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This paper is devoted to the study of dimension-theoretical structure of
locally compact groups and their factor spaces. Montgomery-Zippin [9] proved
that every finite-dimensional, locally compact group is a generalized Lie group
and finally Yamabe proved that every locally compact group is also a
generalized Lie group. These are the most important results not only for
the group-theoretical structure of locally compact groups but also for the
dimension-theoretical structure of such groups. Montgomery had proved
also, before his fundamental theorem cited above was established, that the
invariance theorem of a domain is true in finite-dimensional, locally connected,
locally compact, separable metric groups. P. Alexandroff conjectured that the
covering dimension of any locally compact group coincides with its inductive
dimension. Recently this conjecture has been solved in the affirmative by
Pasynkov [15]. His result will be generalized in §2, after some preliminaries
of §1, for factor spaces of finite-dimensional locally compact groups by
connected compact subgroups. It will also be proved that dimG=dim A
+dim G/H, where dim denotes the covering dimension, for any locally com-
pact group G and any closed subgroup H of it. Montgomery-Zippin [8],
Yamanoshita and others have considered the dimension of factor spaces
of locally compact groups and obtained the equality for some special cases.
Our theorem seems to be a complete answer for the problem concerning the
covering dimension of factor spaces of locally compact groups. In §3 the
decomposition theorem for locally compact groups will be proved. Both Pasyn-
kov’s theorem cited above and the author’s decomposition theorem show that
there are some analogy between the dimension-theoretical structure of locally
compact groups and that of Euclidean spaces. In §4 we shall point out a dif-
ference between the two by proving that the invariance theorem of a domain
is not true in any finite-dimensional, locally compact, metric group which is
not locally connected. Combining this with Montgomery’s invariance theorem
mentioned above, we know that a finite-dimensional, locally compact, metric
group is locally connected (or equivalently a Lie group) if and only if the
invariance theorem is valid in it.

In this paper a topological group means a T,-group. Hence a locally
compact group and its factor space by a closed subgroup are always normal
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Hausdorff spaces (cf. Lemma 1.1l below). A homomorphism means a continu-
ous one and an isomorphism means a homeomorphic one. A coset and a
factor space mean respectively a left coset and a left factor space. Through-
out this paper » and m denote integers which are not less than —1. We use
three notions of dimension of a normal Hausdorff space R defined as follows.
R has the covering dimension <, dim R =< #n, if every finite open covering of
R can be refined by an open covering whose order is at most #-+1, where the
order of a covering is the greatest number » such that » elements of it have
a non-empty intersection. Ind R and ind R denote respectively the large and
the small inductive dimension of R: For the empty set ¢, let Ind ¢ =ind ¢
=—1. We call Ind R=#, if for any pair FC D of a closed set F' and an open
set D there exists an open set £ with FC EC D such that Ind(E—E)<n—1.
We call ind R=u#, if for any point x of R and any open set D with x& D
there exists an open set £ with x € £C D such that ind (FE—E)<#n—1. When
d is any one of dim, Ind, ind, we call d R=w#, if d R<#n is true and dR
<n—1 is false. It is well known that for any separable metric space R the
equalities dim R=1Ind R=ind R are valid [6]

§1. Preliminaries.

LEMMA 1.1. Let G be a locally compact group and H a closed subgroup of G.
Then the factor space G/H= K is paracompact.

PrOOF. Let B={V} be the system of all neighborhoods of the identity
of G. For any point £ of K let

Uy(k) = o(V - 07 (k)),

where 0:G—G/H= K is the natural projection. Then {U,; V< 38} forms a
uniform structure which agrees with the preasigned natural topology of K.
This is verified by a straight-forward computation and its proof is left to
the reader. Let ¥V be a compact neighborhood of the identity, £ an arbitrary
point of K and g an element of G with o(g)=~k. Since Uy(k)=po(V - p7(k))
=o(VegH)=po(Vg), Uyk) is compact. Thus K is uniformly locally compact.
Hence K is paracompact by Morita [11].

REMARK 1.2. If a topological space R admits a locally finite open cover-
ing {Ds;d< 4} such that D; is compact for every 8 € 4, then R is the sum
of mutually disjoint open sets each of which is ¢-compact (i.e. expressible as
the sum of a countable number of compact sets).

PrROOF. Since {D;;8 < 4} is locally finite, {Ds;0< 4} is locally finite.
Suppose that {D;s; 0 < 4} is not star-finite. ({D;;0 = 4} is called star-finite if
for any & € 4, the number of indices 8’ with Dy Ds # ¢ is finite.) Then it is
easy to find an index d = 4 and sequences {J;;0; = 4} and {p;} such that i)



Dimension-theoveticel structure of locally compact groups 381

pi€Dsn\ Dy, ii) 0, # 0, if i+, iii) ps #p; if i#j. Since Dsis compact, there
exists an accumulating point p of {p;}. Then {D;;d = 4} cannot be locally
finite at p, which is a contradiction. The assertion of the remark is a trivial
consequence of the star-finiteness of {D_g;aeA}.

LEMMA 1.3 (Montgomery-Zippin [10, Theorem, p. 23710). A locally compact
group G with dim G=mn has a small neighborhood of the identity which is the
divect product of a local Lie group L with dim L=wn and a compact group N
with dim N=0.

LEMMA 14. Let G be a non-empty locally compact group and N a compact
novmal subgroup of G with dim N=0. If the factor group G/N is a Lie group
with dim G/N=mn, then theve exists a neighborhood of the identity which is the
dirvect product of a local Lie group L with dim L =n and N.

PrROOF. Let f be the natural projection of G onto G/N and g*{) an
arbitrary one-parameter subgroup of G/N. Then there exists a one-parameter
subgroup g() of G such that f(g(¥))=g*{#) by Montgomery-Zippin [10, Theorem
1, p. 192]. Hence the method of the proof of Pontrjagin [16, Theorem 69]
can be applied with no modification and we have the lemma.

LEMMmA 1.5 (Nagami [14] or C. H. Dowker [3]). If every point of a para-
compact Hausdorff space R has its neighborhood whose covering dimension is at
most n, then we have dim R = xn.

LEMMA 1.6.2 Let G be a non-empty locally compact group with dimG=mn
and H a closed subgroup of G with dim H=m.? Then every point of G/H has
a neighborhood which is homeomorphic to the dirvect product of an (n—m)-dimen-
sional Euclidean cube and a compact Hausdovff space whose covering dimension
is 0.

Proor. It suffices to construct a neighborhood of o(e) satisfying the con-
ditions of the lemma, where o is the natural projection of G onto G/H and
e is the identity of G. Let D be an arbitrary open neighborhood of o(e). By
Lemma 1.3 p7'(D) contains a neighborhood of ¢ which is the direct product
of a connected local Lie group L, with dim L,=# and a compact subgroup

N with dim N=0 such that i) L,= L7}, ii) (L,N)* is compact. Let P=HANN
and G,=(L,;N)* (= Q(LIN)Z'). Then G, is an open subgroup of G and N is

a normal subgroup of G,. Hence H,=Hn G, is a relatively open subgroup
of H and P is a normal subgroup of H,, By Lemmas 1.1 and 1.5 we have

dim Hy=dim H=m.

1) This lemma generalizes the last half of Montgomery-Zippin [10, Theorem, p.
2397, the first half of which will also be generalized in below.
2) Since H is closed, we have n =m at once.
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Since (L,N)* is compact, both H, and H,N are s-compact and locally compact.
Hence by Pontrjagin [16, G), § 20] H,/P is isomorphic to Z,N/N. Let p, be
the natural projection of G, onto G,/N. Since H,N is closed in G, and H,N/N
=G,/ N—p,(G,—H,N), we know that H,N/N is a closed subgroup of G,/N.
Since G,/N is evidently a Lie group, H,N/N is a Lie group and hence H,/P
is so.

By there exists a connected, compact, local Lie group M, with
dim M, =m such that

i) M,P is a relative neighborhood of the identity in A,

ii) M,P is the direct product of M, and P,

iii) M,PcC L,N.
Since M, is connected and N is totally disconnected, we have M, L,. Since
M, is compact, M, is a closed local subgroup of L,. Therefore there exist
subsets L of L, and M of M, with dim L=# and dim M=m such that we
can introduce into L a canonical coordinate system of the second kind which
has the following properties:

i) L is the totality of points whose coordinates are of the form

(tlx"':tn>7 lllzlély
ii) M is the totality of points whose coordinates are of the form
(O""’O:tn—m+1:"':tn); [tziél-

Let A4 be the totality of points whose coordinates are of the form
(tlr"':tn—mxoa"';o): Itzlél-

Here we notice that every element of LN can be expressed as Auy, A€ 4,
pre M, ve N, and every element of MP can be so as up, u=M, p=P. We
continue to use this notion in the following of the present proof. Let W, be
the totality of points whose coordinates are of the form

(tv'":tn): |til§_8: 0<6<1s

such that Wi'W,C L. Weset W=W,N. Let 2,1y, and 2,4, be two points
of W which are contained in the same coset by H; then there exists a point
up of MP such that A,uv,=2uv,up. Hence we have 2;=2, Since uv,
= py,up = sV, p, we have u, = p,u and hence v, =v,p. Conversely if A,u,v,
and A,uv, of W satisfy 1, =4, and v3'v, € P, then these two points are contained
in the same coset by A. Thus we know that A,#,v, and A,u,p, of W fall in
the same coset by H if and only if 2,=24, and vy, € P.

Let f be the natural projection of N onto N/P and g the mapping of
o(W) onto the product space (W, A) X (IN/P) defined in such a way that

geQuy)) =4, fw);
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then it can easily be seen by the above observation that g is a homeomor-
phism. Let A, be the totality of points whose coordinates are of the form

(tly"':tn—m,o"":o)r |tzl§€'

Then o(A.N) is a neighborhood of p(¢) which is homeomorphic to A, X (N/P).
N/P is a compact Hausdorff space with dim N/P=0 by Pontrjagin [16, A),
§487] and the lemma is proved.

LeMMA 1.7. Let G be a non-empty, locally compact, projective limit of Lie
groups with dim G=un, and H a compact subgroup of G. Then the factor space
G/H=K is the projective limit of (n—m)-manifolds K, a < A, accompanied by
the mappings w.p: K,— Kg, B < a, which are open continuous and locally homeo-
morphic.

PrOOF. Let G, a € A,, be Lie groups and 7.3:G,— G, f < «, open homo-
morphism of G, onto Gz such that the projective limit of {Ga, 7ap; @ € A} is
G. Let 7, a = A,, be (open) homomorphism of G onto G,. Let N& g<a, be
the kernel of 7,z and N, the kernel of z,. Since G is locally compact, we
can assume without loss of generality that every N, and every N% are
compact. We set

dim G,=n(a).

Since any small #n(a)-cell in G, can be lifted to G by Montgomery-Zippin [10,
p.- 1947, we have
wa)=dimG=n.
Let
max {nla);as A} =n,

and «, an element of 4, such that dim G,,=#,. Let B be an arbitrary index
with a, < f. Since G,, and Gg are Lie groups, it is well known that dim Gg
=dim Gu,+dim Ng. Thus we have dim Gg=n, and dim Nge=0. Since Nj°
is a 0-dimensional compact Lie group, it is a finite group. Since N, is iso-
morphic to the projective limit of {Nge, my5; @y =8 <r}, we have dim N, =0.
Therefore there exists a neighborhood of the identity of G which is the direct
product of a local Lie group L with dim L=#, and N,, by Lemma 14. By
Morita [12] we have dim LN,, < dim L+4-dim N,,=#,. Since G is, by Lemma
1.1, paracompact, we have » = dim G = dim LN,,=#, by Lemma 1.5. Therefore
we have n=mn,. Let
A={a;a,=a}l;
then we have dim G,=#» and dim N,=0 for any « = A and G is the projec-
tive limit of
{Gy;axe A}

Let dim H=m. Then m<#un. Let H,, a« € A, be the image of H under =,.
Since N, is compact, HN, is a closed subgroup of G. Since H,=G,—r,
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(G—HN,), H, is a closed subgroup of G,. Hence we know that H, is a Lie
group.

Let p. be the natural projection of H onto H/HNN, and define p,;:
H/HN\Ny— H/HN\ Ng, f<a, as follows:

paﬂ(ra) :p,@p&l(ra) ’ Yo E H/Hm Na .
Let

4o70) = oz (7a) » ra € H/HN\ N,.

Since H is compact, ¢, is an isomorphism of H/HN\ N, onto H, Thus we
obtain the following diagram:

H
bo/” \Fa
v da \
H/H A Ny—> H, = HN,/N,
Dag l ds jnaﬁ

H/H N Ny—> Hy = HN3/Nj
It is almost evident that {H/H N\ Nu, pap; @ € A} forms a spectrum. Let H be
the projective limit of {H/H N\ Na, pas; @ € A} and define p:H— H as follows:
P =<p);ac A, he H.
Then p is an isomorphism of A onto H by Gleason [4] Since g.p.=rm. we
know that H® is the projective limit of {/,, 7as}. Since dim 4\ N,=0, we
have
dim H,=dim H=m, acs A,
as in the preceding argument.

Let p, be the natural projection of G, onto K,=G./H,. For any pair
B < a define @.5: K,— K in such a way that

a)a'ﬁ<ka') = ‘Oﬁnaﬁpc_tl(ka) ’ ko€ Ky

Then we obtain the following diagram :

P
Go— Ko = Go/H,

T, @,
ﬁl Op l b

Glg—*ﬁKﬁ == G‘@/H‘B

Let g. and g} be arbitrary elements of pz%k.); then gz'gl e H, and hence
Tap(8a) ™ * Tap(ga) € map(Hy) = Hp, which implies 0p7as(ga) = 0p7ap(gs). Thus wqs
is a mapping of K, into K. It is almost evident that i) w.; is an open con-

3) When H is not compact but g-compact, we can also conclude that H is the pro-
jective limit of Lie groups, since g, are also isomorphisms in this case by virtue of
Pontrjagin [16, G), §20].
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tinuous onto mapping, ii) {K,, @.5;a € A} forms a spectrum, iii) the equality

Q)aﬁpa = uoﬂn'aﬁ
holds for any pair g < «.
Let o be the natural projection of G onto G/H and define mappings
®,:G/H=K—G,/H,=K,, a = A, as follows:
C‘)a(k) - loa’n-a':o_l(k) H k = K-
Let g and g’ be arbitrary elements of G with g7'¢’ € H; then 7, (g)™ - m.(g")
& H, and hence o, is well defined. Thus we have the following diagram:

0
G —>K=G/H

e l P l Da
G,— K.=G,/H,

Cl)a‘[g
Op
Gp—— Ky =Gy/Hp

7l'a,[3

It is almost evident that i) w, is an open continuous onto mapping for any
a c A, ii) the equality
W= WapWy
holds for any pair f< a.
Let K be the projective limit of {K,, Wqz; € A} and let

(k) = (wu(k);x € A), ke K.

Since ®q50.(k) = ws(k) for any pair f<a, w is a mapping of K into K. Let
us prove that w is a homeomorphism of K onto K. Since w, is continuous
for any a € A, w is evidently continuous.

To prove that ® is one-to-one, let £ and %, be different elements of K.
Let g and g, be elements of G such that gH—=p0"%(k) and g, H=p0"*(%,); then
g7'g, e H. Since H is the projective limit of {H,}, there exists an index «
with 7 (g7 & H,. Then n(2)H. N7 lg)Hy= ¢ and p,7w.(g) # oam.{g). Hence
w (k) + w, (k) and we have w(k)+# w(k,). Therefore @ is one-to-one.

To prove that o is onto, let &,, a € A, be the projections of K onto K,
and £ an arbitrary element of K. For any a € A, n7'07'@.(k) is a coset of G by
the compact subgroup HN, and hence a compact subset of G. It is obvious
that {n3'07'@.(8); @ € A} is the family of compact subsets of G which has the
- finite intersection property. Hence N {7;'05'@.(?);a = A} is not empty and
contains a point g. The image of o(g) under w is z. Therefore  is onto.

To show that @ is open let £ be an arbitrary point of K, D an arbitrary
open neighborhood of % and g an element of G with po(g)=%. Then there
exist an index « and an open neighborhood D, of g such that =zz'z. (D))
C o~ UD). E=d3'0.7{D,) is an open neighborhood of w(k). We have n;'07'@(E)
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= 13" 05" 0at o Dy) = wa ' (m (DD He) = 75 (o D)ol H)) = 75'w o D H) = D, HN ..
=(rz'n(D)HC o~ (D)H=p~'(D). Let g, be an element of G with ¢(g,) € ™ '(E).
Then a0 0(2) = 0ama( g H) = 0wl gD Ho) = 0amo(gy) is an element of @.(F)
= 3,05 0.7(D;) = pam(D,). Hence g, is an element of 7;'0z'0.7(D,) = D HN,.
Therefore we have o (E)C po(D,HN,)C D and know that @ is open.

By the above observation ® is a homeomorphism of G/H=K onto K.

Recall that dim H,=m for any a« € A. Hence we have
dim K, =n—m
for any a € A.

Finally let us show that the local restriction of w,s is a homeomorphism.
Let <« be an arbitrary ordered pair and k., an arbitrary element of K,.
Let % be an element of K with w(k)=*k, and g an element of G with o(g)
=k. Let LNy be a neighborhood of the identity of G which is the direct
product of a local Lie group L with dim L=# and N; such that L is the
totality of points of the form (¢, ---,¢,), | £ | =1, in some canonical coordinate
system X of the second kind. For any number § with 0 <8 <1, let 4; be the
totality of points of the form

(tly"'ytn—myo;"':()); [leé(B,
in 2 and M; the totality of points of the form
(0"":O’tnfm+1:"':tn)y lt2|§5;

in ¥. Let Ps be the intersection of Hand N, By the same argument as in
the proof of there exists a positive number ¢ <1 such that

i) M.Pg is a relative neighborhood of the identity in A which is the

direct product of M, and Pj,

ii) AMNz N\ H= M.Ps,

iii) (A.M.Ng)A.M.NzC LNp.
Let 2, and 2, be two elements of A, and consider two elements o,7.(g4,) and
0a7o(ghy) of K,. Suppose that @.s0a7(g2,) = Wap0ama(g2,). Then psrasma(gls)
= PsTapma(8h,) and hence pgmg(gl) = psmps(gly). We have mg(gl)™ - ma(ghy)
=ng(3'4,) € Hp and hence 4;'4, € HNg. On the other hand ;!4 € A4;'4.C L
and hence A7'A; € HNy N\ LN C M.Ng. Therefore there exist an element z of
M, and an element v of Ng such that A, =2,uv. Since this expression is
unique, we have 4;,=2,. Thus we can conclude by the compactness of g4,
that p.m.(g4.) and pgme(gA.) are the homeomorphic image of g4, under the
mapping p.7. and pgrs respectively and that pgms(g4.) is the homeomorphic
image of p.m.(g4.) under the mapping w,s. Let A be the totality of points
of the form (¢, =+, ¢p-m, 0, -+, 0), |£;] <e¢, in X. If we replace A, with A;, then
the above statements with this replacement is also valid. Since gA. is homeo-
morphic to an (m—m)-Euclidean space and K, and K3 are (n—m)-manifolds,



Dimension-theoretical structuve of locally compact groups 387

we know that p.7(gA4l) and psrg(gAl) are open sets of K, and K; re-
spectively, by a famous Brouwer’s invariance theorem of a domain. p.r{gA4L)
contains 0,7(g) = w.0(g) =w (k)= k.. Thus the proof is completely finished

COROLLARY 1.8.2 A og-compact closed subgroup of a locally compact group
which is the projective limit of Lie groups is also the projective limit of Lie groups.

Cf. the footnote 3).

COROLLARY 1.9 A locally compact group G has a o-compact open subgroup
which is the projective limit of Lie groups.

ProoF. By Glushkov [5] there exists an open subgroup G, of G which
is the projective limit of Lie groups. Let U be a symmetric open neigh-
borhood of the identity of G such that i) U? is compact and ii) U2 G,. Then
U= is a ¢g-compact open subgroup with U~ C G,. By Corollary 1.8 U= is also
the projective limit of Lie groups and the corollary is proved.

COROLLARY 1.10. Let G be a locally compact group with dimG=un and H
a connected compact subgroup of G with dim H=m. Then K= G/H is the pro-
jective limit of (n—m)-manifolds K. accompanied with projections w.z which are
open continuous and locally topological.

PROOF. By Glushkov [5] there exists an open subgroup G, of G which
is the projective limit of Lie groups. Decompose G into cosets g£:G,, &< &,
such that G=\ {g:G,; £ € B} and g¢,G, N g:,G, = ¢ for any & and &, of & with
£, # &, For any g= G and any g, G, we have gG, Dgg,H by virtue of the
connectedness of . Therefore o(ge Gy N 0(ge,Go) = ¢ whenever &, + &, where
o is the natural projection of G onto G/H=K. If we set

pe(k) = (g - 07'(R), ks 0(Go),

we have a mapping ¢, of o(G,) into o(g:G,). By a straight-forward argument
it can easily be seen that ¢, is a homeomorphism of o(G,) onto o(g:G,). Thus
K is the sum of mutually disjoint open sets o(g:Gy), £ € 5, any of which is
homeomorphic to o(Gy).

By Lemma 1.7 we can consider G,/H as the projective limit of (mw—m)-
manifolds K9, a € A, accompanied with open continuous mappings js: K%
— K%, < a, which are locally topological. For any £ & and any ac A,
let Kf be a copy of K% (as a topological space) and ¢f:Ky—K: a copy-
mapping. For any £ <2 and any pair f<a let wis: Ki— K} be a mapping
defined by

Wis = Lt (d)™ .

Then it is evident that {K¢, a)gﬁ;aeA} forms a spectrum. For any a let
K, be the disjoint sum of K§, £ =5, whose topology is defined as follows:

4) Corollaries 1.8 and 1.9 were proved by Pasynkov [15]



388 K. Nacami

A subset D, of K, is open if and only if D, K¢ is open for every £ € E. For
-any pair f<a let w,s: K,— K; be a mapping defined as follows: The restric-
tion of w,p to K¢ coincides with wﬁﬁ for any & It is almost evident that
{Kew @45 ;€ A} forms a spectrum which has the following properties :

i) For any ae A, K, is an (m—m)-manifold.

ii) For any pair f#<«, w,; is an open continuous mapping which is

locally topological.

iii) The projective limit of {K,} is homeomorphic to G.

Thus the corollary is essentially proved.

LEMMA 1.11 (Pasynkov’s criterion [15, Lemma 37). Let a locally compact
Hausdorff space K be the projective limit of the spectrum {Ka, @5} which satisfies
the following conditions :

i) For any a, the sum theovem for the lavge inductive dimension is valid.

iy For any «, Ind K, = 7.

iii) For any pair B < &, @,z is locally topological.

iv) K is covered by a countable number of compact sets F;, i=1,2, -, with
Ind F; <7 for any 1.

Then we have Ind K=r.

§2. Dimension of factor spaces.

THEOREM 2.1. Let G be a locally compact group and H a closed subgroup
of G. Then
dim G =dim H+dim G/H .

PROOF. First we consider the case when dim G <co. Let dim G=# and
dim H=m. By Lemma 1.6 an arbitrary point &2 of G/H has a neighborhood
U which is homeomorphic to the direct product of an (n—m)-dimensional
Euclidean cube £ and a compact Hausdorff space C with dim C=0. By Morita
[127 we have dim EXC=<#un—m. On the other hand ExC contains a closed
subset which is homeomorphic to £. Hence we have dim EXC=#n—m. Since
G/H is paracompact by Lemma 1.1, we have dim G/H=<#n—m by Lemma 1.5.
Since EXC is compact and hence U is closed in G/H, we have dim G/H
=dim U=»n—m. Thus we have dim G/H=n—m and the equality dimG
=dim H+dim G/H is valid.

Next we consider the case when dim G=co. When dim H=oco, the e-
quality dim G=dim H+dim G/H is trivially true. Hence we consider the
case when dim H<co. Let dim H=wm. In this case we shall prove that dim

5) The author’s colleague Dr. Y. Katuta proved this equality for the case when
G is a compact group.
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G/H= co, which is not trivial at all.

Let r be an arbitrary positive integer. By there exists an
open g-compact subgroup G, of G which is the projective limit of a spectrum
{Go, map; & = A} where G, are Lie groups. Let 7, :G,—G, be the projections.
If

sup {dimG,;a s A} =1,
is finite,
A ={a;dimG,=7r}
is equifinal in A. Hence it can easily be seen that the kernel N, of some =,
is of coverning dimension 0. By there exists a neighborhood U

of the identity in G, which is the direct product of a Euclidean 7,-cube E
and N,. Since

dim U =dim EX N, =dim E-+dim N,=7,40

by Morita [12], we have dim G=dim G, <7, by which is a con-
tradiction. Hence there exists a compact normal subgroup N of G, such that
i) dim G,/N > r+m,
i1) G,/N is a Lie group.
Since H\ G, is o-compact and (H\ G,)N is closed, we know that (HNG,)N/N
=@ is isomorphic to HnG,/H N by Pontrjagin [16, G), §20]. Since every
small cell of HNG,/H~ N can be lifted to Hn G, by Montgomery-Zippin
[10, p. 194], we have

dim@Q =dim HNGy,/HNN=dim HnG,=dim H=m.
Let = be the natural projection of G, onto G,/N= P and let
dim P=p.
Let g,(#), -+, (&), 11| =4,, be one-parameter subgroups of P which generate
a canonical coordinate system of the second kind of P such that gp—g+,(@), -,
g,(¢) generate a canonical coordinate system of the second Kkind of @, where
g=dim Q.
By Montgomery-Zippin [10, Theorem 1, p. 192], we can find one-parameter
subgroups g¥®), ---,g5®), 1t]1=0, (£, of G, such that
) m(g¥®) =g for any ¢ with |[#|<9, and i=1, -, p,
i) g3 qn(®, -, g5 are in HNG,,
i) A(LLL)C (&) -~ gitp); | 1] =81}, where
L= {gik(tl) "'g;x)((tp); l £ I = 62} ’
A= {g¥t) - g;fq(tp—q) i1t 1=0,),
M= {g;l;—qﬂ(fp—qﬂ) g;@p) 181 =0,) .
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Let A,#, and 2,4, be two elements of L, where 1, L, =4 and x,, #, = M.
If 2,2, and 2,4, are elements of the same coset by HN G, then we have
n(A,)™ - r(A) e n(HNGo) =Q. Hence we have 1,=12,2 Conversely if 1,=21,
e A and pu,, #, be arbitrary elements of M, then (Au,)™ - Aip, =y, e MM
C Hn\ G, Thus we know that A4 is homeomorphic to z(4) under #. Since #(A)
is homeomorphic to a Euclidean (p—g)-cube, we have

dimA=p—q.
Similarly we can know that A4 is homeomorphic to p,(A4), where p, is the
natural projection of G, onto G,/H G, Hence
dim py(A) =p—q.
Let o be the natural projection of G onto G/H; then G,/H G, is homeomor-

phic to o(G,) under the mapping pp;'. We have dim G/H=dim o(G,) by
Lemmas LIl and L5 Thus we have

dim G/H= dim p(A) = dim py(A) = p—q> r-+m—m=1r.

Since » was an arbitrary positive integer, we have dim G/H=oc and the
theorem is completely proved.
THEOREM 2.2. Let G be a locally compact group with dim G=wn and H a
connected compact subgroup of G with dim H=m. Then
dimG/H=Ind G/H=ind G/H=n—m.

PrROOF. By Lemma 1.6 any point k2 of G/H has a neighborhood U(%k) which
is homeomorphic to the direct product of a Euclidean (#—m)-cube £ and a
compact Hausdorff space C with dimC=0. Hence we have

dim UR)=n—m

as we see in the proof of Theorem 2.1. Since G/H is paracompact by Lemma
1.1, we have
dim G/H=n—m
by Lemma 1.5.
Since n—m =ind £ <ind U(k) =< ind G/H, we have

indG/H=n—m.

In general it can easily be seen by an easy induction on Ind R that Ind RXS
=Ind R for compact Hausdorff spaces R and S with Ind S=0. Hence we have

IndUE)=n—m.
On the other hand #»—m=Ind £ = Ind U(k). Therefore we have
Ind Uk)=n—m.

6) Cf. Pontrjagin [16, A), § 44].
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By Lemma 1.9 there exists an open o¢-compact subgroup G, of G which
is the projective limit of Lie groups. Since H is connected, we have G,D H.
Since G,/H is o-compact, G,/H is covered by a countable number of compact
sets F; with Ind F,=n—m, i=1,2, ---.

By G,/H is the projective limit of {K,, w.s} where K, are
(n—m)-manifolds and .z are open continuous and locally topological. Since
G,/H is o-compact and hence K, are os-compact, K, are separable metric.
Hence for any «

dimK,=Ind K,=n—m.
Thus all conditions in are satisfied and we conclude that
IndG/H=Z=n—m.
Since n—m =1Ind F; <Ind G,/H, we have
Ind Go/H=n—m.
Since G/H is, by an analogous argument as in the proof of Corollary 1.10, the

sum of mutually disjoint open sets each of which is homeomorphic to G,/H,
we conclude that

Ind G/H=1Ind G, /H=n—m
by an easy induction on Ind G,/H. Since ind G/H<Ind G/H, we have also
indG/H=n—m.
Thus the proof is completed.
COROLLARY 2.3. Let G be a locally compact group with dim G = n which is
the projective limit of Lie groups and H a compact subgroup of G with dim H

=m. Then
dimG/H=Ind G/ H=ind G/ H=n—m.

PROOF. There exists an open subgroup G, which is o¢-compact. Then
G,=G,H is also an open subgroup which is s-compact. By an analogous
argument to the proof of Theorem 2.2, we have

dimG/H=ind G/H=1Ind G,/H=Ind G/H=n—m,

which proves the corollary.

§3. Decomposition theorem.

THEOREM 3.1. Let G be a locally compact group with dim G=mn. Then there
exist n-+1 subspaces B;, i=1, -, n+1, such that for any i B; is a paracompact
space with dim B; = 0.

PrROOF. Let ¥V be an open symmetric neighborhood of the identity of G

such that V% is compact. Let G,= V> ; then G, is an open g¢-compact sub-
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group of G. By there exists an open neighborhood of the identity
of G which is the direct product of a local Lie group L and a compact group
N such that

i) LNCYV,

ii) L is homeomorphic to a Euclidean #-space,

iii) dim N=0.
Let W be a relatively open neighborhood of the identity in L such that

i) the closure of Win L, say F, is homeomorphic to a Euclidean #n-cube,

iy FFFCL.
Let x,, x,, --- be a sequence of points of G, and #(1),#2), --- be a sequence of
positive integers which satisfies the following conditions:

D 1=H=2)= .

i) x,e V™ for i=1,-,tm), m=1,2, .

iii) x, & V™ for i>tim), m=1,2,---.

iv) U{x,WN;i=1,-,tm)} DV™ m=1,2, .
Then {x; WN;i=1,2,---} is a star-finite open covering of G,. {x;FN;i=12, -}
is therefore a star-finite closed covering of G.” Since F' is separable metric,
there exist n+1 subsets F;, i=1, -+, n+1, of FF with dim F;=0 for any i (cf.
Hurewicz-Wallman [6]).

We set

H = xlFiNU(Oz(ijiN— U2 FNY) i=1, -, n+1.
i= kg

n+1
It is evident that G,=\UH;. Let us prove that every H; is paracompact. Set
i=1

for every i
H;yy = x, 3N,

Hij=x,F;N—\J 5 FN, 7=2,3;

k<

o k
then H,=\UJH,; and \UH,; is relatively closed in H; for k=1,2,---. Set
j-1 j=1

Ji=Ak; %, FNN\ %N # ¢}, i=1,2
then J; is a finite set of indices from the star-finiteness of {x,FN;i=1,2,---}.
It is evident that
2 FNC FF*FNC LN for any ke/;, j=1,2,---.
Therefore if we set
Ey=\I{Hy;k<];}, i=1,n+l, 7=12,--,
then we have x;'E;; CLN for i=1,--,n+1, j=1,2, .

7) Cf. the argument in the proof of Remark 1.2.
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Write an element of LN as the product of A< L and v = N and define a
mapping = of LN onto L in such a way that

a(w)=2.
Now let us prove the equalities:
2 Ey; = n(x;'E; )N, i=1--,n+l, =12, .
Evidently x;'E;; Cn(x7'E;)N. To show that x7'E;;, Dx(xjE;;)N, let 2 be an
arbitrary element of n(x;'%£;;). Then there exists an index £<J; such that
A € n(x;'Hy,), and hence 2 € n(x;'%F;N—\J {x;'%, FN ; K’ < k}). Therefore we have
AN C n(x; %, FsN—\I {252, FN ; B’ < k})N

=n(r(x; % F ) N—n(\J {x5' %, F ; ' <k} )N)N

=m(m(xj % b)) —n(\M {27, F ; B < k})N)N

= (i % Fy) —n(\ x5 F s B < RP)N

= a(x; ) N—r(\ a7, F 5 B < EDN

= x; 9. F;N—\I{x;'%. FN ; B’ < k}

=27 (e FEN—\I {2, FN ; B/ < k})

= x5 Hy C x5 Ey;.
Thus we know that E;; is homeomorphic to the product space of #(x;'E;;) and
N. Since n(x;'E;;) is separable metric and N is compact (Hausdorff), the pro-
duct space n(xj'E;;)X N is paracompact by Dieudonné [2] Therefore we can

conclude that F;; is paracompact.
Since

H,;Cx;FNNH,C H—\I{x,FN; ke ],;}
=(Hu; keI (IHy; ke T;1H)— {ul'N; k)
C\I{Hy; ks];} =Ey,
the relative closure of H;; in the space H;, say ﬁij, is contained in x;FNN\H;
and hence in E;; Since H;, is considered as the relative closure of H;; in the
space E;;, H,; is paracompact by the paracompactness of E;; Since H;cx;FN
for j=1,2,---,
{ﬁlj ;j: 11 2} “'}

is as can easily be seen a locally finite relatively closed covering of H;. Hence
the paracompactness of H; is established by Morita [13]

Next let us prove that dim H; <0 for i=1,.--,n+1. Since F' is compact,
there exists a sequence of open sets D,, »=1,2, ---, of L such that

F=ND;.
i=1
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We set
H'JT:xJFlN_U{kaTNr k <.7} ’ Z: 1: Tty n+1 ) ]: 1’ 2: oy
7= 1’ 2’ -
then H;;, is relatively closed in H; and contained in H;;. Since {]—NIU i 7=1,2,--}
is locally finite in the space H,,
{}]ij'r )]: ]-.v 2.' }

is also locally finite in the space H;. Hence
Kir: Q]{ij'r
iz

is relatively closed in }L Since H;;. is a relatively closed subset of a para-
compact space x;I;N, we have

dim H;j, = dim x;,F;N =dim F;N=dim F; X N= dim F;+dim N=0.
Hence by the sum theorem we have

dim K;, 0.
Since it is almost evident that H;=\JVK;,, we have
r=1

dlm[{z§0, izl;"':n+l:
by the sum theorem again.

Let {g:G,; &= E} be a collection of all cosets by G, such that g:G,\ g,G,
= ¢ whenever & and # are different indices of Z. Setting

B;=\J{gH;; ¢ e B}, i=1,-,nt+l,

B; is evidently a paracompact space with dim B; <0 for every ;. Thus the
theorem is completely proved.

REMARK 3.2. It is to be noted that B;, i=1,---,n+1, constructed above
satisfy the following condition: If 7={i, --,4;} is any subset of {1,-.-, 41},
then U {B;;i= I} is a paracompact space with dim\J{B;;ie [} <j—1.

§4. Invariance theorem of a domain.

LEMMA 4.1 (Alexandroff-Hopf [1, Theorem 1V’, p. 1217]). A compact metric
space R with dim R=0 which has no isolated point is homeomorphic to a Cantor
discontinuum.

THEOREM 4.2. The invariance theorem of a domain does not hold in any
locally compact, metric group G with dim G < oo which is not locally connected.

ProoOF. Let dimG=w#; then by Lemma 1.3 there exists an open neigh-
borhood of the identity of G which is the direct product of a local Lie group
L which is homeomorphic to a Euclidean n-space and a compact metric group
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N with dim N=0. Since G is not locally connected, N must be infinite. Hence
we can consider N as the projective limit of a spectrum {N, 7;;: N;— N;;
i=1,2,---} such that

i) N, is a finite group for every i,

ii) m;; are onto homomorphisms,

iii) for any 7 the order of the kernel of =, ; is not less than 3.

Set M;=N,. By an easy application of the induction we can construct a
sequence of finite subsets M; of N;, i=1,2, .-, such that

| it Miy | =2 for any peM, i=1,2,---.

Let M be the projective limit of {M, =;;}. Since both N and M are compact
metric spaces with dim N=dim M =0 which have no isolated point, there
exists by a homeomorphism ¢ of N onto M.

Here we notice that M contains no non-empty open set of N. Suppose
that a non-empty open set D of N is contained in M ; then there exist a point
x of D and a positive integer i such that z;'z,(x) C D, where =; is the projec-
tion of N onto N;, j=1,2,---. We have

| 7osq7i () | = 3.

Since mx) € M; and w7y 'my(x) = iy ,imi(x), we have
| o) N\ Moy | =2

Since myy 77wy (%) C 7wy (M) = M., Wwe have

| Zoaa7 7l ) N\ M | = | mpmi'w(x) | 2 3,
which is a contradiction. Thus M contains no non-empty open set of N.
Define a mapping v : LN— LM in such a way that

Y(yx)=y - o(x), yeL, xEN.

Then v» is a homeomorphism of LN onto LM. To prove that LM contains
no non-empty open set of G, assume the contrary. Then there exist a non-
empty open set L, of L and a non-empty open set N, of N such that L,N,
C LM. Define a mapping f: LN— N in such a way that

flyx)=x, yel, xeN.

Then f is an open continuous mapping. Hence f(L,N,)= N, is open in N and
is contained in f(LM)= M, which is a contradiction. Thus we know that the
invariance theorem of a domain does not hold in G and the proof is completed.

Ehime University, Matsuyama
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