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\S 1. Introduction. Let $\Omega$ be a bounded domain in $R^{n}$ with smooth
boundary $\gamma$ . Let $\rho(x)$ be a $C^{\infty}$ real valued function on $\gamma$ and $\nu_{x}$ be the exterior
unit normal vector at $ x\in\gamma$ . For any sufficiently small $\epsilon\geqq 0$ , let $\Omega_{\epsilon}$ be the
bounded domain whose boundary $\gamma_{\epsilon}$ is defined by

$\gamma_{\epsilon}=\{x+\epsilon\rho(x)\nu_{x} ; x\in\gamma\}$ .

Let $G_{\epsilon}(x, y)$ be the Green’s function of the Dirichlet boundary value prob-
lem for the Laplacian, that is, $G_{\epsilon}(x, y)$ has the following properties:

$(-\Delta_{x}G_{\epsilon}(x,y)=\delta(x-y)G_{\epsilon}(x,y)=0$ $x,y\in\Omega_{\epsilon}x\in\gamma_{\epsilon},y\in\Omega_{\epsilon}$

.

We abbreviate $G_{0}(x, y)$ as $G(x, y)$ . For any $x,$ $ y\in\Omega$ satisfying $x\neq y$ , we put

$\delta G(x, y)=\lim_{\epsilon\rightarrow 0}\epsilon^{-1}(G_{\epsilon}(x, y)-G(x, y))$ .

Then the celebrated Hadamard variational formula is the following:

(1.1) $\delta G(x, y)=\int_{\gamma}\frac{\partial G(x,z)}{\partial\nu_{z}}\frac{\partial G(y,z)}{\partial\nu_{z}}\rho(z)d\sigma_{z}$ ,

where $\partial/\partial\nu_{z}$ denotes the exterior normal derivative with respect to $z$ and $d\sigma_{z}$

denotes the surface element of $\gamma$ at $z$.
In [7], Hadamard proved the formula (1.1) in the case that $\rho(z)$ did not

change its sign. And he also proved it when $\gamma$ was of class $C^{\omega}$ .
Proof of the formula (1.1) for general $\rho(z)\in C^{\infty}(\gamma)$ can be found, for example,

in Garabedian [5], Garabedian-Schiffer [6]. Based on (1.1), many authors derived
interesting facts about the Green’s function and the results about the theory of
functions of one complex variable. See Bergmann-Schiffer [2] and Schiffer-
Spencer [12]. Recently, new applications of the formula (1.1) have appeared.
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See Aomoto [1], Fujiwara-Tanikawa-Yukita [4]. In Fujiwara-Ozawa [3], we
generalized the formula (1.1) to the variational formulas of the Green kernel of
elliptic normal boundary value problems. See also Peetre [11].

In this note, in \S 3, we give the Hadamard variational formulas of the Green
kernels of the heat equations with the Dirichlet and the third boundary condi-
tion. In \S 4, \S 5 we give the Hadamard variational formulas of the traces of
the Green kernels of the heat equations with the Dirichlet boundary condition.

We now state the results in this note.
Let $k$ be a fixed number satisfying $0\leqq k\leqq 1$ . Let $U_{\epsilon}(x, y, t)$ denote the

fundamental solution of the heat equation with the boundary condition (1.3), that
is, $U_{\epsilon}(x, y, t)$ has the following properties (1.2), (1.3) and (1.4):

\langle 1.2) $(\partial_{t}-\Delta_{x})U_{\epsilon}(x, y, t)=0$ $x,$ $y\in\Omega_{\epsilon},$ $t>0$

(1.3) $(k\frac{\partial}{\partial\nu_{x}^{\epsilon}}+(1-k))U_{\epsilon}(x, y, t)=0$ $x\in\gamma_{\epsilon},$
$y\in\Omega_{\epsilon},$ $t>0$

(1.4) $\lim_{t\rightarrow+0}U_{\epsilon}(x, y, t)=\partial(x-y)$ $x,$ $y\in\Omega_{\epsilon}$ ,

where $\partial/\partial\nu_{x}^{\epsilon}$ denotes the exterior normal derivative with respect to $x$ at the
boundary $\gamma_{\epsilon}$ . We abbreviate $U_{0}(x, y, t)$ as $U(x, y, t)$ .

Put
$\delta U(x, y, t)=\lim_{\text{\’{e}}\rightarrow 0}\epsilon^{-1}(U_{\epsilon}(x, y, t)-U(x, y, t))$

for any $x,$ $ y\in\Omega$ and $t>0$ if the right hand side exists. Then we have the
following

THEOREM 1. If $k=0$ , then $\delta U(x, y, t)$ exists and it is given by

(1.5) $\delta U(x, y, t)=\int_{0}^{t}d\tau\int_{\gamma}\frac{\partial U(x,z,t-\tau)}{\partial\nu_{z}}\frac{\partial U(y,z,\tau)}{\partial\nu_{z}}\rho(z)d\sigma_{z}$ .

To state the next result, we shall use the following notation. We fix $ z\in\gamma$

and take an orthonormal basis $(z_{1}, \cdots , z_{n-1})$ on the tangent hyperplane at $z$.
Then we put

(1.6) $\langle\nabla_{\gamma}a(z), \nabla_{\gamma}b(z)\rangle=\sum_{j=1}^{n}\frac{\partial a}{\partial z_{j}}(z)\frac{\partial b}{\partial z_{j}}(z)$

for any $a(z),$ $b(z)\in C^{\infty}(\gamma)$ . The left hand side of (1.6) is independent of the choice
of orthonormal basis on the tangent hyperplane.

We have the following
THEOREM 2. If $0<k\leqq 1$ , then

(1.7) $\delta U(x, y, t)=-\int_{0}^{t}d\tau\int_{\gamma}\langle\nabla_{\gamma}U(x, z, t-\tau), \nabla_{\gamma}U(y, z, \tau)\rangle\rho(z)d\sigma_{z}$
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$-\frac{\partial}{\partial t}\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)U(y, z, \tau)\rho(z)d\sigma_{z}$

$+\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)U(y, z, \tau)(p^{2}-(n-1)pH_{1}(z))\rho(z)d\sigma_{z}$ .

Here $P=k^{-1}(1-k)$ and $H_{1}(z)$ denotes the first mean curvature of $\gamma$ at $z$ with
respect to the inner normal vector.

Let $T_{\tau}(t;\epsilon)$ denote the trace of $U_{\epsilon}(x, y, t)$ on $\Omega_{\epsilon}$ , which is defined by

(1.8) $T_{r}(t;\epsilon)=\int_{\Omega_{\epsilon}}U_{\epsilon}(x, x, t)dx$ .

For any $t>0$ , we put

$\delta T_{r}(t)=\lim_{\epsilon\rightarrow 0}\epsilon^{-1}(T_{r}(t;\epsilon)-T_{r}(t;0))$

if the right hand side exists. Then we have the following
THEOREM 3. When $k=0$ , then $\delta T_{r}(t)$ exzsts for $t>0$ and

(1.9) $\delta T_{r}(t)=\int_{\Omega}\delta U(x, x, t)dx$ .

And the nght hand side of (1.9) can be written explicitly as

(1.10) $t\int_{\gamma}\frac{\partial^{2}}{\partial\nu_{y}\partial\nu_{w}}U(y, w, t)|_{y=w=z}\rho(z)d\sigma_{z}$ .

Let $ 0\geqq\lambda_{1}\geqq\lambda_{2}\geqq\ldots$ be the eigenvalues of the Laplacian with the Dirichlet
boundary condition on $\gamma$ . We arrange them repeatedly according to their multi-
plicities. Let $\{\varphi_{j}(x)\}_{j=1}^{\infty}$ be an orthonormal basis of $L^{2}(\Omega)$ consisting of eigen-
functions of the Laplacian. We assume that $\varphi_{j}(x)$ belongs to the eigenspace
associated with $\lambda_{j}$ . It is well known that

(1.11) $U(x, y, t)=\sum_{j=1}^{\infty}e^{\lambda_{j}t}\varphi_{j}(x)\varphi_{j}(y)$ .

Therefore by Theorem 1 and (1.9), we have the following
THEOREM 4. If $k=0$ , then

(1.12) $\delta T_{r}(t)=t\sum_{j=1}^{\infty}e^{\lambda_{j}t}\int_{\gamma}(\frac{\partial\varphi_{j}}{\partial\nu_{z}}(z))^{2}\rho(z)d\sigma_{z}$ .

Let $\lambda_{j}(\epsilon)$ be the j-th eigenvalue of the Laplacian with the Dirichlet boundary

condition on $\gamma_{\epsilon}$ . In [7], Hadamard gave the following variational formula when
$\lambda_{j}(0)\equiv\lambda_{j}$ is a simple eigenvalue

(1.13) $\delta\lambda_{j}=\int_{\gamma}(\frac{\partial\varphi_{j}}{\partial\nu_{z}}(z))^{2}\rho(z)d\sigma_{z}$ ,
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where we put

$\delta\lambda_{j}=\lim_{\epsilon\rightarrow 0}\epsilon^{-1}(\lambda_{j}(\epsilon)-\lambda_{f}(0))$ .

The precise proof of (1.13) was given in Garabedian-Schiffer [6] when $\lambda_{j}(0)$ is
simple.

If $\lambda_{j}$ are all simple eigenvalue, we have by heuristic consideration

(1.14) $\delta T_{r}(t)=\delta(\sum_{j=1}^{\infty}e^{\lambda_{j^{t})}}$

$=t\sum_{j=1}^{\infty}\delta\lambda_{j}e^{\lambda_{j}t}$

Put (1.13) into (1.14), then we get the formula (1.12).

In this note, we derive (1.12) without assumption on the multiplicities of
eigenvalues, since we use the fundamental solution of the heat equation to
derive (1.12).

Recently the author was informed by Professor Jiro Watanabe that he
obtained the variational formulas of the eigenvalues of the Laplacian with the
Dirichlet and the third condition with no assumption on the multiplicities of
the eigenvalues. He did not use the fundamental solution of the heat equation
for his studies.

We make some remarks on this paper. For any $\lambda\in C\backslash (O, \infty)$ , let $G_{\epsilon}(x, y, \lambda)$

be the Green’s function of the Dirichlet boundary value problem for $\Delta-\lambda$ , that
is, $G_{\epsilon}(x, y, \lambda)$ satisPes the following properties:

$((-\Delta_{x}+\lambda)G_{\epsilon}(xG_{\epsilon}(x,y,\lambda)=0’ y, \lambda)=\delta(x-y)$ $x\in\gamma_{\epsilon},y\in\Omega_{\epsilon}x,y\in\Omega_{\epsilon}$

.

For any $x,$ $ y\in\Omega$ satisfying $x\neq y$ , put

$\delta G(x, y, \lambda)=\lim_{\epsilon\rightarrow 0}\epsilon^{-1}(G_{\epsilon}(x, y, \lambda)-G_{0}(x, y, \lambda))$ .

Then, the Hadamard variational formula states that

$\delta G(x, y, \lambda)=\int_{\gamma}\frac{\partial G(x,z,\lambda)}{\partial\nu_{z}}\frac{\partial G(y,z,\lambda)}{\partial\nu_{z}}\rho(z)d\sigma_{z}$ .

On the other hand, it is well known that $U_{\epsilon}$ is given by the Laplace transfor-
mation of $G_{\text{\’{e}}}$ , that is,

(1.15) $ U_{\epsilon}(x, y, i)=\frac{1}{2\pi i}\int_{A}e^{t\lambda}G_{\epsilon}(x, y, \lambda)d\lambda$

for some path $A$ in the complex plane. From Theorem 1, we see that $\delta U(x, y, t)$



Green kernels of heat equations 459

is the Laplace transformation of $\delta G(x, y, \lambda)$ . Therefore Theorem 1 assures the
commutativity of the Laplace transformation $\mathcal{L}$ and $\delta$ , that is, $\delta(\mathcal{L}G)=\mathcal{L}(\delta G)$ .
Then in a sense Theorem 1 is thought as the Laplace transformation of the
Hadamard formula. We can give another proof of $\delta(\mathcal{L}G)=\mathcal{L}(\delta G)$ by using
(1.15). For this purpose, we need a kind of uniform estimate for $\epsilon^{-1}(G_{\epsilon}(x, y, \lambda)$

$-G_{0}(x, y, \lambda))-\delta G(x, y, \lambda)$ with respect to $\lambda$ on $A$ . Such a uniform estimate is
not too difficult to give, of course not trivial, but here the author gives a direct
proof of Theorem 1 using calculus concerning the heat equation. Theorem 1
enables us to prove Theorem 4 which is the main aim of this note.

It is well known that we can derive information on the asymptotic behaviour
of the eigenvalues $\lambda_{j}$ when $ j\rightarrow\infty$ from the properties of $T_{r}(t)$ when $t$ tends to
zero. From Theorem 4 the following problem occurs. Give an asymptotic
properties of

$\sum_{-\lambda\wedge\lambda}(\frac{\partial\varphi_{j}}{\partial\nu}(x))^{2}|_{x\in\gamma}$

when $\lambda\rightarrow\infty$ . In [8] (See also Erratum in [9]) we gave an answer to this
problem. The author thinks Theorem 4 as a crossline of the Hadamard formula
and the asymptotic properties of eigenfunctions at the boundary.

The main line of the proof of the theorems will start in \S 3. \S 2 is devoted
to a preparatory lemma. We give proofs of theorems 1 and 2 in \S 3, a proof
of Theorem 3 in \S 4. In \S 5, we give a proof of Theorem 4.

The results in this paper were announced in [8], [9]. The reader may also
refer to [10] in which we gave an expository statement on Hadamard’s varia-
tional formula of the eigenvalues of the Laplacian.

In a subsequent paper, we give the Hadamard variational formula of the
trace of the Green kernels of the heat equation with the third boundary condi-
tion.

\S 2. Examination of the $\epsilon$ -dependence of $U_{\epsilon}$ .
The main aim of this section is to prove Lemma 2.3 which will be used in

a later section.
Firstly we give some notations. Let $T$ be a positive number. Let $J(T)=$

$\Omega\times(0, T)$ be the cylindrical domain which will be abbreviated as $J$. Put

$d((x, t),$ $(y, s))=(|x-y|^{2}+|t-s|)^{1/2}$

for any $(x, t),$ $(y, s)\in J$, where $|x-y|$ is the Euclidean distance in $R^{n}$ . Let
$C^{0}(J)$ denote the space of continuous function in $J$. Put

$|u|_{a}^{J}=supremum\frac{|u(x,t)-u(y,s)|}{d((x,t),(y,s))^{\alpha}}$
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for any $u\in C^{0}(J)$ . Here $0<\alpha<1$ . Put

$\Vert u\Vert_{\alpha}^{J}=\sup_{(x.t)\in J}|u(x, t)|+|u|_{a}^{J}$

and
$C^{\alpha}(J)=\{u;\Vert u\Vert_{\alpha}^{J}<\infty\}$ .

If $\partial^{\beta+\gamma}u/\partial x^{\beta}\partial t^{\gamma}$ is a continuous function for any multi-indices $\beta,$ $\gamma$ satisfying
$2|\gamma|+|\beta|\leqq m$ , then we define

$\Vert u\Vert_{m+a}^{J}=\sum_{2|\gamma|+|\beta|\leqq m}\Vert\frac{\partial^{\beta+\gamma}u}{\partial x^{\beta}\partial t^{\gamma}}\Vert_{a}^{J}$

for each integer $m$ . We define the weighted H\"older space $c^{m+\alpha}(J)$ as follows:

$C^{m+\alpha}(J)=\{u;\frac{\partial^{\beta+\gamma_{\mathcal{U}}}}{\partial x^{\beta}\partial t^{\gamma}}$ is continuous for any $\beta,$ $\gamma$

such that $2|\gamma|+|\beta|\leqq m$ and $\Vert u\Vert_{m+\alpha}^{J}<\infty\}$ .
We consider the following problem:

(2.1) $\left\{\begin{array}{ll}(\frac{\partial}{\partial t}-\Delta_{x})u(x, t)=f(x, t) & (x, t)\in J\\u(x, 0)=0 & x\in\Omega\\(k\frac{\partial}{\partial\nu_{x}}+(1-k))u(x, t)=b(x, t) & (x, t)\in\gamma\times[0, T),\end{array}\right.$

where $k$ is a fixed constant in $[0,1]$ and where $f(x, t),$ $b(x, t)\in C^{\infty}(\overline{\Omega}\times[0, T))$ .
For the sake of simplicity we assume that

$(\frac{\partial^{j}}{\partial t^{j}}f)(x, 0)=0$ and $(\frac{\partial^{j}}{\partial t^{j}}b)(x, 0)=0$

for any $j=0,1,$ $\cdots$ . Then the problem (2.1) satisfies the compatibility condition
of order $\infty$ in the sense of p. 98 of Solonnikov [13]. We abbreviate $(\Omega\times\{0\})\cup$

$\{\gamma\times(0, t)\}$ as $\mathfrak{B}$ . A function $g(x, t)$ in $\mathfrak{B}$ is said to be of $C^{m+\alpha}(\mathfrak{B})$ class if there
exists a function $G(x, t)\in C^{m+\alpha}(J)$ such that $G=g$ on $\mathfrak{B}$ . Put

$\Vert g\Vert_{m+\alpha}^{\mathfrak{B}}=infimum\Vert G\Vert_{m+\alpha}^{J}$ .
$G\in C^{m+\alpha}(J)$

$G=g$ on $\mathfrak{B}$

The following two lemmas are well known.
LEMMA 2.1 (Solonnikov [13] p. 121). For any non negative integer $m$ , there

exists a positive constant $C_{m}$ such that

(2.2) $\Vert u\Vert_{m+2+\alpha}^{J}\leqq C_{m}(\Vert g\Vert_{m+1+a}+\Vert f\Vert_{m+\alpha}^{J})$
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holds for the solution of the problem(2.1). Here $g(x, t)$ is equal to $b(x, t)$ for
$(x, t)\in\gamma\times[0, T)$ and $g(x, 0)\equiv 0$ .

LEMMA 2.2. There exists a positive constant $C$ which is independent of $\epsilon$

such that

(2.3) $|U_{\epsilon}(x, y, t)|\leqq Ct^{-n/2}\exp(-C^{-1}t^{-1}|x-y|^{2})$

and

(2.4) $\max_{1\leqq i\leqq n}|\frac{\partial}{\partial x_{i}}U_{\epsilon}(x, y, t)|\leqq Ct^{-(n+1)/2}\exp(-C^{-1}t^{-1}|x-y|^{2})$

holds for any $x,$ $y\in\Omega_{\epsilon},$ $t>0$ .
If $\epsilon$ is sufficiently small and $ y\in\Omega$ is fixed, we can construct a family of

diffeomorphisms $\Psi_{\epsilon}$ : $\overline{\Omega}\rightarrow\overline{\Omega}_{\epsilon}$ with the following properties (2.5), (2.6) and (2.7):

(2.5) $\Psi_{\text{\’{e}}}(x)=x+\epsilon\rho(x)\nu_{x}$ for any $ x\in\gamma$ .
(2.6) We consider the diffeomorphism $\Psi_{\epsilon}$ as the $R^{n}$-valued smooth functions on
$\overline{\Omega}$ , that is, $\Psi_{\epsilon}\in C^{\infty}(\overline{\Omega}, R^{n})$ equipped with the usual Fr\’echet space topology. We
assume that the image of the mapping

$[0, \epsilon_{0})\ni\epsilon\leftrightarrow(\frac{\partial^{m}}{\partial\epsilon^{m}})\Psi_{\epsilon}$

is contained in a bounded subset of $C^{\infty}(\overline{\Omega}, R^{n})$ for any fixed $m$ .
(2.7) There is a relatively compact subset $K$ containing $y$ such that

$\Psi_{\epsilon}(x)=x$

on some neighbourhood $K^{\prime}$ of $K$ which satisfies $\overline{K}^{\prime}\Subset\Omega$ .
We define the morphism $\Psi_{\epsilon}^{*}:$ $C^{m+a}(\Omega_{\epsilon})\ni f-\succ\Psi_{\text{{\it \’{e}}}}^{*}f\in C^{m+\alpha}(\Omega)$ by $(\Psi_{\epsilon}^{*}f)(x)=$

$f(\Psi_{\epsilon}(x))$ for $ x\in\Omega$ . Here $c^{m+\alpha}(\Omega_{\epsilon})$ denotes the usual H\"older space. This gives
the topological isomorphism between $C^{m+a}(\Omega_{\epsilon})$ and $c^{m+\alpha}(\Omega)$ and it also induces
the topological isomorphism between $C^{m+\alpha}(\gamma_{\epsilon})$ and $C^{m+a}(\gamma)$ . Also $\Psi_{\text{\’{e}}}^{*}$ induces
the isomorphism

$\Psi_{\text{{\it \’{e}}}}^{*}\times I:c^{m+\alpha}(\Omega_{\epsilon}\times[0, T))$ :: $c^{m+\alpha}(\Omega\times[0, T))$

u) u)

$g$ $\leftrightarrow$ $((\Psi_{\epsilon}^{*}\times I)g)$

if we set $((\Psi_{\epsilon}^{*}\times I)g)(x, t)=g(\Psi_{\epsilon}(x), t)$ . Here the function space $c^{m+\alpha}(\Omega_{\epsilon}\times[0, T))$

is the weighted H\"older space which we introduced in the first part of this
section. We abbreviate $\Psi_{\epsilon}^{*}\times I$ as $\Psi_{\epsilon}^{*}$ .

Now we state Lemma 2.3 which will be useful in a later section.
LEMMA 2.3.

(2.8) $\lim_{\text{{\it \’{e}}}\rightarrow 0}\Vert\Psi_{\epsilon}^{*}U_{\epsilon}-U\Vert_{m+2+\alpha}^{J}=0$ .
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Here we give a norm to $\Psi_{\epsilon}^{*}U_{\epsilon}-U$ considering it as a function of $(x, t)$ .
REMARK. Since $\lim_{t\rightarrow+0}U(x, y, t)=\delta(x-y)$ (resp. $\lim_{t\rightarrow+0}U_{\epsilon}(\Psi_{\epsilon}(x),$ $y,$ $t)=\delta(x-y)$),

then the function space $C^{m+a}(J)$ does not fit to the study of $U(x, y, t)$ (resp.
$U_{\epsilon}(\Psi_{\epsilon}(x), y, t))$ for each fixed $y$ . However $C^{m+\alpha}(J)$ fits to the study of $U(x, y, t)$

$-(\Psi_{\epsilon}^{*}U_{\epsilon})(x, y, t)$ , since we know from (2.7) that

$U(x, y, t)-(\Psi_{\epsilon}^{*}U_{\epsilon})(x, y, t)\in C^{\infty}(\Omega\times[0, T))$ .

PROOF OF LEMMA 2.3. Let $W(x, y, t)$ be the fundamental solution of the
heat equation in $R^{n}$ . We know

$W(x, y, t)=(4\pi t)^{-n/2}e^{-|x-y|^{2}/4t}$ .
Put

$L_{\epsilon}(x, y, t)=U_{\epsilon}(\Psi_{\epsilon}(x), y, t)-W(\Psi_{\epsilon}(x), y, t)$ .
Then we have

$\Psi_{\epsilon}^{*}U_{\epsilon}(x, y, t)-U(x, y, t)$

$=L_{\text{\’{e}}}(x, y, t)-L_{0}(x, y, t)+W(\Psi_{\epsilon}(x), y, t)-W(x, y, t)$ .

The function $L_{\epsilon}$ satisfies the following equations

(2.9) $\left\{\begin{array}{ll}(\frac{\partial}{\partial t}\Psi_{\epsilon}^{*}\Delta_{x}\Psi_{\epsilon}^{*-1})L_{\epsilon}(x, y, t)=0 & x\in\Omega, t>0\\(k\frac{\partial}{\partial\nu_{x}}+(1-k))L_{\epsilon}(x, y, t) & \\=\epsilon(h_{\epsilon}(x, D)U_{\epsilon})(\Psi_{\epsilon}(x), y, t) & \\-(k\frac{\partial}{\partial\nu_{x}}+(1-k))W(\Psi_{\epsilon}(x), & , t) x\in\gamma\\\lim_{t\rightarrow 0}L_{\epsilon}(x, y, t)=0 x\in\Omega, & \end{array}\right.$

where $h_{\epsilon}(x, D)$ is the differential operator of the first order which has the form

$h_{\epsilon}(x, D)=\sum_{i=1}^{n}h_{\epsilon}^{i}(x)\frac{\partial}{\partial x^{i}}$ .

We know from (2.6) that the image of the mapping $[0, \epsilon_{0}$) $\ni\epsilon-\rangle$ $h_{\epsilon}{}^{t}(x)$ is con-
tained in a bounded subset of $C^{\infty}(R^{n})$ for each $i$ . Since $y$ is fixed, $L_{\epsilon}(x, y, t)$ is
a smooth function of $(x, t)$ in $\overline{\Omega}\times[0, T$ ).

Simple calculations give

(2.10) $\Psi_{\epsilon}^{*}\Delta_{x}\Psi_{\text{\’{e}}}^{*- 1}-\Delta_{x}=\epsilon\alpha_{\epsilon}(x, D)$ ,

where $\alpha_{\epsilon}(x, D)$ is a differential operator of the second order which has the form

(2.11) $\sum_{i,j=1}^{n}\alpha_{\epsilon}^{ji}(x)\frac{\partial^{2}}{\partial x^{i}\partial x^{j}}+\sum_{i=1}^{n}\beta_{\epsilon}^{i}(x)\frac{\partial}{\partial x^{i}}+\mu_{\epsilon}(x)$ ,
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where $\alpha_{\text{\’{e}}}^{ij}(x)=\alpha_{\epsilon}^{ji}(x)$ . Moreover there exists $\epsilon_{0}>0$ such that the image of the
mapping

$[0, \epsilon_{0})\ni\epsilon\rightarrow\alpha_{\text{\’{e}}}^{ij}(x),$ $\beta_{\epsilon}^{i}(x),$ $\mu_{\text{\’{e}}}(x)\in C^{\infty}(R^{n})$

is contained in a bounded subset of $C^{\infty}(R^{n})$ .
Considering $L_{\epsilon}$ as a function of $(x, t)$ , we have by Lemma 2.1 and 2.2, (2.10),

(2.11)

(2.12)
$\sup_{0<\epsilon<\epsilon_{0}}\Vert$ L. $\Vert_{m+2+a}^{J}<\infty$

for some $\epsilon_{0}>0$ .
In the next place, we consider

$M_{\epsilon}(x, y, t)=L_{\text{\’{e}}}(x, y, t)-L_{0}(x, y, t)$ .
This satisPes:

(2.13) $((-\Delta_{x})M_{\epsilon}(x,y,t)=(\Psi_{\epsilon}^{*}\Delta_{x}\Psi_{\epsilon}^{*- 1}-\Delta_{x})L_{\epsilon}(x,y,t)(k\frac{\partial}{\partial\nu_{x}=}+(1-k))M_{\text{\’{e}}}(x,y,t)\lim_{t\rightarrow 0}^{\frac{\partial}{\partial t}}M\epsilon^{-(k\frac{x_{\partial}}{\partial\nu_{x}t)}+(1-k))(W(\Psi_{\epsilon}(x),y,t)-W(x,y,t))}(x,y,=0x\in\Omega\epsilon(h_{\epsilon}(,D)U_{\epsilon})(\Psi_{\epsilon}(x),y,t)$

$x\in\Omega,t>0x\in\gamma,t>0$

It follows from (2.10), (2.11), (2.12) and Lemma 2.1 that

(2.14) $\sup_{0<\epsilon<\text{\’{e}}_{0}}\Vert\epsilon^{-1}(L_{\epsilon}-L_{0})\Vert_{m+2+a}^{J}<\infty$

for some $\epsilon_{0}>0$ . Therefore L\’e converges to $L_{0}$ in $C^{m+2+\alpha}(J)$ topology. By the
definition of L\’e’ we have

$\Vert\Psi_{\epsilon}^{*}U.-U\Vert_{m+2+\alpha}^{J}\leqq\Vert$ $L.-L_{0}\Vert_{m+2+\alpha}^{J}+\Vert\Psi_{\epsilon}^{*}W-W\Vert_{m+2+a}^{J}$ .
It is easy to see that $\Psi_{\epsilon}^{*}W-W$ converges to $0$ in $C^{m+2+\alpha}(J)$ topology, since we
have (2.6), (2.7). Summing up these facts, we get Lemma 2.3.

\S 3. Proofs of Theorem 1 and Theorem 2.

Before the proof of Theorem 1 we shall give a lemma concerning the
Whitney extension of the fundamental solution of the heat equation $U$ . The
idea using the Whitney extension of smooth function to prove our Theorem 1
is the same as in Fujiwara-Ozawa [3].

Let $\tilde{\Omega}$ be an open bounded neighbourhood of the closure $\overline{\Omega}$ of $\Omega$ . Let
$\tilde{U}(z, y, \tau)$ be a smooth extension of $U(z, y, \tau)$ to $\tilde{\Omega}\times\Omega\times(0, \infty)$ with respect to
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$(z, y, \tau)$ satisfying the following conditions:

(3.1) For any fixed compact subset $K$ in $\Omega$ , then

$\lim_{\tau\rightarrow+0}\sup_{y\in}|ly_{(Z},$ $y,$ $\tau$) $|=0$ .
$ z\in\Omega\backslash \overline{\Omega}\sim$

(3.2) $\tilde{U}(z, y, \tau)=U(z, y, \tau)$

for any $z\in\overline{\Omega},$ $y\in\Omega,$ $\tau\in(0, \infty)$ .
We have the following Lemma 3.1 which is crucial for our study.
LEMMA 3.1. There exists a real valued function $C(y)$ such that the inequality

(3.3) $|(\frac{\partial}{\partial t}-\Delta_{z})O(z, y, t)|\leqq C(y)(dist(z, \gamma))^{2}$

holds for any $z\in\tilde{\Omega}\backslash \Omega,$ $t\in(O, \infty)$ and for any $ y\in\Omega$ . Moreover we can take $C(y)$

such that
$\sup_{y\in}C(y)<\infty$

for any compact subset $K$ of $\Omega$ .
PROOF OF LEMMA 3.1. We see that $(\partial/\partial t-\Delta_{z})U(z, y, t)$ is a smooth function

of $(z, y, t)\in\tilde{\Omega}\times\Omega\times(0, \infty)$ and it is equal to zero for any $(z, y, t)\in\overline{\Omega}\times\Omega\times(0, \infty)$ .
Therefore there exists $C(y, t)$ which depends on $y$ and $t$ such that

$|(\frac{\partial}{\partial t}-\Delta_{z})O(z, y, t)|\leqq C(y, t)(dist(z, \gamma))^{2}$

for any $ z\in\tilde{\Omega}\backslash \Omega$ . By Lemma 2.2 we can take $C(y, t)$ as

$\sup_{y\in}remumC(yt\in(0\infty)t)<\infty$

for any fixed compact subset $K$ of $\Omega$ .
PROOF OF THEOREM 1. Note that in this case $k=0$ . By (3.1) we have

(3.4) $U_{\epsilon}(x, y, t)-U(x, y, t)=-\int_{0}^{t}d\tau\frac{\partial}{\partial\tau}(\int_{\Omega_{\epsilon}}U_{\epsilon}(x, z, t-\tau)O(z, y, \tau)dz)$

for any fixed $x,$ $ y\in\Omega$ and $t>0$ . In the next place, we have

(3.5) $U_{\epsilon}(x, y, t)-U(x, y, t)$

$=\int_{0}^{t}d\tau\int_{\Omega_{\epsilon}}\Delta_{z}\grave{U}_{\text{\’{e}}}(x, z, t-\tau)0(z, y, \tau)dz$

$-\int_{0}^{t}d\tau\int_{\Omega_{\epsilon}}U_{\epsilon}(x, z, t-\tau)\Delta_{z}O(z, y, \tau)dz+O(\epsilon^{2})$

by using Lemma 2.2 and Lemma 3.1.
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By Green’s identity and by the Dirichlet boundary condition for $U_{\epsilon}$ at $\gamma_{\epsilon}$ ,
we have

(3.6) $U_{\epsilon}(x, y, t)-U(x, y, t)$

$=-\int_{0}^{t}d\tau\int_{\gamma_{\text{{\it \’{e}}}}}(\frac{\partial U_{\epsilon}}{\partial\nu_{z}^{\epsilon}})(x, z, t-\tau)O(z, y, \tau)d\sigma_{z}^{\epsilon}+O(\epsilon^{2})$ .

To simplify the right hand side of (3.6), we require the following well
known Lemma 3.2.

LEMMA 3.2. Let $g(\epsilon, z)\equiv f(\epsilon, z+\epsilon\rho(z)\nu_{z})$ be a function of $(\epsilon, z)\in(-\epsilon_{0}, \epsilon_{0})\times\gamma$,
then

(3.7) $\frac{\partial}{\partial\epsilon}(\int_{\gamma_{\epsilon}}f(\epsilon, q)d\sigma_{q}^{\epsilon})|_{\text{\’{e}}=0}$

$=\int_{\gamma}f(0, z)(n-1)H_{1}(z)\rho(z)d\sigma_{z}+\int_{\gamma}(\frac{\partial g}{\partial\epsilon})(\epsilon, z)|_{\epsilon=0}d\sigma_{z}$ ,

where $\epsilon_{0}$ is a sufficiently small $po\alpha tive$ number and $H_{1}(z)$ denotes the first mean
curvature of $\gamma$ at $z$ .

Fix $t>0$ . We apply Lemma 3.2 to

$g(\epsilon, z)=\int_{0}^{t}(\frac{\partial U}{\partial\nu_{z}^{\epsilon}})(x, z+\epsilon\rho(z)\nu_{z},$ $t$
$\tau$) $\tilde{U}(z+\epsilon\rho(z)\nu_{z}, y, \tau)d\tau$

for $ z\in\gamma$ . Then we get

$ f(0, z)=\int_{0}^{t}\frac{\partial U}{\partial\nu_{z}}(x, z, t-\tau)U(z, y, \tau)d\tau$

$=0$

by the boundary condition for $U$ at $\gamma$ . Therefore we have only to calculate the
term $(\partial g/\partial\epsilon)(\epsilon, z)|_{\text{\’{e}}=0}$ . By the mean value theorem and by the boundary condi-
tion for $U$ at $\gamma$ , we have

$o_{(z+\epsilon\rho(z)\nu_{z}},$
$y,$ $\tau$) $=\epsilon\rho(z)(\frac{\partial O}{\partial\nu_{z}})(z, y, \tau)|_{z=z_{\theta}}$ ,

where $z_{\theta}=z+\epsilon\rho(z)\theta(z)\nu_{z}$ for some $\theta(z)$ satisfying $0<\theta(z)<1$ . Then by Lemma
2.3 we get

$(\frac{\partial g}{\partial\epsilon})(\epsilon, z)|_{\epsilon=0}=\int_{0}^{t}\frac{\partial U}{\partial\nu_{z}}(x, z, t-\tau)\frac{\partial U}{\partial\nu_{z}}(z, y, \tau)\rho(z)d\tau$ .

The proof of Theorem 1 is complete.
PROOF OF THEOREM 2. Also in the case $0<k\leqq 1$ , we have (3.3) and (3.4).

By Green’s identity and by the boundary condition (1.3), we get
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\langle 3.8) $U_{\epsilon}(x, y, t)-U(x, y, t)$

$=-\int_{0}^{t}d\tau\int_{\gamma_{\epsilon}}U_{\epsilon}(x, z, t-\tau)((\frac{\partial O}{\partial\nu_{z}^{\epsilon}})(z, y, \tau)+pO(z, y, \tau))d\sigma_{z}^{\epsilon}+O(\epsilon^{2})$ ,

where $p=k^{-1}(1-k)$ . In order to simplify the right hand side of (3.8), we shall
give a geometrical observation. We fix $ z\in\gamma$ and take an orthonormal basis
\langle $z_{1},$ $\cdots$ , $z_{n-1}$) on the tangent hyperplane at $z$ and we consider $(z_{1}, \cdots , z_{n})$-coordi-
nates as global coordinates in $R^{n}$ . Then we have

$\frac{\partial}{\partial\nu_{z}^{\epsilon}}=\frac{\partial z_{1}}{\partial\nu_{z}^{\epsilon}}\frac{\partial}{\partial z_{1}}+$
$\cdot$ . . $+\frac{\partial_{Z_{n-1}}}{\partial\nu_{z}^{\epsilon}}\frac{\partial}{\partial z_{n-1}}+\frac{\partial z_{n}}{\partial\nu_{z}^{\epsilon}}\frac{\partial}{\partial z_{n}}$ .

By simple calculus, we obtain

$\frac{\partial z_{j}}{\partial\nu_{z}^{\epsilon}}=-\epsilon\frac{\partial\rho}{\partial z_{j}}\mu_{\epsilon}+O(\epsilon^{2})$

for $j=1,$ $\cdots$ , $n-1$ and

$\frac{\partial_{Z_{n}}}{\partial\nu_{z}^{\epsilon}}=\mu_{\epsilon}+O(\epsilon^{2})$ ,

where

$\mu_{\epsilon}=(1+\epsilon^{2}\sum_{j=1}^{n- 1}\frac{\partial\rho}{\partial z_{j}}(z)^{2})^{-1/2}$

We have the following
LEMMA 3.3. For an arbitrary fxed $v(z)\in C^{\infty}(R^{n})$ ,

(3.9) $\lim_{\epsilon\rightarrow 0}\epsilon^{-1}\{(\frac{\partial v}{\partial\nu_{z}^{\epsilon}})(z(\epsilon))-\frac{\partial v}{\partial\nu_{z}}(z)\}=-\langle\nabla_{\gamma}\rho(z), \nabla_{\gamma}v(z)\rangle+\rho(z)\frac{\partial^{2}v}{\partial_{Z_{n}^{2}}}(z)$ .

Here $z(\epsilon)=z+\epsilon\rho(z)\nu_{z}$ and $\langle, \rangle$ denotes the inner product which is defined by (1.6).

PROOF OF LEMMA 3.3. We have

\langle 3.10) $(\frac{\partial v}{\partial\nu_{z}^{\epsilon}})(z(\epsilon))$

$=\mu_{\epsilon}\{-\epsilon(\frac{\partial\rho}{\partial z_{1}}\frac{\partial v}{\partial z_{1}}+\cdots+\frac{\partial\rho}{\partial z_{n- 1}}\frac{\partial v}{\partial z_{n-1}})(z(\epsilon))+(\frac{\partial v}{\partial z_{n}})(z(\epsilon))\}+O(\epsilon^{2})$ ,

\langle 3.11) $(\frac{\partial v}{\partial z_{n}})(z(\epsilon))=\frac{\partial v}{\partial z_{n}}(z)+\epsilon\rho(z)\frac{\partial^{2}v}{\partial z_{n}^{2}}(z)+O(\epsilon^{2})$

and

\langle 3.12) $(\frac{\partial v}{\partial z_{j}})(z(\epsilon))=\frac{\partial v}{\partial z_{j}}(z)+O(\epsilon)$

for $j=1,$ $\cdots$ , $n-1$ . Summing up (3.10), (3.11) and (3.12), we have the desired
result.
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Now we continue the proof of Theorem 2. By Lemma 2.3 and Lemma 3.3,
we obtain

(3.13) $\lim_{\epsilon\rightarrow 0}\epsilon^{-1}\{(\frac{\partial O}{\partial\nu_{z}^{\epsilon}})(z(\epsilon), y, \tau)+pO(z(\epsilon), y, \tau)-(\frac{\partial U}{\partial\nu_{z}}(z, y, \tau)+pU(z, y, \tau))\}$

$=(\frac{\partial^{2}U}{\partial\nu_{z}^{2}}(z, y, \tau)+p\frac{\partial U}{\partial\nu_{z}}(z, y, \tau))\rho(z)-\langle\nabla_{\gamma}\rho(z), \nabla_{\gamma}U(z, y, \tau)\rangle$ ,

where $p=k^{-1}(1-k)$ . Combining (3.13) with Lemma 3.2, we have

(3.14) $\delta U(x, y, t)=-\int_{0}^{t}d\tau\int_{\gamma}\frac{\partial^{2}U}{\partial\nu_{z}^{2}}(z, y, \tau)U(x, z, t-\tau)\rho(z)d\sigma_{z}$

$+k^{-2}(1-k)^{2}\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)U(z, y, \tau)\rho(z)d\sigma_{z}$

$+\int_{0}^{t}d\tau\int_{\gamma}\langle\nabla_{\gamma}\rho(z), \nabla_{\gamma}U(z, y, \tau)\rangle U(x, z, t-\tau)d\sigma_{z}$ .

Now it is well known that the Laplacian $\Delta$ is represented as

$\frac{\partial^{2}}{\partial\nu_{z}^{2}}+\nabla_{\gamma}^{2}+(n-1)H_{1}(z)$

on the boundary $\gamma$ . Here V; denotes the Laplacian on the submanifold $\gamma$ of $R^{n}$

with the metric induced from that of $R^{n}$ . Therefore we have

(3.15) $\delta U(x, y, t)=-\int_{0}^{t}d\tau\int_{\gamma}\langle\nabla_{\gamma}U(x, z, t-\tau), \nabla_{\gamma}U(z, y, \tau)\rangle\rho(z)d\sigma_{z}$

$-\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)\frac{\partial}{\partial_{T}}U(z, y, \tau)\rho(z)d\sigma_{z}$

$+\int_{0}^{t}d\tau\int_{\gamma}P(P-(n-1)H_{1}(z))U(x, z, t-\tau)U(z, y, \tau)\rho(z)d\sigma_{z}$ ,

where $p=k^{-1}(1-k)$ . On the other hand, we have

(3.16) $\int_{0}^{t}d\tau(\frac{\partial}{\partial_{T}}\int_{\gamma}U(x, z, t-\tau)U(z, y, \tau)\rho(z)d\sigma_{z})=0$ ,

for any $x,$ $ y\in\Omega$ and $t>0$ . Hence we get the equality

(3.17) $\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)\frac{\partial}{\partial\tau}U(z, y, \tau)\rho(z)d\sigma_{z}$

$=\frac{\partial}{\partial t}\int_{0}^{t}d\tau\int_{\gamma}U(x, z, t-\tau)U(z, y, \tau)\rho(z)d\sigma_{z}$ .

By (3.15) and (3.17) we obtain the desired result.
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\S 4. Proof of Theorem 3.

In this section we give a proof of Theorem 3.
We prepare some notations. We put $|\rho|=\max_{x\in\gamma}|\rho(x)|$ . Let $\Gamma$ be a fixed

tubular neighbourhood of $\gamma$ . And let $\epsilon_{0}>0$ be a small positive number such that

$\Gamma\supset$ { $x\in R^{n}$ ; dist$(x,$ $\gamma)<4\epsilon_{0}|\rho|$ }.

Then $\gamma_{4\epsilon_{0}}\subset\Gamma$ And we have $7.\subset\Gamma$ for any $\epsilon\in(0, \epsilon_{0})$ . Let $\{I_{\epsilon}\}_{0<\epsilon<\text{\’{e}}_{0}}$ be a family
of subdomains of $\Omega$ such that $I_{\epsilon}\subset I_{\epsilon}$ , when $\epsilon^{\prime}<\epsilon$ and $I_{\epsilon}\subset\Omega\cap\Omega_{\epsilon}$ for any $\epsilon\in(0, \epsilon_{0})$ .
We assume that the boundary $\tilde{\gamma}_{\epsilon}$ of I. is smooth and it satisfies the following
properties:

(4.1) The inequality
$(3/2)|\rho|\epsilon\leqq dist(x, \partial(\Omega\cap\Omega_{\epsilon}))\leqq 2|\rho|\epsilon$

holds for any $x\in\tilde{\gamma}_{\epsilon}$ .
(4.2) For $ z\in\Gamma$, let $\alpha(z)$ be the unique point of $\gamma$ which satisfies dist $(z, \alpha(z))=$

$dist(z, \gamma)$ . Assume that the mapping

$\alpha|_{\dot{\gamma}_{\epsilon}}$ : $\tilde{\gamma}_{\epsilon}\ni z-\alpha(z)\in\gamma$

is a smooth diffeomorphism between $\tilde{\gamma}_{\epsilon}$ and $\gamma$ whose Jacobian satisfies $ 2^{-1}\leqq$

$|\det Jac(\alpha|_{\tilde{\gamma}_{\epsilon}})|\leqq 2$ for any $\epsilon\in(0, \epsilon_{0})$ .
By (4.1) we see that dist $(x, \gamma)\leqq dist(x, \partial(\Omega\cap\Omega_{\text{\’{e}}}))+\epsilon|\rho|\leqq 3|\rho|\epsilon$ for any $x\in\tilde{\gamma}_{\epsilon}$

if $0<\epsilon<\epsilon_{0}$ . Therefore $\tilde{\gamma}_{\epsilon}\in\Gamma$ for any $\epsilon\in(0, \epsilon_{0})$ . So the mapping $\alpha|_{\dot{\gamma}_{\epsilon}}$ is well
defined because $\tilde{\gamma}_{\epsilon}\subset\Gamma$

We begin the proof of Theorem 3. We divide the term $\epsilon^{-1}(T_{r}(t;\epsilon)-T_{r}(t;0))$

into three parts. Put

(4.3) $J_{1}(\epsilon, t)=\epsilon^{-1}(\int_{\Omega_{\epsilon}\backslash \Omega}U_{\text{\’{e}}}(x, x, t)dx-\int_{\Omega\backslash \Omega_{\text{\’{e}}}}U(x, x, t)d_{X})$

$J_{2}(\epsilon, t)=\epsilon^{-1}\int_{(\Omega\cap\Omega_{\epsilon})\backslash t_{\epsilon}}(U_{\epsilon}(x, x, t)-U(x, x, t))dx$

and

(4.4) $J_{3}(\epsilon, t)=\epsilon^{-1}\int_{I_{\epsilon}}(U_{\epsilon}(x, x, t)-U(x, x, t))dx$ .

Then

$\epsilon^{-1}(T_{r}(t;\epsilon)-T_{r}(t ; 0))=\sum_{n\Rightarrow 0}^{3}J_{n}(\epsilon, t)$ .

By Lemma 2.3 we get
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(4.5) $\lim_{\epsilon\rightarrow 0}J_{1}(\epsilon, t)=\int_{\gamma}U(x, x, t)\rho(x)d\sigma_{x}$

$=0$

and

(4.6) $\lim_{\epsilon\rightarrow 0}J_{2}(\epsilon, t)=0$ .

Therefore we have only to prove the following claim to prove Theorem 3.

CLAIM. $\lim_{\epsilon\rightarrow 0}J_{3}(\epsilon, t)=\int_{\Omega}\delta U(x, x, t)dx$ .

To estimate the term $J_{3}(\epsilon, t)$ we study $\epsilon$ -dependence of $U_{\epsilon}(x, x, t)$ . A pair
$(\epsilon, x, t)$ satisfying $x\in I_{\epsilon},$ $t>0$ is called a nice pair. If $(\epsilon, x, t)$ is a nice pair
and $\epsilon\in(0, \epsilon_{0})$ , then

$x\in I_{\epsilon}\subset\bigcap_{0<\mu<\epsilon}\Omega_{\mu}$

and $U_{\text{\’{e}}}(x, x, t)$ and $U(x, x, t)$ are well defined. Now we show an explicit rep-
resentation of $U_{\text{\’{e}}}(x, x, t)-U(x, x, t)$ by using the mean value theorem. It is
easy to see that there exists $\epsilon_{1}(x)\in(0, \epsilon_{0})$ such that $x\in\bigcap_{0<\mu<\epsilon_{1}(x)}\Omega_{F}$ holds for any

fixed $ x\in\Omega$ . By Theorem 1 and by Lemma 2.3 we see that the mapping
$(0, \epsilon_{1}(x))\ni\epsilon-U_{\epsilon}(x, x, t)$ is of $C^{1}$-class with respect to $\epsilon$ for any fixed $ x\in\Omega$ ,
$i>0$ . Therefore, there exists $\theta(\epsilon, x, t)$ such that $0<\theta(\epsilon, x, t)<1$ and the equality

(4.7) $U_{\text{\’{e}}}(x, x, t)-U(x, x, t)=\epsilon\delta U_{\text{\’{e}}\theta(\epsilon.x.t)}(x, x, t)$

holds for any pair $(\epsilon, x, t)$ satisfying $x\in\Omega\cap\Omega_{\epsilon},$ $t>0$ . Of course (4.7) holds for
any nice pair. We abbreviate $\theta(\epsilon, x, t)$ as $\theta$ if there is no fear of confusion.

In the following we shall represent the term $\delta U_{\epsilon\theta}(x, x, t)$ explicitly. We
fix $t$ and $\epsilon\theta$ . For any sufficiently small $\tilde{\epsilon}$ satisfying $ 0<\tilde{\epsilon}<(1-\theta)\epsilon$ , there is the
unique function

$\rho_{\epsilon\theta}(y;\tilde{\epsilon})\in C^{\infty}(\gamma_{\epsilon\theta}\times(0, (1-\theta)\epsilon))$

such that the set $\gamma_{\epsilon\theta+\overline{\epsilon}}$ can be written as
$\gamma_{\epsilon\theta+\overline{\epsilon}}=\{y+\epsilon\rho_{\epsilon\theta}(y;\tilde{\epsilon})\nu_{y}^{\text{\’{e}}\theta} ; y\in\gamma_{\epsilon\theta}\}$

and the mapping
$\gamma_{\text{\’{e}}\theta+\tilde{\epsilon}}\ni y-y+\tilde{\epsilon}\rho_{\epsilon\theta}(y;\tilde{\epsilon})\nu_{y}^{\epsilon\theta}$

is bijective. Here $\nu_{y}^{\epsilon\theta}$ denotes the exterior unit normal vector of $\gamma_{\epsilon\theta}$ at $y$ . Then
by Theorem 2 we can represent $\delta U_{\epsilon\theta}(x, x, t)$ explicitly as follows:
For any nice pair $(\epsilon, x, t)$ we have

(4.8) $\delta U_{\epsilon\theta}(x, x, t)=\int_{0}^{t}d\tau\int_{\gamma_{\epsilon\theta}}\frac{\partial U_{\epsilon\theta}(x,z,t-\tau)}{\partial\nu_{z}^{\epsilon\theta}}\frac{\partial U_{\epsilon\theta}(x,z,\tau)}{\partial\nu_{z}^{\epsilon\theta}}\rho_{\epsilon\theta}(z)d\sigma_{z}^{\epsilon\theta}$
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where $d\sigma_{z}^{\epsilon\theta}$ denotes the surface element of $\gamma_{\text{\’{e}}\theta}$ .
Now we divide $J_{3}(\epsilon, t)$ into two parts. For any fixed $t>0,$ $\epsilon>0$ , let

$U_{\text{\’{e}}}(x, x, t)$ be a smooth extension of $U_{\text{\’{e}}}(x, x, t)$ to the whole space $R^{n}$ with
respect to $x$ . Then $U_{\epsilon}(x, x, t)=U_{\epsilon}(x, x, t)$ for any $x\in\Omega_{\epsilon}$ . For any fixed
$\epsilon\in(0, \epsilon_{0}/2)$ , we have $J_{3}(\epsilon, t)=J_{4}(\epsilon, t)+J_{5}(\epsilon, t)$ . Here

(4.9) $J_{4}(\epsilon, t)=\int_{\Omega\backslash I_{\epsilon_{0}/2}}\epsilon^{-1}\chi_{\epsilon}(x)(U_{\epsilon}(x, x, t)-U(x, x, t))dx$

and

(4.10) $J_{5}(\epsilon, t)=\int_{I_{\text{{\it \’{e}}}}}\epsilon^{-1}\chi_{\epsilon}(x)(O_{\epsilon}(x0/2x, t)-U(x, x, t))dx$

$=\int_{I_{\text{{\it \’{e}}}_{0}/2}}\epsilon^{-1}(U_{\epsilon}(x, x, t)-U(x, x, t))dx$ .

It should be remarked that $\epsilon^{-1}(O_{\epsilon}(x, x, t)-U(x, x, t))\chi_{\epsilon}(x)$ is a measurable func-
tion of $x$ in $\Omega$ when we fix $\epsilon$ and $t$ .

We give two lemmas which are crucial to our study of $J_{3}(\epsilon, t)$ .
LEMMA 4.1. We put

$R(x, t)=\sup_{0<\epsilon<\epsilon_{0}/2}|\epsilon^{-1}\chi_{\epsilon}(x)(O_{\epsilon}(x, x, t)-U(x, x, t))|$

for any $x\in\Omega\backslash I_{\epsilon_{0}/2},$ $t>0$ . Then $ R(x, t)<\infty$ for any $x\in\Omega\backslash I_{\epsilon_{0}/2},$ $i>0$ , and

$\int_{\Omega\backslash I_{\text{{\it \’{e}}} 0\prime 2}}R(x, t)dx<\infty$

holds.
LEMMA 4.2. There exists a positive continuous function $C(t)$ of $t$ such that

$\sup_{0<\epsilon<\epsilon_{0}/2}|\epsilon^{-1}(U_{\epsilon}(x, x, t)-U(x, x, t))|\leqq C(t)$

holds for any $x\in I_{\text{\’{e}}}0/2,$ $t>0$ .
Assume that Lemmas 4.1 and 4.2 are proved, then we can apply the

Lebesgue dominated convergence theorem to the integral in (4.9), (4.10) when $\epsilon$

tends to zero and we finish our proof of Theorem 3. Therefore we have only
to prove Lemmas 4.1 and 4.2 to get Theorem 3.

We use the following Lemma 4.3 to prove Lemma 4.1.
LEMMA 4.3. There exists a $po\alpha tive$ constant $C$ indepmdeni of $\epsilon\in(0, \epsilon_{0})$ such

that $|x-z|\geqq\tilde{C}|x-\alpha(z)|$ holds for any $x\in I_{\epsilon}$ and for any $z\in\gamma_{\epsilon\theta}$ , where $\alpha$ is the
maPping introduced in (4.2).

PROOF. We fix $\epsilon\in(0, \epsilon_{0})$ . We take $x\in I_{\epsilon}$ and $z\in\gamma_{\epsilon\theta}$ . By (4.2) we have

$|x-z|\geqq dist(x, \partial(\Omega\cap\Omega_{\epsilon}))$

$\geqq(3/2)|\rho|\epsilon$ .
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Therefore we have
$\mu\equiv\epsilon^{-1}|x-z|-(3/2)|\rho|$

$\geqq 0$ .
On the other hand $|z-\alpha(z)|\leqq\epsilon|\rho|$ , then we have

$|x-\alpha(z)|\leqq|x-z|+|z-\alpha(z)|$

$=\epsilon(\mu+(5/2)|\rho|)$ .
Therefore we obtain

$|x-\alpha(z)|^{-1}|x-z|\geqq(\mu+(5/2)|\rho|)^{-1}(\mu+(3/2)|\rho|)$

$\geqq 3/5$ .
We finish our proof.

PROOF OF LEMMA 4.1. We put $\epsilon_{2}(x)=\sup_{0<\epsilon}\{\epsilon;x\in I_{\epsilon}\}$ . Then for any $x\in\Omega\backslash I_{\epsilon_{0}/2}$ ,

$\epsilon_{2}(x)\leqq\epsilon_{0}/2$ . It is easy to see that

(4.11) $\sup_{0<\epsilon}|\epsilon^{-1}\chi_{\epsilon}(x)(O_{\epsilon}(x, x, t)-U(x, x, t))|$

$\leqq\sup_{0<\epsilon\leqq\text{\’{e}}_{2}(x)}|(U_{\epsilon}(x, x, t)-U(x, x, t))|$

$\leqq\sup_{0<\text{\’{e}}\leqq\epsilon_{2}(x)}|\delta U_{\epsilon\theta}(x, x, t)|$

holds for any $x\in\Omega\backslash I_{\epsilon_{0}/2}$ . We put
$\Vert|\rho\Vert|=\sup_{0<\in<\epsilon_{0}}(\sup_{z\in\gamma_{\epsilon}}|\rho_{\epsilon}(z)|)$ . Then by Lemma 2.2

and (4.8) we get

(4.12) $|\delta U_{\text{\’{e}}\theta}(x, x, t)|\leqq C_{2}C^{2}\Vert|\rho\Vert|\int_{0}^{t}d\tau\int_{\gamma_{\epsilon\theta}}((t-\tau)\tau)^{-(n+1)/2}$

. $\exp(-t(C\tau(t-\tau))^{-1}|x-z|^{2})d\sigma_{z}^{\epsilon\theta}$

for any pair $(x, \epsilon)$ satisfying $(x, \epsilon)\in(\Omega\backslash I_{\epsilon_{0}/2})\times(0, \epsilon_{2}(x))$ . Here $C_{2}$ is a positive
constant independent of $\epsilon$ . From Lemma 4.3 we get

(4.13) $\exp(-t(C\tau(t-\tau))^{-1}|x-z|^{2})$

$\leqq\exp(-t(C\tau(t-\tau))^{-1}\tilde{C}^{2}|x-\alpha(z)|^{2})$

for any pair $(x, \epsilon, z)$ satisfying $(x, \epsilon, z)\in(\Omega\backslash I_{\epsilon_{0}/2}, (0, \epsilon_{2}(x)), \gamma_{\epsilon\theta})$ . We see that
the determinant of the Jacobian of the diffeomorphism

$\alpha|_{\gamma_{\epsilon\theta}}$ : $\gamma_{\epsilon\theta}\ni z-\alpha(z)\in\gamma$

between $\gamma_{\epsilon\theta}$ and $\gamma$ satisfies

(4.14) $2^{-1}\leqq|\det Jac(\alpha|_{\gamma_{\epsilon\theta}})|\leqq 2$

for any $\epsilon\in(0, \epsilon_{0})$ . By the definition of $R(x, t)$ , (4.11), (4.12), (4.13) and (4.14),

we obtain
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(4.15) $R(x, t)\leqq C_{3}\int_{0}^{t}d\tau\int_{\gamma}((t-\tau)\tau)^{-(n+1)/2}$

$\exp(-t(C\tau(t-\tau))^{-1}\tilde{C}^{2}|x-z|^{2})d\sigma_{z}$ ,

where $C_{3}=2C_{2}C^{2}\Vert|\rho\Vert|$ . Therefore we obtain

$\int_{\Omega\backslash I_{\epsilon_{0}/2}}R(x, t)dx\leqq C_{3}\int_{\gamma}d\sigma_{z}\int_{0}^{t}d\tau\int_{R^{n}}((r-\tau)\tau)^{-(n+1)/2}$

$\exp(-t(C\tau(t-\tau))^{-1}\tilde{C}^{2}|x-z|^{2})dx$

$<\infty$ .

We complete our proof of Lemma 4.1.
PROOF OF LEMMA 4.2. Since $\gamma_{\epsilon\theta}\cap(\Omega\cap\Omega_{\epsilon})=\emptyset$ for any $\epsilon\in(0, \epsilon_{0})$ , then there

is a positive constant $\varpi$ such that dist $(x, \gamma_{\epsilon\theta})>\varpi$ for any $\epsilon\in(0, \epsilon_{0}/2)$ and
$x\in I_{\epsilon_{0}/2}$ . The simple calculation leads to the existence of $C(t)$ in Lemma 4.2.
The proof is complete.

\S 5. Proof of Theorem 4.

In this final section we give a proof of Theorem 4. Since the right hand
side of (1.9) is Lebesgue integrable, we can apply Fubini’s theorem. By the
properties of the fundamental solution of the heat equation, we have (1.10). Put

(5.1) $Y_{N}(z, t)=\sum_{j=1}^{N}e^{\lambda_{j}t}(\frac{\partial\varphi_{j}}{\partial\nu_{z}}(z))^{2}$ ,

where $\varphi_{j}(z)$ is the eigenfunction of the Laplacian. When we fix $t$ , then we
have the uniform convergence in (5.2).

(5.2) $Y_{N}(z, t)-Y_{\infty}(z, t)=\frac{\partial^{2}U(y,w,t)}{\partial\nu_{y}\partial\nu_{w}}|_{y=w=z}$ .

This follows from Lemma 5.1 which we prove later. By (1.9), (5.1) and (5.2),

we complete the proof of Theorem 4.
LEMMA 5.1. There exists a positive integer $r$ and a constant $\hat{C}$ such that

(5.3) $\sup_{z\in\gamma}(\frac{\partial\varphi_{j}}{\partial\nu_{z}}(z))^{2}\leqq\hat{C}\lambda_{j}^{r}$

holds for any $j=1,2,$ $\cdots$

PROOF. By the well known a priori estimates, we have

(5.4) 1 $\varphi_{j}\Vert_{H^{2+m(\Omega)}}\leqq D_{m}(\Vert\Delta\varphi_{j}\Vert_{H^{m(\Omega)}}+\Vert\varphi_{j1\gamma}\Vert_{H^{(3/2)}+m(\gamma)})$

for some constant $D_{m}$ which depends on $m$ . Here we use the $L^{2}$-Sobolev norm.
By using (5.4) repeatedly we obtain
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$\Vert\varphi_{j}\Vert_{H^{2m(\Omega)}}\leqq C_{5}\lambda_{j}^{m}$ .
By the Sobolev imbedding theorem, we get the desired result.
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