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The theory of complex multiplication of abelian varieties has been estab-
lished by A. Weil, G. Shimura, and Y. Taniyama (3], to be referred as
[CM]). The main parts of them, i.e. the so-called construction of class-fields
are concerned with simple abelian varieties (primitive CM-type). Naturally
as the next step the extension of the theory to the case of composite
varieties should be considered.

Along this line we shall begin with a very simple case, assuming the
variety to be a direct product B, X --- X B, of simple abelian varieties B; of
the same CM-type. The result of this note consists in Main Theorem of §4
and Corollary to it. Our result implies the

THEOREM. The field of moduli of the product B, X --- X B, (with respect
to any polarization) is contained in the class-field obtained from the field of
moduli of the factor B.

This means that we can not get any different class-field to that of primi-
tive CM-type from such product.

I would like to express my heartfelt gratitude to Prof. Shimura for his
kind guidance and criticism during the preparation of this note.

We shall use the same notations and terminologies as in [CM].

§1. Let (K; {¢;}) be a primitive CM-type and [K; Q]1=2n. We shall con-
sider a couple (A4, #) formed by an abelian variety A defined over C and an
isomorphism 6 of K into A,(A). Let % be a positive integer. We say that
(4, 0) is of type (K; {@;}; k) if the following two conditions are satisfied.

(A1) dim A=#nh.

(A2) For any element «a < K, the analytic representation of f(a) (cf.
[CM; §3.2.7]) is equivalent to the diagonal matrix whose diagonal elements
are exactly % times a®, ..., a%z. If (A4,8) is of type (K; {¢;};1) then (A4,0) is
of type (K; {¢;}) in the sense of [CM, §5.2]. Therefore we put (K; {¢:};1)
=(K; {p:}).

PrROPOSITION 1. If (A, 0) is of tvpe (K; {9} ; k), then A is isogenous to a



238 K. Do1

product BX --- X B of h copies of B, where B is a simple abelian variety of
type (K; {@;}), and theve exists an isomorphism ¢ of M,(K) (=the total matric
algebra of degree h over K) onto ALA) such that ¢(al,)=0(c) for every a € K,
where 1, denotes the identity element of M,(K).

Proor. The first assertion can be proved in the same way as in [CM,
§5.1 and §6.1]. Recall that B is simple and A,(B) is isomorphic to K if B is
of type (K; {9.}), since (K; {¢;}) is primitive. Then the second assertion fol-
lows easily from the first assertion.

Generally, let A be an abelian variety defined over €. Then we can find
a complex torus C*/D and an analytic isomorphism z of A onto C*/D. We
call the pair (C"/D, ) an analytic coordinate system of A (cf. [CM; §3.17]).
Let (A4, 0) be of type (K; {¢:}). Put

t =07 LA N O]

Take an analytic coordinate system (C"/D, ) of A and denote by S the ana-
lytic representation of .1,(A) with respect to z. Then, we have

S@a)DC D,

for every element « in t. Hence D is considered as an r-module.

We shall use the following well-known property in the theory of algebraic
number fields.

LEMMA. Let F be an algebraic number field and o be the ving of integers
in F. Let M be a finitely generated v-module without torsion. Then

M=a, B - Da, =0P - DoPa, -+ ay

wheve a; ave ideals of v. Moreover, in these representations of ‘IR, the number
n and the ideal class of an ideal a, --- a, arve uniquely determined by M.

For the proof of this lemma, we refer to a more general treatment [1;
Theorem 27.

By the constructive proof of [CM; Theorem 2 of §6.1 and Theorem 3
of §6.2] and the above lemma, we can get the following proposition imme-
diately, applying Theorem 2 with the It of that theorem taken as each of
the above direct summands of our M in turn.

PROPOSITION 2. Let the notations and assumptions be the same as in Prop-
osition 1. If 07 [0(K) N ACA)] coincides with the ring of integers in K, A is
isomorphic to a product B, X --+ X By, wherve the B; are simple abelian varieties
of the same type (K; {@;}). Moveover, we can take the B; in such a way that
the B; for 1 <i<h—1 ave isomorphic to each other.

REMARK. We remark that the abelian varieties B,, B, in Proposition 2 are
principal [cf. CM; §7.2 and §7.47]. Hence, by [CM; Proposition 17 of §7.4],
there are exactly %, (the number of ideal classes in K) abelian varieties such
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as A in which are not isomorphic to each other.
§2. In view of [CM; Proposition 26 of §12.47], we assume that abelian

varieties which we shall consider in the following treatment, are defined over
an algebraic number field.

PROPOSITION 3. Let (K*; {¢,}) be the dual of a primitive CM-type (K ; {@;})
and (B,t) be a simple abelian vaviety of type (K; {p;}). Let C be a polarization
of B and k, be the field of moduli of (B,C). Then we have

kJK*=the field of moduli of (B,C,t).

PrROOF. Let k& be an algebraic number field of finite degree satisfying
the following conditions [CM; §15]:

i) % is normal over K*;

ii) B is defined over k;

iii) for every automorphism o of 2 over K*, all the elements of %(B, B%)
are defined over k;

iv) C contains a basic polar divisor Y rational over 2. Then the field &
contains the field of moduli of (B, C,¢) and also kD k,K*. Let r be an isomor-
phism of % onto a field 2/, which leaves invariant the elements of the field
of moduli of (B,C,t). Then, by [2; Proposition 5], (B,C,¢) is isomorphic to
(B, C%, (%), i.e. there exists an isomorphism » of B onto BT such that

77(Yec
and
noda@)=c(a)en

for every element a<=tr, where t=¢"(J(B)). Remarking that K=@Qr, we
know that z fixes every element of K* and also of %k, by an essential prop-
erty of fields of definition of (B,:) [cf. CM ; Proposition 31 of §8.5].

Conversely, let ¢ be an isomorphism of 2 which leaves invariant the ele-
ments of £, K*. Then we can easily see that (B, C, () is isomorphic to (B, C’ %)
by the definition of 2, and [CM ; Proposition 1 of §14.17. Hence o fixes every
element of the field of moduli of (B,C,¢). This completes the proof.

§3. Let (By,¢,) and (B, ¢,) be two abelian varieties which are principal
and of the same primitive CM-type (K; {¢;}). Then, by [CM; Proposition 16
of §7.4.7], there exists an isogeny gz of B, onto B, such that (B,,¢,; ) is an
a-transform of (B,,¢) for an integral ideal a of K. Let 2 be a homomorphism
of B, onto B; such that

Aopt=aody,

where @ is a positive integer. Let C, be a polarization of B, and X be a
divisor in C,. Put C,=cCc(A Y(X)). Put

‘@lz(Bl) Cl: [1): @2:(32’ 02’ [2)'
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Then it is easy to see that g is a homomorphism of &, onto £, and 1 is a
homomorphism of 2, onto %,. Let k&, be the field of moduli of (B,,C,) and
(K*; {¢a}) be the dual of (K; {@}).

PROPOSITION 4. Notations being as above, if o is an automorphism of the
algebraic closure of Q, which is the identity on k,K*, then there exists an iso-
morphism of L, onto P{. Moreover, for every isomorphism 7, of P, onto P{,
there exists an isomorphism 7, of P, onto P% such that

N10A=2%017,, Naob=p" ;.

PrOOF. By the same proof of [CM; Proposition 14 of §17.17, we can
easily verify the existence of isomorphism 7,.

§4. Now we shall apply these preliminaries to our abelian variety
A=B,X .- X B, (as in Proposition 2), where each simple abelian variety
(B;, t;) is principal and of the same primitive CM-type (K; {¢;}). Let p; be
the projection of A onto the i-th factor B; and p; the injection of B; into A.
For every element £ of A,(A), put B;;=p;°B°0; Then B;;€ H(B;, B;) and
B is uniquely determined by the j;;,, Therefore we write

511 ﬂm
ﬁ_—_(ﬁij):( ............ )

Now we can find easily (cf. CM §14.1 Proposition 1 to construct 2,; satisfy-
ing i)-iii)) a system {1;;; 1=<i<h, 1 <j<h} with the following properties:

i) for every ¢ and j, 4,; is an element of 4 (B, B;).

i) Agetfa)=1{a)- s for every a € K;

i) Agje A= Aue
It is easy to see that 1;; is the identity element of 1,(B;). Fix such a system
{2;;} and define a mapping 6, of the total matric ring M,(K) of degree % over
K to A(A) by

0o(ai) = (Ass0 e asy))

for every (a;;) e M,(K). We can easily verify that 8, is an isomorphism of
My(K) onto A(A) by the proof of [CM §14.1 Proposition 1]. Further, if we
denote by @ the restriction of 6, to K, then (A4, 6) is of type (K; {¢:}; A).

MAIN THEOREM. Let (K*;{¢,}) be the dual of a primitive CM-type
(K; {9:i}). Let (A,0)) be of type (K;{9:};h) and D a polarization of A. Sup-
pose that O7'[0(K)\ ACA)] is the ring of all integers in K. Let 0 be an iso-
morphism of M(K) onto ALA) whose restriction to K coincides with 6, (cf.
Proposition 1). Let further (B,t) be a simple abelian variety of tyvpe (K; {p:})
and C be a polarization of B. Denote by k, the field of moduli of (B,C). Then
we have '
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kK* =the field of moduli of (A, 9,0).

Proor. We first prove that the field of moduli of (4, 9, 8) is independent
of the choice of a polarization 9 of A. Let 9, 9’ be two polarizations of A
and X, X’ be non-degenerate divisors in 9 and 9’, respectively. Let ¢ be an
automorphism of the algebraic closure of @, which is the identity on the field
of moduli of (4, 9,6). Then, there exists an isomorphism 7 of (4, 9,6) onto
(A% 9°,6°). We shall show that 7 is also an isomorphism of (4, 9’, 6) onto
(A%, 9°,6°). Now define, as usual, the isogeny ¢y of A onto A (=the Picard
variety of A) by the relation ¢x(#) =CI(X,—X), forucs A. As ¢3' o @z = A(A),
there exists an element « = M, (K) such that

, % cpx=6(a).
Then we have ¢y =¢yo0(a)and ¢% =% 0%(a). As (X)) 9, there exist
positive integers m and » such that m -p°¢@zsop=ngy. Multiplying this by
f(«), we get, on account of the relation 7<8(a)=0(@)en, m*-'5° % on=ngy.
Hence we have
(X" 9.

This implies that o is the identity on the field of moduli of (A4, 9/,6). Re-
peating the same arguments to the field of moduli of (A4, 9/, 8), we see that
the field of moduli of (A4, 97,60) is equal to that of (A4, 9, ).

Now by Proposition 2, A is expressed in the form

A=DB; X -+ X By

and we can find an isomorphism ¢; of K onto A4,(B;) such that (Bj¢;) is of
type (K;{g;}) for each j. Further, the (Bj,¢;) are principal. Define an iso-
morphism 6, of M,(K) onto A(A) using these (B, ¢;) and a system {1;} as
above. We see easily that 67'-6§, gives an automorphism of M,(K) onto
itself. Restricting this to K, we get an automorphism y of K. Then we
have f(a)=0(a”) for every a«= K. As both (4,0) and (4,6, belong to
K {oi} ;s ), {rey, -+, 7.} must coincide with {@,, -, ¢,} as a whole. Then 7
must be the identity mapping of K, since (K; {¢,}) is primitive [CM; §8.2,
Proposition 267. It follows that 6~'-f0(a)=a for every a< K. Therefore
016, is an inner automorphism of M,(K). Namely, there exists an element
& of M(K) such that O(a)=0,Ea&™™) for every a & M,(K). Using this fact,
we can easily verify that the fields of moduli of (4, 9,6) and (A4, 9, 8, are
the same. Therefore, it is sufficient to show that

k,K*=the field of moduli of (4, 9,6,)

for a certain polarization @ of A. For every i and j take a positive integer
a;; such that a;;04;; € H(Bj, B;). Put then y;=a;;°2;;. Let C, be a polari-
zation of B, and X, be a divisor in C,. For every i>1, call C; the polariza-
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tion of B; containing #7%(X;). Then it is easy to see that z;; is a homomor-
phism of (B, C;t;) onto (B;,C;¢;). By k,K* is the field of
moduli of (B;, Cy, ¢;) for every i. Let o be an automorphism of the algebraic
closure of @ which is the identity on %2,K*. Then there exists an isomor-
phism %, of (B, C,,¢,) onto (B?,C¢,¢). By for each i>1, we
get an isomorphism 7, of (B, C; ¢;) onto (B, Cf ¢f) such that ;e gy = uf 7.
Then, by the properties 4;;° ;= 4, and 4;;= ajj'u:;, we see that 7,0 2;;=24%°7;
for every ¢ and j. Let 9 be the polarization of A containing the divisor

h
2B X - X By X Xy X By X - X By,
=1

where X; is a divisor in C; for each i. Let 7=(, -+, 7,) be an isomorphism
of A onto A whose restriction to B; is 7, for every i. Then, by the definition
of 8, and 9, we can easily see that » is an isomorphism of (A4, 9,6, onto
(A%, 9°,6%). Hence o is the identity on the field of moduli of (A, 9, 6,).

Conversely, let ¢ be an automorphism of the algebraic closure of @ which
is the identity on the field of moduli of (A4, 9,6,). Then there exists an iso-
morphism 7 of (A4, 9,8,) onto (4%, 9%, 6]). Put

/ISTRAMER/IY )

where 7;; is a homomorphism of B; to B;. By the definition, » satisfies the
relation

7°0(@)=0}a)°7
for any 6y(a) = JA(A). Let (x)=(xy, -, x,) be a generic point of A, then
7)) = (@) + - + 0%, -+, Dra(®)F - F 7)) -

As a special case, if we take

’ »Vin

ey 0
00(a): ------ ’

0,-,0

where y,, is an isogeny of B, to B,, we have
70 0(a)(®) = (711 °V1a(%0), ++* , na © V1))
On the other hand,
03(a) » n(x) = Wilnp(xD)+ =+ +75(22)1, 0, -+, 0) .
Hence, it follows that
M1 = gy = - =7, =0.
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If we take another set of special endomorphisms such as the above 6,(@), we
see that
ﬂij:(): fOI‘ i?l:]’.
It follows that 7;; is an isomorphism of B; onto B7 for each ¢ such that
Nii° =5 ° iz,

for i=1,---,h By the choice of the polarization 9 of A and the result

Nis 0
7}:( '._. ),
0 Nan

we can easily see that 7, is an isomorphism of (B;, C;,¢;) onto (B, €%, (). This
proves our main theorem.

COROLLARY. Notations being as above, k,K* contains the field of moduli
of (A, D).

Proor. This is a direct consequence of the general theory [2; Proposi-
tion 87.

Osaka University
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