Journal of the Mathematical Society of Japan Vol. 12, No. 4, October, 1960

On affinely connected manifolds admitting groups of
affine motions with complex reducible
linear isotropy groups.

By Hidekiyo WAKAKUWA

(Received March 6, 1959)
(Revised March 7, 1960)

With respect to affinely connected manifolds admitting groups of affine
motions of various types and with respect to the groups themselves, especially
on their dimensions, there are many papers, for instance, by I. P. Egorov,
H.C. Wang and K. Yano [5], Y. Mutd [6] and the others.

In this paper, we study affinely connected manifolds admitting groups of
affine motions of some types with complex reducible linear isotropy groups,
that is, with linear isotropy groups which are real representations of complex
linear homogeneous groups.

The main purpose is to prove Theorems 4.1, 4.2 and 4.3 in §4, as applica-
tions of Theorem 3.1 and Corollary 3.1 in §3.

§1. Preliminary remarks.

The notations GL(#, R), GL(m, C), SL(n, R), SL(m, C) are as usual and
furthermore we denote the real representations of GL(m,C) and SL(m,C) by
RGL(m, C) and RSL(m,C) respectively. The other notations are as follows.

Ey ¢ unit martrix of degree N.

H! : real one dimensional homothetic group: x—7x (x,7: real; > 0).

Hy : real one dimensional group composed of all (NXN)-matirces aEy
(@: positive real).

T! : one dimensional torus group: z—oz (0,z: complex; |o|=1).

Tn : one dimensional group composed of all complex (m Xm)-matrices

oFE,, (o: complex; |o|=1).

R(T,): real representation of T,.

A, ¢ 2m-dimensional affinely connected manifold of class C™.

G : Lie group of affine motions of A,p.

G(P) : isotropy group of G leaving invariant a generic point P of Ajn.

Gy(P) : linear isotropy group of G at a generic point P, which is the
faithful linear representation of G(P). We mean the connected
component of the identity.
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Under the above notations we give several remarks.
I. RGL(Gm,C) and RSL(m,(C). The matrices M,, of RGL(mn,C) are of the
form (with respect to suitable bases):
A, —Bn
(1.1 My, = ( ) ’
Bn An
where A,, and B,, are real matrices of degree m. is equivalent to the

fact that M,, leaves invariant a matrix (_ EO E;)m ) If we consider a matrix

1 Em Em
ek B
V2 \_ Vi E, v—1E,
then we see that
A+~ =1 By, 0
1.2) P M, P= ( . o ) ’
0 Amn—~ —1 Bn

which gives a transformation of RSL(m,C) with respect to complex bases.
If M, = RSL(m,C), then det|A,+~ —1 Bn|=det|A,—~ —1 B,|=1. The real
representation R(7,,) of 7, is given by the matrices of the form

aF, —bE,
(¢,b: real ; a®>+0>=1).
bE,, alF,,

II. Decomposition of GL(#,C) and RGL(n,C). It is easily seen that
GLn, O)=H'Q T* R SL(m, C),

where @ denotes the Kronecker products of the groups. Then, a matrix of
RGL(m, C) is given by the form: 4-£-s, where

h=alE,, € Hy, (a: positive real),
ak, —bF,

t= e R(T,) (a,b: real; a®>+5>=1)
bE, ek,

and s RSL(m,C). k,t and s are mutually commutative.
III. Groups of affine motions and linear isctropy groups. Let

(1'3) xIA:fA(xl,_,,’xN;al’_,_’ar) (A,B,C,"' :1:"',N)

be a transformation of a local group of affine motions in an N-dimensional
affinely connected manifold Ay, where (x4) is the coordinate neighborhood of
Ay and @, -, a" are the parameters of G, then we have

(1.4) I'go(x’) = T's%(x'),
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where I'y4.(x’) are the quantities obtained from I'p4,(x) by considering as
a coordinate transformation. Conversely, a transformation (x)— (x’) satisfying
is an affine motion of Ay.

We have from [(1.4),

@1.5) TApe(x) =T gz,
(1.6) RAgep(x') = R *gep(x')
where T4, and R4z, are torsion and curvature tensors respectively, i.e.,
A —_ 1 A A
T4po= 5 Tsto—T's%)

RApop = 0@y /0xP—0I /05T g% g p—1 5%pl 50 -

Now, let
(1.7) x/A :gA(xl’ e, xN; bl, e, bw)
be a transformation of the isotropy group G(P,) leaving invariant a point
Py (x4, -+, x,Y), where b', -+, 0" (' =%) are the parameters of G(P,) and satisfy
(1.8) Kot = g%ty -, %N b, e, 7).

If we consider a transfomation [1.7), we have

, ‘4 9x€ 0
TABC( )= afcp a;/zs 8;/0 PQR(X)’

and at the point P, (x,}, .-+, x,%), these become

8 74 6 Q
(1.9) T4 po(%,) = x > (a;/s) (ax/o ) r* QR(yO) ’
where ( ), denotes the value at P,, and similarly we have
a 7A a Q
(110) RABCD(xo) = x > (afug) (8}‘/0 > ( ax/p> R QRS(xo)

The matrices (0x’4/0xF), appearing in [1.9) and [T.10) give the matrices of
the linear isotropy group G, (P,).

IV. Hpy denotes, as mentioned in the above, the (real) one dimensional
group whose matrices are given by aFEy (a: positive real). If G,(P) contains
this Hy, then whether it is a real representation of a complex linear group
or not, we see that at any generic point of Ay, T4z =0, R43:p=0 (A4, B,C, D,---
=1, -+, N), which is already known (Ishihara and Obata [7, Theorem 2 and
3]). The outline of the proof is as follows.

At any generic point P, (x,', -+, x,Y), hold good, where the matrices
(0x'4/0xF), give transformations of the linear isotropy group G,(P,). When
Gy(P,) contains Hy, we can consider a transformation (0x/4/0x"),= ads (a:
positive real #1). If we apply this transformation to 7T“5,, we have from [1.9)
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T*po(x0) = aT*pe(xy) (@+1)

and therefore T45,(x,) =0. Consequently, at any generic point of Ay, we have
T4p; =0 and similarly R4p,,=0. If Ay is connected, these hold true all over
the Ay.
Throughout this paper, if otherwise stated, the ranges of indices are as
follows:
i,j, k’ il»jl.a R ip)jpa e, 4, b, Cy = 1’ """""" ’ 2m 5
a;ﬂ,?’,"‘,Lﬂ;%luﬂn"',Xp,ﬂp,"':1; """ s 13
a_) E’ ?r R Ir 1‘53 2:‘, 717 Aa17 Sty 71” /’_lp’ Tt = a+”21 ﬁ+m; T‘{"m g toTiestesete .

And we adopt the summation convention.

§ 2. Remarks on the dimension of subgroups of RSL(in, C) and RGL(m, C).

Let 8lm, R) and 3I(n,C) be the Lie algebra of SL(m, R) and SL(m, C)
respectively, and we consider 8{(s, C) in its real representation. We have the
following lemma.

Lemma 2.1, Let g be a veal Lie subalgebra of (m,C) (m>1) and let v be
the (veal) dimension of §. If v>2m*—m—1, then

g =38{(m, C).

Proor. If we put 8{(m, R) =%, then we can put &(m, C) =8&++ —1 8 (direct
sum) up to an isomorphism. Let

7 8lm,C)— v —1§

be a projection from 8&l(m, C) to /' —1 § such that

n(X)=2Z
where
X=Y+Z (Yea Ze+v/—=13).

If we consider = on g, then the kernel of r in g is g8 Since #(g) is in
/=18, we have

dim v/ —1 8 = dim z(g) = dim g—dim (g~ 8) ,
from which

dim (g N\ 8) = dim g—dim v/ —1 § = y—(m2—1)
> Cmr—m—1)—m*—1)=m?>—m.

Hence g8 is a Lie subalgebra of 8 whose dimension is >m?—m and by
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virtue of the well known results? on 8 (=8((m, R)), we have g\ 8=23, that is,
gO8&.

Next, put g,=v —1g8 then g, {0}, since dimg>2m?*—m—1>m?—1
=dim 8 (Note that s >1). Furthermore, g, is an ideal of 8, for '
[8:, g]C[\/jIQ, g1NLs, SJC\/"—j‘gf\é’:gl ’

taking account of
[vV—=1g,8]=v—1[g,8]CV—1g.
Since § is a simple Lie algebra, we have ¢, =&, from which and from the fact
that g D8, we get
gD 8+vV—=18=28l(m,C),
that is
g =38((m,C). Q.E.D.

This Lemma tells us that if the dimension of a Lie subgroup g of
RSL(m, C) is > 2m*—m—1, then g= RSL(m, C).

Lemma 2.2. Let g be a subgroup of the veal vepresentation RGL(m, C) of
the complex gemerval linear group GL(m,C). If (veal) dim g >2m*—m+-1, then
necessarily dim g = 2m*—2 and g is one of the followings (for m>3):

M g=RGL(m,C) (dim g = 2md),

(ID) g=RH"QSL(m, C))” (dim g =2m*—1),
11D g=R(T*QSL(m, C)) (dim g =2m*—1),
(IV) g=RSL(m,C) (dim g = 2m*—2).

For m=3, the case (IV) and for m=2, the cases (1), (III), (IV) drop

down respectively.
Proor. Let g, be the subgroup of g contained in RSL(m, C), that is, let

g1 =g N RSL(m,C). Then,
dim g, > @m*—m~+1)—2=2m*—m—1,

and hence for m >3 we have g, = RSL(im,C) by virtue of Lemma 2.1, from
which the conclusion of the Lemma follows immediately, omitting the cases
(AV) for m=3. The case m=2 is trivial. Q.E.D.

§3. An algebraic theorem.

Lemmva 3.1, Let Th%%  be mPxm? quantities, wheve p==q (modm). If
3 q

1) The proof is at first given by S. Lie: Theorie der Transformationsgruppen,
I, p. 564, Theorem 100. A refined proof is recently given by T. Satd in his paper
which will shortly appear.

2) In general, we denote the real representation of a group g with complex
variables by R(2).
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T "lfq satisfy

(3'1) Zp 521?4 Tiwoz--vln Z 3% TAredp — p,_q, 55 TA-dp 3 ,

/A.---ﬁmuq 71 Moty
>

then Tj;xjjjflg =0.

Proor. Put a=p in (3.1), not applying the summation convention. If
any of 2,,--+,4, and u,, -, u, are not equal to a (=p), then the left hand
side of (3.1) vanishes, to obtain

T/h'lp_o’

Hq
since p—g+ 0. If some of 2, ---,2, and some of y,, -, u, are equal to a (=5),
for instance, if A, =« ; s, #; =« and the other A’s and u’s are not equal to
«, then we have

T th oo o s dp L Takvdp b—q Tais -

Mo ,Uq /ACWL /lq Hiaa-tyg wm Miaa- /lq ’

from which we get T3 42 =0. The other cases can be proved similarly,

since (p—q)/m is not an integer.
Let SL(m, R)XSL(m, R) be the diagonal product of SL(m#, R), the repre-
sentative matrix being of the form

A 0
( ), det |Al=1,
0 A

where A is a real (mXxm)-matrix. This is of course a Lie subgroup of
GL(2m, R) and conjugate to a subgroup of RSL(m, C) in GL(2m, R), since a
matrix of RSL(m,C) is of the form (1.1) (the determinant =1) with respect
to suitable bases. Then we have the following

TraeoreMm 3.1. Let T ;‘ﬁ; be a tensor with vespect to GL(2m, R) invariant
under a subgroup g of GL(Zwm, R) containing SL(m, R)YXSL(m,R). If p=£Egq

(mod m), then Tj“ ;5’ =0.

Proor. With respect to suitable bases, the infinitesimal transformations
of SL(m, R)XSL(m, R) are given by 6’3+e§ satisfying

(3.2) h=cj, ci(=ed)= f=¢ep=0,

¢, being arbitrary infinitesimal except the above restrictions. Since T;;; is

invariant under g, it is of course invariant under the infinitesimal transfor-
mations of SL(m, R)XSL(, R) satisfying (3.2), which is expressed by

1’ . - (’L\ . q .
(3:3) S e Tkt — e, T4y = 0.

a=1 ' 4 b=1

.71"7]
b

a
3 a means that the « is in the e-th position from 2;.



On affinely connected manifolds admitting groups of affine motions 379

Putting in this equation i; =2y, «-+, i, =2, 5 1 = Uy, -+ , J4 = 14 and taking account
of [3.2), we have

p
=

\l
-

a

This equation being consistent for any ei*’s satisfying ¢%=0, there exist
quantities X7 4 such that

Y
Aa A ...a...] . Ageresenens, Ap — & A1 4
2 €a T £y eveeen p 2 6 T,ullﬁug Ea X,ul,...ug

8
I
-

or
yy
B3 ok ThThe — X0 0%, TUlgiun) = b 0§ X0
b

are identically satisfied for quite arbitrary e2. Therefore we have
(3.4) aéa lel...a...lg Z 6 #....[.;...;up . 5d Xﬂ, Ap
b

Contracting with respect to « and 8, we get

Xl:--'lp — u Tﬂl"-lp
TR m Puetlq?

and substituting this in we obtain

Y
/10, ,11...05...,110 N R@ P Ageererees Ip — p— A1 dp
E T I)E 6 /«l [Z"-#q m 5 Tﬂx Hq °

Since p = ¢ (mod m), the is applicable, to obtain
T;L;;;;;ﬂg =0,
Next, putting in =2y, 0y =24y, iy = Ap; J1 =y, "+, J4 = Ko and taking
account of [(3.2), we have

I‘a/h lp_l_ 2.4 e T/h e A,;___ E 66 Tiuh Xp:04)'

If we put

4) We adopt a new summation convention such that

uprA =010 4 F oo™ .
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Therefore by means of the same process as in the above we get

* —_
Nhdadp = 1 Aidz - dp —
Thilp=0  thatis Tikole=0.

Analogously we can see that the other components of 7% all vanish.
Q.E.D.

Since RSL(m,C) contains a subgroup conjugate to SL(m, R)XSL(m, R) in
GL(2m, R), we have

CororLLary 3.1. Let T;j,'_',‘j.g be a tensor with vespect to GL(@2m, R) invariant
under a subgroup g of GL(2m, R) containing RSL(m,C). If p=q (modm), then
Ty =0,

Remark. The Theorem 3.1 and Corollary 3.1 are valid for a tensor
Tjﬂ‘,'_‘j]?é’ in general with respect to GL(2m, R). It means that those are applic-
able for affinely connected manifolds even if we do not know, for instance,
whether they are complex analytic or not.

ExampLe. Let T?%; and R, be tensors with respect to GL(2m, R) in-
variant under RSL(m,C). Whether there are tensorial relations among the
components of 7% or R, or not, we have 7%, =0 if m >1 and Ry, =0 if
m > 2 by virtue of Corollary 3.1.

§4. Applications.

From Theorem 3.1 and Corollary 3.1, we have immediately

Turorem 4.1. Let A, be an affinely connected manifold admitting a group
of affine motions. If the linear isotropy group G(P) of G contains SL(m, R)X
SL(m, R), or if it contains RSL(m,C), then we have T, =0, R'jun =0 for m > 2.

Remark. If m=2, we can easily see that T%; =0,V,R%z, = 0% since G,(P)
contains a transformation given by —0% For m =1, the assumptions of the
Theorem are meaningless.

Tueorem 4.2. Let A.n be an affinely conmected manifold admitiing an
almost complex structure and let G be a group of affine motions of Ay leaving
invariant the almost complex structure. If dim G > 2m*+m-+1, then only one of
the following cases can occuv (for m > 3):

@O dim G =2m*+-2m, Gy(P)=RGL(m,C);
an dim G =2m*+2m—1, Gy(P)=RH'QSL(m,C));
(I11) dim G = 2m*+2m—1, Gy(P)= R(T"®SL(m, C));
vy dim G = 2m*-+2m—2, Gy(P) = RSL(m,C).

In each case, T'j, =0 and R';, =0 at each generic point of Asw, where Ty,
and Ry are the torsion and the curvature tensors of Asn.

5) , denotes the covariant differentiation with respect to the affine connection
of Agm.
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Proor. Put dim G =r and dim Gy(P) =7, and let
X =&)Ly @=1,-,7)
oxt N

be the bases of the Lie algebra of G. If the rank of [[&’| is g, then ¢=2m
and we have

ro=r—q> 2nm’+m-+1)—2m =2m*—m-+1.

Since G,(P) is a linear homogeneous group leaving invariant the almost com-
plex structure at the tangent space of P, it is a subgroup of RGL(m,C). Hence,
by virtue of Lemma 2.2, G,(P) is one of the followings:

Gy(P)= RGL(m,C),
Gy(P) = R(H'QSL(m, C)),
Gy(P)=R(I""®SL(m,C)),
Gy(P)=RSL(m,C).

In each case GQ(P) contains RSL(m, C) and hence we have T4g, =0 and R4%p =0
by virtue of Theorem 4.1. Q. E.D.

Remark. In the former two cases G,(P) contains H,, and we get also
the same conclusion by virtue of the remark IV of §1.

To consider the cases m <3, we state the following Lemma.

Lemmva 4.1, Let Ayn be a 2m-dimensional affinely connected manifold admit-
ting a group of affine motions G and assume that the linear isotvopy group G, (P)
of G contains R(Ty). Then Asn is an affine symmetric space, that is,

Tijk:()r VlRijkh:O>
and G is trausitive.

Proor. Since G,(P) contains R(T,), there is in G,(P) a transformation

given by —0% since the matrices of the transformation of R(T},) are of the

form (Zg: _zgp (@®+b*=1). Then we can easily see that 745, =0 (cf.

Fukami [3, Lemma 3]). And further, since Ry, is invariant under G, VR,
is also invariant under G, hence we have V,R';x, =0. The transitivity of G
easily follows.

For m =3, 2m’+m—+1=2m?+2m—2 and we get

Tueorem 4.2. Let Aym (m=3) be an affinely connected manifold admitting
an almost complex structurve and let G be a group of affine motions leaving
mvariant the almost complex structuve and assume that dim G = 2m2-+2m—2.
Then,

() For m=3, we have T';=0 and Rj,=0.

D For m=2, Awn (= A)) is an affine symmetric space, the almost complex
structure being mecessarily a complex analytic structure parallel with respect to
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the affine connection; or T ; =0, R, =0.

(I For m=1, G is simply transitive; or T'j=0, Ry, =0; or A, is a
Riemannian manifold with constant curvainre.

Proor. (I) m=3. If dim G =2m?--2m, then we can easily see that G is
transitive and Gy(P)=GL(2m, R), and hence T%;,=0, R';, =0 (cf. IV of §1).

If dim G =2m"+2m—1, then

dim Gy(P) =r—q = Cm*+2m—1)—2m = 2m*—1,

where ¢ has the same meaning as in the proof of Theorem 4.2, and hence we
have

Gy(P)= RGL(n, C), RMH'QSL(n,C)) or RIT'QSL(Gn,C)).

In each cace, since G,(P) contains RSL(m,C), we have T%;, =0 and R, =0
by virtue of Corollary 3.1.

If dim G = 2m*-+2in—2, then we have dim G,(P) = Cm*+2m—2)—2m=2m>—2
(=16). Hence dim Gy(P)=2m2 2m*>—1 or 2m>—2. If dim G,(P)=2m?®, which
is the maximal dimension, G,(P) contains R(7,) and it is transitive (g= 2m)
by Lemma 4.1. Hence dim G = 2m®+2m, which is impossible. If dim G(P)=
2m°—1, it is necessarily one of the followings:

R(HI ®SL(771, C)), R(Tl ®SL(77Z, C)), Hzmx R(Tm) Xg,

where g is a subgroup of RSL(n, C) of dimension 2#°—3. In the former two
cases, G,(P) contains RSL(m, C) and hence G is transitive. For, if otherwise
Go(P) leaves invariant a sublinear space tangent to the trajectory of G
passing through P, which is impossible. Therefore dim G = 2m*+2m—1, but
it is a contradiction. In the last case G,(P) contains R(T,,) and hence G,(P)
is also transitive by virtue of Lemma 4.1, which is also a contradiction.
Consequently, the only one possible case is that dim Gy(P)=2m*—2 and G is
transitive. In this case Gy(P) is one of the following types:

(41) ﬁrmn ><g1: R(Tm)Xg2y flrzmx-ze(Tm)Xgm RSL(M% C) ’

where g,,g, and g, are subgroups of RSL(n,C) of dimension 2m*>—3, 2m*—3
and 2m*—4 respectively. But in the former two cases we must have g, g, =
RSL(m, C) by Lemma 2.1 (for m=3), which is a contradiction. In the last
two cases, we have 7";;, =0 and R’j;, =0 by virtue of IV of §1 and Corollary
3.1 respectively.
(II) m=2. If dim G =2m*+2m, then T =0, R'j;, =0 as in the case m = 3.
If dim G = 2m*+2m—1, then

dim Gy(P) = @m*+2m—1)—2m = 2m*—1 (=7);

we have dim Go(P)=2m* (=8) or 2m*>—1 (=7). If dim G,(P)=2m?, it is of
the maximal dimension and contains R(7}), from which we see that G is
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transitive by Lemma 4.1. Hence dim G = 2m®+2m (= 12), but this contradicts
to the assumption that dim G = 2m*+2m—1 (=11). Consequently,-it gives rise
the only one case: dim Gy(P)=2m?—1 and G is transitive (¢g=2m). Then,
G,(P) is one of the following three types:

RH'QSL(m, C)), R(T'QSL(m,C)), HmXR(Tn)Xg,

where g in the last type is a subgroup of RSL(m,C) of dimension 2m’—3
(=5). In each case, we have T%;=0 and R';, =0 by virtue of IV of §1 or
Corollary 3.1.

If dim G = 2m*+2m—2, we see that G,(P) is one of the types of [4.1), by
the same considerations as in the case m=3. In the second and the fourth
case, we see that A,, (=A,) is affine symmetric by Lemma 4.1 and by the
remark to Theorem 4.1 respectively. The almost complex structure ¢; gives
a complex analytic structure since the Nijenhuis tensor Ny’ vanishes® by
virtue of the same reason that 7"%; vanishes. Further, since ¢,/ is invariant
under G, Vi ¢;* is also invariant under G, hence we have F;¢;=0. In the
remaining case of we have T, =0, R’ =0 by virtue of IV of §1.

dID) m=1. We have dimG,(P)=0,1, or 2. In the first case, G is simply
transitive and in the last case we see that T7%;, =0, R';,=0. If dim G(P)=1,
then Gy(P)=H, or R(T,)=S0(2). In the first case, we also have T7%;=0,
Ry, =0. In the second case we have T7;=0, ViR, =0, VyR;; =0, Vi, =0,
where R;; is the Ricci tensor. If R;;=0, then we get R, =0. If R;=0,
we can easily see from FiR;;=0 and F;¢,=0 that the restricted homo-
geneous holonomy group is SO(2). Hence A, is a Riemannian manifold, the
affine connection under consideration giving the Riemannian connection. Fur-
ther since it is Riemannian symmetric, it is of constant curvature. Q.E.D.

Fukushima University
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