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Introduction.

There is a close relationship between Sylow intersections, fusion, and factori-
zations in finite groups. This is probably best illustrated by the following ex-
amples. Let p be a prime and G be a group of order divisible by p. Define 4,
to be the set of all nonidentity p-subgroups H of G such that Ng(H)/H is p-
isolated in the sense of Goldschmidt [10] Let 92, be the set of the normalizers
of the elements of 4,. Then the following holds.

(1) 31, controls Sylow p-intersections in G.

(2) 31, controls p-fusion in G. .

(3) If G is not p-isolated and S<=Syl,(G), then

G=L(N&T,; SNNESyl,(N)>Ng(S) .

In the above, (1) is essentially a lemma in [11, (2.3)], and the reader is
referred to Kondo [16, Lemma 2] for a generalization of (1) and the precise
meaning of ‘control’ in (1) (the definition of the control in the most general form
will be given in the first section of the present paper). The proposition (2) is a
theorem of Goldschmidt [10, Theorem 3.4] improving Alperin’s fusion theorem
[1]. The proposition (3) is considered to be a sort of p-factorization theorem,
and is an easy consequence of (1). It has already been pointed out that (2) can
easily be derived from (1) also [12, Proposition 2.4], [16, Theorem 1].

Still more interesting than (1), (2), and (3) are the following theorems of
Aschbacher and P. McBride.

4) If G is a group of characteristic 2 type, SESyly(G), and G is not gen-
erated by the normalizers of nontrivial characteristic subgroups of S, then either G
is 2-isolated or some maximal 2-local subgroup of G has a block in .

(®) If G is a group of characteristic 2 type in which each simple section of
each 2-local subgroup is of known type and if 2-fusion in G is not controlled by
the normalizers of nontrivial characteristic subgroups of a Sylow 2-subgroup of G,
then some maximal 2-local subgroup of G has a block in 2.

In the above, (5) was announced at the A.M.S. Summer Institute held at the
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University of California, Santa Cruz, in 1979. Now since (4) and (5) are analogous
to (3) and (2), respectively, and since (2) and (3) are easy consequences of (1), it
seems natural to ask whether there is a theorem on the control of Sylow 2-
intersections from which (4) and (5) are easily derived. In this paper, we show
that such a theorem exists. Our result may be phrased as follows.

(6) We can assign to each nonidentity 2-group S a pair of nonidentity charac-
teristic subgroups, As and Bgs, with the following properties: As<Q(Z(S)), and
whenever G is a group of characteristic 2 type in which each simple section of
each 2-local subgroup is of known type, Sylow 2-intersections in G are controlled
by Cg(As), Ng(Bs) (as S ranges over Syly(G)), and maximal 2-local subgroups of
G having a block in 2.

This result is obtained by combining the theorems 4.2 and 4.10 of this paper,
a variant of a theorem of Glauberman and Niles proved in the thesis of
N.R. Campbell, and a theorem of Aschbacher on GF(2)-representations. Com-
bining (6) with the theorems 1.4 and 1.5 of this paper, we can make improve-
ments on (4) and (5) under the assumption that each simple section of each 2-
local subgroup of G is of known type (this assumption is actually superfluous,
since it is reported that the program to classify the finite simple groups has been
finished). :

It should be mentioned that Foote has developed a theory of blocks in
groups of characteristic 2 type, and that R. Solomon and S. K. Wong have studied
the so-called ‘standard blocks’ in groups of characteristic 2 type [17], [18] If
some maximal 2-local subgroup of a simple group G of characteristic 2 type has
a block in %, then we can identify G by their work.

The organization of the paper is as follows. In the first section, we give a
definition of control of Sylow p-intersections and control of p-fusion by a normal
set of subgroups modelled after (1) and (2), and then we study the relationship
between control of Sylow p-intersections, control of p-fusion, and p-factorizations.
Furthermore, we prove three fundamental theorems 1.7, 1.11, and 1.12. In the
second and third sections, we give a brief summary of two basic tools to be
used in the proof of the main theorem of this paper: control of Sylow 2-inter-
sections in groups of Chev(2) type and groups of alternating type, and GF(2)-
representations of finite groups. In the fourth section, we prove the main theo-
rem of this paper, [Theorem 4.11. In the concluding remarks, we precisely restate
the proposition (6) and its consequences using the terminology and notation to
be introduced in the first and fourth sections.

(1) When I wrote this manuscript, I was unable to explicitly define Ag and Bg.
Some progress has been made since then, and we are now able to explicitly define Ag and
Bg. For instance, we may define Ag=0Q:(Z(S)). For details, the reader is referred to
my paper “Characteristic pairs for 2-groups” which will be published elsewhere.
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1. Sylow intersections, fusion, and factorizations.

Let p be a prime, G be a group of order divisible by p, and ¥ be a normal
set of subgroups of G. For S€Syl,(G), let F(S)={XeF; SNXeSyl,(X)}.

1.1 DEFINITION. The normal set & of subgroups of G is said to control
Sylow p-intersections in G if for each pair S, T of distinct Sylow p-subgroups of
G with SNT #1, there exist Sylow p-subgroups S,, S;, -, S, of G, elements
Xy, -+, X, of ¥, and an element x,=X; for each / satisfying the following
conditions :

(1) So=S and S,=T;

(2) X, eF(S;-)NF(S,) for each 7;
(3) SFi=S,_; for each 7;

4) SNT<S;nX; for each :.

When {S;}, {Xi}, and {x,} are as above, we say that S is conjugate to T via
{S:}, {X:}, and {x;}, or via &, even if S=T or SNT=1.

1.2 DEFINITION. The normal set ¢ of subgroups of G is said to control p-
fusion in G if & satisfies the following condition: whenever A is a subset #1 of
SeSyl,(G) and g is an element of G with A¥<S, there exist elements Y, -+, Y5
of F(S), an element y;=Y; for each 7/, and an element y<=Ng(S) such that

(1) Af=Avrvav and
(2) Avrvi<SAY,; for each 7.

If we replace the condition (1) above by the stronger condition

1) g=y1 yay,
we obtain the definition of strong control of p-fusion in G.

1.3 LEMMA. Let S, TSyl (G) and assume that S is conjugate to T via {Si},
{Xi}, and {x;}. Then there exist elements Y, Y, -, Y, of F(S) and an element
;€Y for each ¢ such that y,vs - yi=x; - x:x, and (SNT)V1v2¥%i<SNY,; for
each 1.

PROOF. Define y;=xfi-1"%2%1 and YV, =X¥i-r"*2%1 [t readily follows by in-
duction on 7 that y,;y, - y;=x; - x.x1. As x;€X;€F(S;-;) and S;7HIEI=S,
y.eY,;€F(S). We may deduce as follows:

(Sm’]‘)ylyz---yi:(sm’]‘)xi"'rle
<L SFimFei o\ X Fi-1rr2ry
The proof is complete.

1.4 THEOREM. The normal set G of subgroups of G controls Sylow p-inter-
sections in G if and only if F strongly controls p-fusion in G.
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PROOF. Assume that & controls Sylow p-intersections in G. Suppose S&
Syl,(G), 1+A<S, g=G, and A®<S. Let T=S%"' Then A<SNT and so
SN\T+#1. If S=T, then g&Ny(S). Assume S#7. Then S is conjugate to T
via, say, {S;}, {Xi}, and {x;}. Choose Y; and y; as in 1.3. Then AvivzviL
(SNT)v1vzvi<SAY,; and S=T%n"*2%1=88"'v1¥2"¥n  gnd so SE V1Y - ¥aNg(S).
This shows that & strongly controls p-fusion in G.

Assume that & strongly controls p-fusion in G. Suppose S, T <Syl,(G),
S#T, and SN\T+#1. Let A=SNT and choose g=G so that T¢=S. Then
A¢<S and so there exist elements Y, -+, ¥, of F(S), an element y;€Y; for
each 7, and an element y=Ng(S) such that g=y, - ¥,y and A¥1"¥:<SNY; for
each 7. Let z;=(y; -+ y:)7Y, S;=S%, X;=Y%, and x;=y%. Then S is conjugate
to T via {S;}, {Xi}, and {x;}. Therefore, F controls Sylow p-intersections in G.

1.5 THEOREM. If the normal set F of subgroups of G controls Sylow p-
intersections in G and if G is not p-isolated, then G=<{F(S)>Ng(S) for each Se&
Syl,(G).

PROOF. Let g&G—Ng(S) and set T=S¢"'. As G is not p-isolated, S is
joined to T by a chain of Sylow p-subgroups of G containing SN\7 such that
the adjacent Sylow p-subgroups are distinct and intersect nontrivially. There-
fore, S is conjugate to T via, say, {S;}, {Xi}, and {x;}. As in the proof of 1.4,
we have g€ v,y, --- v,Ng(S), where y,€Y,=F(S) for each 7. Therefore, g
{F(SHNe(S).

1.6 DEFINITION. Let 4 ,=4, » ¢ be the set of all nonidentity p-subgroups
H of G such that Ng(H)/H is p-isolated. For each He %, let N¥(H) be the
subgroup of Ng(H) containing H such that N#(H)/H is the unique minimal sub-
normal subgroup of Ng(H)/H of order divisible by p. That N¥(H) exists follows
from the following fact (see [16, §1]): if X is a p-isolated group of order di-
visible by p, then any normal subgroup of X of order divisible by p is also p-
isolated, and the intersection of any two normal subgroups of X of order divisi-
ble by p is also of order divisible by p.

1.7 THEOREM. If for each He %, p g, NE(H) is contained in some member
of the normal set F of subgroups of G, then & controls Sylow p-intersections in G.

PROOF. Suppose the theorem is false, and choose S, T &Syl,(G) so that

(1) S#T and H=SN\T+1,
(2) S is not conjugate to T via &, and
(3) |H| is maximal subject to (1) and (2).

Choose Q, R=Syl,(G) so that Ns(H)<Ng(H)eSyl,(Ng(H)) and Np(H)<Ngz(H)e
Syl,(Ng(H)). Then H<KSN\Q and H<RNT. If Q=R, then S#Q+T and S is
conjugate to T via & by (3), a contradiction. Therefore, @+ R, and @ is not
conjugate to R via ¢ by (2). So QN\R=H by (3), and replacing S, T by Q, R,
we may assume that Ng(H) and Np(H) are Sylow p-subgroups of Ngs(H). It



Sylow 2-intersections 575

then follows from (3) that Ng(H)/H is p-isolated, and so N=N¥(H) is contained
in some member X of . We may choose U, V Syl,(G) so that SA\NIUNXe
Sylp(X), TNN<V\XeSyl,(X), and V*=U for some x€X. As H<SAU and
HLV AT, S is conjugate to T via & by (3). Thisis a contradiction proving 1.7.

1.8 LEMMA. Let S=Syl(G) and let G; (1=1, 2) be subgroups of G contain-
ing S with G=G,G,. Then for each g=G there exists UESyl,(G) such that
SNSESULGiNG,5.

PrOOF. Let g=g,g, with g;€G; (=1, 2). Then S51<G,N\G.251=GN\G,*
and SN\S¢<G,N\G.2%. Therefore, the assertion follows from Sylow’s theorem.

1.9 LEMMA. Suppose &, F, and D are normal sets of subgroups of G and the
index of each member of €&JTF in G is not divisible by p. Assume that for each
SeSyl,(G) and each E<&(S) there exist Fy, Fo& F(S) such that E=(FiN\E)FN\E).
Then if eJD controls Sylow p-intersections in G, so does F\J9D.

PRrROOF. Suppose S, TSyl (G) and Ec&(S)N&(T). Choose F;, Fo,e F(S) so
that E=(Fi\NEYF.NE). As S, TeSyl,(E), there is an element g £ such that
T=S% As SK(FinE)N(F:N\E), there exists UeSyl,(G) such that SNT<UL
(FINE)NF,N\E)® by 1.8. As (S, U)<F, and U, T)<F,%, S is conjugate to T
via ¢. This proves 1.9.

1.10 DEFINITION. Let f be a mapping which associates with each p-subgroup
P of G a set f(P) of subgroups of P such that

(1) Ng(P)<Ng(F) for each Fe f(P), and
(2) f(P)¢!=f(P?) for each g=G.
For each subgroup M of G of order divisible by p, define

Fu={Nu(F); Fef(P), PeSyl,(M)}.

Then &, becomes a normal set of subgroups of M, and if PeSyl, (M), then F»(P)
={Ny(F); FEef(P)}. Let =9, We say that M is F-regular if Fj controls
Sylow p-intersections in M. If M is not F-regular, we say that M is F-singular.
Let ¥'=%¢; be the set of all F-singular maximal p-local subgroups of G. Notice
that g’ is also a normal set of subgroups of G.

1.11 THEOREM. Let the notation be as in 1.10 and assume that for each non-
identity p-subgroup P of G, f(P) consists of nonidentity subgroups of P. Then
FIGF’ controls Sylow p-intersections in G.

PrOOF. Let 9=9UF’ and assume that 9 does not control Sylow p-inter-
sections in G. Choose S, T &Syl,(G) so that

(1) ST and H=S"\T=#1,
(2) S is not conjugate to T via 9, and
(3) |H] is maximal subject to (1) and (2).

For each pair S, T as above, we may choose a maximal p-local subgroup M of G
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so that
(4) H<SA\M and H<TnN\M.

(Any maximal p-local subgroup containing Ng(H) satisfies this condition.) Let &
be the set of triples (S, T, M) satisfying (1)-(4), and choose (S, T, M)=T so
that |SAM||T M| is maximal. Choose U, V €Syl,(G) so that SNMU\Me
Syl,(M), TN\M<V \Me&Syl,(M), and U=V™ for some meM. Then UnV=H
and U is not conjugate to V via @ by @) and (3). So S~\M and T\M are
Sylow p-subgroups of M by the maximality of |SN\M||T\M|. Replacing S, T
by U, V, we may assume that S=T7™ for some meM. If M is F-singular, then
Meg3'<9 and S is conjugate to T via @, contrary to (2). So M is F-regular,
and there exist Sylow p-subgroups U,, U,, ---, U, of M containing H with U,=
SAM, U,=TM, and U,_,+U, for each 7, and there exist elements X;, ---, X,
of Ty with U;-y, UD<X; for each 7. Let U;<S;ESyl,(G) for each ¢ with
Se=S and S,=T. Then, for some 7, S;_; is not conjugate to S; via @ by (2),
and so S;_;~\S;=H by (3). Replacing S, T by S;.;, S;, we may assume that
SNM, TnM) is contained in some member X of F,. As X=Ny(F) for some
Fef(SANMNf(TN\M), S+#S\M and T+T~M by (2). But then S\M<I
Ns(SAM)XNg(F) and TAM<Ng(TN\M)<XNgF), so if N is a maximal p-local
subgroup of G containing Ng(F), (S, T, N)eg and |SA\M||TM|<|SN\N|-
|T~N|. This is a contradiction completing the proof.

1.12 THEOREM. Let S=Syl,(G) and let G; (1=1, 2) be subgroups of G contain-
ing S with G=G,G,. If G; (i=1, 2) is F-regular, where F is as in 1.10, then
so is G.

PRrROOF. Applying 1.9 to the sets {G}, 9={G,°}\V{G:¢}, and @, we have
that 9 controls Sylow p-intersections in G. As each member of 9 is F-regular,
so is G.

1.13 COROLLARY. Let SeSyly(G) and assume G=Ng(F)Ng(F,) for some pair
Fy, F, of elements of f(S), where f is as in 1.10. Then G is F-regular.

2. Control of Sylow 2-intersections in groups of Chev (2) type and groups
of alternating type.

In this section, we consider the following situation.
2.1 HYPOTHESIS. G is a finite group, N is a normal subgroup of G, G/N is

a 2-group, and N is a central product of quasisimple groups L=L,, Ly, -+, Ly,
which are all conjugate in G.

Let Chev(2) denote the collection of all quasisimple groups L with O,(L)=1
such that L/Z(L) is isomorphic to a simple group of Lie type and of characteristic
2. Here we consider A =Sp,2), SU;(3)=G,(2), and *F,(2)" to be of Lie type
and of characteristic 2. Thus the 3-fold covering group A, of A, is a member of
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Chev(2). For L=Chev(2), a Borel subgroup of L is a Sylow 2-normalizer of L,
and a parabolic subgroup of L is a subgroup containing a Borel subgroup. Borel
subgroups and L itself are called the trivial parabolic subgroups.

We list the main results of [13]

2.2. Under Hypothesis 2.1 with LeChev(2), if HE 4, s, ¢, then there exists
a proper subgroup M of G containing NE(H) such that |G: M| is odd and
OXCxy(O(M)))=Z(N), except when one of the following holds :

(1) L=SL,2™), (P)SUs2™), or Sz(2*™ '), m=2;

(2) L=(P)SLs(2™), Sp.2™), or Ae, and if SeSyl,(G), then Ng(L) contains
an element which interchanges the two nontrivial parabolé’c subgroups of L con-
taining SN\ L.

2.3. Under Hypothesis 2.1 with L=A,, n=7, if HE Y ¢, then the follow-
ing holds:

(1) if n#2™+41 for any integer m, then there exists a proper subgroup M
of G containing N¥(H) such that |G: M| is odd;

(2) if n is even, then there exists a proper subgroup M of G containing
NE(H) such that |G : M| is odd and Cy(O.(M)<O,(M);

(3) if n=3 (mod4), then there exists a proper subgroup M of G containing
N¥(H) such that |G : M| is odd and QX Cy(O(MMN=1 or {xy xs -+, x>, where
x; 1S a 3-cycle in L;=A, for each 1.

24. If G=X,, n odd, and HE 4, 4, then either there exists a subgroup M
of G containing Ng(H) such that M=3,_1 X2, or Ng(H)=XsXS, where S is a
Sylow 2-subgroup of 2n-s. Here the symbols = denote the isomorphism of per-
mutation groups.

3. GF(2)-representations of finite groups.

Throughout this section, let G be a finite group and V be a faithful GF(2)G-
module. Define ©=06(G, V) to be the set of all nonidentity elementary abelian
2-subgroups A of G satisfying |A|=|V :Cy(A)|, and define 2=2L(G, V) to be
the set of all nonidentity elementary abelian 2-subgroups A of G satisfying
|A]l1Cyv(A)|=|B||Cy(B)| for each subgroup B of A. Let @*=@*(G, V) be the
set of all minimal elements of ¢ under the partial order <, defined by: A<, B
if and only if A<B and |A||Cy(A)|=|B||Cy(B)|. Let @¥=2P¥G, V) (resp.
Po=2Ly(G, V)) be the set of all elements of @* (resp. ) contained in O, (G),
and let P¥=P¥G, V)=P*—Pt. Let G¥=<P¥ for i1€{0, 1} and G,=<{Py).
When X is a group and W is a GF(2)X-module, let W(X)=[W, X]/Ciw, x1(X).

One of the objects of the theory of GF(2)-representations is to determine the
structure of <(®> and its action on V. Here we list those theorems on GF(2)-
representations which are needed in this paper. Although most of them are
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essentially proved by Aschbacher [2, 3, 4, 5], we will give their complete proofs
in [14].

3.1, Suppose P¥+D and O,(G¥)=1. Let Oy, Oy -+, Op be the G¥-orbits on
P¥, and set N;=<0;> and V;=[V, N;] for each i. Then the following holds:

(1) N;=SL,(2) for each i and G§=N;XNyX -+ XNp;

(2) (Viw, s induced by the natural GF(2)SLy(2)-module of dimension 2 for
each i and [V, G§1=V,BV.,PH --- BV,;

@) V=LV, G¥IBC/(GP).

3.2. If 0,G¥=1, then G,=G%.

3.3. If @¥#@ and O,(G¥)=1, then E(GY)+1 and CGT(E(GT)):O(G’}‘)ZZ(G’{‘).
Here E(G%) is the maximal semisimple normal subgroup of G7%.

Let Q be the collection of all quadruples (X, W, A, K), where X is a finite
group, W is a faithful GF(2)X-module, A=o(X, W), and K is a quasisimple
normal subgroup of X such that O,(K)=1, Cx(K)=Z(K), and X=KA.

3.4. If L is a quasisimple component of G with Oy(L)=1 and {(P>LCg(L),
then there exists (X, W, A, K)€Q such that K is a homomorphic image of L.

By definition, the natural GF(2)SL.(2™)-module is the set of all two dimen-
sional row vectors with coefficients in GF(2™) considered a GF(2)SL,(2™)-module,
and the natural GF(2)3),-module or GF(2)A ,-module is the unique nontrivial com-
position factor of the natural permutation module for X, or A, over GF(2).

3.5. If G=SL,2™) and A<0O, then V/Cy(G) is induced by the natural
GF(2)SL,(2™)-module and | A|=|V : Cx(A)| =2™.

3.6. Suppose S€Syl(G), L is a quasisimple component of G, [L, <P*S, V)>]
*#1, [Cy(S), L1+0, and L=(P)SLy2™), Sp.2™)’, or Ae. Then Ng(L) normalizes
the two nontrivial parabolic subgroups of L containing SN\L.

3.7. Suppose P+ @, S&Syl(G), L is a subnormal subgroup of G, and L=
SL.(2™), Agm-1, m=2, or L=A,, the 3-fold covering group of A,. When L=A,,
assume |[V, L]|=4. Then the following holds:

(1) if [L, <@>1#1, then L#A, and Cs(Coy, xK2(S, VI))<Ns(L);

(2) if [L, <P*>]#1, then V(L) is induced by the natural GF(2)SL,(2™)-module
or by the natural GF(2)Aym-1-module, or else L=A,; and |[V, L]|=16;

(3) if L=SLy2™), Ce(L)=1, and V(L) is induced by the natural GF(2)SLy(2™)-
module, then Cg(Cry KPS, V))=SNL;

4) if L=Asm-;, m=3, Ce(L)=1, and V(L) is induced by the natural
GF(@2)Asm-1-module, then G=3ym-; and Cgs(Coy, 11(KP(S, V)))) is generated by all
transpositions in S.



Sylow 2-intersections 579

4., Control of Sylow 2-intersections by a characteristic pair.

4.1 DEFINITION. For a 2-group S, let A(S) be the set of all elementary
abelian subgroups of S of maximal order. Set J(S)=<(A(S)>, the Thompson sub-
group of S, and K(S)=Cg(Q,(Z(J(S)))). (K(S) is sometimes denoted by :T(S) and
is called the Baumann subgroup of S after Baumann [6]). For any finite group
G with SeSyly(G), let J(G)=<J(S) and K(G)=<K(S)¢). Let @(S) be the collec-
tion of all finite groups G satisfying the following set of conditions:

(1) SeSyl(G);

2) CalOy(GNKL0L(G);

(3) G=G/CaQ:(Z(0xG)))) is isomorphic to SL.(2™) for some m;

(4) when V=Q,(Z(0,(G))) is regarded as a GF(2)G-module, V(G) is induced
by the natural GF(2)SL.(2™)-module;

(6) 0G)eSyl(Ca(V));

(6) [0(G), OXG)ILV;

(7) S is contained in a unique maximal subgroup of G;

8) G=K(G).

A characteristic pair for the 2-group S is a pair S;, S, of characteristic sub-
groups of S such that whenever Gg(S), either S;<G or S,<G. The charac-
teristic pair is said to be nontrivial if S;#1+S,. A work of N. R. Campbell
shows that for each nonidentity 2-group S there exists a nontrivial characteristic
pair S;, S. satisfying S, <Q,(Z(S)) [7]. We say that such a pair is of Glauberman-
Niles type after [91.®®

Now fix a characteristic pair T, T, for each 2-group T satisfying T=K(T),
and for an arbitrary 2-group S define C;(S)=K(S)); for 7= {l, 2}.®® For each
group G of even order, let

Co={Ns(Cy(S)), Na(Cs(S)), Ne((Z(S))); SESyl(G)} .

Then Cg is a normal set of subgroups of G, and we may use the terminology
of the first section (especially 1.10) for Cg.

4.2 THEOREM. Suppose the Ci(S) are defined as above by the fixed characteristic
pairs T1, Ty of Glauberman-Niles type for all 2-groups T satisfying T=K(T).
For each group G of even order, let D= {Cs(Ci(S)NQ(Z(S))), Ne(Cy(S)); Se
Syly(G)}. Then Dg\JC; controls Sylow 2-intersections in G.

(2) In the paper mentioned in Footnote (1), I have defined a nonidentity characteristic
subgroup Q(S) for each nonidentity 2-group S and shown that Qi(Z(S)) and Q(S) form
a characteristic pair of Glauberman-Niles type for S.

(3) Of course, we identify isomorphic 2-groups. More precisely, if « is an isomor-
phism of a 2-group S onto a 2-group R, then we define C;(R)=C;(S)%. Hence, if G is a
group of even order, the mapping f which associates with each 2-subgroup P of G the set
{Ci(P), Co(P), Q1(Z(P))} satisfies the conditions (1) and (2) in 1.10.
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PrROOF. Let SeSyl(G), T=Cgs(Ci(S)), and N=Ng(C(S)). Then Te
Syly(Ce(Cy(S))) and K(T)=K(S) as C,(S)<Z(K(S)). Therefore,

N=Cgx(Ci(S)Na(T)=Cn(Ci(S)NL(Z(SNN¥(C(S)) .
Similarly, if M=Ng(,(Z(S))), then
M=Cy(Ci(SINQ(Z(S)Nu(Cx(S)) .

So 94 YC; controls Sylow 2-intersections in G by 1.9 and 1.11.

4.3 HYPOTHESIS. G is a group of even order satisfying Cg(Ou(G))<Ou(G).
If K is a quasisimple section of G with (X, W, A, K)eQ for some X, W, and A,
then K=Chev(2)— {(P)SU,(2™), Sz(2*™-1); m=2} or K=A,, n=7.

By a theorem of Aschbacher [4], the group G of even order with Cs(Oy(G))
<0,(G) satisfies Hypothesis 4.3 if each simple section of G is of known type.

4.4 LEMMA. Under Hypothesis 4.3, if H is a section of G, U is a faithful
GF(2)H-module, and L is a quasisimple component of H such that O,(L)=1 and
CL, <P(H, U)y3+#1, then LeChev(2)— {(P)SUs2™), Sz(22™-Y); m=2} or L=A,,
n=7.

PrRooF. There exists an element (X, W, A, K)=Q such that K is a homo-
morphic image of L by 3.4. The assertion, therefore, follows from 4.3 as Lsé.&
by 3.7.

4.5 THEOREM. Under Hypothesis 4.3, if G is C-singular, then for each S<
Syly(G) there exists a subgroup X of G satisfying the following conditions:

1 X=[X, JS)];

(2) X=0%X);

3) l:_Oz(G), X<V =Q,(Z(0:(G))) ;

4) X=X/Cx(V(X)) is isomorphic to As or SLy(2™), m=2;

(5) when regarded as a GF(2)X-module, V(X) is induced by the natural
GF(2)A;s-module or by the natural GF(2)SLy(2™)-module.

Proor. We call a group X as above a C-singular subgroup of G with re-
spect to S. Until 4.5 is proved, let G be a minimal counterexample to 4.5.
Furthermore, let SeSyL(G), Q=04G), V=0Q,(Z(Q)), C=CsV), and G=G/C.
We show in a series of reductions, (a)~(1), that Geg(S) and S=K(S). It would
then follow that C,(S) or C,(S) is normal in G, which is a contradiction as G is
C-singular.

(@) If H is a proper subgroup of G containing J(S)Q, then H is C-regular.

PROOF. Suppose H is C-singular, and let J(S)Q<T =Syl (H). Then H has
a C-singular subgroup X with respect to T by the minimality of G. Let W=
Q,(Z(0y(H))). Then [V, X1<[Q, X1<[0y(H), X]J<W <<V and so, as X=0%X),
[V, X1=[Q, XJ1=[W, X]. As J(T)=J(S), X is a C-singular subgroup of G with
respect to S.
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(b) If H and K are subgroups of G containing S such that G=HK, then
H=G or K=G.

ProOOF. Suppose H#G+K. As H and K are C-regular by (a), so is G by
1.12, a contradiction.

(¢) The following holds:

(1) if M is a normal subgroup of G with MS+G, then M is 2-closed;

(2) QeSyL0);

(3) 0/(G)=1;

(4) any maximal subgroup of G containing S also contains C.

PrOOF. Let T=S~\M. Then G=MSNu(T). As MS#G, Ng(T)=G by (b)
and so M is 2-closed. As CS<Ng(Q,(Z(S)) and G is C-singular, CS#G. So C
is 2-closed by (1), and Q&Syl,(C). Let N/C=0,G/C). Then NS=CS+G, so
N is 2-closed by (1), and Q<Syl, (), proving (3). Suppose H is a maximal sub-
group of G containing S and C£H. Then G=CSH and CS+#G=+H, contrary
to (b).

@ JS)<cC.

PROOF. Suppose J(S)<C. Then J(S)<Cs(V)=Q by (c.2), J(S)=J(Q), and
V<QUEZJ@MN=,(Z(J(S))). By the definition of K(S), K(S)<Cs(V)=Q. But
then K(S)=K(Q)<G and C,(S)<G for i={l, 2}. This is a contradiction as G
is C-singular.

e) @G, V)=®, and G has a normal subgroup N=N/C such that G/N is a
2-group and such that N is a central product of conjugate subgroups L=1L,, L,,
o, Ly of G with L=SL,2) or L<Chev(2)— {(P)SU2™), Sz(2*™"1); m=2} or
L=A,, n=7.

PrOOF. If A= A(S) and A%C, then A= @G, V),® so @G, V)+@ by (d).
Choose i< {0, 1} so that PXG, V)=@. If i=0, let N/C=<(®P¥G, V)), while if
i=1, let N/C=EK®¥G, V)»). Then NG, and N is a central product, N=
LxLyx - xL,, where L;=SLy2) for all i or L; is quasisimple for all / by 3.1,
3.3, and (c.3). Notice that {L,, L, ---, L,} is a normal set of subgroups of G
by the Krull-Remak-Schmidt theorem. If M=M/C is a normal subgroup of G of
even order, then G=MS by (c.1). So G=NS, and L, L,, -, L, are all con-
jugate in G. If L, is quasisimple, then L, has the structure as described in (e)
by 4.3 and 4.4.

(f) One of the following holds:

(1) L=SL,2™), m=1;

(4) Let V be a normal elementary abelian 2-subgroup of a group G, G=G/Cg&(V),
and 4 an elementary abelian 2-subgroup of maximal order. Then |A||Cy(A)|=|B||Cy(B)|
for each subgroup B of A. Although this fact appears well known, I supply a proof. Let
C4(V)<B<A. Then |A|=|BCy(B)| and Cy(4)=ANV by the maximality of |A[, so
|A:Bjz|Cy(B) :Cy(A)|. This completes the proof.
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(2) L=(P)SL,2™), Sp,2™), m=1, or AG, and Ng(L) contains an element
which interchanges the two nontrivial parabolic subgroups of L containing
SAL;

3 EEAzmH, m=2,

PrOOF. If G is 2-isolated, then G=L =SL,(2™). Therefore, assume that G
is not 2-isolated. We may also assume L#SL,(2). If none of (1), (2), and (3)
holds, then the set % of all maximal subgroups of G of odd index controls Sylow
2-intersections in G by 2.2, 2.3, and 1.7. Let % be the set of the inverse images
of all elements of 7. Since G is not 2-isolated and .H controls Sylow 2-inter-
sections in G, it follows that .# controls Sylow 2-intersections in G. As each
member of . is C-regular by (a), G is C-regular, a contradiction.

(g) One of the following holds:

(1) L=SL,2™), m=1, and V(L) is induced by the natural GF(2)SLy(2™)-
module;

(2) L=Asms, m=2, and V(L) is induced by the natural GF(2)Agm-module.

PROOF. As G is C-singular, Cy(S)=0(Z(S))#Cy(G). So [Cy(S), L]+0 and
Case (2) of (f) does not occur by 3.6. The definition of L in the proof of (e),
3.1, and 3.7.2 show that (1) or (2) holds.

th) The following holds:

(1) S 7s contained in a unique maximal subgroup of G;

(2) <Ce(SH+#0G.

PROOF. (1) follows from (c.4) and the structure of G described in (e) and
(g), as a Sylow 2-subgroup of SL,(2™) (resp. Asm.,) is contained in a unique
maximal subgroup of SL.(2™) (resp. Asms+1). As G is C-singular, each member
of Cs(S) is a proper subgroup of G containing S. So (2) follows from (1).

(1) G=K(G).

PROOF. Let M=K(G), T=S"\M, R=0,M), W=Q,(Z(R)), and D=C,W).
As K(T)=K(S) and Nu(QuZ(T)<Nu(T)Cy(Q(Z(S))), <Cu(T)H<LCs(S)). As
JM=J(S)LC by (d), M is not 2-closed, and so G=MS by (c.1). So M+#LC(T)>
by (h.2), and it follows from 1.5 that M is C-singular. Therefore, if G#M,
then M has a C-singular subgroup X with respect to 7 by the minimality of G.
Now, [Q, M1<Q\M=R and [V, MI<V\R=V~W. So

O*Cu(VAW)<CNM,

and [V, X1<[Q, X1<W. 1If [W, X]<V, then [V, X]1=[Q, X]=[W, X1, and
X is a C-singular subgroup of G with respect to S. So [W, X]<£V and, as X
acts irreducibly on W(X), [VW, X]=1. We conclude that

X<CnM.

As O¥D)XCNM and as O, (M/CN\M)=1 by (c.3), DKCn\M. Also, O,(M/D)<
CnM/D by (c.3). As ReSyl,(CnM) by (c.2), we conclude that
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CNM/D<O(M/D)
and that
O,(M/D)=1.

As J(T)=J(S)£D by (d), M/D, W)+@. Choose i< {0, 1} so that P¥M/D,W)
#=@. If i=0, let K/D=<LP¥M/D, W)>, and if i=1, let K/D=E(P¥M/D, W)).
As in the proof of (e), we have that G=KS and so

XD/DLCNM/D<O(K/D).

If /=1, then XD/D<Z(K/D), which is a contradiction as X acts irreducibly on
W(X). So =0 and K/D=],/DX --- XJ./D, where J,/D=SL,2) and [, -+, Jax
are all conjugate in G (as in the proof of (e)). In particular, M/D=0; ,(M/D)
and so PM/D, W)=P,M/D, W). Therefore, J(M)D/D<LP(M/D, W))=K/D
by 3.2. As J(M)D/D contains an element of @¥M/D, W), J;/DLJM)D/D for
some ¢ by 3.1. We conclude that K/D=J(M)D/D. Similarly, we have N/C=
J(G)C/C and so, as J(M)=J(G), N/C=(K/D)/(C~\M/D). As both N/C and K/D
are direct products of SL.(2)’s and as CN\M/D<O(K/D), we must have CN\M
=D. But then [W, X]=1, a contradiction.

() G=SL,2™), m=1, and V(G) is induced by the natural GF(2)SL.(2™)-
module.

PROOF. As TS <@, V), CrK@(S, V)L CrJEN<UZAS)). So K(S)<
Cs(Cy(<@(S, V)>)), and it follows from 3.7.1 that K(S)<Ng(L).® Therefore,
L<G by (i). If Case (1) of (g) occurs, then K(S)<L by 3.7.3; so G=L and we
are done. Therefore, assume that (2) of (g) holds. Then G=X:m.; and K(S)
is contained in the subgroup T of S generated by the transpositions in S by
3.7.4. Let “H be the set of all subgroups X of G containing C such that either
X=SunX3; or X=3,XP, where P&Syly(Xem-s). Then the set {X; X<}
controls Sylow 2-intersections in G by 2.4 and so G=<(H(S)> by 1.5. If X<
HM(S), then T<SNX by the structure of X. So K(S)<SNX, and X is C-regular
by (a). In particular, X=<Cx(SNX)> by 1.5. As K(S)=K(ESNX) and
Nx(QUZSNXN<N(SNX)Cx(2,(Z(S))), we conclude that X< <{Cg(S)>. But
then G=<Cg(S)>, contrary to (h.2).

k) [Q, O(G)I&LV.

PrROOF. Assume [@Q, O¥(G)I<V. Let X be a J(S)-invariant subgroup of G
minimal subject to the condition O%G)=X. Then X is a C-singular subgroup of
G with respect to S by (j).

(1) S=K(S).

PROOF. Let Z=Q,(Z(J(S))) and W=V Z. Choose g=G and A= A(S) so that
G=<S, S& and ALC (this is possible by (d), (h), and (j)). Then |A:QNA|=

(5) L is the complete inverse image of L.
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|V :VNA|=2™ by 3.5; so B=V(QNA)eAS) and S=QA. Therefore, VA
<Z<QNA. Now since Bf=JA(S) and B#<Q, it follows that W<B#f and so
(W, A*]1<[B%, A¢]<Ve=V. As G=<S, A%), we have WG and so W=V Z5.
As V=(VAXV A% by 3.5, W=(V\A)Z#% and we conclude that Z=(V\A)-
(ZNZ8)<QZSNZNZ5). Now since G=<XK(S), K(S%), @>, it follows that
ZNZEG and so ZN\Z4<Z(G) by (i). Therefore, Z=Q,(Z(S)) and S=K(S).

We have shown that G=g(S) and S=K(S). The proof of 4.5 is, therefore,
complete.

4.6 COROLLARY. Under Hypothesis 4.3, if S<Syly(G), then the following
holds :

(1) Ng(J(S)) is C-regular;

(2) if G is C-singular, then so is J(G)S.

PrOOF. As Ng(J(S)) can not have a C-singular subgroup, Ng(J(S)) is C-
regular by 4.5. As G=J(G)SNs(J(S)), (2) follows from (1) and 1.12.

4.7 DEFINITION. A 2-component of a finite group G is a subnormal subgroup
B of G such that B=0%*B) and B/O,(B) is quasisimple or of odd prime order
(Gorenstein and Walter [15] used the term ‘2-component’ in a different sense).
A 2-component B of G is of Aschbacher type if

(1) there exists a unique noncentral chief factor U of B within O,(B),

(2) B=B/0,(B)=SL,2™) or Ayn_,, m=2, and

(3) when considered a GF(2)B-module, U is induced by the natural GF(2)-
SLy(2™)-module or by the natural GF(2)A,,._,-module.

4.8 LEMMA. If B is a 2-component of a finite group G, then [Oy(G), B]=
[0:(B), B].

PROOF. As B<<0,(G)B, B=0%0,(G)B) and so 0,(G)<Ng4xB). Therefore,
[0:(G), BI<Oy(B)<O4(G). As B=0%B), [0G), B]=[0B), B].

4.9 LEMMA. Let G be a simple group such that G=Chev(2) or G=A,, n=5.
Then there is no nontrivial 2'-automorphism of G centralizing a Sylow 2-subgroup
of G.

PrROOF. - When G=A,, n=6, the assertion follows from the fact that a Sylow
2-subgroup of A, (n=6) is self-normalizing in A, (a proof of this will be given
in [13]). Therefore, assume G<=Chev(2). Let S&Syl,(G) and choose representa-
tives M,, .-+, M, of all conjugacy classes of maximal 2-local subgroups of G so
that O,(M;)<S for each ;. If a nontrivial 2’-automorphism « of G centralizes
S, then as Cy (Ox(M)<Oy(M,), a centralizes M;. So H=<M,, -, M;> is a
proper subgroup of G, and as is well known, H is strongly embedded in G.
Therefore, G=SL,(2™), PSU,2™), or Sz(2?™-!), m=2. We can now verify 4.9
using the well known structure of the automorphism groups of these simple groups.
(We remark that the above argument applies to all simple groups of characteristic

2 type.)
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4.10 THEOREM. Under Hypothesis 4.3, if G is C-singular, then G has a 2-
component B of Aschbacher type such that [Oy(G), B1<Q(Z(Oy(G))).

PROOF. Let G be a minimal counterexample. Furthermore, let S<Syl.(G),
Q=0G), V=0(Z(Q)), C=C4(V), and G=G/C. We shall derive a contradiction
in a series of reductions.

(@) 0x(G)=1 and Q<Syly(C).

PrROOF. Let N/C be a normal 2-subgroup of G/C. Assume Q& Syl,(N), and
let T=S~N and H=NgT). Then G=HCS and H#+G. As CSis C-regular, H
is C-singular by 1.12, and so H has a 2-component B of Aschbacher type such
that [O,(H), B]<Q,(Z(0,(H))) by the minimality of G. As T<O,(H), [Q, B]<
[T, BI1<V. So [C, B]<Ci(Q/V)<Q and, as B=0*BQ), N=CT<NgB). As
G=NH, B is subnormal in G and so B is a 2-component of G of Aschbacher
type with [Q, B]1<V. Therefore, we must have Q<Syly,(N), proving (a).

(b) G has a 2-component B such that [Q, B1<V and such that B/O,(B)e
Chev(2)— {SLy(2™), (P)SU3(2™), Sz(22™-); m=2} or B/Oy(B)=Asm, m=3, or else
B/Oy(B)=A, and |[V, B]|=16.

PrROOF. Let L,=Cqx(Q/V) and H,=L,SC. Choose a C-singular subgroup X
of G with respect to S, whose existence was proved in 4.5. For n=1, 2, ---,
define inductively L,=<X""-'> and H,=L,SC. Then H, is a subgroup, L.,
<H,, and L,,<L,. Therefore, L,<<{G. Choose n so that L,=L,.;. Let
H=H,, L=L,, P/C=0,H/C), and W=C,(P). As O,(LC/C)=1 by (a), [P, LC]
<PNLC=C and so Crc.(W)=C by the AX B-lemma. Therefore, Cx(W)=P as
H/LC is a 2-group. Now [W, X1#1 and X acts irreducibly on V(X). So
[Q, X1<[V, X1<W. Since L=<X*#), we conclude that [Q, LI<W.

As [X, J(S)]J=XLP, J(S)LP. Therefore, W is a faithful GF(2)(H/P)-module
and ®(H/P, W)+ @. Choose i={0, 1} so that @¥H/P, W)+ @. If =0, define
J/P=<LP¥H/P, W)y while if i=1, define J/P=E(®*¥H/P, W)»). Then J/P is a
central product of subgroups K,/P, ---, K,/P, and either K;/P=SL.(2) for each
i or K;/P is quasisimple for each 7 by 3.1 and 3.3. Let B=0O*K,~L). Then,
as Co(Q/V)<Q, B is a 2-component of G such that [@Q, B]<W, and either
B/0O(B)=A; or B/O,(B)=K,/P is quasisimple. If B/OyB) is quasisimple, then
B/0,(B)=Chev(2)— {(P)SU,(2™), Sz(2°™-Y); m=2} or B/OyB)=A,, n=7, by 4.3
and 4.4.

Assume B/Oy(B)=SL,2™) or As;n_, m=2. Then W(B/O,B)=W(K,/P) is
induced by the natural GF(2)SL,(2™)-module or by the natural GF(2)A;.,_,-module,
or else B/O,(B)=A, and [W, B]=[W, K,/P] has order 16 by 3.1 and 3.7. As
(W, B1=[V, B]=[Q, B]=[0(B), B] by 4.8, either B is of Aschbacher type or
B/O,(B)=A, and |[V, B]|=16.

(¢c) Let B be a 2-component of G as described in (b). Then G=<(B%S.

ProOOF. Let N=<(B%), T=S~\NQ, and H=Ng(T). Assume G#NS. If NS
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is C-singular, then NS has a 2-component B of Aschbacher type with [O,(NS), B]
<O(Z(OL(NS))). As B<LN, B is a 2-component of G, and [Q, B]<V. There-
fore, NS is C-regular and, as G=HNS, H is C-singular by 1.12. As H+G, H
has a 2-component D of Aschbacher type such that [T, DIJ<V. In particular,
[T, D]1<Q and so [N, D]<Q by 4.9. As G=NH, DQ<<G. Therefore, D is
a 2-component of G of Aschbacher type and [Q, D]<V.

(d C=0.

ProOF. Let N=(B® where B is as in (b). Then C<NQ by (a) and (c).
As CNNZC(Q/V)LQ, C=Q(CNN)=0Q.

(e) G is C-regular.

PrOOF. Let B be as in (b) and set N=(B%. Assume B/O,B)eChev(2)—
{SLy2™), (P)SU4(2™), Sz(22™-1): m=2} or B/OyB)=Asn, m=3. G satisfies Hy-
pothesis 2.1 by (c). Therefore, Sylow 2-intersections in G are controlled by the
set . of all proper subgroups M such that |G : M| is odd and OXCz(O,(M))<
Z(N) by 1.7, 2.2, 2.3, and 3.6. Let % be the set of the inverse images of the
elements of . Then .# controls Sylow 2-intersections in G as G is not 2-
isolated. (The above argument was used in the proof of 4.5, the steps (f) and
(g).) Suppose Me M and M is C-singular. Then M has a 2-component D of
Aschbacher type such that [Oy(M), D]<Q(Z(O(M))). As [0(M), D]=1 by (d),
D<Z(N). This is a contradiction as D acts irreducibly on V(D) by 4.8. So
each member of # is C-regular, and it follows that G is C-regular.

Assume B/Oy(B)=A,. In this case, N=B,Xx --- X B, with B; =A, for each
7, and Sylow 2-intersections in G are controlled by the set % of all proper sub-
groups M such that |G : M| is odd and O¥Cz(O,(M)) =1 or <%, ---, %>, where
%; is a 3-cycle in B; by 2.3. Sylow 2-intersections in G are again controlled by
the set M of the inverse images of elements of .#. Suppose M. and M is
C-singular. Then M has a 2-component D of Aschbacher type such that
D<(#, -, 4>, where %; is a 3-cycle in B;. Since B, acts irreducibly on
[V, B,], it follows that [V, N]=[V, B,J® - @[V, B;]. Also, %; acts fixed-point-
freely on [V, B;]. Therefore, |[V, D]|=|[V, B,]|=16. This is a contradiction
as |[V, D]|=4. Therefore, each member of # is C-regular, and so is G.

We have derived a contradiction, proving 4.10.

4.11 THEOREM. Under Hypothesis 4.3, if G is C-singular, then G has a 2-
component B of Aschbacher type such that [O.(G), B]<Q(Z(0G)) and B=
[B, K(S)1=[B, J(S)] for any SeSyly(G).

PRrROOF. Let SeSyly(G), Q=04G), V=0,(Z(Q)), and C=Cq(V). It follows
from 4.6 and 4.10 that G has a 2-component B of Aschbacher type such that
[Q, B1<V and B<J(G). As [V, B]=[Q, B]=[04(B), B] by 4.8, 3.7.1 shows
J(S)KNG(BC). As B=0%Cpc(Q/V)), J(S)XNgB). Therefore, BIJ(G).

Suppose [B, J(S)J<B. Then [B, J(S)J<O04(B). As B acts irreducibly on
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V(B), LV(B), J(S)]=1. But then, as J(G)=<J(S)®>, [V(B), J(G)]=1, a contra-
diction. Therefore, [ B, J(S)]=B. It then follows from 3.7.1 that K(S)<Ng(B).
Therefore, [B, K(S)]=B.

Concluding remarks.

Suppose the C,(S) in are defined by using fixed characteristic
pairs T, T, of Glauberman-Niles type for all 2-groups T satisfying T=K(T).
Then shows that Sylow 2-intersections in a group G of even order
are controlled by the set consisting of

Co(CASINQZ(S)),  (SESYl(G)),
No(Cu(S)),  (SeSyl(G)), and
the C-singular maximal 2-local subgroups.

Suppose further that G is of characteristic 2 type and that each simple section
of each 2-local subgroup of G is of known type. Then each maximal 2-local
subgroup M of G satisfies Hypothesis 4.3 (with G replaced by M). Hence if M
is C-singular, shows that M has a 2-component B of Aschbacher
type such that [O,(M), B1<Q,(Z(0,(M))) and B=[B, K(R)]=[B, J(R)] for each
ReSyly(M). Let us call such a 2-component B an Aschbacher block of M. By
the theorems 1.4 and 1.5, control of Sylow 2-intersections implies control of 2-
fusion and 2-factorizations. Thus, we obtain the following result.

THEOREM. Let S be a nonidentity 2-group, T=K(S), and (T, T,) a charac-
teristic pair of Glauberman-Niles type for T. Let G be a group of characteristic
2 type such that S<Syly(G) and suppose each simple section of each 2-local sub-
group of G is of known type. Then Sylow 2-intersections and 2-fusion in G are
controlled by the set consisting of

the conjugates of Ca(TiNQ(Z(S))),
the conjugates of Ng(Ts), and
the maximal 2-local subgroups of G having an Aschbacher block.

If furthermore G is not 2-isolated, then G is generated by Co(TN\Q(Z(S))), Na(T ),
and the maximal 2-local subgroups M of G with an Aschbacher block such that
SN\MeSyl,(M).

The theorems of Aschbacher and McBride mentioned in the introduction are
immediate corollaries of the above theorem.
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