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Introduction.

At the beginning of this century E. Cartan developed the theory of infinite
Lie groups in his series of papers [1], [2], [3], and one of his main achieve-
ments was the classification of the simple infinite Lie groups [3].

With the increasing interest in this field, modern formulations and treat-
ments were made around 1960 (especially in [9], [5], [13]), and then the
rigorous and systematic proof of the classification of the simple infinite Lie
groups was given in the transitive case ([8], [6], [10]).

On the other hand in the intransitive case, only a few attempts were made
by several authors. N. Tanaka and K. Ueno studied the generalized
G-structures towards the equivalence problem of the intransitive Lie groups.
V. Guillemin studied a Jordan-Holder decomposition of the transitive Lie
algebras and introduced simple intransitive Lie algebras occuring in the de-
composition. But in his treatment the intransitive Lie algebras considered are
limited to those which are ideals of some Lie algebras.

It seems that there are no satisfactory formulations and treatments of the
intransitive infinite Lie groups. In particular, in spite of the early work of
Cartan, the classification of the simple intransitive infinite Lie groups has not
yet been rigorously settled.

The purpose of this paper is to contribute to the classification of the simple
intransitive infinite Lie groups.

According to Cartan [3], the classification problem is divided into the
following three problems:

() To reduce the problem to (II) and (IID).

(I) To determine all intransitive Lie groups whose restrictions to the
orbits are infinite and primitive.

(IlI) To determine all intransitive infinite Lie groups whose restrictions
to the orbits are finite, simple, and simply transitive on the orbits.

In this paper we take up the problem (II). We shall formulate it in the
category of the formal Lie algebras, and carry it through.
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Now we explain our main results, describing the construction of this paper.

Let V be a finite dimensional vector space, and D(V) be the Lie algebra
of all formal vector fields on V (see §1). The closed Lie subalgebras A of
D(V) are the formal objects corresponding to the Lie algebra sheaves on a
manifold, and are what we are concerned with.

In §2 we establish a formal version of the Frobenius’ theorem with singu-
larities which was obtained by T. Nagano in the analytic category. By
the theorem we can consider the (formal) orbit of A through the origin of V,
and the restriction of A to the orbit, which we call the transitive part of A.

Then our problem is stated as follows: Determine all closed intransitive
Lie subalgebras A of D(V) whose transitive parts are infinite and primitive.

To carry out the problem, we assume that the ground field is the complex
number field C, and we impose on A the following reasonable regularity con-
ditions :

(A) The orbit of A through the origin is a regular orbit.

(A,) The associated graded Lie algebra gt*(A) of A satisfies

(R) [V, gr*(A)JCor*1(A) for all k.

The condition (R) is suggested by the work of Tanaka, loc. cit.,, where he
proved that (R) is always satisfied if A comes from the Lie algebra sheaf A
which satisfies the condition that dim A,/ A% is independent of the point x,
where A% is the subalgebra of the stalk </, consisting of those germs vanish-
ing to order k.

The formal version of this fact is explained in §4, after we introduce the
prolongation of D(V) in §3.

Our main theorem is then stated as follows (see §6):

THEOREM. Let A be a closed Lie subalgebra of D(V) satisfyving (A,) and
(Ap). Assume that the transitive part L of A is infinite and primitive. Then A
1S 1somorphic to a subalgebra of L[W*] containing L' W*] for a certain vector
space W.

Here L[ W*] denotes the intransitive extension of L by W (see §5 for the
definition). It is well-known that there are six classes of infinite primitive Lie
algebras. Four of them are simple and the other two are not; each has the
ideal of codimension 1. We have denoted by L’ either L itself or the ideal
of L, according as L is simple or not.

Thus the algebra A is completely determined up to W if the transitive
part L is simple. Though A is not uniquely determined if L is not simple,
it is not so essential in the sense that L[ W*]/L/[W*] is abelian and isomorphic
to the ring F(W) of formal function on W (see §11). ‘

In §5 we introduce the notion of essential invariants due to E. Cartan [4].
If we reduce A by excluding the inessential invariants out of A, then W is
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determined by V=U@W, and the isomorphism of A to a subalgebra of L[LW*]
is given by a formal (power series) isomorphism of V.

In § 7 we review briefly some known results for the primitive infinite Lie
algebras, especially for irreducible ones.

In §8 we study the contact Lie algebra and determine its structure
thoroughly.

In§9, 10 and 11, the proof of the theorem is carried out. First we determine
the associated bi-graded Lie algebra > a™? of A in §9. Then starting from
the associated bi-graded Lie algebra, we determine A in §10 and 11. Since the
most difficult is the case where L is contact, we devote ourselves mainly to
this case and the proof for the case where L is irreducible is only outlined in
§11.

In this way the problem (II) is solved. For the other problems, especially
for (I), it seems that further studies of intransitive Lie groups will be needed.

The author would like to express his deep gratitude to Professor N. Tanaka
who first introduced him to infinite Lie groups and has encouraged him with
kind advice.

§1. Formal functions, vector fields and mappings.

Let V be a finite dimensional vector space over a field £ of characteristic
0. Let V* be the dual space of V and S?(V*) be the p-times symmetric tensor

of V*. The complete direct sum ﬁ S?(V*) is denoted by F(V) and elements
P=0

of F(V) are called formal functions on V. If we fix a basis x*,---,x™ of V¥
formal functions are regarded as formal power series in 7 indeterminates
x*, .-, x™ We endow a topology on F(V) by assigning a filtration {F?(V)} as
a fundamental system of neighbourhoods of the origin, where we set F?(V)
:k];[pS V).

By a formal vector field on V we mean a continuous derivation of F(V).
We denote by D(F(V)) or D(V) the Lie algebra of all formal vector fields on

V. Since any continuous derivation is uniquely determined by its value on

V*, D(V) is identified with VQF(V). Let ~a%, ,—a% be the basis of V dual

1 n

to x',--,x" Then each XeD(V) is written uniquely as

;0

X= Zfl—ax—z ’
where f* is given by f'=X-x'. Let D?(V) be the subspace of D(V) consisting
of formal vector fields X such that X-F(V)C F?*'(V). Then D?(V) is identi-

fied with VQF?*(V) and it is easy to verify that
CD?(V), DYV)JC D™*4(V).
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We also endow a topology on D(V) by the filtration {D?(V)}

Let A be a Lie subalgebra of D(V). The filtration {D?(V)} of D(V) induces
a filtration {AP} of A, where we set AP=AND?(V). Putting gr?(A)=A?/ AP,
we get the associated graded Lie algebra gr(A)=2> qr?(A) of A. Since gt?(D(V))
is canonically isomorphic to VQQSP*(V*), qt?(A) is identified with a subspace
of VQSP*(V*), In particular gt '(A) is a subspace of V. A is called transitive
if gt7'(A)=V and intransitive otherwise.

Let W be another vector space. By a formal mapping from V to W we
mean a ring homomorphism ¢*: F(W)—F(V) with ¢*(1)=1. If ¢* is an iso-
morphism, ¢ is called a formal isomorphism.

Let ¢, be the S**(V*).component of ¢*| W*. ¢, is considered as an element
of WRS*(V*). Since ¢* is uniquely determined by its value on W*, the
correspondence

(1.1) 0 —> (P rz-1, OrE WQ SHI(V*),

is bijective. Note that ¢ is an isomorphism if and only if ¢, is.

Let f% .-, f° be a set of formal functions. It is called independent if the
projection of 1, f%, -+, f° on F(V)/F*V) is independent. In other words, if we
denote by f(0) the constant term of f and by d,f the projection of f—f(0) on
V* f1, .-, f* is independent if and only if d,f*,---,d,f* is linearly independent.
If n=dimV, an independent set of n formal functions f%,---,f" on V forms a
formal coordinate system of V.,

Let f*, -+, f® and g%, ---, g® be independent, then there exists a formal iso-
morphism ¢ of V such that ¢*g*=f"* for i=1,--,s.

Let ¢ be a formal isomorphism of V to W. Then it induces the Lie algebra
isomorphism

0x: D(V)— D(W)

defined by @ X=(¢*) o Xop* for XeD(V).
Let ¢ be a formal isomorphism of V such that ¢*F'(V)C FYV). Then
clearly we have ¢*FP(V)CF?(V). From this we see that

e« D?(V)C D?(V)  for all p.
Therefore ¢4 induces the map
(1.2) et VQSPHV*) —> VQSPH(V*).

Let ¢=(¢p,), where ¢, VRS**(V*), with respect to the identification of
(1.1), then ¢_,=0 and ¢, is non-singular in this case. It is easily verified that
the map coincides with the following map:

PR i VRSPHVH) —> VRSPH(VH).

Moreover we have
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PROPOSITION 1.1. Let ¢ be a formal isomorphism of V, and let ¢=(¢3)pz-1
with ¢, VRS*I(V*)., Assume that ¢_,=0, p,=id, and ¢;=0 for 0<i<p. Then

05 Xq= X¢—Lp X1 (mod DP*9*(V))

for any X, VQS(V*).

The proof is omitted.

Throughout this paper we confine ourselves to the formal category. So
we shall hereafter often omit the adjective “formal”.

§2. Formal version of Frobenius’ theorem with singularities.

Let A be a Lie subalgebra of D(V). A function f is called an invariant
of A if X.-f=0 for all Xe A, and an ideal 4 of F(V) is called invariant by A
if X-9Cd for all Xe A.

The following theorem is a formal version of the Frobenius’ theorem with
singularities (for the analytic case refer to [12]):

THEOREM 2.1. Let A be a Lie subalgebra of D(V), and s be the codimension
of gt (A). Then there exist s independent functions f*,---, f° such that the closed
ideal (f*,---,f°) generated by f',---,f* is tnvariant by A.

Proor. Let A" be the F(V)-module generated by A. Then A" is a Lie
subalgebra of D(V) and satisfies gt '(AF)=gr !(A4). Note that an ideal J is
invariant by A if and only if it is invariant by A. Therefore we assume,
without loss of generality, that A¥=A.

For the proof we need the following lemma :

LEMMA 2.1. Let A be a Lie subalgebra of D(V) satisfying A¥=A, with
dim gt~ !(A)=r. Then there exist r vectors X,,---, X, in A such that by a suitable
coordinate system x*, .-+, x", ¥, -+,y° of V with x%, y*eFX V) each X; is ex-
pressed in the following form:

0

Xi—_—%‘kéfg—gﬁ— for 1=i<r,

=1
where each £¢ belongs to the ideal (¥, -+, y®).

Taking this lemma for granted, we can prove the theorem immediately :
Let X;,---, X, and x',:--,x", ¥',---,%%, be as in the lemma. Then we assert
that the ideal (y',---,y%) is invariant by A.

Let U be the vector subspace of A 'spanned by X,, -+, X, and B be the Lie
subalgebra of A consisting of those Y= A of the form

a0
Y_az=:177 ay“

in the coordinate system x%,---,x", »',---,*. Then it is obvious that A=U?"+B.
Therefore it suffices to prove that (y,---,y%) is invariant by B.
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If j‘] e 83“ € B, then we see easily that »%(0)=0 for a=1,---,s. It is also

a=1

easy to see that
[U,UlcB

[B,U]JCB.

(2.1)

Therefore, for Y=2> 1"~ aa = B, if we set

[Xm-~[Xﬁ[X;yﬂjf~]=§:mykgir.
a=1 Y

We have 7%.,(0)=0, from which by a simple calculation we get

0. 0n” - l<a<s
Ox* - Ox axiarl 0)= (1<z 7, <r)

This implies that Y-y belongs to the ideal (»%,---,¥°). Thus the proof of the
theorem is completed.
The proof of the lemma proceeds as follows: Taking account of the

assumption that A"=A, we can find X,,--, X,€A and a coordinate system
ul, -, u”, v -, v, with #*(0)=--- =v°(0)=0 such that
2:2) Xi= gt B e, EH0)=0

: T oouwr T 2 ovt ¢ :

We want to find functions ¢% 4% (1=a, f=s, 1=i=r) satisfying the equa-
tions :

l&ﬂzimﬁ
(2.3) g=1

fa___va__gpa
plus the condition:
(2.4) % is a power series in ', -+, u” and ¢*(0)=0
In order to obtain ¢% A%, we expand them in power series of u', .-+, u":
SD MSDQ(I)__{_gDC’(?/_*_ .. Tsoa(p)_i_
(2.5) {
2{?‘5:25‘50’—1— +2§”,§p)+ -
and we are to determine inductively ¢*? and 2%” so as to satisfy and

(2.4). In each inductive step, we need certain compatibility conditions in arder
to find ¢*®. It is in effect satisfied by the following fact: If we put

(2.6) [ X, - [ X, X]--] :‘élvgi,..k"a% ,
then we have

2.7) 76-40)=10
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In this way, though we omit the details, we can determine ¢*? and AHP
uniquely. Then each X; is expressed in the desired form by the coordinate
system u', ---,u", f*, -+, f°, which completes the proof of
The ordinary Frobenius’ theorem has the following formal version:
THEOREM 2.2. Let X,,---, X, be independent vectors in D(V) and satisfy

[X,, ij:é\i F5X,  for some fheF(V).
Then there exist s functions y',--+,y* (s=dimV—r) which are independent and
are invariants of X, -, X, i.e.,
X y¥=0 for 1=i=Zr, 1=2a<s.

The proof is also carried out quite formally.

§ 3. Prolongation of D(V).

For a vector space V, we put V“‘):V@)éSk(V*) and consider the ring
F(V™®) of the formal functions on V®, Since:_gp(V)* is identified with S?(V*)
by the natural pairing <, ), we identify V®* with V*®§05i(v)' By this
identification, there is a natural inclusion:

t: F(VP®)— F(V®)  for [z=k.
We set F(V©)=lim F(V®),
%

Let {x%, -, x"} be a basis of V*, and {p%; 1=1, -, n, a=(a,, -, a,), |a| <k}
be a basis of V®*such that ¢, x*=pi, then each element of F(V®) is regarded
as a (formal) function of {p.}. For feF(V), by the substitution:

Fl (1 44
* _la\ k !pax )

A

We get a function j*f

=G e 7).
Then j*f is regarded as an element of F(VGV®), Thus we get a map
jt: F(V)—=F(V@®V™). We note that F(VV™®) is identified with F(V)QF(V®)
(F(V)QF(V™®) is endowed with the topology defined by the filtration {@?},
where @?= 3 F"(V)RF*(V®) and & denotes the completion with respect to

THs=p

this topology). Since F(V) is the dual space of S(V) by the pairing <, >, there
is defined the pairing S(V)X F(V+V®)— F(V®), which we also denote by {, ).
Now for feF(V), we define the derivative 4f of f as an element of

Hom (S(V), F(V)) in the following way: For £e ﬁ){)S"(V) and [=F, we put
Lf=<& Y,
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then we see that
e dif=AdEf for I'=1.

We define 4f to be the injective limit of 4'f.
It being prepared, for XeD(V) the k-th prolongation p*X is defined to be
the derivation of F(V®) i.e. the element of D(V®) by the following condition :

3.1) P X(a®8)=d:(X-a) for a®’§EV*®§)S""(V).

Since any derivation of F(V®) is uniquely determined by its value on V%,
p*X is uniquely determined by [3.1).
PropPOSITION 3.1. The map

p*: D(V)—> D(VP)

is an injective Lie algebra homomorphism.

Proor. This proposition can be verified by a direct calculatxon

It is convenient for our purpose to modify p* by a translation. Let 6 be
the formal isomorphism of V®, defined by 6*(pi)=pi—0di, where

i

[1 it a=(, O )
[ 0 otherwise.

We set p*=0,-p* then we have
PROPOSITION 3.2. The map

p*: D(V) — D(V®)

is an injective Lie algebra homomorphism, and for 120, X D**Y(V) if and only
if p*Xe DY(V®),
The proof is omitted, since it is obtained by a simple calculation.

§4. Regularity conditions.

Let A be an intransitive Lie subalgebra of D(V). By the Frobenius’ theorem,
Theorem 3.1, we see that there exists an A-invariant ideal (f?,---, f*) of F(V),
such that s=codimgr™'(A) and f',---,f® is independent. Then the ideal
(fY, -+, f%) can be considered to define the orbit of A through the origin. Thus
we may speak of the orbit of A through the origin, and we can consider the
restriction of A to the orbit. More precisely, since (f%, -+, f*) is invariant by
A and X< A induces the derivation ¢(X) of F(V)/(f',---,f%). Since f*, -, f*
is independent, F(V)/(f%, ---, f*) is identified with F(U), where U is the subspace
of V annihilated by d,f% ---,d,f°. Let L be the image of ¢: A—D(U). Then
L is a transitive Lie subalgebra of D(U), which we call the transitive part of A.

In general the orbit of A through the orign may be singular. We say that
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A is regular if it is a regular orbit, that is, if A satisfies the following condition:
There exist independent s-functions f*,---, f* €F(U) such that s=codim gt™'(A)
and that X-f'=0 for all Xe A4 and =1, ---,s.

We say that A is k-regular if the orbit of the k-th prolongation p*A is
regular.

We have the following proposition which was originally proved by N.
Tanaka in the category of Lie algebra sheaves.

ProOPOSITION 4.1. If a subalgebra A of D(V) is k-regular, then

Cgr®(A4), VICgrt'(4).

ProOF. First of all note that the statement is equivalent to the following
statement

4.1) LAY, D(V)Y]JC A**+D*YV).

Let p be the codimension of gr™'(p*4) in V®. Since the orbit of p*A is re-
gular, we can find independent p functions hy, -, h, in F(V®) such that

Z-h;=0 for Zep*A, i=1-,p.
Let Xe A* and YeD(V). Then we have
[p*X, p*Y Jhi=(p* X)(B*Y)h; .
On the other hand since we see p*Xe D°(V®) by [Proposition 3.2, we have
[p*X, p*Y 11,(0)=0.
Then there exists a Z€ A such that
[p*X, p*Y 1—p*Z= D (VP) .,

Again by [Proposition 3.2, we have
[X, Y1—-Z=DXV).

While it is obvious that [ X, Y]eD**(V). Hence we have Z< A*?, and the
proposition is proved.

COROLLARY. If ACD(V) is k-regular for all k=0, then the graded Lie
algebra gr(A) satisfies the following condition (R):

(R) Car?(A), VICg?(A)  for all p=0.

REMARK. If A is transitive, the condition (R) is always satisfied.

Now assuming (R), we can introduce the associated bi-graded Lie algebra
> aP? of A,

Let 2gt?(A) be the associated graded Lie algebra of A. Put gt *(4A)=U.
Then by condition (R), we have gr?(A) CUQS?*(V*) for all p. For any integer
r we define a subspace @7gt?(A) by
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I:'” I:X’ u’l:l Tty us]:() ’

4.2) Orgr?(A) = {Xe gr?(A)
for all u,, -, u,€U, with s=p+2—r

where we define that @7gr?(A)=0 for r=p+2. We set @"qr(A)=X0"qr?(A),
then we have ’

w3 l = DO (A) DD Har(A) D -

' [97gr(A), *qr(A)]C D *qe(4) .
Thus we get a filtration {@7gr(A)} of gr(A). We put a?"=0@7qtP(A)/D"+gt?( A),
then we have

(4.4) [aPr7, a®¥] C qP* o7 +s

with respect to the induced Lie algebra structure, and we get the associated
bi-graded Lie algebra Xja".

If we choose a complementary subspace W to U, then a®” is considered
as a?»" C UQRQS? " (U*RQS™(W*).

Let L be the transitive part of A. Then we see obviously that

(4.5) a?’=qr?(L),

where X gt?(L) is the associated graded Lie algebra of L.

§5. Essential invariants.

Let A be a Lie subalgebra of D(V') which is regular and satisfies (R), then
the orbit of A is defined by independent invariant functions, say 3y, -, . Let
7 be the subspace of V* generated by d,y', -+, d,y* and put U=7*. Then we
have gt™}(A)=U, moreover, in view of the condition (R), we see that

gr?(A) CURQSPH(V*) for all p.

Let L be the transitive part of A, which is identified with a subalgebra
of D(U). We define n?C UQS?*'(V*) by the following exact sequence:

(5.1) 0 — n? —s qr?(A) —> gt?(L) —> 0.
We put
(5.2) Vo={veV; [v,n"]=0},

then clearly we have V,DU. Let 7,=Vy. Then we have n"CU®7, From
this, making use of (R), we have

n? C UQ SP(n,) .

DEFINITION. If V,=U, we say that A is effective in D(V) and that the in-
variants y*, .-+, y* are essential.
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We can always exclude from A inessential invariants in the following
way :

PROPOSITION 5.1. Let A be a regular Lie subalgebra of D(V) satisfying (R).
Then there exist independent invariant functions f*,--,f7 (r=0) such that the
map

0: A—> D(F"), where F' =F/(f', -, f7)

is injective and the image A’ is regular and satisfies (R) and effective in D(F').
PrOOF. Let ', --- %" be independent invariants of A with s=dim gt '(A4).
Assume that U V,. Let n, be a complementary subspace to 7, in . By a

suitable linear change, we may assume that %, is generated by d,y', -, do)".
Let F/'=F(V)/(y",--+,»"), then it is easy to see that ¢: A—D(F’) satisfies the
statements of the proposition. g.e.d.

Here we give a typical example of intransitive Lie algebras: Let L be a
closed transitive Lie subalgebra of D(U) and W be a finite dimensional vector
space. Then the topological completion of the Lie algebras LQF(W) is also
endowed with the Lie algebra structure, which we denote by L[LW*] and call
the intransitive extension of L by W*,

Let V=UGW, then there is a natural imbedding of LLW*] into D(V). It
is uniquely determined by the following condition: (X® f)(a)=fX(a) and
(XRH(B)=0for XL, fe F(W), acU*, f=W*, where U*, W* and F(W) are
regarded as the subspaces of F(V) in the natural manner. By the above im-
bedding we always regard L[W*] as the closed subalgebra of D(V). In
particular, D(U)[W*] is identified with the closed subalgebra D(V; U) of D(V)
consisting of those vector fields X such that XS=0 for all S W*,

Evidently, the transitive part of LLW*]1 is L, and L[W*] is effective in
D(V).

§6. Statement of the main theorem.

Now our main problem can be stated as follows.

Problem: Determine all closed Lie subalgebras A of D(V) whose transitive
parts are infinite and primitive.

As explained in introduction, this problem is deeply related to the classi-
fication of simple intransitive infinite Lie algebras.

It is reasonable to impose on A some regularity conditions. In view of §4,
we assume the following conditions (A4,), (A4,).

(A;) A is regular, i.e., the orbit of A through the origin is regular,

(A4,) the associated graded Lie algebra gt(A) of A satisfies the condition
(R).

In this paper we assume:
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(A,) the ground field is the complex number field C.

Under these assumptions we shall solve the problem in the following way.

MAIN THEOREM. Let A be a closed Lie subalgebra of D(V) satisfying (Ay),
(A,) and (A,). Assume that its transitive part L is infinite and primitive. Then
A is isomorphic to a subalgebra of L[W*] containing L'LW*] for a certain
vector space W.

In the statement L’ denotes either L itself or the ideal of codimension 1
according as L is simple or not (cf. §7).

Thus the theorem completely determines A up to the dimension of W* in
the case where L is simple.

If L is not simple, then there is some ambiguity. However, it is not
essential in the sense that L[LW*]/L’/[W*] is abelian and isomorphic to F(W).

In view of [Proposition 5.1, we may further assume the following condition:

(A;) A is effective in D(V).

Under this assumption dim W* is uniquely determined, and the isomorphism
is given by a formal isomorphism of V and 11.2).

The proof of the main theorem will be carried out in the subsequent sec-
tions.

§7. Primitive infinite Lie algebras.

It is a well known fact that there are only six classes of infinite primitive
Lie algebras over C, and any primitive infinite subalgebra L of D(U) is iso-
morphic to one of the following Lie algebras:

(1) La(U)=DU),

(I1) Ly(U): the Lie subalgebra of D(U) consisting of all vector fields of
divergence zero,

(II”) Ly(U): the Lie subalgebra of D(U) consisting of all vector fields of
constant divergence,

(III) Lu(U): the Lie subalgebra of D(U) consisting of all vector fields
which leave invariant a hamiltonian form,

(III")  Lew(U): the Lie subalgebra of D(U) consisting of all vector fields
which leave invariant a hamiltonian form up to constant factors,

(IV) L. the Lie subalgebra of D(U) consisting of vector fields which
leave invariant a contact structure.

In the list above, (I), (II), (III) and (IV) are simple, (II") and (III") are not
simple: Ly and Ly are ideals of L.; and L. respectively of codimension 1.
All except (IV) are irreducible.

The structures of irreducible infinite Lie algebras are well known. We
shall explain some facts which will be necessary for our purpose.
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Let L be one of irreducible infinite Lie algebras, (I), (II), (II"), (1II) and (II1"),
and g(L)=Xg?(L) be its associated graded Lie algebra. Then L is isomorphic
to the complete graded Lie algebra TIgP(L). The structures of the graded Lie
algebras g(L) are as follows:

(1) oL AU)=U+alU) o U) P+ - +gl(U)P+ -,

(1) o(LU))=U8(U)F(U)YPH - +E(U )P A oo

() §(LeU)) = U +UU) &) D+ -+ P+ -

(1) o(L: (U)=U+ap(U)+ap(U) P+ -+ +3p(U)P+ -+,

(1) g(Lean(U ) = U~+a8p(U ) +8p(U )P+ -+« +e8p(U )P+ -+,
where 8I(U), ap(U) and ¢8p(U) are the subalgebras of gi(U) in the usual notation,
and 8[(U)® (resp. 8p(U)®) denotes the p-th prolongation of 8[(U) (resp. &(U)).

Thus the linear isotropy algebra g°(L) is either simple, or a direct sum of
the simple ideal and the 1l-dimensional center.

By the representation theory it is known that the representation of 8{(U)
on 8I(U)® is irreducible, from which it is easily seen that

[U, 8(U)P]=8U)*>  for pz1.

The same statement holds also for ap(U). Hence we see that >g?(L) is
generated by ¢ (L), ¢°(L) and g'(L).

Finally we mention some facts about the Spencer cohomology group
S H?9(g(L)) of g(L). For the definition refer e.g., to [5].

1) H?%g(L))=0 for p=1 and ¢=0, except that H"(g(L..(U))=C.

2) Let ce H**(g(L)). If X.c=0 for any elements X of the simple part of
g°(L), then ¢=0. (Refer to [8].)

§8. Contact Lie algebras.

Let V be a (2n+1)-dimensional vector space and z, x*,---, x", »*, ---,y" be
a basis of the dual space V*, which will be fixed throughout this section.

The contact Lie algebra ¢ (or more precisely ¢(V)) on V is by definition
the Lie algebra consisting of those formal vector fields X on V which preserve
the contact form, w:dz—lj_é xtdy*—y'dx®, up to functional factors, i.e., Lyo=fo
for some feF(V). B

As a subalgebra of D(V), ¢ has a usual filtration @?c, where @?c=c\D?(V).
Putting ¢?(c)=@%¢/®P**'¢, we have the usual associated graded Lie algebra,
g(0)=297(c), of ¢. Note that ¢ is not flat, that is, ¢ is not isomorphic to the
complete graded Lie algebra TIg?(c), since the 1st structure function of ¢ does
not vanish. (For the definition of structure function refer to [12].)

To clarify the structure of ¢, first of all we observe that there is a bijective
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correspondence between ¢(V) and F(V). It is given by the map assigning
Xec, to X_JwsF(V). Then the inverse map; &:F(V)—c is given by

&N Jo=f

8.1
& &) Jdo="Law-dr,

or explicitly by

(8.2) §)=% (ay - 8z>8x’ 2 2 axl >8y

+(F—5- 2x ]ax—f_ 8y1>82'

The generalized Poisson bracket is defined by [f, g]1=&[&(f), &(g)] for
f, g€ F(V). From we have the following classical formula:

(8.3) [f,g]= —%—{f, g +(r *‘%‘ If >%§"(g ”’%‘I 5’)‘2],2i ’

where

_3f_ 9g df og
{fv g} axl ay - ay axl, ’

and
<, 0 : 0
[=Zxt gty gy
Using the letters u?, ---, u®" instead of x!,---,x", ', ---, 9", we denote by u” the
monomial (u')* --- (u®™)%n of degree |a|, where a=(ay, -, a,,) and |a|=2 a,.

The following formula is a direct consequence of [83), but is important for
examining the structure of the contact Lie algebra:

(84) 270 z°uf] :—%—z

r+$ {ua’ 'LL‘B}

_Jr_<_._%_| a| 5_}__%_ I~ﬁl7’+5—*7’>27+s-lua+ﬁ .
In particular we have
(8.5) [1, zuf]=s-2°""uf,

Let us introduce the order of f with respect to the contact structure. For
a monomial z"u® it is defined as ord (z"u®)=2r+ |a| —2, and for any function f,
ord (f) is defined to be the minimum of orders of non-zero monomials of f.
We define the subspace ¢? of ¢ by

®={&(f) | f is homogeneous of order p}.

Then we have
PrROPOSITION 8.1. The complete divect sum decomposition ¢=TIc? satisfies:
p
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1) dimc?<oco for all p, and *=(0) for p<—2.
it) [c?,cf]Cc?t? for all p,q.
iii) For p=—1 and X,=?, the condition that [ X,, X_,1=0 for all X_=c™*
implies X,=0.
PROOF. i) is clear. ii) and iii) follow from [(8.4).
Now we make a more refined decomposition of ¢?. We define the subspace
f; of ¢®**" to be the linear hull of {§(z"u®)||a|=p-+2}. Then we have P=

Q+§=pf; and #=(0) for ¢<—2 or <0, and in particular ¢?=¥, ¢'=f,. Note

that —a%— (=£&(1)) is a basis of ¢*®. By [Proposition 8.1], ii) and iii), the skew-

symmetric 2-form € on ¢! defined by
0 -
Cu_y, v 1=0(u_,, U—l)—a—; , Uy, Vo ECTT,
is non-degenerate. From [(8.5) we see that
0
[ X, 5-]=0 for X,ef.
Hence we have

(8.6) [0Xp, u-yd, voy]="lu-y, [Xp, v-J]=0,

for X,et) and u_,v_,€¥,. Noting that [f), ¢"']JC¥,.;, we define the map
p: B—Hom (¢, &_)) by p(X,)-u=[X,, u] for X,=¥%, uec™’. Then p is injective
by [Proposition 8.1, iii). implies that p(f)=3ap(c"")® for p=0, where &p(c™)
is the Lie algebra consisting of all endomorphisms of ¢~ which leave invariant
0, and ap(c™)® is the p-th prolongation of &p(c™!). Moreover we see that

(8.7) o([Xp, X, 1) ="[p(X,), o(X)]

for X, €%, X, €%, p,¢=—1 except p=¢g=—1, where the bracket operation on
the right hand side of is that of the graded Lie algebra > &p(c™!)P,
From we see also that [§, f;]C ¥ i.e., I is f-invariant and that the

map ad(—?;): -ty (r=0) is a f-equivariant bijection. Thus we have

PRrROPOSITION 8.2. The contact Lie algebra ¢ is canonically decomposed as
c=TIc? and P= 3 ¥ and satisfies

q+2r=p
i) =0 for r<0 or g<—2.
ii) dim¥,=1, dim,=2n, and tj=ap(c"))® for p=0.
iii) fp=% for r=0.
iv) ¥ is B-tnvariant and irreducible.
PrOOF. iv) follows from the fact that representation of &p(c™) on &p(c™H)®
is irreducible (cf. or [15]).
PROPOSITION 8.3. The bracket operation of the contact Lie algebra satisfies
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DO, BlChi i
and moreover,

i) [f, §1=15%+0g—p)tisk for r,s=0 and p, q=—1,

iil) [f0,, ¥ 1=(rqg+29)5%"*" for r,s=0 and ¢g=—2.

PrOOF. i) follows from ii) and iii) follows from and the irre-
ducibility of .

PROPOSITION 84.

i) X¢P is generated by ¥, 1, and ¥, as Lie algebra.

it) Z)Z)}g" is generated by ¥, t.,, ., and ¥, as Lie algebra.

IProposition 8.4 follows easily from [Proposition 8.3
For simplicity, hereafter ¥}, is denoted by f,.
Let us return to the usual associated graded Lie algebra of ¢. Put

GP(O) =t 48+ - +EI g
then we see from that @lC:HLGp(C) and that GP(¢)=g?(c); If we denote
pZ

by ¥, the image of ;, by the projection @?c—3?(c), then we have

PROPOSITION 8.5.

07(Q) =Ty - R

Combining [Proposition 8.3 and 85, we have

PROPOSITION 8.6.

i) [a?(c), g7 (0)]=g""%(c) for p=0.

i) [a2(c), T, 1=§7""(c) for p=0.
where §P(¢)=t,+ --- +211,

PROPOSITION 8.7. The Spencer cohomology group HP(g(c)) of the associated
graded Lie algebra g(c) of ¢ vanishes for p=1 and ¢=0.

PrROOF. By a calculation we see that the p-th prolongation g°(c)® coincides
with ¢?(¢) and that g%c) is involutive as a linear subspace of Hom (V, V). From
this the proposition follows (see [5]).

§9. Determination of the associated bi-graded Lie algebra.

Let A be a closed Lie subalgebra of D(V) satisfying (A)), (4,) and (A4,).
In this section we shall determine the associated bi-graded Lie algebra of A
under the assumption that its transitive part L is infinite and primitive.

In view of the assumption (A4,), if necessary, by transforming A by a formal
isomorphism, we may assume that A is a closed Lie subalgebra of D(V; U)
for a subspace U of V,and that L is a transitive infinite primitive subalgebra
of D(U).

Let X aP be the associated graded Lie algebra of A. Then >a” is con-
sidered as a subspace of URQSP*(V*). Let Xa™? be the associated bi-graded
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Lie algebra of A. Choosing a subspace W of V complementary to U, we
identify a?? with a subspace of UQRSP*'"YU*QRQSUW*). Let 2 gP(L) be the
associated graded Lie algebra of L, where g?(L) is considered as a subspace
of URS?*(U*). Then by our assumption we have

9.1) a??=g?(L) for all p.
The first non-trivial term of > a?? is a»'. By definition we have the follow-
ing exact sequences.

0 — URQW* — UQU*+URQW* — URQU* —> 0
J J J

0 a%? - ¢ ——— Qo —> 0,

Since a%! is an abelian ideal of a° the representation of ¢° on a®! is induced
by the adjoint representation of a’. It is nothing but the restriction to a%' of
the natural representation of ¢° on UQW*, where the representation of g° on
W* is considered to be trivial.

The space a%! is characterized by the following properties :

02 i) a®'is a g’invariant subspace of URQW*,
®2) il) o(w)a®'#(0) for any non zero we W,
where o0(w) denotes the contraction by w.

The property ii) follows from (A;).

To determine a%', we prepare the following lemma:

LEMMA 9.1. Let g be a finite dimensional simple Lie algebra over C, and
0:6—gl(E) be a representation of g on a finite dimensional vector space E, and
assume that none of the g-irreducible components of E are isomorphic to another.
Given a subspace P of EQW*, where W is a finite dimensional vector space.
If P is g-invariant and satisfies 0(w)P=E, for all non-zero weW, where o(w)
denotes the contraction by w. Then P=EQW*.

PrOOF. First we shall prove this lemma under the assumption that p is
irreducible. Since g is simple, we can decompose P to g-irreducible components :
P=P,+ --- +P,. For afixed : (1=i<r) there exists a we W such that o(w)P;
#0. Then o(w) gives an isomorphism of P; onto E, for d(w) is a g-homo-
morphism and P; and E are g-simple. Suppose that d(w’)P;#0 for another
w’ eW. Then o(w)cd(w’)™ is a g-automorphism of E. Since E is g-simple, in
view of Schur’s Lemma we see that d(w)od(w’) '=2idy for some complex
number 4. Hence we have d(w—Aw’)P;=0. Therefore, if we put N(P;)
={we W|o(w)P;=0}, we see that N(P;) is a subspace of W of condimension 1.
We can thus find non-zero a;= W* such that «;(N(P;))=0. Now it is easy to
see that P,=E®{a;}. By the assumption that d(w)P+0 for any non-zero we W,
we see that a,,---, &, is a basis of W* and we have P=EQW*.
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Next we shall prove without the assumption that p is irreducible. Let
E=E + --- +E; be a g-irreducible decomposition of E. By our assumption E;
is not isomorphic to E; as a g-module if i#j. Let P=P,+ --- +P, be a g-
irreducible decomposition of P. Since there exists a w; W such that oé(w,)P;
#0, P, is isomorphic to only one of {E;}. Let P{”, .-, PY be the set of those
P; that are isomorphic to E; and put PP=P{P+ ... +P%. Then we see that
PPCE,QW* and that 6(w)P’=E; for all non-zero weW. Hence we have
PP=FE,QW* by our previous argument. Therefore we have P=EQW*,

q.e. d.

In the case where L is irreducible, the simple part of ¢°(L) being transitive
on U, we can apply to this case and obtain the following

PrROPOSITION 9.1. [If the transitive part L of A is irreducible, then

9.3 a' =UQW*.

From this proposition we can determine the bi-graded Lie algebra >3 aP:?
in the case L is irreducible.

PROPOSITION 9.2. Assume that L is irreducible. Then the associated bi-
graded Lie algebra 3a%? of A is determined by

i) For p#q, a»?=¢? U L)YRQ SYW*).

ii) For p=gq, g"(L)QS?(W*)Ta??Cg"(L)R SP(W*).

PRrROOF. By virtue of our assumption (A4,). We see easily that

aPeC P (L)@ SHWH).

Generally it holds that [a?7, a%*]Ca?*%"™+*. Since a™=a"*(L)QW* by
9.1, in particular we have

(9.4) La?7, g (L)@ W*]Ca? b7,
As we explained in §7, the graded Lie algebra 2 g?(L) satisfies

[a?(L), ¢/ (L)YJ=g?"Y(L) for p=1
and

[a'(L), a7 (L)]=4g"(L") .
Applying repeatedly to we see that

a? " =g " (LYRST(W*) for p+r
and
g’ (L) QSP(W*) CaP?Cg"(L)RQSP(WH).
q.e. d.
REMARK. Since g°(L)=g°(L")+ {I}, a®? is represented in the following form:

PP =g"(L)QSP(W*)+{I} Q0P

where b? is a subspace of SP(W*) and satisfies o(w)b?Cb?"! for any we W.
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Now we turn to the case where L is a contact Lie algebra ¢. Let U, be
the subspace of U of codimension 1 which is left invariant by ¢°(c).

Put Wi={weW|d(w)a"'cU,}.

Then we have:

PROPOSITION 9.3. There exists a subspace W, of W complementary to W,
such that

o =U,QWi BULW;

where W} denotes the subspace of W* consisting of the annthilators of W,.
PrOOF. In the proof, for simplicity we write a®' as a. Let W, be a sub-
space of W complementary to W,. We make the following identification:

Wi=W¥, Wi=W¢ and URQW*=UQWF+UQW .

Let p; (1=0,1) be the projection of UQW* to UQW¥. Then we have p(a)
=U,QW¥ and p,(a)=URKW¥. In fact, p,(a) is invariant by the action of the
simple part f, of g,(c). From the definition of W, and (9.2) ii) we see that
o(w)p,(a)=U for any non-zero we W,. Moreover U decomposes to f,-irreducible
subspaces; U=U,+U, and f, acts trivially on U,. Hence by we
have p,(a)=UQRW¥. Analogously we have p(a0)=U,QW¥ Thus we get
aCUQLWE+URQWE.
In the following exact sequence of f,-morphisms,

0—>anURQWF —»a:gofl U W5 —0,
0y
since f, is simple, there exists a {;-splitting o, of p,. If we put z=0,—p,00,,
then 7 is a f,-morphism: U,QWF—~URQW#*. Since f, acts trivially on U,, we
see that 7 maps U,QW§ to U,QW¥. Moreover, using the f,-simplicity of U,,
we can find a linear map, f: W§—WF such that z=idy ,Qf. Put
Wi={weW | {w, a+f(a)>=0 for all acW{}.
Then we have W=W,+W/{ (direct sum), and now it is easy to see that a*'=
UQWH*r+UQWE. Replacing W, by W{, we have obtained the proposition.
q.e.d.

In the special case when W, is trivial, making use of [Proposition 9.3, we
can determine the bi-graded Lie algebra > aP<

PROPOSITION 9.4. Notation and assumption be as above.

1) If W,=(0), then a»"=g? "(¢)QST(W*).

il) If We=W, then a®"=2""(()QS"(W*),
where §U(¢)=f 41+ - +HL

PRrROOF. By the assumption (A,) we see that

a1 C P () R SUW™) .
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On the other hand we have

[a®¢, a® ] CaPe*?,
While we knew that

La”(c), g7'(0)]=g¢""(c)  for p=0
[37(c), g7} (0)]=3""(c)  for p=0.
Hence it follows easily the statement of i) and that

377U QSUW*) CaP 1 CgP () Q SUWH) it We=W.

and

But in this case taking account of the facts that a%'=f_,QW* and [t2,f_,]

=17;! for p=0, we have a??=J2"2)QSUWH*). q.e.d.
Though we have heretofore reserved the possibility that W, might not be

trivial, we shall prove the following proposition in the next section:
PROPOSITION 9.5. W,=(0).

§10. Proof of the main theorem (contact case).

In the preceding sections we have studied the associated bi-graded Lie
algebra a=>a™? of A. In this and the next section we shall determine the Lie
algebra A starting from its associated bi-graded Lie algebra a,and obtain our
main theorem.

In this section we shall be concerned with the case where the transitive
part is a contact Lie algebra. Our present aim is the following

THEOREM 10.1. Let A be a closed Lie subalgebra of D(V ; U). Assume that
the bi-graded Lie algebra a=2>a™? of A satisfies

aPr? = gP=9(c) Q) SUW*) for all p, q

and that the first structure function C, of A is not zero. Here g(¢()=2g"(c) is
the associated graded Lie algebra of the contact Lie algebra ¢ with g~'(¢)=U,
and W is a complementary subspace to U in V. Then A is isomorphic to the
intransitive extension (LW*] of ¢ by W¥*, and the isomorphism is induced by a
formal isomorphism of V.

Proor. We follow the notation in §8. Since ¢=JIG? and [W*]=T1IG?
KRST(W*), the theorem follows immediately if we prove the following lerﬁi;la:

LEMMA 10.1. Under the same assumption as in Theorem 10.1, there exists
a sequence {¢®},z, of formal isomorphisms of V satisfying the following con-
ditions:

i) P=I,4+&Y, where I, is the identity in VQV* and &¥<D'(V; U)
=D(V)ND(V; U),

i) BCeo-0pQA+D (V; U),
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iii) G'QS"(W*)C Qo - 0P A+DYV; U) for all g,r.

Proor. We shall construct ¢ by induction on . For [=0 we put ¢®=1I,.
Then it is obvious that i), ii) and iii) are satisfied.

Now supposing that we are given ¢® for 0=<i</, we construct ¢“** so as
to satisfy i), ii), iii) for /41 instead of I. The procedure is rather long, and
we carry it out in several steps. For simplicity, the modified ¢ o - 0P A
is also denoted by A.

1) We can modify A by a formal isomorphism ¢, so as to satisfy
(10.1) LT A+DYHV; U).
Moreover ¢, can be taken to satisfy
o, =1+&, EeURQS™H(V*).

First of all note that f, is a simple Lie algebra. By induction assumption
we can,find a subspace f, of A such that f, is isomorphic to ¥, and that

t,=1, (mod. DY (V;U)),
that is, for Xe¥, the corresponding X<f, is written as

X=X+ 3 X0 X, cURSPUHQSUAWH).

pt+e=l+1

Let E™? be a f,-invariant subspace of UQS?*(U*)®Q SUW*) complementary to
g?()Q@SUW*). Since a??=¢? () SYW*) by our assumption, we may assume
that X, ,=E?? by a suitable choice of ¥, We define the map f:f{,— > EP¢,

p+e=L+1

by f(X)= +EH Xp,eo X€¥. Then, expanding [ X, Y], we see easily that
p+g=l+1

LAX), YI+[X, AY)]=f[X, Y] for X Yef.

Since the 1st cohomology group of the representation of f, vanishes, we can
find £e Z‘,LHEp,qCU@S‘”(V*), such that
ptg=

f(X)=[¢& X] for all Xef,.

Let ¢, be a formal isomorphism defined by ¢,=I,+&. In view of Proposition
1.1, we have ¢« X=X (mod. D"*¥V; U)) for X<¥f,. Thus, if we change A by
dxA, we get [10.1).
Note that the induction assumption is not violated by this transformation.
2) We can modify A by a formal isomorphism ¢, with ¢,=I1,+&, &,
UR S (V*), so as to satisfy

(10.2) G'C A+UQU*QSY W*)+D"Y(V; D),
without violating (10.1).

If /=0, (10.2) is always satisfied, since a®'=UQW*. Therefore we assume
[=1. By the induction assumption we can find a subspace G™* of A which is
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isomorphic to G™' and satisfies
G =G (mod.DXV; U)).
Therefore, each Xe G corresponding to XeG™, is written as

X=X+ 3 X, (mod D*(V; D)),
pPty=

where we may assume that X, € E?%

Note that any XeG™' is written uniquely as X=X_,+X, for X_,=¢7%(c)
(=U) and X,=4¢%c), and that the projection X—X_, is bijective.

For X, Y=G™!, we have

[X, YI=[X, Y]+p§_‘,:l[X—1, Y+ Xp,e Y1 (mod. DXV; U))
and ’
[X, Y]=[X,Y] (mod.D{V;U)).

Therefore we have

2 [X-ly Yp,q]—l_[Xp,q; ),—1] = A+Dl(V7 U) .

Pta=1

Suppose that X, ,=0 for p>r=2 and for all XeG™*, then we see that
Q<X—1y Y—l):[X—]y Yr,l—r]_+'[‘¥r,l—r; Y—l]EgT.—l(o@Sl—r(W*)

and we get an element C of Hom (A%g7'(¢), " () @S "(W*). 1t is not difficult
to see that

(10.3) oC=0,
(10.4) a-C=0, act,,

where 0 is the coboundary operator of the Spencer complex associated to the

graded Lie algebra X g”(c). Since the Spencer cohomology group H?%(3]g”(c))
¥y

vanishes for p=1 (Proposition 8.7), we can find @< Hom (g7*(c), ¢"(¢))® S* "(W*)

s0 as to satisfy

(10.5) da+C=0,

(10.6) a-a=0 for all aet,.

Since a=Hom (g7%(¢), g"(c)® S*""(W*)), there exists a subspace G™* of A such
that G™' is isomorphic to G™! and that

(10.7) X=Xt Xok B Xy ta(X)eG+D(V; U)
p+q=

P

for X=X ,+X,eG™* and X, ,cE»?.

If we replace G™* by G!, then we see from [(10.5) and [(10.7) that C=0. Hence
there exists a &,4,,.,€ URQS™(U*)®S*"(W*) such that




Intransitive Lie algebras 57

(108) X—1+X0+[Er+1,l—r; X—l]
€ A+ ZURQSHU*Q S 2(W*)+D*(V; U)
<
for all X_,+X,eG*.

Moreover [(10.6) and (10.7) imply that
(10-9) [ay $r+1,L—r:| - O ’ ac f0 .

Therefore if we modify A by the formal isomorphism [,+§,.,,-,, we get
GCA+ZURQSHUHQS ! 2(W*)+DH(V; U),
p<r

and finally by induction on » we have [(10.2).

Observe that by such modification of A, (10.1) remains valid by virtue of
(0.9}

3) By the argument above and the fact that ab'"*'=UR S'*}(W*), we may
assume that there exist subspaces f;,, m of A isomorphic to I, and m respectively
and each a<f, and X<m is expressed in the following form:

a (mod. D'**(V; U)),
X=X+X,; (mod. D" V;U)),

a

Hil

where acf, Xem and X,,€E*. Since [g, X]—[a, X]€ A and E* is f-
invariant, we see that
f[:a’ X:I:[aff(x>j aEft)r Xemi

where f is the map from m to E*‘ defined by fAX)=X,, for Xem,
So we examine the representation of ¥, on E%!. It is convenient to write

down explicitly in a coordinate system. Let z, x%, -, x" ', -, 3% ¢}, ™
. = LS , 0 0 0

* — £k T J X a * . .. L
beaa basis c(;f Vv asuch tha‘; zett, x', y/et*, and "€ W* and 577 Gxl T Grn
T oy e or be the dual basis of V. Then f_,, f_, are generated
by the following elements:

0
Lot 57

. 0 i a_ __3_ i-a.. )
Bt g Vor gy T UEIEM:

The decomposition of URXQU*;
UQU*=U,QUs+UQZ*+Z*QUF+2ZQ Z*

is {,-invariant, where we put Z:{-aa;}, UOZ{%, aiyl} Since f, is the Lie

algebra consisting of those linear maps of U, which leave invariant the non-
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degenerate two form 6= x'Ay’, the isomorphism p:U,—Uy, given by
=1

Cpu), w' ) =0(u, u') for u,u’eU,, is a f,-isomorphism. The representations of
f, on Zand Z* are trivial. Hence U,QZ* and ZQU§ are f,-isomorphic to U,
and irreducible. On the other hand, U,®U, decomposes to three f,-irreducible
components :

U@U,=S*Uy)+a+1{6},

where q is the f,-invariant subspace of A*(U,) complementary to the 1-dimen-
sional subspace {f} generated by #. By the isomorphism idy@u, U,QUF de-
composes to three f,-irreducible subspaces:

UQU§=t,+p+{I}
where

p=(idy, & p)(a),

I=(idy, Q)0 :§1Xi

~

0 ; 0
axi'i_ya—yi‘.

Note that f, and p are not isomorphic to each other.
On the other hand, we see that g°(c)=%,+f ,+¥ ,, and that

T, :{/: zz’aa;“}’

% 0 0
f1_1: {Z‘a;g‘, Z_G;Tﬂ'_} = U0®Z* .
Therefore we may put

EMN =y ZQUF+ZQ Z*
and
EV=pRQS{W*)+H(ZQUH QS (WH)+H(ZRQZ*RQSHW*).
Since f: U—E%! is a f,-homomorphism we can find A(t), z(t)= S'(W*), such that
fg) =25 F(ge)=20x g, f(g7) =2z .
Hence m is generated by
( a 1: a
o A Gy

0 ; 0
'a;/{‘.“i(l‘)x *a;%‘

) 3
57 Tzt

\

whe ‘e the higher order terms written by dots are in D'"*}(V; U).
Here we note that A(f) is a scalar for [=0, and that it is not zero becausc
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of the assumption that the Ist structure function C, does not vanish. Let ¢,
be the formal isomorphism defined by

oFxt=~1+(1) x°

Pyt =V14-2(1)

: <
F ___
W‘L 1T c(5)C
[ grt=t.

By a simple calculation we see that

¢3*<@%—Z(t)yi~g—z—+ >
= O gg)
¢3*<%{+1(t)xi—gz—+ )

= (1+v(0)( 6?»@' +xi_56;)+

pus( oDz )
_0
oz "

where dots are in D"**(V; U). It is easy to check that ¢, is expressed as
¢s=1,+&,, £<D(V;U) and that is preserved by this modification.
Applying the formal isomorphisms ¢,, ¢, and ¢, to A, we have the following:

We can modify A by a formal isomorphism Y with @Y =id+§,
EeDYV; U), so as to satisfy:

) L,CA+DYV; U)

(10.10) ii) —gz—e A+DHY(V; U)

iii) there exists v(t)eS*W*) such that

o )
3 3 e A+DWY(V; U).
(H—v(z‘))( T +xi—a—z—>

4) To complete our induction, we shall show that [(10.10) implies
(10.11) GIRQS"(W*C A+DY"Y(V; U) for all gq, 7.



60 T. MoRIMOTO

In view of [Proposition 8.4/ and the fact that [¢, m]=c, we see that > GIQS"(W*)

q+rz0

is generated by G° %, G'QW* as a Lie algebra. Therefore to prove [(10.11)
it suffices to verify (10.11) only for G™', m', f;, and G 'QW*, where m'=1' ,+{
5) First we show that

(10.12) m' C A+URQU*Q S W*)+D"*Y(V; U).

For /<0 it is obvious, so we assume that /=1. Let m' be a subspace of
A which is isomorphic to m! and m'=m! (mod. DV ; U)). Then each Xem® is
written as
X=X+ 2 X, Xem!

pt+a=xl
and we may also assume that X, ,=E?? Then we have
(10.13) Xp,e=0  for ptqg=Il, p=1.
In fact, let u be any element of A such that

L=U_q,0F g0 F o+ 20 Upy,g
p+a>l

where u=u_,,+u,,€G™" and u, = URQSP*(U*)QSYW*), then we have
[X, W] =[X, ul+ T [Xpq 0] (mod. DIV U)).
Pty=

Since [X,u]1eG'+G® and G'+G°C A+DYV; U), we have
> [Xp,qy u—l,o] = A+DL<V; Uy.

p+ag=L
If X,,,=0 for p>r=1 and p+q=I, we have
(X o o] €07 H(OQSHT(WH) for all u_,,=U.

Hence X,,_,=4" ()@ S*7(W*), where g" ()" is the prolongation of g"~(c).
By [Proposition 8.7, we see that g" (c)®=g¢’(c). Therefore X,,.,<g"(c)
® St-"(W*), which implies X, ,=0. Finally we see that X, ,=0 for p+¢=/,
p»=1, proving (10.13). '

REMARK. If G 'CA+D"“'(V; U), by the same argument as above we see
that X, ,=0 for p+¢=I or /41 and p=1.

Next we examine the (0,[)-component of Xem'. Note that ', and f., are
generated by

fLZ:{j:ZzAaaZ——!—Exi'-a%fﬂ'—yi@i—i ,
z%-{—x"e
f, =

z- 0 __ ‘e
oxt y
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where ezZ*aa;—i-Z xtﬁ?*‘f‘@%-

By examining the representation of f, on URQU*Q S‘(W*), we see that the
following elements:

0 ; . 0
Xi=2 5 7—ye—gt)y 7

0
J=J+fhzg -,

are contained in A for some g(t), f(t)eSY(W*), where dots are in DYV ; U).
Then we have

Y[ Y =285 g—feg7  (mod. DX(V; )
and
2 1 a a 03 l %
gx Aa;—fz—ayeg @ SHW*).

From this we see that g=0. Thus we have fL,CA+D"**(V; U). The fact that
fL,CA+DY(V; U) can be proved immediately as soon as we get G'CA
+D"Y(V; U). In fact it follows easily from the remark after (10.13) and the
fact that

[z ste gy gz | = =S g+ g

6) Now we show that

Gl'QW*C A+D"Y(V; U).
In the same way as in 5) we see that

0
t”‘—gz-z t“-gz—+rn,(t)z—a? & A+D(V; U)

for some 7,(1)eS'(W*). On the other hand we have seen that
J= T4 f0z-2-< A+ D™V ; U)

for some f()eSYW*). From this we see

0 a
[ t"'g;] = =2 —f(t) 1 »gge A+DH(V; U).

Since f(t)-t”—aa;EA—}—D”‘, we have

t"~gz—eA+D’+1(V; U).
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From the fact that

n a a i n a i 3
[t 55 2] =t (G257 )
we see that

(L —y D) e D,

Thus we have
GIRQW*cC A+DYY(V; U).

7) The verification of the fact that
LC A+DYN YV U)

can be carried out similarly, and we omit the proof.

8) Observe that [f, ., QW*]=t,@W* and that [{,QW* {.,QSUW*)]
=, Q@S (W*). From this and the results of 6) and 7), we see that
QS (WX A+D"Y(V; U). Hence, recalling iii), we have

t.,C A+DWY(V; U).

Therefore we have
GIl'C A+DHNV; U).

Thus we have proved and completed our induction.

This completes the proof of Lemma 10.1 and [Theorem 10.1l

Here we are in a position to give a proof of [Proposition 9.5

PROOF OF PROPOSITION 9.5. Suppose that W,=(0). Let us regard F(U+W,)
as the quotient ring of F(V) factored by the ideal generated by (U+W,)*.
Since (U4 W,)* is invariant by A, there is a homomorphism of A into D(U+W,).
Let A’ be its image, then A’ satisfies the same conditions as those of A except
that W,=(0) for A’. So we may assume that A satisfies that

Wo=W=(0) .

Let t“—aii, t“aiyi =t ,QW* and fai—i =¥f_,. In the same way as in the proof of

Lemma 10.1, we can find representatives Y¢, V¢ Y,= A of those elements such
that

a a an,i a '
Xe=t¢ LT —7% 5z (mod. D*(V; U))
(10.14) where 7€ W*
Vestdotewt (mod. DV; )
and
(10.15)  Y;= aayz- +x"% (mod. D*(V; U)+W*-DXV; U)).
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From (10.14) we see that
(X7, Y#1=20"0 (mod. DXV; U).

Hence we have 7"=0, because we know that a“*=t_,QS*W*) by
9.4. Therefore, in view of (10.15) we see that

[X£,Y=1"2 (mod. DV; U)).

Hence we have t“~gz—ea°", which contradicts the fact that a®'=f_ QW*. Thus

we have proved that W,=0. q.e. .
Combining [Theorem 10.1] with [Proposition 9.4 and [Proposition 9.5, we have:
THEOREM 10.2. Let A be a closed Lie subalgebra of D(V) satisfying (A,),

(A,) and (A,). Assume that the transitive part L of A is a contact Lie algebra.

Then A 1is isomorphic to LLW*] by a formal isomorphism of V, where W* is

the subspace of V* annihilating gt '(A).

§11. Proof of the main theorem (irreducible case).

In this section we consider the case where the transitive part L of A is
infinite and irreducible. For an irreducible infinite Lie algebra L, L’ denotes
the ideal of L of codimension 1 if it exists and denotes L itself otherwise.

THEOREM 11.1. Let A be a closed Lie subalgebra of D(V; U). Assume that
the associated bi-graded Lie algebra > aP? satisfies

0P (LY@ SUWH) C ot g2~ (L)@SU W) for all b, q

where L 1is an irreducible infinite tramsitive Lie algebra in D(V) and W is a
complementary subspace of V to U. Then A 1is isomorphic, by a formal iso-
morphism of V, to a Lie subalgebra of LLW*] containing L'TW*].

This theorem is obtained by the following lemmas.

LEMMA 11.1. Under the same assumption as in Theorem 11.1, there exisis a
sequence {p®P} =, of formal isomorphisms of V satisfying the following conditions:

i) oP=I+E&D where EP= DYV ; U).

ii) g"(L)YCePo 0P A+D"Y(V; U).

i) gUL)QST(W*) T o - 0p A+DYV; U).

We can prove this lemma on th2 same lin2s as ths Lemma 10.1. But the
proof is much simpler than that of Lemma 10.J, mainly because L is flat. So
we omit the proof.

LEMMA 11.2. Under the same assumption as in Theorem 11.1, further assume
that ADL'{TW*). Then AC L[W*].

ProOOF. Since ¢°(L)=g(L")4{I}, we have only to verify that for any
element of a%? of the form IX7, 7=SYW*), we can find a representative
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I[Qre A? satisfying IQ e LLW*].

Let E»? be a ¢°L’)-invariant complementary subspace of U S?*(U*)
RSYUW*) to g?(L)YRQRSYW*). Then we can find a representative IR re A? of
I@ 7 such that it is written as

IQr=IQXt+ > X,,, Xp,r EEPT,

p+r>q

By the same way as in Lemma 10.1, we see that X, ,=0 for p>0. As to X,,,
taking into consideration the representation of ¢°(L’), we see that

Xo, =1 0"

for some ¢"=S”(W*). The components X_,, are trivial of course. Hence we
have proved [Lemma 11.2 and [Theorem 11.1.

Combining and [Proposition 9.2, we have the following

THEOREM 11.2. Let A be a closed Lie subalgebra of D(V) satisfying (A,),
(A,) and (A;). Assume that the transitive part L of A is irreducible and infinite.
Then A is isomorphic, by a formal isomorphism of V, to a subalgebra of L[LW*]
containing L'LW*], where W* is the subspace of V* annihilating gr™'(A).

REMARK. In the case L is not simple, i.e., (IIY) or (III"), LLW*] is identified
with L'[W*]+F(W) and F(W) is the center of LLW*]. There is a bijective
correspondence between the subalgebra A of L[{W*] containing L[ W*] and
the subspace P of F(W). Put P*=P~F*W) and p*=P*/P*'C SHW*). Then
L'TW*]- P satisfies (A4,) if and only if the graded vector space > p* satisfies

o(w)pk Cp*-t for all £ and weW.
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