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1. Introduction.

In this paper we give a classification of simply-connected homogeneous
Riemannian manifolds M=G/H where H is isomorphic to a product of rotation
groups and the linear isotropy representation of H is a direct sum of standard
representations with a trivial representation. This situation arises naturally
in the study of homogeneous Riemannian manifolds which admit a large group
of isometries. In fact if M=I,(M)/H, where

2
(1.1) dim I(M)> %Jrn . n=dim M =11

then it follows that H=SO(k)X K, with k>n/2, KSSO(n—k) and the linear
isotropy representation of H splits [5, Theorem 1.18].

Our results are quite simple to state if each of the rotation groups has
order at least 3. In that case M is isometric to a product of a certain number
of simply-connected manifolds of constant curvature together with a simply-
connected Lie group with a left-invariant metric. B). If H is
isomorphic to a single rotation group, this appears to be consistent with some
local results obtained by Kurita a number of years ago. If some of the
rotation groups in the decomposition of H have order 2, then the description
of the corresponding manifolds becomes more complicated. This is done in
Section 4, where, in particular, we obtain a generalization of Cartan’s classifi-
cation of 3-dimensional manifolds which admit a transitive group of
motions of dimension 4.

In Section 5, we apply the above results to give an explicit description of
those manifolds satisfying and n—3=k=n. This turns up some inaccura-
cies and extends some results in [7], while at the same time exhibiting the
differences with the compact case studied by Lukesh. In [9] it is shown that
if M is compact and satisfies then it must split isometrically with one
factor being a standard sphere S*, k>n/2. As we shall see in Section 5, there
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are uncountably many homogeneous metrics of strictly negative curvature on
R™ with non-isomorphic isometry groups all of dimension 4(n*—3n+6).

2. Algebraic preliminaries.

M=G/H will denote a connected homogeneous n-dimensional Riemannian
manifold. Throughout this paper we shall assume that G is connected and
that the transitive action of G on M is effective. Let g and b denote the Lie
algebras of G and H respectively. Since H is compact we can choose a com-
plementary subspace m of § in g such that [, m]Sm. Moreover we can
naturally identify m with the tangent space of M at the base point z,={H} €M,
and hence m carries an inner product <, induced by the Riemannian structure
of M. If we let

m={Xem: [h, X1=0},
then m splits as

2.1) m=m,+1m

where m, is the orthogonal complement of rit and therefore is ad(h)-invariant.
'2.2) PROPOSITION. Assume H=SO0(q), =3, and that the linear isotropy action
of H on m, is standard. Then

(2.3) [my, m]SHh
(24) O, mSmy.

PrOOF. We begin by showing that [m,, m, 1s=0, where [m,, m, ]z denotes
the projection of [m,, m;] on t, relative to the decomposition g=09-+m,-i.
Given E,, E,, orthonormal vectors in m,, let A= H be so that A(E,)=—E,,
A(E,)=E,, where A(E;) denotes Ad(A)E,. Then [E, E,x=A(E,, E,Ja)=
LAE,, AE,s=—[E,, E,]s which implies [E,, E;]z=0 and hence [m;, m;]z=0.

In order to show that [m,, m;].,=0, we choose an orthonormal basis
E,, -+, E, of m; and let

q
[Ei) Ej]:nlz kglc;ijk .

It is then enough to show that C%4=0 for each i, j, k. If g=4, let [+, j, k
and A€ H the element defined by

A(E)=—FE;, A(Ez):—Ez and

A(E)=E, for s=i, 1.
We then have

q
2 CHAE)=ALE;, Eln=—LE,, EJuy=— 3 CiE,
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and comparing terms for s=k, this gives C}=0.
Suppose now that ¢=3. Let E;, 1<i=<3, be as before, and let B&H be
defined by
B(E)=—E,, B(E,)=—E,, B(E,)=E;.

Since B([E;, E;]w)=[B(E;), B(E;)]x,, it is straightforward to check that
I:E‘b Ej]lﬂlzrkEk; 'Li]?&k#zl, TkER-

On the other hand for an arbitrary A€ H, let
A(E )= le a;iE;.
We then have
FAE)=ACE, E1)=[3eaE) 3 anEils
and comparing the coefficients of E; we obtain

7 s035="7 5(A11020—21015)

for every A H. It then follows that 7,=0, and consequently [E,, E.].,=0.
This proves
It remains to show [n, m;]Sm,. Set

m={Ecm, :[Wm, £],=0}.

Then m, is an Ad(H)-invariant subspace of m, and thus either m,—m, or

;= {0}. On the other hand it is easy to check that if Fem,, A= H are such

that A(E)+E, then E—A(E)em,. Hence m,=m, and therefore [1it, m,]»=0.
For each Xe, let m,(X) be the Ad(H)-invariant subspace of m, defined by

m(X)={Eem, :[X, E]y=0}.

If m,(X)=m, for all Xewm, then [r1, m;];=0 and [2.4) follows. Assume m,(X)=0
for some X<n. This is clearly impossible if ¢=4 (or ¢=2) since [X, m]y
would be a ¢-dimensional ideal of h=so(q). The case ¢=3 again requires a
separate proof. Let E;, 1=i=<3, be as before and let A;;, 1=i#j=3, be

elements of H=so(3) defined by

[Aijy Ei]:_Ej s I:Aij; Ej]:Ei
(2.5) o

[As; Ex1=0, k+1, 7.

Clearly {A4;;, 1=i1<j<3} is a basis of § and A;;=—Aj;. One can readily
check that

(2.6) LA, Ajpl=Au .
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Let

LX, Ei]b:aiA12+ﬁiA13+TiA23 .
Since ’
[Ass, [X, El]b]:[—’qzs, [X, El]]h

=[[As, X1, E;Js+[X, [Az, E]1:=0,
using (2.5) and we obtain
0:[1423; a1A12+,81A13+7'1A23]:_‘a1/‘113+,311412

which implies a,=f,=0. Similarly one can show that a,=7,=pf;=7,=0 and
a32_52271:2-
On the other hand, since by [m, m;]Eh we get

0=L[X, [E,, E; ], =[[X, E\J, Es]u,+[E,, [X, Es]]x,
=[[X, E,]s, EJ+[E,, [X, Eg]s]
=[1A4,,, E3]+[E1, AA 1 =AE,+2E,=24E, .

Hence 2=0 and [if, m;]Sm,. This completes the proof of (2.2).
For each X<, the linear transformation

ad(X): m;—m,

commutes with the standard action of H=SO(q) on m,. Hence there exists
a linear functional a=m*, such that

2.7 [X, E]l=a(X)E, Xem, Eem,.
We set
(2.8) W' =ker a={Xem: [ X, m; =0}

~

Then, either mi=m’ or dim M’'=dim m—1.
(2.9) PROPOSITION. 1 is a subalgebra of ¢ and W’ is an ideal in g.
Proor. First of all we notice that [, m]n, =0 since [ii1, m]», would be

a subspace of m; where § acts trivially. Similarly we have
[b: I:Th, m]b]——_o

which implies [, m];=0 since )=so(q) contains no non-trivial abelian ideals
for ¢=3. This proves the first statement in (2.9).
Let X,, X,em, E€m,. Then

[LX,, X.], El=(a(X)a(Xy)—a(X,)a(X)E=0.

This implies [, m]Sm’ and since [h)+m,, m’]=0, the proposition follows.
(2.10) COROLLARY. If fi/=1h then the decomposition
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g=0+m,)Pm
1s a direct sum of ideals.
(2.11) LEMMA. [If W'+, then m; is an abelian ideal in g.
ProOOF. Using (2.2) it is enough to show that [m,, m,Jy=0. Let E,, E,&m,
and choose Xe1 such that a(X)=1. Then

0=[X, [E,, E,1s1=[X, [E,, E;1Ts
=la(X)E,, E.J--[E,, a(X)E,]=2[E,, E;]

and the result follows.
(2.12) PROPOSITION. [If i/+#n1, then m=m,-+1 is an ideal in g.
Proor. This is a consequence of (2.2) and the above lemma.

3. Global results.

Throughout this section M will denote a connected and simply-connected
homogeneous Riemannian manifold M=G/H, with G a connected subgroup of
I(M) acting effectively on M. We assume further that

H=H X--XH,

and the linear isotropy representation of H splits. The Lie algebra g of G
has therefore a decomposition

G.D g=NBy+-+hp+m i

where §; leaves m; invariant and acts trivially on m and my, j#i. It is clear
that the decomposition m=m;+---+m,;-+1m is orthogonal relative to the inner
product induced in m by the Riemannian structure of M.
(3.2) LEMMA. Let M=G/(H,XH,) be as above, g=Y0;+h,+m,+m,+1 asin (3.1).
If =Y+ m,+m,+1i is an ideal of ¢ and S denotes the corresponding analytic
subgroup of G, then M=S/H,.

Proor. The subgroup S acts as an effective group of isometries of M.
Since 8N\, +9,)=Y,, and S is normal in G, we have for any ze M

dim S,=dim(SNG,,)=dim(SN\(H, X Hy))
=dim Y,,

where z,={H} is the base point in M. Hence for any z€M, the orbit S(z)
has the same dimension as M and is therefore open in M, and consequently
every orbit is also closed. Since M is assumed to be connected this proves
(3.2).

In particular if H,={e}, 3=m and we obtain the following standard result.
(3.3) LEMMA. Let M=G/H be as above and assume that the Lie algebra g of
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G admits a decomposition g=YHh-+m, where Y) is the Lie algebra of H and m is an

ideal of . Then M is isometric to a Lie group with a left-invariant metric.
We shall also need the following :

(34) LEMMA. Let M=G/(H,XH,) be a connected simply-connected, homogeneous

Riemannian manifold. Assume further that the decomposition (3.1)

g=(b; +m) Db, +mz+11)=g,Dg.

1s a direct sum of ideals. Then there exists closed connected normal subgroups
Gi, 1=1,2 of G with Lie algebras ¢;, 1=1, 2, such that M 1is isometric to the
product M, XM, where M; is the simply-connected homogeneous Riemannian
manifold G;/H,.

PrROOF. Let G denote the universal covering group of G, and G,, i=1, 2,
the analytical subgroups of G with Lie algebras g;, i=1, 2, respectively.
Then G,; is a simply-connected closed normal subgroup of G. Since 9;Sg,,
let ﬁigéi be the corresponding connected subgroup. Now G acts as a transi-
tive group of isometries (although possibly not effectively) on M. So

M=C/G,

where Czo is the isotropy subgroup at the base point z,€M. It is clear
however that
G.,=H,xH,

since they are connected subgroups with the same Lie algebra. Therefore M
splits diffeomorphically as

(3.5) M=G,/H,xG,/H,.

Let #:G—G be the natural projection, G;==(G;), H; as before. The
subgroup N=Ker z is normal in G and is contained in G,. Moreover since
N acts trivially on M, N,=G,N\N acts trivially on M,=G,/H,, hence

Mi=Gy/f,= -G/ GON).

H;/(H;\N)

But H; and H}¥ are both connected and have the same Lie algebra §;. There-
fore Hf=H, and M,=G,;/H,.

It remains to show that is an isometric splitting, or equivalently,
that for any z=(z,, z;)€M, the subspaces 7,,(M,) and T,,(M,) are orthogonal
with respect to the Riemannian inner product in T,(M). But this is clear at
the base point z,=(z2}, 29) since T,o(M,)=m, and T,9(M,)=m,+iit, and at any
other point by homogeneity.

In what follows, p, and 6, will denote the standard and trivial represen-
tations of SO(q) on R? and R* respectively.

=G,/H¥.
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THEOREM A. Suppose M=G/H is a connected simply-connected n-dimensional
homogeneous Riemannian manifold. 1f H is isomorphic to SO(q), 3=q=n, and
the linear 1sotropy representation of H is p,P,-,, then either

(1) M s isometric to M{® XMy where M, is a g-dimensional simply-con-
nected space of constant curvature and M, is isometric to an (n—q)-dimensional
simply-connected Lie group with a left-invariant metric. Furthermore G=I,(M,)
XM,, where I(M,) is the identity connected component of the full group of
1sometries of M,, or

(2) M 1is isometric to a Lie group with a left-invariant metric and G is
isomorphic to a semi-direct product of SO(q) with M.

PrROOF. Let g=bh-+m,+1it be as in If m’=m, then by [Corollary] (2.10)
g=(b+m,)Bwm

is a direct sum of ideals. Applying lemma (3.4) we can conclude that M splits
isometrically
M=G,/SO(g)XG,.

But G, acts effectively on the g-dimensional manifold M, and dim Glzéq(q—kl),
hence M, has constant curvature. We thus obtain (1).

If /=1, then by (2.12) m is an ideal in g. (3.3) now applies to

give (2).
(3.6) REMARK. In (2) of A, observe that by (2.11) m, is an abelian
ideal of g, and hence the Lie group M contains a simply-connected closed
normal abelian subgroup of dimension ¢. It then follows that if M is compact
we must have m’=m and thus case (1) in [Theorem Al This is the case
studied by Lukesh [9].

Also, since by (2.9) W’ is an ideal in g, the corresponding analytic sub-
group K of G is normal. Moreover K coincides with the identity connected
component of the centralizer of )+m, in G, and is therefore closed. One can
easily check that K~H={e}, from which it follows, since K is normal, that
K acts freely on M. Moreover the orbit space M/K with its induced metric can
be seen to be a space of constant negative curvature [6, Theorem 3.37, hence
diffeomorphic to Euclidean space. Since M is a principal fiber bundle over
M/K, M is diffeomorphic to the product of K with a Euclidean space.

THEOREM B. Suppose M=G/H, is a connected simply-connected n-dimensional
homogeneous Riemannian manifold. If H is isomorphic to a product SO(q,)x
SO(g,) X -+ X S0(q,) where

0:23 for all i and 3 q=n

and if the linear isotropy representation of H splits as
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qu@qu@"'@qu@ﬁn—Eqi ’
then there exists some subset q;, -+, q;, of the q;’s such that M is isometric to

Mlxsz"'XMlXMl+1

where M;, 1=j=l, is a q;-dimensional simply-connected manifold of constant

4 .
curvature and My, is an (n— X g;,)-dimensional simply-connected Lie group with
=1

a left-invariant metric.
ProOF. We decompose g according to as

6=+ +he+my+--Fm, it
Let 8=Dy+ -+ +Bpt-my - Fm, it

8,=m,

=Byt -+ By Ftp oo it
and observe that [, 8]=0. Then

g=0,+8;+%

and we set &={X<a: [X, 8]=0}. If &=8, then g=(5,+3,)Ps is by (2.10) a
direct sum of ideals. It follows then from (3.4) that M is isometric
to M, XM* where M, is a ¢,-dimensional simply-connected manifold of constant
curvature and M*=G,/(H,X---x H,), where G, is the analytic subgroup of G
with Lie algebra 8 We proceed inductively on M* with respect to k.

If &3, then 2=8,43 is an ideal of q. (3.2) now implies that

M=S/(H,x---xXH,), where S is the analytic subgroup corresponding to &.
Again an inductive process completes the proof.
(3.7) REMARK. Using the results of Section 2, it is possible to give rather
explicit descriptions of the Lie algebra g and the group G. Although in the
general case this is not particularly enlightening, we will do it in Section 5
for some special cases.

We end this section with the following result, a local version of which
is due to Wakakuwa [11, Theorem 2].

THEOREM C. (Wakakuwa). Suppose M=G/H 1is a connected simply-connected
n-dimensional homogeneous Riemannian manifold. Assume that H=H,X---X H,
and the linear isotropy representation of H is faithful and splits. Then M is
isometvic to a product

M=M; XXM,

where M,;=G,;/H; for G, some connected normal subgroup of G.
Proor. We sketch a proof using the techniques of Section 2. Infinitesi-
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mally we have
Q:f)1+-‘-+f?k+m1+-"+mk .

It can be shown that g;=Y;+m; is an ideal of g for 1<:<Pk, and therefore g
splits as g=g,P---Pas. The result now follows inductively from Lemmal (3.4).

4. Rotation groups of order 2.

In this section we will study Riemannian homogeneous spaces of the
form G/H, where H=SO(2) and the linear isotropy representation of H is
equivalent to p,D@,-,. In particular, in the case dim M=3 we will recover
Cartan’s classification of 3-dimensional manifolds admitting a transitive
group of isometries of dimension 4. The general case where H is isomorphic
to a product of rotation groups, some of which are of order 2, can be treated
along the same lines as B of the preceding section. In Section 5
we shall study one such case in detail.

Keeping the notation of Section 2 we can write

4.1) g=h—+m,+m

where [f), m]=0, dim m,=2, §=s0(2) acts on m; in the natural way and m, is
orthogonal to m relative to the natural inner product in m=m,+m. It is easy
to check that is still valid in this case, that is

4.2) O, my]Sm, .

Let now E,, E, be an orthonormal basis of m; and H, the element of §
defined by

(43) [HOy El]:_EZJ [Ho: E2]:E1 .

Given Xem we can write
[X, E;]= 22 aj;E;, =1, 2.
i=1

Since [H,, [ X, E.J]1=—[X, E,] we deduce that a;;—a,, and a,,=—a,. Hence
there exist linear functionals a, B&m* such that

[X, E]=a(X)E,— B(X)E,

LX, Ez]:ﬁ(X)E1+a(X)E2 .

Let X,, ---, X, be an orthonormal basis of 1t such that B(X;)=0 for 1=i=n—1
and let B(X,)=b. Then replacing i by the subspace spanned by X, -+, Xn-1
X,—bH,, and making the corresponding change in m, we can assume that

(4.4) [X, E]l=a(X)E, Xem, Eem,.
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(4.5) LEMMA. 1t is a subalgebra of ¢ and w’'=Ker aSth is an ideal in g.
PROOF. As in (2.9) we have [, mi]. =0. On the other hand, let X;en,
1=1, 2, and set
LX,, Xz]h:aHo .
Then
0=[[X,, X.], E.]J=alH,, EJ+[[X;, X:]a, E.]

=—aFE,+a([X,, Xz:lﬁl)El .

Hence ¢=0 and thus [, mi]Srm. The second statement follows as in (2.9).

As in the proof of (2.2) one can show that
(4:6) [ml, ml:]ml———() .

However, it is not true in general that [m;, m;|3=0. This is what distin-
guishes this case from the one discussed in Section 2.

(4.7) THEOREM. Let M=G/H be a connected simply-connected n-dimensional
homogeneous Riemannian manifold. Assume H=SO(2) and the linear isotropy
representation of H is equivalent to p,Pl,-.. Then M is one of the following:

(1) M is isometric to a product M=MP XM {2 where M, is a 2-dimensional
simply-connected space of constant curvature and M, is a simply-connected Lie
group with a left-invariant metric. Moreover G=I1,(M,)X M,.

(2) M 1is isometric to a simply-connected Lie group with a left-invariant
metric and G 1s isomorphic to a semi-direct product of SO(2) with M.

(3) M is a principal fiber bundle, with abelian structural group, over the
product of a 2-dimensional space with non-zero constant curvature and a simply-
connected Lie group with a left-invariant metric.

PrROOF. We begin by considering the case /=1, that is [, m,]=0. Let
3(a), 3(1) denote the centers of g and m respectively. Then

4.8) a(@)=3(m).

In fact, let Z=3(g). If we decompose Z according to (4.1} as Z=Zy+Zun,+Z5,

then since Z, acts trivially on m; we must have Zy=0. Similarly Z., defines

a subspace of m, where § acts trivially, hence Z.,=0 and 3(g)Stm. Since

clearly 3(i1)<3(g) we obtain [(4.8). .
Let E,, i=1, 2, be an orthonormal basis of m; and set

LE,, Ez]:/ZHo_l’ﬂZ, /120,

where Z=m is a unit vector. Notice that for p+0, Ze3(m)=3(g). If p=0,
then the decomposition

g=(hDm)Pm=g,:Dm,
where g, is the 3-dimensional Lie algebra {H,, E,, E,: [H,, E,]=—F,, [H,, E,]
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=FE, [E, E,J=24H,}, is a direct sum of ideals and, consequently, it follows
from (34) that M splits isometrically as M®XM@~?. Moreover M,
is a 2-dimensional space of constant curvature, positive if A<0, negative if
A>0 and zero if A=0. This gives (1) in (4.7).

If £+0, 2=0; then m is an ideal in g and applying Lemmal (3.3) we obtain
case (2).

Assume now that A+#0, p#0. Let g,=¢/3(g). Then g, is a split Lie
algebra :

(4.9) 3:=g,BL.

If C denotes the analytic subgroup of G whose Lie algebra is 3(g), then C is
closed and normal. Moreover C acts freely on M since C~\H={e}. Therefore

C—M—M/C

is a principal fiber bundle. The group G/C acts as an effective group of
isometries on M/C, and the isotropy subgroup at any point is isomorphic to
SO2). It follows then from that M/C is as in (1) of (4.7). We thus
obtain case (3).

Finally, suppose ’#1m. Let X< be a unit vector such that a(X)=a>0.
As in (2.11) we have [m,, m;15=0 and in fact [m;, m;]&w’. Therefore m is an
ideal in g and using (3.3) we obtain case (2) again. Notice that 1’ is an ideal
in m and m/wm’ is isomorphic to the 3-dimensional Lie algebra

(4.10) {X, E\, E,: [ X, E;J=aFE;, [E,, E;]=0}.

(4.11) ExaMPLE. Suppose dim M=3, hence dim G=4 and we are in the situ-
ation studied by E. Cartan in [3]. Case (1) (4.7) gives, of course, an
isometric product of a 2-dimensional space of constant curvature and a line.
In case (2) we have two possibilities depending upon whether w’=1h or m’ #mn1.
In the first situation M is isometric to the Heisenberg group (strictly upper
triangular 3X3-matrices), endowed with a left-invariant metric, while in the
second M is a solvable Lie group whose Lie algebra is described by (4.10).
Moreover, with respect to any left-invariant metric M will have strictly
negative curvature [4].

The most interesting case is that described in (3) of (4.7). If 1>0, then
M is a principal fiber bundle over a space of constant negative curvature and
hence it is diffeomorphic to Euclidean 3-space. If 1<0, however, one can
check that for p*=—2, M has constant positive curvature and is, therefore,
diffeomorphic to S3. Since a change in the metric in the direction of Z
allows us to change the value of p arbitrarily we see that if 4<0 then M is
diffeomorphic to S® although not, in general, isometric.
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(4.12) REMARK. In the case dim M=4, the results in this section complete
the classification in [7], where the cases 1it'=m and g=0 are treated.

5. Some special cases.

In this section we apply the preceding results to give a classification of
the n-dimensional connected, simply-connected homogeneous Riemannian
manifolds M=G/H where H=SO(k)X K, n—3=<k=n and such that the linear
isotropy representation of H is standard. As is well-known, if k=n then M
is a space of constant curvature; while if k=n—1 then M is either an
n-dimensional space of constant negative curvature or a product of an (n—1)-
dimensional space of constant curvature and a line [6].

If k=n—2 and K=S0(2) it follows from C that M is isometri-
cally equivalent to a product M=M{""2xX M of simply-connected spaces of
constant curvature. The case K={e} has been studied by Kobayashi and
Nagano in [7]; however their results turn out to be valid only under the
additional assumption that M be naturally reductive. When this restriction is
removed one obtains a one-parameter family of new examples. The case
H=S0(2) has been studied in Section 4; for n—2=3 we have
(5.1) THEOREM. Let M=G/H be a simply-connected n-dimensional homogeneous
Riemannian manifold and assume that H=SOn—2), n—2=3 and the linear
isotropy representation of H is the standard one. Then M is one of the follow-
ng:

(1) M s isometric to a product M P X MP where M, is a simply-connected
(n—2)-dimensional space of constant curvature and M, is a simply-connected Lie
group with a left-invariant metric. Moreover G=I,(M;)XM,.

(2) M=M{®VXR, where M, is a space of constant negative curvature and
G=G,X R, where the Lie algebra g, of G, is the one described by Kobayashi in
[6, Theorem 3.3].

(3) M 1is isometric to a solvable Lie group M), A+0, with a left-invariant
metric. For 1>0, M(A) has strictly negative curvature, constant for A=1.
Moreover, M(R) is a principal fiber bundle, over an (n—1)-dimensional space of
constant negative curvature.

PrROOF. Let g, b denote the Lie algebras of G and H, respectively. Let
m be an ad(h)-invariant complement of § in g, and m=m,+1 as in [2.} By
we have [, m]Sm,. If [, m;]=0 then A implies case (1).

Assume then that [, m;]#0, and let a=m* be as in [2.7). Choose a unit
vector Xeni’=Ker(a) and let Y= m be such that <X, Y>=0 and a(Y)=1. Up
to scalar multiplication of the inner product <, >, we can assume that || Y| =1.
Notice that these choices determine a particular metric in each homothety

class. By (2.9) we have that
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Y, X1=1X, A=R.
If 2=0, then the decomposition
g=+m+RY)DRX

is a direct sum of ideals and applying (3.4) we obtain case (2).

If 1+#0, then m is a subalgebra of g and hence by [Lemmal (3.3) M is
isometric to a Lie group M(Q) with a left-invariant metric. The derived
algebra [m, m]J=m;+RX is an abelian ideal of codimension 1. Therefore m
is solvable and, moreover, we can apply Theorem 1 in [4] to conclude that
if 2>0 M(1) has negative sectional curvature. The last statement in (3)
follows from Remark (3.6).

(5.2) PROPOSITION. The sectional curvatures of M(X) satisfy:

(i) For 2>0, min(—1, —2)<K=<max(—1, —2?)

(ii) For 2<0, min(—1, —2)=K=—A.

ProOF. The Lie algebra m(1) decomposes as

m(A)=m;+RX+RY

with a(Y)=1 and [V, X]=AX. It is enough to consider 2-dimensional sub-
spaces of m(4) of the form

p=spang{aY+bZ,, Z,}

where Z;em;+RX, i=1, 2, are orthonormal and a*+56*=1. We then have
(5.3) KW)=—a{T?*Z,, Z;>+b*KTZ,, Z:)*—<TZ,, Z,:)<TZ,, Z,))
where T=ad(Y): m;+RX—m+RX. If we now write

Z;=Z;+z,X, Ziem, zieR,
then TZ,=Z;4+(A—1)z;X and becomes

Kp)=—aZ,+(A =1z, X, Z,)*+b*Z,+2A—1)z. X, Z,)*
—Zi+ A=z, X, ZYZ,+-(A—1)z, X, Z,))
=—1-[(@2—-1)+b*(A—-1)ZB+b*(1—-1)z] .

It is then clear that for A=1, K=—1. If 2>1 we have K())<—1; on the
other hand the expression between brackets attains its maximum for z,=0,
z,=1, a=1, b=0and thus —2*<K({)<—1. Similarly, if 0<2<1, —1=<K(p) and
the maximum of K(p) is attained at the same point giving —1=K(p)<—21%
This proves (i); an analogous argument shows (ii).

(5.4) COROLLARY. If A,#2, then M(A,) is not homothetic to M(A,).

The spaces M(R), 2>0, constitute therefore a “ one-parameter” family of

solvable Lie groups admitting a left-invariant metric of strictly negative
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curvature. These spaces have been studied by Heintze and by Azencott
and Wilson [1], [2], who have given an infinitesimal characterization of the
full isometry group of such a solvmanifold. In our case we have

(5.5) THEOREM. Let M(A)=G/H, 0<A+#1, be as in (3) of Theorvem (5.1). Then
G=[,(M(2).

ProOF. If dim I,(M(4))>dim G, then the isotropy subgroup of I,(M(A)) at
the origin o= {H} € M(2) must be isomorphic to one of the following: SO(n),
SO(n—1) or SO(n—2)xS0O(2). Since for 4+1, M(A) is not a space of constant
curvature it is clear that the SO(n)-case cannot occur. In either of the
remaining two cases M{A) would have a Euclidean factor which is impossible
since M(A) has strictly negative curvature.

We shall next consider the case H=SOn—3)xK. If K=SO(3) then
C implies that M=M{" XM, where M,; is a simply-connected
space of constant curvature and G=I,(M)XI,(M,). If K={¢ and n—3=3,
then we may apply A to conclude that either M is isometric to a
product M=MP P XM, where M, is an (n—3)-dimensional space of constant
curvature and M, is a 3-dimensional simply-connected Lie group with a left-
invariant metric, (For a classification of these Lie groups together with their
curvature properties, relative to a left-invariant metric, we refer to Milnor
[10]), or M is itself isometric to a Lie group with a left-invariant metric.
We recall how this latter case arises: Let

g=b+m,+m

be as in [2.I), and assume wWm’=#m. By (2.11) we then have that m, is an
abelian ideal in g. As before let Y=, be a unit vector, orthogonal to tm’
and such that a«(Y)=1. The study of the Lie algebra m (and thus of g) now
reduces to the study of the 3-dimensional sub-algebra . We consider the
following cases:

(i) [, m]=0. In particular the decomposition
g=(b-+m,+RY)Sm’

is a direct sum of ideals and therefore M is isometric to a product
M=M{""?x R* where M, is an (n—2)-dimensional space of constant negative
curvature.

(i) [m, m]=mw’, i.e. dim[H, m]=2. We first prove
(5.6) LEMMA. W’ is an abelian ideal.

Proor. Let X;, X, be a basis of i’ such that

[X,, X,]=4X,.

Let [V, X.]= il X, i=1, 2. Then
p3
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ZEY; X2]:|:Y’ [Xl’ XZ]]::[[Yy Xl], X2:|+[X17 [Y: XZ]]
and we have

2
2. ]El aZJXJ:Ra11X2+Ra22X2

which implies that if 1+#0, a@,;=a,;=0. But this would mean [, m]S RX,,
contradicting assumption (ii). Hence A=0 and (5.6) is proved.

It is clear now that in this case the derived algebra [m, m]=m,+1m’ is an
abelian ideal of codimension 1. We can therefore apply Theorem 1 in [4] to
conclude
(5.7) PROPOSITION. Let D (respectively S) denote the symmetric (vespectively
skew-symmetric) part of the linear transformation

ad(Y): m'—w’.

Then M admits a left-invariant metric with strictly negative curvature if and
only if

(a) D is positive definite

(b) D*—DS—SD 1is positive definite.

If in addition we assume that it is unimodular (i.e. tr(ad Y)=0) then a
straightforward argument shows that there exists a basis X;, X, of W’ such
that [V, X;]J=pX;, 1#j, p#0. Therefore m=E(l, 1), the Lie algebra of the
group of rigid motions of Minkowski 2-space [10]. Moreover it follows from
(5.7) that M does not admit a left-invariant metric with strictly negative
curvature.

On the other hand if m is not unimodular then tr(ad Y) and det(ad V)
are a complete set of isomorphism invariants for the Lie algebra m [10]. In
this case the ideal W’ may be characterized as the unimodular kernel of .

(iii) dim[r, m]=1. In this case [m, m] is an abelian ideal of codimension
2 and [4, Proposition 2] implies that M does not admit a left-invariant metric
with strictly negative curvature. Moreover, m is not unimodular and the
trace of ad(Y) acting on the unimodular kernel of i is a complete isomorphism
invariant for m.

Now we consider the case M=G/H, H=SO(n—3)xS0(2), n—3=3. In this
case dim mi=1 and g decomposes according to as

a=b;+b,+m,+um,+1it,
hi=zso(n—3), H,=s0(2).
We set tit;=0,+m,+1m. We have
o, m,J=0, [Om, mJSm,.

Let m/={Xem,: [X, m]=0. If m=m] then ¢ is a split Lie algebra
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g¢=a,Pg. where
g=0h+m,

@a=Dy+my+1it.

It then follows from (3.4) that
(5.8) M 1is isometric to a product

M=M= x M$

wherve M, is a simply-connected space of constant curvature and M, is a
3-dimensional simply-connected wmanifold admitting a 4-dimensional transitive
group of isometries. These spaces have been classified in (4.11).

Assume now mj=#1,. Then dim m{=3. Moreover, ), S| and since ] is
an ideal, m,=[b,, m,]&mj. Hence

w=bh+m,.

Let Y be a unit vector in wm such that ad Y: m,—m, is the identity map
(again this is possible up to homothety). Furthermore, as in Section 4 we can
also assume (changing m, if necessary) that there exists A€ R such that

LY, X]=21X, Xecm,.

We have also shown in Section 4 that [m,, m,]&Sm. Therefore if E,, E, is a
basis of m, we have

[E,, Es]=aY, aeR.
But if 0#Z<=m,, we get

0=[LE,, E.], Z]=alY, Z]l=aZ.

Consequently [m,, m,]=0, the subalgebra m is solvable and the derived algebra
[m, m]=m,+m, is an abelian ideal of codimension 1.
If A=0 then g splits as g=g,Dg,, with

g =b+m-+RY, g,=bh+m,

and therefore
(5.9) M is isometric to a product M P X R?, where M, is a space of constant
negative curvature. Moreover G=G, X E(2), where G, is the group described in
[6, Theorem 3.3] and E(2) is the group of motions of Euclidean 2-space.

For 2=+0, M is isometric to a solvable Lie group M(2) with a left-invariant
metric and it follows from [4, Theorem 1] that
(5.10) If A>0, M(A) has strictly negative curvature; for A<0, M(A) has both
pésitive and negative sectional curvatures.

It is straightforward to check that (5.2), (5.4) and (5.5) carry over to this
case without modifications.
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Finally, we consider the case of a 5-dimensional homogeneous Riemannian
manifold M=G/H where H=S0(2)xS0(2) and the linear isotropy representa-
tion of H is equivalent to p,PDp,PO;. As in we can write

g:f)1+f)2+m1+mz+m .

Let m,=B,-+m,+1h, i,=0,-+m,+1it; then [b;, ;]=0, [, mJSm; and [, ;]
cij={Xem,: [X, m;]1=0}.

If m,+#m}, then g,=Y%,+m,+m,+ 1k is a subalgebra of g and the corresponding
analytic subgroup G,SG acts transitively on M with isotropy H,=SO(2).
Hence this case reduces to the one studied in Section 4.

We can therefore assume that ,=m; for 1=1, 2. In particular we have

[my, me]=[m,, ml=[m,, m]=0,
[m,, m; ]Sh;+1.
Thus  is an ideal in g and the quotient g/t is a split Lie algebra
g/m=0,Dg,, @i=Dhstm,+ait/rit.

Moreover, the one-parameter group exp 11 acts freely on M and hence M isa
principal fiber bundle over M/exp . It is easy to check that, relative to the
induced metric, the space splits isometrically as M, XM, where M;, i=1, 2 is
a simply-connected 2-dimensional space of constant curvature.
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