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1. Introduction.

On a compact Hermitian manifold $M$, we define two differential operators,
$i$ . $e.$ , the real Laplacian $\triangle=d\delta+\delta d$ , and the complex Laplacian $\square =\overline{\partial}\theta+\theta\partial$ . In
this note we deal with these operators acting on differentiable functions. We
denote by $Spec(M, \triangle)$ (resp. $Spec(M,$ $\square )$ ) the set of eigenvalues with multiplicity
of $\triangle$ (resp. $\square $ ). It is an interesting problem to investigate the relationship
between the geometry of a smooth manifold and the spectrum of its Laplacian.

A Hopf manifold is well-known as the first example of a compact complex
manifold which does not admit Kaehler metrics. E. Bedford and T. Suwa ([1])

described explicitly the eigenvalues of $\triangle$ and $\square $ on Hopf manifolds. Some
isospectral results were also given by them. In this note we will describe (in

Theorem 5.7) the eigenvalues of $\triangle$ and $\square $ on Calabi-Eckmann manifolds which
were discovered as the second example of non-Kaehler complex manifolds ([4]).

Some isospectral results will be given in Theorem 6.4 and Theorem 6.5.
The author wishes to thank Professor K. Ogiue for helpful suggestions.

2. The complex Laplacian on Hermitian manifolds.

In this section we will find the relation between the complex and the real
Laplacians, and give formulas for the asymptotic expansion of the eigenvalues
of the complex Laplacian, making use of Gilkey’s Theorem.

Let $(M, g, J)$ be a compact connected Hermitian manifold with Hermitian
metric $g$ and complex structure $J$. By $C^{\infty}(M)$ we denote the space of complex-

valued differentiable functions on $M$ with a scalar product $\langle\varphi, \psi\rangle=\int_{M}\varphi\overline{\psi}dV_{g}$ ,

where $dV_{g}$ is the Riemannian volume form on $M$. For the definition and the
fundamental properties of the complex Laplacian on Hermitian manifolds we
refer to Morrow and Kodaira [9]. Let $\Omega$ be the 2-form defined by $\Omega(X, Y)=$

$g(JX, Y)$ , which is called the Kaehler form of $(M, g, J)$ . Let $\zeta$ be the vector
field dual to $-\delta\Omega$ , where $\delta$ denotes the codifferential operator.
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PROPOSITION 2.1. Let $\square $ be the complex Laplacian acting on differentiable
functions on M. Then we have

$2\square =\triangle-iL_{\zeta}$ ,

where $L_{\zeta}$ is the Lie derivation with resPect to the vector field $\zeta$ .
PROOF. We get the above result after straightforward computations (cf.

[9]).

DEFINITION. A Hermitian manifold $(M, g, J)$ is called semi-Kaehler if it
satisPes $\delta\Omega=0$ , or equivalently $\zeta=0$ (cf. K. Yano [11], p. 192).

REMARK 2.2. It is well-known that $\square =1/2\triangle$ holds as the operator acting
on forms of type $(p, q)$ on Kaehler manifolds (cf. [9]). Proposition 2.1 shows
that $\square =1/2\triangle$ holds as the operator acting on differentiable functions on semi-
Kaehler manifolds. The converse will be seen later in this section (cf. Corol-
lary 2.8).

If $(M, g, J)$ is a Hermitian manifold, then so is $(M, g, -J)$ . Let fi be the
complex Laplacian of $(M, g, -J)$ . Then the following is easily seen from
Proposition 2.1.

PROPOSITION 2.3. $Spec(M, \square )=Spec(M, \overline{\square })$ .
Here we review the Gilkey’s results ([6], [7]). Let $M$ be an m-dimensional

compact connected Riemannian manifold with Riemannian metric $g$ and volume
element $dV_{g}$ . Let $V$ be a smooth r-dimensional vector bundle over $M$ and
$D:C^{\infty}(V)\rightarrow C^{\infty}(V)$ a second order differential operator with leading symbol given
by the metric tensor. Let $\tilde{\nabla}$ be any connection on the vector bundle $V$ . We
denote by $D_{\nabla}^{\sim}$ the Laplacian on $V$ defined by V and $g$ .

THEOREM 2.4. (Gilkey [6], [7]) Given a second order differential operator
$D:C^{\infty}(V)\rightarrow C^{\infty}(V)$ with leading symbol given by the metric tensor, there is a
unique connection fi on $V$ such that $D_{\nabla}^{\sim}-D$ is O-th order operator, $i$ . $e.$ , an
endomorphism of $V$ .

We assume that $V$ has a smooth inner product and $D$ is a self-adjoint
operator. For $D$ we consider only such a connection V on $V$ as in Theorem
2.4. Let $\{\lambda_{1}, \lambda_{2}, \}$ be the spectrum of $D$ and let

$\sum_{J=1}^{\infty}\exp(-ti_{j})\sim t\rightarrow+0(4\pi t)^{-m/2}(a_{0}(D)+a_{1}(D)t+a_{2}(D)t^{2}+\cdots)$

be the asymptotic expansion. Then we have
THEOREM 2.5. (Gilkey [6], [7])

(1) $a_{0}(D)=r$ Vol $(M, g)$

(2) $a_{1}(D)=r/6\int_{M}\tau dV_{g}+\int_{M}Tr(E)dV_{\ell}$
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(3) $a_{2}(D)=r/360\int_{M}\{5\tau^{2}-2|\rho|^{2}+2|R|^{2}\}dV_{g}$

$+1/360\int_{M}\{30Tr(G(W^{2}))+Tr(60\tau E+180E^{2})\}dV_{g}$ ,

where $E=D_{V}^{\sim}-D;R,$ $\rho$ , and $\tau$ denote the curvature tensor, the Ricci tensor, and
the scalar curvature of $(M, g)$ respectjvely; $W$ is the curvature tensor of V and
$G(W^{2})$ is the endomorphism of $V$ defined by $G(W^{2})=g^{jh}g^{kl}W_{jk}W_{hl}$ .

Now we apply the Gilkey’s results to our case and give formulas for the
asymptotic expansion of the complex Laplacian. In our case we take $V=M\times C$ ,
the trivial complex line bundle over the Hermitian manifold $M$. We may
naturally consider a complex-valued function $\varphi$ on $M$ as a cross-section of $V$

and the complex Laplacian $\square $ as a differential operator acting on cross-sections
of $V$ . Given a complex-valued l-form $\omega$ on $M$, we can dePne a connection $\tilde{\nabla}$

on $V$ by $\tilde{\nabla}_{X}\varphi=X\varphi+\omega(X)\varphi$ for any vector field $X$ on $M$.
LEMMA 2.6. Let $\omega=-\frac{1}{2}i\delta\Omega,\tilde{\nabla}$ the connection determined by to and $D_{\nabla}^{\sim}$ the

Laplacian defined by V and the Hermitian metric $g$ . Then $D_{V}^{\sim}-2\square $ is $a$ O-th

order operator and $D_{\nabla}^{\sim}-2\square =\frac{1}{4}|\delta\Omega|^{2}I$ , where I denotes the identity transformation.
PROOF. Applying Proposition 2.1 we have

$-2\square \varphi=g^{jh}\nabla_{j}\nabla_{h}\varphi+i\zeta^{k}\partial_{k}\varphi$

$=g^{jh}(\partial_{j}\partial_{h}\varphi-\Gamma_{jh}^{k}\partial_{k}\varphi)+i\zeta^{k}\partial_{k}\varphi$ ,

where $\nabla$ is the Riemannian connection and $\Gamma_{jh}^{k}$ is the Christoffel’s symbol with
respect to the Hermitian metric $g$ . Since $D_{\nabla}^{\sim}$ is the Laplacian defined by V and
$g$, we have

$-D_{\nabla}^{\sim}\varphi=g^{jh}\{\tilde{\nabla}_{j}(\forall_{h}\varphi)-\tilde{\nabla}_{\nabla_{\partial_{j}}\partial_{h}}\varphi\}$

$=g^{jh}\{\tilde{\nabla}_{j}(\partial_{h}\varphi+\varphi\omega_{h})-\Gamma_{jh}^{k}\tilde{\nabla}_{k}\varphi\}$

$=g^{jh}\{\partial_{j}\partial_{h}\varphi+\partial_{h}\varphi\omega_{j}+\partial_{j}\varphi\omega_{h}+\varphi\partial_{j}\omega_{h}+\varphi\omega_{h}\omega_{j}-\Gamma_{jh}^{k}\partial_{k}\varphi-\Gamma j_{h}\varphi\omega_{k}\}$

$=g^{jh}(\partial_{j}\partial_{h}\varphi-\Gamma_{jh}^{k}\partial_{k}\varphi)+2g^{jh}\omega_{j}\partial_{h}\varphi+\varphi g^{jh}(\partial_{j}\omega_{h}-\Gamma_{jh}^{k}\omega_{k})+\varphi g^{jh}\omega_{j}\omega_{h}$ .

Therefore we get

$(D_{\nabla}^{\sim}-2\square )\varphi=(i\zeta^{k}-2g^{jk}\omega_{j})\partial_{k}\varphi+\varphi\delta\omega-\varphi g^{jh}\omega_{j}\omega_{h}$ .

Since $\omega=-\frac{1}{2}i\delta\Omega$ , we see that $\delta\omega=-\frac{1}{2}i\delta^{2}\Omega=0$ and $\omega_{j}=-\frac{1}{2}i(\delta\Omega)_{j}=\frac{1}{2}ig_{jk}\zeta^{k}$ .

Thus we have $(D_{\nabla}^{\sim}-2\square )\varphi=-\varphi g^{jh}\omega_{j}\omega_{h}$ and hence $D_{\nabla}^{\sim}-2\square =1/4|\delta\Omega|^{2}I$ .
THEOREM 2.7. Let $\{\lambda_{1}, \lambda_{2}, \}$ be the spectrum of $2\square $ on the Herynitian

manifold $M$ and
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$\sum_{j=1}^{\infty}\exp(-t\lambda_{j})\sim t\rightarrow+0(4\pi t)^{-m/2}(a_{0}+a_{1}t+a_{2}t^{2}+\cdots)$

be the asymptotic expansjOn. Then we have

(1) $a_{0}=Vol(M, g)$

(2) $a_{1}=1/6\int_{M}\tau dV_{g}+1/4\int_{M}|\delta\Omega|^{2}dV_{g}$

\langle 3) $a_{2}=1/360\int_{M}\{5\tau^{2}-2|\rho|^{2}+2|R|^{2}\}dV_{\iota}$

$+1/360\int_{M}\{-30|d\delta\Omega|^{2}+60/4\tau|\delta\Omega|^{2}+180/16|\delta\Omega|^{4}\}dV_{g}$ .

PROOF. By Theorem 2.4 and Lemma 2.6, we can aPply Theorem 2.5 to the

case where $D=2\square $ and V is the connection defined by $\omega=-\frac{1}{2}i\delta\Omega$ . It is clear

that the curvature $W$ of $\tilde{\nabla}$ is given by $ W=-id\delta\Omega$ . Q. E. D.
By Proposition 2.1, Theorem 2.7, and the asymptotic expansion for the real

Laplacian, the following is easily seen.
COROLLARY 2.8. Let $M$ be a compact connected Hermitian manifold. Then

$Spec(M, 2\square )=Spec(M, \triangle)$ if and only if $M$ is a semi-Kaehler manifold.
REMARK 2.9. Gilkey has proved that the spectra of $\coprod^{0,0}\coprod^{0,1}$ , and $\coprod^{1.0}$

( $\Pi^{pq}$ means the complex Laplacian acting on forms of tyPe $(p,$ $q)$ ) of a
Hermitian manifold determine whether the metric is Kaehler ([5]). Corollary
2.8 shows that the spectra of $\square $ and $\triangle$ of a Hermitian manifold determine
whether the metric is semi-Kaehler.

3. Complex structures and Hermitian metrics of Calabi-Eckmann manifolds.

In this section, aPplying A. Morimoto’s method ([8]), we introduce complex
structures on the product of two odd-dimensional spheres and define Hermitian
metrics compatible with the complex structures.

3.1. An almost contact structure on an odd-dimensional sphere.
DEFINITION. (cf. Blair [3]) Let $M$ be a differentiable manifold of dimension

$2n+1$ . An almost contact structure on $M$ is a triple $\Sigma=(\phi, \xi, \eta)$ , where $\phi$ is a
tensor field of type $(1, 1)$ on $M,$ $\xi$ is a vector field on $M$, and $\eta$ is a l-form on
$M$ satisfying the following conditions:

(3.1) $\eta(\xi)=1$

(3.2) $\phi^{2}X=-X+\eta(X)\xi$ for any tangent vector $X$ on $M$.
Let $C^{n+1}$ be a complex Euclidean $(n+1)$-space with the standard complex



Calabi-Eckmann manifolds 677

structure $\tilde{J}$. Let $(S^{2n+1}, g)$ be a unit sphere in $C^{n+1},$ $i$ . $e.,$
$S^{2n+1}=\{z\in C^{n+1} ; \Vert z\Vert=1\}$

with the induced metric $g$ . We define $\Sigma=(\phi, \xi, \eta)$ on $S^{2n+1}$ by $\tilde{J}z=\iota_{*}\xi$ and
$\tilde{J}(\iota_{*}X)=\iota_{*}\phi X-\eta(X)z$ for $z\in S^{2n+1}$ and $X\in T_{z}(S^{2n+1})$ , where $\iota:S^{2n+1}\rightarrow C^{n+1}$ is the
inclusion map. Then $\Sigma=(\phi, \xi, \eta)$ on $S^{2n+1}$ is an almost contact structure.
Moreover the almost contact structure $\Sigma$ satisfies the following equations ([8]):

(3.3) $\Psi(X, Y)=\phi([X, Y])-[\phi X, Y]-[X, \phi Y]-\phi[\phi X, \phi Y]$

$+\{(\phi X)(\eta(Y))-(\phi Y)(\eta(X))\}\xi$

$=0$ .
(3.4) $L_{\xi}\eta=0$ .

The induced metric $g$ on $S^{2n+1}$ is compatible with the almost contact structure
$\Sigma$ in the following sense:

(3.5) $g(\phi X, \phi Y)=g(X, Y)-\eta(X)\eta(Y)$ for any tangent vectors $X,$ $Y$ of $S^{2n+1}$ .
By (3.5) we immediately get the following:

(3.6) $\eta(X)=g(\xi, X)$ for any tangent vector $X$ of $S^{2n+1}$

(3.7) $g(\xi, \xi)=1$ .
Moreover $(\phi, \xi, \eta, g)$ is Sasakian, namely, the following differential equations
are satisPed (cf. [3]):

(3.8) $(\nabla_{X}\phi)Y=\eta(Y)X-g(X, Y)\xi$

(3.9) $d\eta(X, Y)=g(\phi X, Y)$

(3.10) $\nabla_{X}\xi=\phi X$ for any vector Pelds $X,$ $Y$ on $S^{2n+1}$ .

3.2 Complex structures on the product of two odd-dimensional spheres.
Morimoto ([8]) introduced an almost complex structure $J$ on the product of

two almost contact manifolds $M$ and $M^{\prime}$ with almost contact structures $\Sigma=$

$(\phi, \xi, \eta)$ and $\Sigma^{\prime}=(\phi^{\prime}, \xi^{\prime}, \eta^{\prime})$ respectively by

$J(X+X^{\prime})=\phi X-\eta^{\prime}(X^{\prime})\xi+\phi^{\prime}(X^{\prime})+\eta(X)\xi^{\prime}$

for any tangent vector $X$ of $M$ and any $X^{\prime}$ of $M^{\prime}$ . He has proved that the
induced almost complex structure $J$ on $M\times M^{\prime}$ is integrable if and only if $\Psi=0$

and $\Psi^{\prime}=0$ , where $\Psi$ and $\Psi^{\prime}$ are the tensor fields dePned by (3.3).

Now we shall introduce almost complex structures on the product of two
odd-dimensional spheres $S^{2p+1}\times S^{2q+1}$ . Let $\Sigma=(\phi, \xi, \eta)$ (resp. $\Sigma^{\prime}=(\phi^{\prime},$ $\xi^{\prime},$ $\eta^{\prime})$ ) be
the almost contact structure on $S^{2p+1}$ (resp. $S^{2q+1}$) given in 3.1. Then we define
a family of almost complex structures $J_{a.b}$ (or simply $J$) on $S^{2p+1}\times S^{2q+1}$ as
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follows. For any tangent vector $X$ of $S^{2p+1}$ and any $X^{\prime}$ of $S^{2q+1}$ ,

(3.11) $ J(X+X^{\prime})=\phi X-\{a/b\eta(X)+(a^{2}+b^{2})/b\eta^{\prime}(X^{\prime})\}\xi$

$+\phi^{\prime}(X^{\prime})+\{1/b\eta(X)+a/b\eta^{\prime}(X^{\prime})\}\xi^{\prime}$ ,

where $a,$ $b\in R$ and $b\neq 0$ .
It is easily seen that $J^{2}=-I$ , which shows that $J$ is an almost complex
structure on $S^{2p+1}\times S^{2q+1}$ .

Noticing that $\Sigma=(\phi, \xi, \eta)$ and $\Sigma^{\prime}=(\phi^{\prime}, \xi^{\prime}, \eta^{\prime})$ satisfy $\Psi=0$ and $\Psi^{\prime}=0$

respectively, we can prove the following by the same way as Morimoto [8].

PROPOSITION 3.1. The almost complex $st$ ructure $J$ defined by (3.11) is inte-
grable.

We denote by $M_{aib}^{pq}$ the complex manifold $S^{2p+1}\times S^{2q+1}$ with the complex
structure $J_{a.b}$ dePned by (3.11).

3.3. A Hermitian metric on $M_{a.b}^{p,q}$ .
We define a Riemannian metric $g_{a.b}$ (or simply g) on $M_{a}^{pq}:b$ by

(3.12) $g=g_{1}+a(\eta\otimes\eta^{\prime}+\eta^{\prime}\otimes\eta)+[a^{2}+b^{2}-1]\eta^{\prime}\otimes\eta^{\prime}+g_{2}$ ,
where $g_{1}$ and $g_{2}$ are the canonical Riemannian metrics on $S^{2p+1}$ and $S^{2q+1}$

respectively.
The following is easily checked.
PROPOSITION 3.2. The Riemannian metric $g$ given in (3.12) is a Hermitian

metric on the complex manifold $M_{a.b}^{p,q}$ .
From now on $M_{a}^{pq}:b$ denotes the Hermitian manifold with the metric $g$

given in (3.12).

We shall give several remarks on the Hermitian metric of $M_{a}^{pq}:b$ :
(1) In the case of $a=0$ and $b=1$ , the Riemannian metric $g_{0,1}$ gives the

Riemannian product of $(S^{2p+1}, g_{1})$ and $(S^{2q+1}, g_{2})$ . For the sake of simplicity we
denote $g_{0,1}$ by $g$ .

(2) In the case of $q=0$, the Hermitian structure of $M_{aib}^{p0}$ coincides with
that of Hopf manifold $M_{a}$ in [1], where $\alpha=e^{-2\pi(b-ia)}$ .

(3) $M_{-a,b}^{0.q}$ is biholomorphically isometric to the Hermitian manifold
$(M_{a.b}^{0.q}, -J_{a,b})$ .

Proposition 2.3 and this remark imply that $Spec(M_{-a.b}^{0.q}, \square )=Spec(M_{a.b}^{0.q}, \square )$ .
(4) In the case of $q\neq 0,$ $M_{a}^{pq}:-b$ is biholomorphically isometric to the Hermi-

tian manifold $(M_{a}^{pq}:b, -J_{a,b})$ .
By Proposition 2.3 and this remark, we have $Spec(M_{ai-b}^{pq}, \square )=Spec(M_{a}^{pq}:b’\square )$ .

So from now on we assume that $b$ is positive.
(5) $M^{\underline{p}.q}(x.b$ is isometric to $M_{a}^{pq}:b$ as a Riemannian manifold, but not biholo-

morphic in general.
To show (3), (4), and (5) we prepare the following lemma.
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LEMMA. The diffeomorphism $\varphi_{p}$ of $S^{2p+1}$ defined by $\varphi_{p}(z)=(\overline{z}_{0},\overline{z}_{1}, \cdots , \overline{z}_{p})$

for $z=(z_{0}, z_{1}, \cdots , z_{p})\in S^{2p+1}\subset C^{p+1}$ has the following prOperties:

$\varphi_{p}^{*}g_{1}=g_{1}$ , $(\varphi_{p})_{*}\xi=-\xi$ , $\varphi_{p}^{*}\eta=-\eta$ , $\phi^{0}(\varphi_{p})_{*}=-(\varphi_{p})_{*}\circ\phi$ .
Using the above Lemma, we can prove that $(id, \varphi_{q}):S^{1}\times S^{2q+1}\rightarrow S^{1}\times S^{2q+1}$ is

a biholomorphic isometry from $M_{-a.b}^{0,q}$ to $(M_{a}^{0}*, -J_{a.b}),$ $(\varphi_{p}, \varphi_{q}):S^{2p+1}\times S^{2q+1}\rightarrow$

$S^{2p+1}\times S^{2q+1}$ is a biholomorphic isometry from $M_{a.-b}^{p,q}$ to $(M_{a.b}^{p,q}, -J_{a.b})$ , and
$(\varphi_{p}, id):S^{2p+1}\times S^{2q+1}\rightarrow S^{2p+1}\times S^{2q+1}$ is an isometry from $M_{\dot{a}.b}^{\underline{p}q}$ to $ M_{\alpha}^{p}:\not\in$ .

4. Some formulas for a Riemannian submersion.

In [10] O’Neill studied fundamental equations of a Riemannian submersion.
We review some formulas which are useful in the sequel. Given a Riemannian
submersion $\pi;M\rightarrow B$ , we denote by $\mathcal{V}E$ (resp. $\mathcal{H}E$ ) a vertical part (resp. a
horizontal part) of a vector field $E$ on $M$. Following O’Neill, we define two
tensor fields $T$ and $A$ by

$T_{E}F=\mathcal{H}\nabla_{\varphi_{E}}\mathcal{V}F+\mathcal{V}\nabla_{\mathcal{V}E}\mathcal{H}F$ and

$A_{E}F=\mathcal{H}\nabla_{\mathcal{H}E}\mathcal{V}F+\mathcal{V}\nabla_{\mathcal{H}E}\mathcal{H}F$

respectively, where $\nabla$ denotes the Riemannian connection on $M$. The tensor
field $A$ is called an integrability tensor associated with the submersion.

DEFINITION. A basic vector field is a horizontal vector field $X^{*}$ which is
$\pi$-related to a vector field $X$ on $B,$ $i$ . $e.,$ $\pi X_{u}^{*}=X_{\pi(u)}$ for all $u\in M$. We some-
times call $X^{*}$ the horizontal lift of $X$.

LEMMA 4.1. Suppose $x*$ and $Y^{*}$ are the horizontal lifts of $X$ and Y. Then
(1) $\mathcal{H}([X^{*}, Y^{*}])$ is the $hor$ zontal lift of [X, $Y$].
(2) $\mathcal{H}\nabla_{x*}Y^{*}$ is the horizontal lift of $\forall_{X}Y$ , where $\forall$ is the Riemannian con-

nection on $B$ .
LEMMA 4.2. (1) At each Point, $A_{E}$ is a skew-symmetric linear operator on

the tangent space on $M$.
(2) Let $X$ and $Y$ be horizontal vector fields on M. Then

$A_{X}Y=1/2\mathcal{V}([X, Y])$ .
LEMMA 4.3. Let $X$ and $Y$ be horizontal vector fields and $V$ and $W$ vertical

vector fields. Moreover let V be the Riemannian connection on the fibres. Then
we have

(1) $\nabla_{V}W=T_{V}W+\hat{\nabla}_{V}W$

(2) $\nabla_{V}X=\mathcal{H}(\nabla_{V}X)+T_{V}X$

(3) $\nabla_{X}V=A_{X}V+\mathcal{V}(\nabla_{X}V)$

(4) $\nabla_{X}Y=\mathcal{H}(\nabla_{X}Y)+A_{X}Y$ .
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Furthermore if $X$ is basic, then $\mathcal{H}(\nabla_{V}X)=A_{X}V$ .
Let $R$ be the curvature tensor of $M,\check{R}$ the curvature tensor of $B$ , and $R$

the curvature tensor of the fibre. The horizontal lift $\check{R}^{*}$ of $\check{R}$ is defined by
$\langle\check{R}_{h_{1}^{*}h_{2}^{*}}^{*}h_{3}^{*}, h_{4}^{*}\rangle=\langle\check{R}_{h_{1}h_{2}}h_{3}, h_{4}\rangle$ , where $h_{j}^{*}$ is the horizontal lift of $h_{j}$ . We remark
that the curvature tensor $R$ is defined by

$R_{XY}Z=\nabla_{[X.Y]}Z-\nabla_{X}\nabla_{Y}Z+\nabla_{Y}\nabla_{X}Z$ .

LEMMA 4.4. If $U,$ $V,$ $W,$ $F$, are vertical vector fields and $X,$ $Y,$ $Z,$ $H$, are
horizontal vector fields, then we have

(0) $\langle R_{UV}W, F\rangle=\langle\hat{R}_{UV}W, F\rangle-\langle T_{U}W, T_{V}F\rangle+\langle T_{U}F, T_{V}W\rangle$

(1) $\langle R_{UV}W, X\rangle=\langle(\nabla_{V}T)_{U}W, X\rangle-\langle(\nabla_{U}T)_{V}W, X\rangle$

(2) $\langle R_{XV}Y, W\rangle=\langle(\nabla_{X}T)_{V}W, Y\rangle+\langle(\nabla_{V}A)_{X}Y, W\rangle-\langle T_{V}X, T_{W}Y\rangle+\langle A_{X}V, A_{Y}W\rangle$

(2) $\langle R_{VW}X, Y\rangle=\langle(\nabla_{V}A)_{X}Y, W\rangle-\langle(\nabla_{W}A)_{X}Y, V\rangle+\langle A_{X}V, A_{Y}W\rangle$

$-\langle A_{X}W, A_{Y}V\rangle-\langle T_{V}X, T_{W}Y\rangle+\langle T_{W}X, T_{V}Y\rangle$

(3) $\langle R_{XY}Z, V\rangle=\langle(\nabla_{Z}A)_{X}Y, V\rangle+\langle A_{X}Y, T_{V}Z\rangle-\langle A_{Y}Z, T_{V}X\rangle-\langle A_{Z}X, T_{V}Y\rangle$

(4) $\langle R_{XY}Z, H\rangle=\langle\check{R}_{XY}^{*}Z, H\rangle-2\langle A_{X}Y, A{}_{z}H\rangle+\langle A_{Y}Z, A{}_{X}H\rangle+\langle A_{Z}X, A{}_{Y}H\rangle$ .
The proof of tbese results is found in [10].

5. The real Laplacian and the complex Laplacian of $M_{a,b}^{p,q}$ and their eigen-
values.

It is well-known that the fibration $\pi;(S^{2p+1}, g_{1})\rightarrow CP^{p}$ is a Riemannian
submersion with totally geodesic fibres $S^{1}$ , where $CP^{p}$ is furnished with the
Fubini-Study metric. Moreover $\xi$ defined in 3.1 is a vertical vector field with
respect to the submersion. For any tangent vector $X$ of $S^{2p+1},$ $\eta(X)\xi$ is a
vertical part of $X$.

LEMMA 5.1. (1) Let $X$ be a vector field on $CP^{p}$ and $X^{*}$ its horizontal lift.
Then we have

$L_{\xi}X^{*}=[\xi, X^{*}]=0$ .
(2) Let $A$ be the integrability tensor associated with the Riemannian sub-

mersion $\pi$ . If $X$ and $Y$ are horizontal vectors on $S^{2p+1}$ , then we have $A_{X}Y=$

\langle X, $\phi Y\rangle$ $\xi$ .
PROOF. (1) Since $\xi$ is a vector field which is $\pi$-related to $0$ on $CP^{p}$ , we

get
$\pi_{*}([\xi, X^{*}])=[\pi_{*}\xi, \pi_{*}X^{*}]=[0, X]=0$ .

On the other hand by (3.4) we have

$\eta([\xi, X^{*}])=\backslash \xi\eta(X^{*})-(L_{\xi}\eta)(X^{*})=0$ .
Thus (1) is proved.
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(2) The proof is found in [10].

Let $\pi_{1}$ , and $\pi_{2}$ be the submersions $\pi_{1}$ ; $S^{2p+1}\rightarrow CP^{p}$ and $\pi_{2}$ ; $S^{2q+1}\rightarrow CP^{q}$

respectively. We put $\pi=(\pi_{1}, \pi_{2}):S^{2p+1}\times S^{2q+1}\rightarrow CP^{p}\times CP^{q}$ . It is easily seen
that $\pi:(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ is a Riemannian submersion with
totally geodesic fibres $T^{2}=S^{1}\times S^{1}$ and $\xi$ and $\xi^{\prime}$ span the vertical subspaces with
respect to the submersion $\pi$ , where $\mathring{g}$ (resp. h) denotes the product metric on
$S^{2p+1}\times S^{2q+1}$ (resp. $CP^{p}\times CP^{q}$). We consider the Laplacian $\Delta_{g_{1}}$ on $(S^{2p+1}, g_{1})$ as
a differential operator acting on differentiable functions on $S^{2p+1}\times S^{2q+1}$ in the
following way; For $\varphi\in C^{\infty}(S^{2p+1}\times S^{2q+1}),$ $\Delta_{g_{1}}\varphi(x, x^{\prime})=\Delta_{g_{1}}\iota_{x^{\prime}}^{*}\varphi(x)$ at $(x, x^{\prime})$ , where
$\iota_{x^{\prime}}$ denotes the natural imbedding $\iota_{x^{\prime}}$ : $S^{2p+1}\rightarrow S^{2p+1}\times S^{2q+1}$ given by $\iota_{x^{l}}(x)=$

$(x, x^{\prime})$ . The Laplacian $\Delta_{g_{2}}$ on $(S^{2q+1}, g_{2})$ is considered similarly. For an arbitrary
point $x\in CP^{p}$ , let $U_{1}$ be a neighborhood of $x$ in $CP^{p}$ and $\{e_{1}, e_{2}, \cdots , e_{2p}\}$ be a
local field of orthonormal frames on $U_{1}$ . We denote by $e_{j}^{*}$ the horizontal lift
of $e_{j}$ on $\pi_{1}^{-1}(U_{1})$ with respect to the submersion $\pi_{1}$ . Similarly, for an arbitrary
point $x^{\prime}\in CP^{q}$ , we choose $U_{2}$ and a local field of orthonormal frames $\{e_{1}^{\prime}, \cdots , e_{2q}^{\prime}\}$

on $U_{2}$ . With respect to the Riemannian submersion $\pi_{2},$
$e_{k^{*}}^{\prime}$ denotes the hori-

zontal lift of $e_{k}^{\prime}$ on $\pi_{2}^{-1}(U_{2})$ . We put $U=U_{1}\times U_{2}$ . Then $\{e_{1}, \cdots , e_{2p}, e_{1}^{\prime}, \cdots , e_{2q}^{\prime}\}$

is naturally considered as a local field of orthonormal frames on $U$ , and
$\{e_{1}^{*}, \cdots , e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{\prime*}\}$ is considered as a local field of orthonormal vectors on

$\pi^{-1}(U)=\pi_{1}^{-1}(U_{1})\times\pi_{2}^{-1}(U_{2})$ .
The following Lemma is easily seen.
LEMMA 5.2. (1) $ef$ and $e_{k^{*}}^{\prime}(1\leqq j\leqq 2p, 1\leqq k\leqq 2q)$ on $\pi^{-1}(U)$ are horizontal

lifts of $e_{j}$ and $e_{k}^{\prime}$ with respect to the Riemannian submersion $\pi$ .
(2) For $f\in C^{\infty}(S^{2p+1}\times S^{2q+1}),$ $\Delta_{g_{1}}$ and $\Delta_{g_{2}}$ are expressed as follows;

$-\Delta_{g_{1}}f=(Hessf)(\xi, \xi)+\sum_{j=1}^{2p}(Hessf)(e_{j}^{*}, e_{j}^{*})$

$-\Delta_{g_{2}}f=(Hessf)(\xi^{\prime}, \xi^{\prime})+\sum_{k=1}^{2q}(Hessf)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})$ ,

where Hess $f$ denotes the Hessian of $f$ with respect to the metric $\mathring{g}$ .
Let $\nabla$ and V be the Riemannian connections with respect to the metric

tensors $g$ and $\mathring{g}$ on $S^{2p+1}\times S^{2q+1}$ respectively. Moreover let $\check{\nabla}$ be the Riemannian
connection with respect to $h$ on $CP^{p}\chi CP^{q}$ .

LEMMA 5.3. The Riemannian metric $g$ has the following properties.
(1) The vector field $\xi$ (resp. $\xi^{\prime}$ ) on $S^{2p+1}\times S^{2q+1}$ is a Killing vector field with

constant length 1 (resp. $(a^{2}+b^{2})^{1/2}$ ) with $re$spect to the metric $g$ .
(2) $\nabla_{\xi}\xi=\nabla_{\xi^{\prime}}\xi^{\prime}=\nabla_{\xi}\xi^{\prime}=\nabla_{\xi},\xi=0$ .
(3) $\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ is a Riemannian submersion with

totally geodesic fibres.
(4) Horizontal distributions associated with the Riemannian submersion
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$\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ and the submersion $\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow$

$(CP^{p}\times CP^{q}, h)$ are identical.
(5) Let $e_{j}^{*}$ and $e_{k^{*}}^{\prime}$ be vector fields on $\pi^{-1}(U)$ defined in Lemma 5.2. Then

we have
$\nabla_{eI}ef=\mathring{\nabla}_{ef}ef$ and $\nabla_{e}b*e_{\iota^{*}}^{\prime}=\nabla_{e}^{\circ}b*e_{\iota^{*}}^{\prime}$ .

(6) Volume elements with respect to $g$ and $g^{o}$ have the following relations;
$dV_{g}=bdV_{g}^{\circ}$ and $Vol(S^{2p+1}\times S^{2q+1}, g)=bVol(S^{2p+1}\times S^{2q+1}, g)$ .

PROOF. (1) Noticing that $\xi$ is a Killing vector field of $(S^{2p+1}, g_{1})$ and
$L_{\xi}\eta=0$ , we see that $\xi$ is a Killing vector field of $(S^{2p+1}\times S^{2q+1}, g)$ . By the
dePnition (3.12) we have $g(\xi, \xi)=g_{1}(\xi, \xi)=1$ . Similarly for $\xi^{\prime}$ .

(2) Lemma 5.3 (1) implies that $\nabla_{\xi}\xi=0$ and $\nabla_{\xi},\xi^{\prime}=0$ . Let { $e_{1}^{*},$ $\cdots$ , $e_{2p}^{*}$ ,
$e_{1^{*}}^{\prime},$ $\cdots$ , $e_{zq}^{\prime*}$ } be a local field on $\pi^{-1}(U)$ given in Lemma 5.2. Then $\{\xi,$ $\xi^{\prime}$ ,
$e_{\iota}^{*},$ $\cdots$ , $e_{2p}^{*},$ $e_{1^{*}}^{\prime},$ $\cdots$ , $e_{2q}^{\prime*}$ } is clearly a local Peld of linear frames. By Lemma 5.1
we have $L_{\xi}e_{j}^{*}=0,$ $L_{\xi}e_{k^{*}}^{\prime}=0,$ $L_{\xi},e_{f}^{*}=0$ , and $L_{\xi},e_{k^{*}}^{\prime}=0$ . Therefore we get

$2g(\nabla_{\xi}\xi^{\prime}, ef)=\xi g(\xi^{\prime}, ef)+\xi^{\prime}g(\xi, ef)-efg(\xi, \xi^{\prime})$

$+g([\xi, \xi^{\prime}], e7)+g([e_{j}^{*}, \xi], \xi^{\prime})+g(\xi, [e_{j}^{*}, \xi^{\prime}])$

$=0$

and
2 $g(\nabla_{\xi}\xi^{\prime}, e_{k^{*}}^{\prime})=\xi g(\xi^{\prime}, e_{k^{*}}^{\prime})+\xi^{\prime}g(\xi, e_{k^{*}}^{\prime})-e_{k^{*}}^{\prime}g(\xi, \xi^{\prime})$

$+g([\xi, \xi^{\prime}], e_{k^{*}}^{\prime})+g([e_{k^{*}}^{\prime}, \xi], \xi^{\prime})+g(\xi, [e_{k^{*}}^{\prime}, \xi^{\prime}])$

$=0$ .
Moreover it is easily seen that $g(\nabla_{\xi}\xi^{\prime}, \xi)=0$ and $g(\nabla_{\xi}\xi^{\prime}, \xi^{\prime})=0$ . Hence we have
$\nabla_{\xi}\xi^{\prime}=0$ , which, together with $[\xi, \xi^{\prime}]=0$ , implies $\nabla_{\xi},\xi=0$ .

(3) and (4). Let $X^{*}$ and $Y^{*}$ be any two vector fields in { $e_{1}^{*},$ $\cdots$ , $e_{2p}^{*},$ $e_{1^{*}}^{\prime},$ $\cdots$ ,
$e_{2q}^{\prime*}\}$ . Then the vector fields $X^{*}$ and $Y^{*}$ satisfy $\mathring{g}(X^{*}, \xi)=\mathring{g}(X^{*}, \xi^{\prime})=g^{o}(Y^{*}, \xi)$

$=\mathring{g}(Y^{*}, \xi^{\prime})=0,$ $\eta(X^{*})=\eta^{\prime}(X^{*})=\eta(Y^{*})=\eta^{\prime}(Y^{*})=0$ and $\mathring{g}(X^{*}, Y^{*})=h(X, Y)$ , where
$\pi X^{*}=X$ and $\pi Y^{*}=Y$ . Similarly we have $g(X^{*}, \xi)=g(X^{*}, \xi^{\prime})=g(Y^{*}, \xi)=$

$g(Y^{*}, \xi^{\prime})=0$ and $g(X^{*}, Y^{*})=\mathring{g}(X^{*}, Y^{*})=h(X, Y)$ . These facts imply that
$\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ is a Riemannian submersion and that hori-
zontal distributions associated with two Riemannian submersions are identical.
Moreover Lemma 5.3 (2) shows that the fibres are totally geodesic submanifolds.

(5) It follows from (4) that $e_{j}^{*}$ and $e_{k^{*}}^{\prime}$ are basic vector fields with respect
to the Riemannian submersion $\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ . By Lemma
4.1 (2) and Lemma 4.2 we have

$\mathcal{H}(\nabla_{e_{i}}*e7e_{j})^{*}=\mathcal{H}(\mathring{\nabla}_{e_{i}}ef)$ and

$\mathcal{V}(\nabla_{e_{\ell}}*ef)=1/2\mathcal{V}([ef, e7])=\mathcal{V}(\nabla_{e_{i}}^{\circ}*e_{j}^{*})$ .



Calabi-Eckmann manifolds 683

Therefore we get $\nabla_{e_{i}}*e_{j}^{*}=\mathring{\nabla}_{e_{i}}*e_{j}^{*}$ . Similarly we can prove $\nabla_{e_{k}^{\prime}}*e_{\iota^{*}}^{\prime}=\mathring{\nabla}_{e_{k}^{\prime}}*e_{l^{*}}^{\prime}$ .
(6) For any point of $\pi^{-1}(U),$ $\{\xi, \xi^{\prime}, e_{1}^{*}, \cdots , e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{\prime*}\}$ is an ortho-

normal basis with respect to the metric $g^{o}$ . The metric tensor $g$ is represented
with respect to this basis by

$g=\left(\begin{array}{llllllll}l & & a & & & & & \\ & & & & & 0 & & \\a & & a^{2}+b^{2} & & & & & \\ & & & 1 & & & O & \\ & 0 & & & \ddots & & & \\ & & & & & \ddots & & \\ & & & & & & \ddots & \\ & & & & O & & & 1\end{array}\right)$ .

Therefore (6) is proved. (We remark that $b$ is assumed to be positive.)
Q. E. D.

We shall find the vector field $\zeta$ (defined in \S 2) for the Hermitian manifold
$M_{a}^{pq}:b$ in the following lemma.

LEMMA 5.4. $\zeta=-2p\xi-2q\xi^{\prime}$ .
PROOF. We use the local field of frames $\{\xi, \xi^{\prime}, e_{1}^{*}, \cdots , e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{\prime*}\}$ on

$\pi^{-1}(U)$ . It is easily seen that $\{\xi, (\xi^{\prime}-a\xi)/b, e_{1}^{*}, \cdots e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{\prime*}\}$ is a local
field of orthonormal frames with respect to $g$ . Therefore we have

$\zeta=(\nabla_{\xi}J)\xi+(\nabla_{(\xi^{\prime}-a\xi)/b}J)((\xi^{\prime}-a\xi)/b)$

$+\sum_{f=1}^{2p}(\nabla_{e_{j}^{*}}J)e_{j}^{*}+\sum_{k=1}^{2q}(\nabla_{e_{k}^{\prime}}*J)e_{k^{*}}^{\prime}$ .

From the equation (3.8), Lemma 5.3 (5), and $\mathcal{V}(\nabla_{e_{j}}*e_{j}^{*})=0$, we get

$(\nabla_{e_{j}^{*}}J)ef=\nabla_{e_{j}^{*}}(J(ef))-J(\nabla_{e_{j}^{*}}ef)$

$=\nabla_{e_{j}^{*}}(\phi(ef))-\phi(\nabla_{e_{j}^{*}}e_{j}^{*})O$

$=’\nabla_{e_{j}^{*}}(\phi(ef))-\phi(’\nabla_{e}\}ef)$

$=(’\nabla_{e_{j}^{*}}\phi)e7$

$=\eta(ef)e7-g_{1}(e7, ef)\xi$

$=-\xi$ ,

where $/\nabla$ denotes the Riemannian connection of $(S^{2p+1}, g_{1})$ . Similarly we see
that $(\nabla_{e_{k}^{\prime}}*J)e_{k^{*}}^{\prime}=-\xi^{\prime}$ .

By Lemma 5.3 (2) we have

$(\nabla_{\xi}J)\xi=\nabla_{\xi}(J\xi)-J(\nabla_{\xi}\xi)$

$=\nabla_{\xi}(-a/b\xi+1/b\xi^{\prime})$
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$=-a/b\nabla_{\xi}\xi+1/b\nabla_{\xi}\xi^{\prime}$

$=0$ .
Similarly we see that $(\nabla_{\xi}J)\xi^{\prime}=(\nabla_{\xi},J)\xi=(\nabla_{\xi},J)\xi^{\prime}=0$ . Thus Lemma 5.4 is proved.

We are now in a position to calculate the real Laplacian $\triangle_{g}$ and the com-
plex Laplacian $\coprod_{g}$ on M#:\S .

PROPOSITION 5.5. For any complex-valued differentiable function $f$ on M#.\S ,
we have

$\triangle_{g}f=\triangle_{g_{1}}f+\triangle_{g_{2}}f-a^{2}/b^{2}L_{\xi}L_{\xi}f+(b^{2}-1)/b^{2}L_{\xi^{l}}L_{\xi^{t}}f+2a/b^{2}L_{\xi}L_{\xi^{\prime}}f$

and
2 $\square _{g}f=\triangle_{g_{1}}f+\triangle_{g_{2}}f-a^{2}/b^{2}L_{\xi}L_{\xi}f+(b^{2}-1)/b^{2}L_{\xi^{\prime}}L_{\xi},f$

$+2a/b^{2}L_{\xi}L_{\xi^{\prime}}f+2piL_{\xi}f+2qiL_{\xi},f$ .
PROOF. We calculate $\triangle_{g}$ on $\pi^{-1}(U)$ using the local field of orthonormal

frames $\{\xi, (\xi^{\prime}-a\xi)/b, e_{1}^{*}, \cdots , e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{;*}\}$ in the same way as in the proof
of Lemma 5.4. We denote by $Hess_{g}f$ and Hess $f$ the Hessian of $f$ with respect
to $g$ and $g^{o}$ respectively. Then we have

$-\triangle_{g}f=(Hess_{g}f)(\xi, \xi)+(Hess_{g}f)((\xi^{\prime}-a\xi)/b, (\xi^{\prime}-a\xi)/b)$

$+\sum_{j=1}^{2p}(Hess_{g}f)(ef, ef)+\sum_{k=1}^{2q}(Hess_{g}f)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})$

$=(Hess_{g}f)(\xi, \xi)+1/b^{2}(Hess_{g}f)(\xi^{\prime}, \xi^{\prime})$

$-2a/b^{2}(Hess_{g}f)(\xi, \xi^{\prime})+a^{2}/b^{2}(Hess_{g}f)(\xi, \xi)$

$+\sum_{j=1}^{2p}(Hess_{g}f)(ef, ef)+\sum_{k=1}^{2q}(Hess_{g}f)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})$ .

Lemma 5.3 (2) implies that

$(Hess_{g}f)(\xi, \xi)=L_{\xi}L_{\xi}f-(\nabla_{\xi}\xi)f=L_{\xi}L_{\xi}f$ ,

$(Hess_{g}f)(\xi^{\prime}, \xi^{\prime})=L_{\xi^{r}}L_{\xi^{\prime}}f-(\nabla_{\xi},\xi^{\prime})f=L_{\xi},$ $L_{\xi},f$ , and

$(Hess_{g}f)(\xi, \xi^{\prime})=L_{\xi}L_{\xi},f-(\nabla_{\xi}\xi^{\prime})f=L_{\xi}L_{\xi},f$ .
By Lemma 5.3 (5) we have

$(Hess_{g}f)(ef, e7)=L_{e}J*L_{e}J*f-(\nabla_{e_{j}^{*}}ef)f$

$=L_{e_{j}^{*}}L_{e_{j}^{*}}f-(\nabla_{e_{j}^{*}}ef)f\circ$

$=(Hessf)(ef, ef)$ .
Similarly we have $(Hess_{g}f)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})=(Hessf)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})$ . By Lemma 5.2 (2) we
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see that

$-\triangle_{g}f=L_{\xi}L_{\xi}f+\sum_{j=1}^{2p}(Hessf)(ef, ej)+L_{\xi},$ $L_{\xi},f$

$+\sum_{k=1}^{2q}(Hessf)(e_{k^{*}}^{\prime}, e_{k^{*}}^{\prime})+a^{2}/b^{2}L_{\xi}L_{\xi}f+(1-b^{2})/b^{2}L_{\xi},$
$L_{\xi},f$

$-2a/b^{2}L_{\xi}L_{\xi^{r}}f$

$=-\triangle_{g_{1}}f-\triangle_{g_{2}}f+a^{2}/b^{2}L_{\xi}L_{\xi}f+(1-b^{2})/b^{2}L_{\xi^{\prime}}L_{\xi},f$

$-2a/b^{2}L_{\xi}L_{\xi^{\prime}}f$ .
By Proposition 2.1 and Lemma 5.4 we see that 2 $\coprod_{g}$ is expressed in the form of
this proposition. Q. E. D.

We shall describe the eigenvalues of the real Laplacian and the complex

Laplacian on $M_{a.b}^{p,q}$ . Let $\triangle_{0}=-4\sum_{j=0}^{n}\frac{\partial^{2}}{\partial z_{j}\partial\overline{z}_{j}}$ be the standard Laplacian on $C^{n+1}$ .

Let $\mathcal{H}_{k,l}$ be the space of harmonic polynomials of type $(k, l),$ $i$ . $e.$ , the poly-
nomial $f$ on $C^{n+1}$ such that $\triangle_{0}f=0$ and $f(z)=\sum_{|\mu|=k,|\nu|=l}C_{\mu\nu}z^{\mu}\overline{z}^{\nu}$ , where $\mu=$

$(\mu_{0}, \mu_{1}, \cdots , \mu_{n})$ and $\nu=(\nu_{0}, \nu_{1}, \cdots , \nu_{n})$ are $(n+1)$-tuples of non-negative integers,

$|\mu|=\sum_{j=0}^{n}\mu_{j},$ $|\nu|=\sum_{j=0}^{n}\nu_{j}$ , and $z^{\mu}=z_{0}^{\mu 0}z^{\mu_{1^{1}}}\cdots z_{n}^{\mu_{n}},\overline{z}^{\nu}=\overline{z}_{0}^{\nu_{0}}\overline{z}_{1}^{\nu_{1}}\cdots\overline{z}_{n^{n}}^{\nu}$ .
LEMMA 5.6. Let $S^{2n+1}$ be the unit $(2n+1)$-sphere in $C^{n+1}$ and $\xi$ be the

vector field on $S^{2n+1}$ given in 3.1. Moreover let $\triangle_{g}$ be the Laplacian on $S^{2n+1}$

with respect to the metric $g$ induced from the standard Euclidean metric on
$C^{n+1}$ . Then

$\triangle_{g}f=(k+l)(k+l+2n)f$ and

$L_{\xi}f=i(k-l)f$ ,

for $f\in \mathcal{H}_{k,l}$ restricted to $S^{2n+1}$ .
PROOF. The first equality is well-known ([2]). From the definition of $\xi$

we see that the integral curve $\varphi(\theta)$ of $\xi$ through $z\in S^{2n+1}$ is given by $\varphi(\theta)=e^{i\theta}z$ .
Therefore we have

$L_{\xi}f(z)=\frac{d}{d\theta}f(e^{i\theta}z)|_{\theta=0}$

$=\frac{d}{d\theta}e^{i(k- l)\theta}f(z)|_{\theta=0}$

$=i(k-l)f(z)$ .
THEOREM 5.7. (i) The eigenvalues of $\triangle_{g}$ on $M_{a}^{p,}.8$ are

$(k+l)(k+l+2p)+(s+t)(s+t+2q)+a^{2}(k-l)^{2}/b^{2}-2a(k-l)(s-t)/b^{2}$

$+(1-b^{2})(s-t)^{2}/b^{2}$ $k,$ $l,$ $s,$ $t\in Z^{+}$ .
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(ii) The eigenvalues of $2\square _{g}$ on $M_{a}^{p}:8$ are
$(k+l)(k+l+2p)+(s+t)(s+t+2q)+a^{2}(k-l)^{2}/b^{2}-2a(k-l)(s-t)/b^{2}$

$+(1-b^{2})(s-t)^{2}/b^{2}-2p(k-l)-2q(s-t)$ $k,$ $l,$ $s,$
$t\in Z^{+}$ ,

where $Z^{+}$ denotes the set of non-negative integers.
PROOF. We restrict $\varphi\in \mathcal{H}_{k.l}(C^{p+1})$ and $\psi\in \mathcal{H}_{s,t}(C^{q+1})$ to $S^{2p+1}$ and $S^{2q+1}$

respectively and consider their product $\varphi\psi$ on $S^{2p+1}\times S^{2q+1}$ . By Proposition 5.5
and Lemma 5.6 we see that $\varphi\psi$ is an eigenfunction of $\triangle_{g}$ with eigenvalue
given in (i) and it is also an eigenfunction of 2 $\coprod_{g}$ with eigenvalue given in
(ii). It is well-known that the functions of the form $\varphi\psi$ , $\varphi\in \mathcal{H}_{k.l}(C^{p+1})$ ,
$\psi\in \mathcal{H}_{s.t}(C^{q+1})$ , $k,$ $l,$ $s,$ $t\in Z^{+}$ , are dense in $C^{\infty}(S^{2p+1}\times S^{2q+1},\mathring{g})$ ([2]), where
$C^{\infty}(S^{2p+1}\times S^{2q+1},\mathring{g})$ denotes the space of complex-valued differentiable functions

on $S^{2p+1}\times S^{2q+1}$ with the scalar product $\langle\varphi, \phi\rangle=\int_{S^{2p+1\times s^{2q+1}}}\varphi\overline{\phi}dV_{g^{\circ}}$ . By Lemma

5.3 (6) we see that the functions of this form are dense in $C^{\infty}(S^{2p+1}\times S^{2q+1}, g)$

as well. Therefore eigenvalues of $\triangle_{g}$ (resp. 2 $\coprod_{g}$ ) take the form of (i) (resp.
$\langle ii))$ .

REMARK (i). It does not seem easy to find the dimension (multiplicity) of
each eigenspace. But the dimension of $\mathcal{H}_{k.l}(C^{n})$ is known ([1]):

dim $\mathcal{H}_{k.l}(C^{n})=\left(\begin{array}{l}n+k-1\\k\end{array}\right)\left(\begin{array}{l}n+l-1\\l\end{array}\right)-\left(\begin{array}{l}n+k-2\\-k1\end{array}\right)\left(\begin{array}{l}n+l-2\\l-1\end{array}\right)$ .

REMARK (ii). Theorem 5.7 for $q=0$ coincides with the results of Hopf
manifolds in [1] up to a constant multiple (cf. 3.3 (2)).

6. Some isospectral results.

In the case of $q=0$ ( $i$ . $e.$ , Hopf manifolds), some isospectral results are given
in [1]. We shall give some results in the case of $q\neq 0$ , using the formulas on
the coefficients of the asymptotic expansion.

Let $A$ be the integrability tensor associated with the Riemannian submer-
sion $\pi$ : $(S^{2p+1}\times S^{2q+1}, g)\rightarrow(CP^{p}\times CP^{q}, h)$ . There exist two direct sum decom-
positions of the tangent space of $S^{2p+1}\times S^{2q+1}$ at $(x, x^{\prime})$ :

$T_{(x,x^{\prime})}(S^{2p+1}\chi S^{2q+1})=T_{x}S^{2p+1}\oplus T_{x^{\prime}}S^{2q+1}$

$=\mathcal{V}\oplus \mathcal{H}$ ,

where $\mathcal{V}$ and $\mathcal{H}$ denote the vertical subspace and the horizontal subspace

respectively with respect to the Riemannian submersion $\pi$ .
LEMMA 6.1. The integrability tensor $A$ satisfy the following equations for

$X,$ $Y,$ $Z\in T_{x}S^{2p+1}\cap \mathcal{H}$ and $X^{\prime},$ $Y^{\prime},$ $Z^{\prime}\in T_{x^{\prime}}S^{2q+1}\cap \mathcal{H}$ :



Calabi-Eckmann manifolds 687

(1) $ A_{X}Y=\langle X, \phi Y\rangle\xi$ (3) $\nabla_{X}\xi=\phi X$

$A_{X}Y^{\prime}=0$ $\nabla_{X}\xi^{\prime}=a\phi X$

$A_{X\prime}Y^{\prime}=\langle X^{\prime}, \phi^{\prime}Y^{\prime}\rangle\xi^{\prime}$ $\nabla_{X^{\prime}}\xi=a\phi^{\prime}X^{\prime}$

(2) $A_{X}\xi=\phi X$ (3) $\nabla_{\xi}X=\phi X$

$A_{X^{\prime}}\xi=a\phi^{\prime}X^{\prime}$ $\nabla_{\xi}X^{\prime}=a\phi^{\prime}X^{\prime}$

$A_{X}\xi^{\prime}=a\phi X$ $\nabla_{\xi^{\prime}}X=a\phi X$

$A_{X^{\prime}}\xi^{\prime}=(a^{2}+b^{2})\phi^{\prime}X^{\prime}$ $\nabla_{\xi^{\prime}}X^{\prime}=(a^{2}+b^{2})\phi^{\prime}X^{\prime}$

$\nabla_{X^{\prime}}\xi^{\prime}=(a^{2}+b^{2})\phi^{\prime}X^{\prime}$

(In (3) we assume $X$ and $X^{\prime}$

are basic vector fields.)

(4) $(\nabla_{X}A)_{Y}Z=\langle Y, \phi Z\rangle\phi X-\langle X, \phi Z\rangle\phi Y$

$(\nabla_{X}A)_{Y^{\prime}}Z=-a\langle X, \phi Z\rangle\phi^{\prime}Y^{\prime}$

$(\nabla_{X}A)_{Y}Z^{\prime}=0$

$(\nabla_{X}A)_{Y^{\prime}}Z^{\prime}=a\langle Y^{\prime}, \phi^{\prime}Z^{\prime}\rangle\phi X$

$(\nabla_{X^{r}}A)_{Y}Z=a\langle Y, \phi Z\rangle\phi^{\prime}X^{\prime}$

$(\nabla_{X^{\prime}}A)_{Y^{\prime}}Z=0$

$(\nabla_{X^{\prime}}A)_{Y}Z^{\prime}=-a\langle X^{\prime}, \phi^{\prime}Z^{\prime}\rangle\phi Y$

$(\nabla_{X^{\prime}}A)_{Y^{r}}Z^{\prime}=(a^{2}+b^{2})\{\langle Y^{\prime}, \phi^{\prime}Z^{\prime}\rangle\phi^{\prime}X^{\prime}-\langle X^{\prime}, \phi^{\prime}Z^{\prime}\rangle\phi^{\prime}Y^{\prime}\}$

(5) For any horizontal vectors $V,$ $W$

$(\nabla_{\xi}A)_{V}W=(\nabla_{\xi^{\prime}}A)_{V}W=0$ ,

where $\langle, \rangle$ denotes the metric tensor $g$ and for the other notations we refer to \S 3.
PROOF. (1) is easily seen from Lemma 5.1 (2) and Lemma 5.3 (4).
(2) We use again the local field $\{e_{1}^{*}, \cdots , e_{2p}^{*}, e_{1^{*}}^{\prime}, \cdots , e_{2q}^{\prime*}\}$ given in Lemma

5.2. Tben we have

$A_{X^{l}}\xi^{\prime}=\sum_{j=1}^{2p}\langle A_{X^{\prime}}\xi^{\prime}, ef\rangle e7+\sum_{k=1}^{2q}\langle A_{X^{\prime}}\xi^{\prime}, e_{k^{*}}^{\prime}\rangle e_{k}^{r*}$

$=-\sum_{f=1}^{2p}\langle\xi^{\prime}, A_{X^{\prime}}e\beta\rangle ef-\sum_{k=1}^{2q}\langle\xi^{\prime}, A_{X^{\prime}}e_{k^{*}}^{\prime}\rangle e_{k^{*}}^{\prime}$

$=-\sum_{k=1}^{2q}\langle\xi^{\prime}, \langle X^{\prime}, \phi^{\prime}e_{k^{*}}^{\prime}\rangle\xi^{\prime}\rangle e_{k^{*}}^{\prime}$

$=(a^{2}+b^{2})\sum_{k=1}^{2q}\langle\phi^{\prime}X^{\prime}, e_{k^{*}}^{\prime}\rangle e_{k^{*}}^{\prime}$

$=(a^{2}+b^{2})\phi^{\prime}X^{\prime}$
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Similarly we can prove the other equations in (2).

(3) We shall prove $\nabla_{X}\xi=\phi X$. First of all we see that $\mathcal{V}(\nabla_{X}\xi)=0$ . In
fact we have

$g(\nabla_{X}\xi, \xi)=1/2Xg(\xi, \xi)=0$ and

$g(\nabla_{X}\xi, \xi^{\prime})=Xg(\xi, \xi^{\prime})-g(\xi, \nabla_{X}\xi^{\prime})=-g(\xi, \nabla_{\xi^{l}}X)=0$ ,

where we extend $X$ to the basic vector field in a neighborhood of this point.
By Lemma 4.3 (3) and Lemma 6.1 (2) we see that

$\nabla_{X}\xi=A_{X}\xi+\mathcal{V}(\nabla_{X}\xi)=\phi X$ .
Similarly we can prove the other equations in (3).

(3) Using Lemma 4.3 we can prove (3).

(4) and (5) We extend $X,$ $Y$ and $Z$ to the basic vector fields in a neigh-
borhood of this point to obtain

$(\nabla_{X}A)_{Y}Z=\nabla_{X}(A_{Y}Z)-A_{\nabla_{X^{Y}}}Z-A_{Y}(\nabla_{X}Z)$

$=\nabla_{X}(\langle Y, \phi Z\rangle\xi)-\langle\nabla_{X}Y, \phi Z\rangle\xi-A_{Y}(\mathcal{H}(\nabla_{X}Z)+\langle X, \phi Z\rangle\xi)$

$=X\langle Y, \phi Z\rangle\xi+\langle Y, \phi Z\rangle\phi X-\langle\nabla_{X}Y, \phi Z\rangle\xi$

$-\langle Y, \phi(\nabla_{X}Z)\rangle\xi-\langle X, \phi Z\rangle\phi Y$

$=\langle Y, (\nabla_{X}\phi)(Z)\rangle\xi+\langle Y, \phi Z\rangle\phi X-\langle X, \phi Z\rangle\phi Y$

$=\langle Y, \eta(Z)X-\langle X, Z\rangle\xi\rangle\xi+\langle Y, \phi Z\rangle\phi X-\langle X, \phi Z\rangle\phi Y$

$=\langle Y, \phi Z\rangle\phi X-\langle X, \phi Z\rangle\phi Y$ .
The other equations in (4) and (5) are proved similarly.

PROPOSITION 6.2. Let $\tau,$ $\rho,$
$R$ be the scalar curvature, the Ricci tensor, and

the curvature tensor of $M_{a}^{p};8$ respectjvely. Then we have

$Vol(M_{a.b}^{p,q})=bVol(S^{2p+1}\times S^{2q+1}, g)$

$\tau=2p(2p+1)+4q(q+1)-2(a^{2}+b^{2})q$

$|\rho|^{2}=4p^{2}(2p+1)+8a^{2}pq+4q(q+2)(a^{2}+b^{2})^{2}-8q(2q+2)(a^{2}+b^{2})+2q(2q+2)^{2}$

$|R|^{2}=8p+8(a^{2}+b^{2})^{2}q+4p(2p-1)+4q(2q-1)+48a^{2}pq$

+24$q[1-(a^{2}+b^{2})]+[1-(a^{2}+b^{2})]^{2}12q(2q+1)$ ,

where $(S^{2p+1}\times S^{2q+1}, g)$ is the Riemannian product of two unit spheres and $|R|$

and $|\rho|$ denote the lengths of the curvature tensor and the Ricci tensor, respec-
tively.

PROOF. The volume of $M_{a}^{p}:8$ is given in Lemma 5.3 (6). We calculate $\tau$ ,
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$|\rho|^{2}$, and $|R|^{2}$ , using the formulas in Lemma 4.4 and the results in Lemma 6.1.
PROPOSITION 6.3. The Kaehler form $\Omega$ of the Hermitian manifold $M_{a}^{pq}:b$

satisfies
$\delta\Omega=2\{(p+aq)\eta+(ap+[a^{2}+b^{2}]q)\eta^{\prime}\}$

$d\delta\Omega=2\{(p+aq)d\eta+(ap+[a^{2}+b^{2}]q)d\eta^{\prime}\}$

$|\delta\Omega|^{2}=4\{p^{2}+2apq+[a^{2}+b^{2}]q^{2}\}$

$|d\delta\Omega|^{2}=8\{p(p+aq)^{2}+q(ap+[a^{2}+b^{2}]q)^{2}\}$ ,

where $|\delta\Omega|$ and $|d\delta\Omega|$ denote the lengths of the l-form $\delta\Omega$ and the 2-form $ d\delta\Omega$ ,

respectively.
PROOF. Since $-\delta\Omega$ is the l-form dual to the vector field $\zeta$ , Lemma 5.4

implies that $\delta\Omega$ is expressed as above. The other equations follow immediately.
THEOREM 6.4. If $Spec(M_{aib}^{pq}, \triangle)=Spec(M_{a^{i}.b^{\prime}}^{pq}, \triangle)$ and $q$ is not zero, then

$M_{a}^{pq}:b$ is isometric to $M_{a^{i}.b^{\prime}}^{pq}$ .
PROOF. If $Spec(M_{a}^{pq}:b, \triangle)=Spec(M_{a^{i},b^{\prime}}^{pq}, \triangle)$ , then the volumes of $M_{a,b}^{p,q}$ and

$M_{a.b^{\prime}}^{pq}$ are the same and the integrals of the scalar curvatures of $M_{a}^{pq}:b$ and
$M_{a^{i}.b^{\prime}}^{pq}$ are the same ([2]). By Proposition 6.2 we get $b^{\prime}=b$ and $a^{\prime 2}=a^{2}$ . If
$a^{\prime}=-a$ , then 3.3 (5) implies that $M_{a}^{pq}:b$ is isometric to $M_{a’.b^{\prime}}^{p,q}$ .

THEOREM 6.5. Assume that $Spec(M_{a}^{p}:\#, \square )=Spec(M_{a^{i},b^{\prime}}^{pq}, \square )$ and $q$ is not
zero. Then we have $b=b^{\prime}$ .

(1) In the case of $p=0$ we have $a^{\prime}=a$ or $a^{\prime}=-a,$ $i$ . $e.,$ $M_{a^{\prime},b}^{0,q}$ is biholo-
morphically isometric to $M_{a.b}^{0.q}$ or $(M_{a}^{0}\cdot,*, -J_{a.b})$ .

(2) In the case of $p\neq 0$ unless $a=a^{\prime}$ , $a$ and $a^{\prime}$ satisfy the following rela-
tions:

$(*)$ $a+a^{\prime}=-6p/(3q-1)$

$(**)$ $aa^{\prime}=b^{2}+4(q+1)/(15q^{2}-3)+(135q^{2}-39)p^{2}/(3q-1)^{2}(15q^{2}-3)$ .

PROOF. By the formula for $a_{0}$ of the asymptotic expansion given in Theo-
rem 2.7 and Proposition 6.2 we have $b=b^{\prime}$ . We calculate $a_{1}$ in Theorem 2.7
using Proposition 6.2 and Proposition 6.3 to get $(a-a^{\prime})(a+a^{\prime}+6p/(3q-1))=0$ .
Therefore in the case of $p=0$ we have $a^{\prime}=a$ or $a^{\prime}=-a$ . If $a^{\prime}=-a$ , then 3.3
(3) implies that $M_{a^{\prime},b}^{0.q}$ is biholomorphically isometric to the Hermitian manifold
$(M_{a.b}^{0,q}, -J_{a.b})$ .

Furthermore if $P$ is not zero and $a$ is not equal to $a^{\prime}$ , calculating $a_{2}$ we
get $(**)$ .

COROLLARY 6.6. Assume that $p\neq 0$ and 3 $p^{2}\leqq(q+1)(3q-1)^{2}$ . If $Spec(M_{a}^{p};8, \square )$

$=Spec(M_{a}^{p};^{q_{b^{\prime}}}, \square )$ , then $a=a^{\prime}$ and $b=b^{\prime},$ $i$ . $e.,$ $M_{a}^{p},@$ is biholomorphic and isometric
to $M_{a^{i}.b^{\prime}}^{pq}$ .

PROOF. Since the system of the equations $(*)$ and $(**)$ with respect to $a$
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and $a^{\prime}$ in Theorem 6.5 does not have real solutions under the assumption of
this Corollary, we conclude that $a=a^{\prime}$ .

REMARK (i). Theorem 6.5 shows that for most values of $(a, b),$ $M_{a}^{pq}:b$ is
determined from $Spec(M_{a}^{pq}:b’\square )$ . We consider the case of $q\neq 0$ and $3p^{2}>$

$(q+1)(3q-1)^{2}$ , which is not refered to in Corollary 6.6. If $Spec(M_{a.b}^{p,q}, \square )=$

$Spec(M_{a^{i},b^{\prime}}^{pq}, \square )$ and if $(a, b)$ is not on the curve in figure, then $a=a^{\prime}$ and
$b=b^{\prime},$ $i.e.,$ $M_{a.b}^{p,q}$ is biholomorphic and isometric to $M_{a^{i}.b^{\prime}}^{pq}$ . But there is left the
possibility that for $(a, b)$ and $(a^{\prime}, b)$ on the curve $M_{a.b}^{p,q}$ and $M_{a^{\prime}.b}^{pq}$ have the
same spectrum.

Figure.
a semicircle centered at $(-3P/(3q-1) , 0)$ with the radius

2$\sqrt{\{3p^{2}-(q+1)(3q-1)^{2}\}/(3q-1)^{2}(15q^{2}-3)}$

REMARK (ii). By Corollary 6.6 we see that, in the case of $ P\neq 0,3p^{2}\leqq$

$(q+1)(3q-1)^{2}$ , and $a\neq 0,$ $M_{a}^{pq}:b$ is isometric to $M_{-\dot{a},b}^{pq}$ as a Riemannian manifold
but $Spec(M_{a}^{pq}:b’\square )\neq Spec(M_{-a.b}^{p,q}, \square )$ . This shows that the complex Laplacian
actually reflects the complex structures of Hermitian manifolds.
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