(A)=0
0

p-almost everywhere.

Proor. Any continuous function (1) on “‘[O, o) satisfying iimllf(/l):O
can be approximated uniformly on [0, ) by a linear combination of e¢~?%s
(p=1,2,---); this fact may be proved by applying Weierstrass’ polynomial
approximation theorem to the function A(&)=v(—log¢) for 0<<&é<1 and =0
at £=0, which is continuous in [0.1]. Therefore the assumption of this

lemma enables us to state that J:W(A)v(l)dp(l):o for any continuous ¥ with

its compact support, and consequently for any v eL*p). Hence »(1)=0 p-
almost everywhere. :

Proor or Turorem 1. For any constant c,e “U(¢, y,x) is a fundaniental
solution of the equation Qu(t, x)/0t=(A—c)u(t, x) associated with the boundary
condition (B). Therefore it is sufficient to prove Theorem 1 when C=0 in
the condition (C) in §1, and hence we are able to use results in § 2.

By Lemma 1, u(¢, x) is real-analytic in #>0. However from the assump-
tion of Theorem 1,

0" u(ty, x)/0t" =A™ 1(ty, x)=0

for any x€D,, n=1,2,--- Hence
(3.1) u(t, x)=0
for any <t¢, x> (0, )X D,.
The function V(x; )=e ¥ w(x; ) belongs to L2(p) for any x&D by virtue
of (2.12) and (2.20). Moreover on account of (2.22) and (3.1),

(3.2) { :e"“ Vix: Ddo(2)=0
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for any < ¢, x> e&(0, c0) X D,.

Hence, by there exist a countable set £ dense in D, and a
Borel set A4, of p-measure 0 such that »(x; A)=e’V(x;1)=0 for any xFE and
for any A¢A,. On the other hand, Lemma J shows that »(x;2) is of class
C? and satisfies (A+o(x; =0 in D for p-almost every A. Hence v(x; A)=0
for all x&D, for p-almost every A. Therefore, by a theorem of Aronszajn
[13, [2], v(x; 2)=0 for any xD for p-almost every A. This means #(¢, x)=0
for any <t,x>&(0,0)xD on account of and consequently for any
<t,x>e(0,0)xD because of the continuity of w(t, x). is thus
proved.

follows from (1.4) and [Theorem 1, as was explained in § 1.

§4. A counter example and a conjecture.

Set a'(x)=e¢"2® and a(x)=a,(x)=e*(xR"), and consider. the differential
operator A:

= 1 i () o1 _a?’i — =2 P Y
Au VoGl 9% (Va(x)a(x) Pl B A

Then, for any fixed #,>0, the function

0 for ¢4,
u(t, x)=

j‘b (t—7)expl—e*/4(t—7)]dr  for t>1¢,
Lo

satisfies #,=Ax in (0, ©)x R. However u(t,x)=0 for ¢t=<t, and u(¢,x)>0 for
£ >t

This example shows that, even if a solution of #,=Au vanishes identically
in x for some #,>>0, it may not necessarily vanish for ¢>#,.

However the authors propose a conjecture: If wu(ty, x) vanishes on any
open set, then u(t,x)=0 for any x when t<<t,.

Department of Mathematics
University of Tokyo

and
Department of Mathematics
Institute of Technology
University of Minnesota.

This work was done while the latter of the authors was supported by Sloan Foun-
dation and National Science Foundation of United States of America.



[21]

3]

[4]
[5]
L6]

L7]
L8]

A unique continuation theovem for solutions of a parabolic differential equation. 321

References

N. Aronszajn, Sur Punicité du prolongement des solution des équation aux
derivées partielles elliptiques du second order, C.R. Acad. Sci. Paris, 242 (1956),
723-725.

N. Aronszajn, A unique continuation theorem for solutions of elliptic partial
differential equations or inequalities of second order. Tech. Report 16, Univ. of
Kansas (1956).

F.E. Browder, The eigenfunction expansion theorem for the general self-adjoint
singular elliptic partial differential operator, I and II, Proc. Nat. Acad. Sci., 40
(1954), 454-459, 459-463.

F.E. Browder, The eigenfunction expansions for formally self-adjoint partial
differential operator, I and II, ibid., 42 (1956), 769-771, 870-872.

L. Garing, Eigenfunction expansion connected with elliptic differential opera-
tors, Talfte Skandinaviks Matematikerkongressen, Lund (1953).

S. Itd, Fundamental solutions of parabolic differential equations and boundary
value problems, to appear on Jap. J. Math.

L. Schwartz, Théorie des distributions, I et II, Paris, 1950, 1951.

H. Yamabe, ‘A unique continuation theorem of a diffusion equasion ”, to appear
on Ann. of Math.




	A unique continuation ...
	Introduction.
	\S 1. Assumptions and ...
	THEOREM 1. ...
	THEOREM 2. ...

	\S 2. Some properties ...
	\S 3. Proof of theorems.
	\S 4. A counter example ...
	References


