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Introduction.

A quaternionic Kihler manifold (M, g, A) is a Riemannian manifold (M, g)
together with a coefficient bundle H of quaternions. The twistor space Z of
(M, g, H), which is a complex manifold fibring over M, has a natural complex
contact structure y and a natural Einstein pseudo-K&hler metric g, provided
that (M, g) has non-zero scalar curvature (Salamon [8]). In this note we shall
study the automorphism groups of these structures.

Let Aut(M, g, H) and Aut(Z, 7, 2) denote the group of automorphisms of
(M, g, H) and the one of isometric contact automorphisms of (Z, 7, g) respec-
tively. Then each element in Aut(M, g, H) can be lifted to an element in
Aut(Z, v, 3 in a natural way. We show first that the lifting homomorphism
Aut(M, g, H)—Aut(Z, 1, g) is an isomorphism (Theorem 3.1).

Let a(Z, v) and a(Z, 7, @) be the Lie algebra of infinitesimal contact auto-
morphisms of (Z, r) and the one of infinitesimal isometric contact automorphisms
of (Z, y, @) respectively. We prove next that a(Z, y) is the complexification of
a(Z, v, 8 (Corollary 2 to [Theorem 32). This may be viewed as an analogue
to the theorem of Matsushima to the effect that the Lie algebra of holomorphic
vector fields on a compact Einstein Kdhler manifold is the complexification of
the Lie algebra of Killing vector fields.

Lastly we study a certain uniqueness of quaternionic Kéhler structures. We
prove: Suppose that a compact complex contact manifold M admits a Kdhler
metric and has the vanishing first integral homology. Then a complex contact
structure on M is unique up to automorphisms of M (Theorem 1.7). Making use
of this and previous results we show the following uniqueness: Let compact
quaternionic Kdhler manifolds (M, g, H) and (M’, g’, H') with positive scalar
curvatures have the same twistor space Z. Suppose that Z is a kdhlerian C-space
of Boothby type (see §1 for the definition). Then (M, g, H) and (M’, g’, H")
are equivalent to each other (Theorem 4.2). Note that all the known examples
of twistor spaces of compact quaternionic Kdhler manifolds with positive scalar
curvature are kihlerian C-spaces of Boothby type.
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§1. Complex contact structures.

In this section we recall the basic results on complex contact structures
and prove a uniqueness theorem for complex contact structures on certain
kdhlerian manifolds.

Let M be a (connected) complex manifold of odd dimension 2n+1. By a
system of contact forms on M we mean an open cover {U;} of M together with
a system of holomorphic 1-forms {r;} such that

(1.1) each 7, is defined on U; and y; A(dy)"+0 everywhere on U, ; and

(1.2) we have y,=f;;7; on UNU,;, where f,;; is a holomorphic function on
UNU,.

Two systems of contact forms {U,, 7;} and {V,, 0;} are said to define the same
complex contact structure if y;=h;;0; on U;N\V,, where h;; is a holomorphic
function on U;N\V;. A pair (M, 7) of a complex manifold M and a complex
contact structure y on M is called a complex contact manifold. Given a complex
contact structure y on M defined by contact forms {U,, 7;}, we define a holo-
morphic subbundle E, of the (holomorphic) tangent bundle TM by

(Ep)e =A{XET M ; 74(X)=0} if xeU;.

Let L,=TM/E, be the quotient line bundle and w,: TM—L, the natural pro-
jection, so that we have an exact sequence

(1.3) 0—>E,—>TM —> L, —> 0

of holomorphic vector bundles over M.

Let (M, y) and (M’, 7) be complex contact manifolds. By a contact iso-
morphism @ : (M, y)—(M’, ') we mean a holomorphic diffeomorphism ¢ : M— M’
such that the differential ¢4: TM— TM’ induces an isomorphism E,—E,. For
a complex contact manifold (M, 7) a contact isomorphism of (M, y) onto itself is
called a contact automorphism. Denote by Aut(M, y) the group of all contact
automorphisms of (M, 7). It is a complex Lie group if M is compact (Boothby
[4]). A holomorphic vector field on M is called an infinitesimal contact auto-
morphism of (M, y) if it generates a local flow of (local) contact automorphisms
of (M, 7). Let a(M, y) denote the complex Lie algebra of all infinitesimal
contact automorphisms of (M, 7). If M is compact, a(M, y) is identified with
Lie Aut(M, 7), the Lie algebra of Aut(M, 7).
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In what follows we recall some basic results on complex contact structures

(cf. Kobayashi [6], [7], Boothby [4]). Let (M, 7) be a complex contact manifold
of dimension 2n-+1 with 7 defined by contact forms {U;, 7:}.

THEOREM 1.1. The system {U;, dy;} induces a non-degenerate alternating
holomorphic pairing :

E,XE,—> L,.
THEOREM 1.2. The canonical line bundle Ky=/N\*""T*M of M is holo-
morphically isomorphic to Ly ™+, In particular, first Chern classes ¢, satisfy
(M) = (n+1c,(L,).
Let #:P,—M be the holomorphic C*-bundle associated to L, i.e., the

bundle of frames of L,, and denote by R, the right action of a=C* on P,. We
define a holomorphic 1-form #, on P, by

0, X) =u'w,(#:X) for XeT.,P,, uch,,
and call it the canonical 1-form on P,. We put 6,=d0,.
THEOREM 1.3. We write P, § for P, 0,. We have then

(1.4) 6 is semi-basic, i.e., 8 is annihilated by the contraction of any wvertical
vector of P;

(1.5) Ri0=a"'0 for each a=C*; and
(1.6) ©=d@ is a symplectic 2-form on P.

Now we fix a complex manifold M of odd dimension and denote by C(M) the
set of all complex contact structures on M. Note that the group Aut(M) of all
holomorphic automorphisms of M acts on C(M) in a natural way. Next let us
consider a pair (P, 8) of holomorphic C*-bundle P over M and a holomorphic
1-form 6 on P satisfying (1.4), (1.5) and (1.6). Two such pairs (P, §) and
(P’, ") are said to be equivalent if there exists a holomorphic C*-bundle iso-
morphism @ : P— P’ inducing the identity on M such that @*8’=6. The set
of all equivalence classes of such pairs is denoted by @(M).

THEOREM 1.4. The correspondence y— (P,, 0,) induces a bijection C(M)—P(M).

Let (M, 7) be a complex contact manifold. For each ¢=Aut(M, 7) there
exists uniquely a holomorphic bundle automorphism @4 of L, such that Tyo O
=g4>®w, on TM. We define a map ¢: P,—P, by

dw) = ggou  for ueskh,,
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which is a holomorphic C*-bundle automorphism of P, such that #e¢=g-z.
This is called the prolongation of ¢. We denote by Aut(P, 6,) the group of all
holomorphic C*-bundle automorphisms @ of P, (not necessarily inducing the
identity on M) with @*@,=6,. Moreover let a(P, 6,) be the complex Lie
algebra of all holomorphic vector fields X on P, such that the local flow
generated by X is contained (locally) in Aut(P,, §,), which is the same as that
R« X=X for each a€C* and .Ly0,=0, where .L denotes the Lie derivation.
If M is compact, Aut(P, 6,) is a complex Lie group with Lie Aut(P,, 6,)=
a(P,, §,). For each ¢=Aut(M, 7) the prolongation ¢ belongs to Aut(P, 6,), and
hence we have a homomorphism Aut(M, y)->Aut(P, §,), which is called the
prolongation. This gives rise to a homomorphism a(M, y)>a(P,, 4,), which is
called the infinitesimal prolongation.

THEOREM 1.5. The prolongation Aut(M, y)>Aut(P,, 8,) is an isomorphism,
which is a complex Lie isomorphism if M is compact. Therefore the infinitesimal
prolongation a(M, )>a(P,, 6,) is also an isomorphism.

THEOREM 1.6. Let I'(L,) be the space of all holomorphic sections of L., and
define a linear map w,:aM, )—I'(L,) by

W (X)(x) =W, (X)) for XealM, ), xeM.
Then @, is an isomorphism.

COROLLARY. Let F(P,) be the space of all holomorphic functions ¢ on P,
such that

olu-a) = a‘a(u) for each u€P, acC*,
For each o= F(P,) a holomorphic vector field X on P, is uniquely determined by
((X)0,+de =0,

where «(X) denotes the coniraction by X. Then the correspondence 6— X gives a
linear isomorphism F(P,)—a(P,, 6,).

PROOF. For each s=I'(L,) the holomorphic function ¢ on P, defined by
o(u)=u"*s(z(u)) is a function in F(P,), and the correspondence s—a¢ gives a
linear isomorphism I'(L,)— F(P,). Therefore the corollary follows from Theo-
rems 1.5, 1.6 and the familiar identity ¢«(X)ed+d-c(X)=.Lx. g.e.d.

A complex contact manifold (M, 7) is said to be homogeneous if Aut(M, 7)
acts transitively on M. A complex manifold is said to be kdhlerian if it
admits a Kdhler metric.

ExaMPLE 1.1 (Beothby [4], [5]). Let g be a complex simple Lie algebra.
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Take a Cartan subalgebra % of g and identify the root system of g with a
subset of the real part bz of § by means of the Killing form (,) of g. Let
a,=9r be the highest root with respect to a linear order on Y and put
H,=2/(a,, ay)a,. Denoting by g, the A-eigenspace of ad(H,) in g, we define a
subalgebra u of g by

U= got+8:+Gz.

Let G be the connected complex Lie group with the trivial center such that
Lie G=g, and U the normalizer of 1in G. Then the quotient complex manifold

M=G/U

is compact, simply connected and kahlerian. It is called a kdhlerian C-space of
Boothby type. It is shown that M has always odd dimension and that g,+ {0}.
Choose E<=g, with E=0 and define a linear form 6* on g by

*(X) =(E, X) for Xeg.
Put
Uy={asCG ; Adle)E=E}.

Then U, is a normal subgroup of U and the quotient group U/U, is identified
with C*. Thus the quotient complex manifold

P=G/U,

has a natural structure of a holomorphic C*-bundle over M. And there exists
a holomorphic 1-form 6 on P whose pull back to G is equal to #*, 6* being
regarded as a left G-invariant 1-form on G. Furthermore it is verified that 8
satisfies (1.4), (1.5) and (1.6). Thus by @ determines a complex

contact structure y on M. Our correspondence
g—> (M, 7)

induces a bijection from the set of all isomorphism classes of complex simple
Lie algebras onto the set of all contact isomorphism classes of compact simply
connected homogeneous complex contact manifolds. Actually we have g=
Lie Aut(M, 7) in the above construction.

A complex contact structure on a kihlerian C-space of Boothby type is
essentially unique, because we have the following theorem.

THEOREM 1.7. Let (M, 7,) be a compact complex contact manifold. Suppose
that M is kdhlerian and H,(M, Z)={0}. Then Aut(M) acts transitively on C(M).

PrOOF. Let h??=dim HYM, 27) and b, = the r-th Betti number of M.
Since M is compact kdhlerian, we have
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b= 3 hPa P T = ROP,

pig=

In particular, by H,(M, Z)={0} we get b;=0 and hence
1.7 h*t=0.

We put
L=L,, P=P,.

Take an arbitrary yec(M). By we have (n+1)c(L)=c,(M),
where dim M=2n-+1. Therefore we have
(1.8) (n+1)ei(Ly) = (n+1ey(L).

On the other hand, the exact sequence

0 zZ C Cc* 0

of abelian groups yields the cohomology exact sequence

C
HY(M, ©) —> H\M, %) —> HXM, Z),
where dim H*(M, ©)=h**=0 by [(1.7). Thus we get the exact sequence

C
(1.9) 0 —> H\(M, 0%) —> H¥M, Z).

Moreover the assumption H,(M, Z)={0} together with the universal coefficient
theorem implies that H2*(M, Z) has no torsion. Hence by and [1.9) we
have

(1.10) L,=L for each recM).

Next let U be the set of all holomorphic 1-forms # on P satisfying (1.4),
(1.5) and (1.6). Then € is invariant under the multiplication by C*, and the
quotient

UM) = U /C*

is identified with C(M) by and the compactness of M. We
identify the space of all holomorphic 1-forms €& on P satisfying (1.4) and (1.5)
with the space I'(M, T*M®L) of all holomorphic sections of T*M®L, and
thus @CF(M, T*M®L). In the same way we identify I'(M, A T*MKQL™*?)
with the space of all semi-basic holomorphic (2n-+1)-forms a on P such that
R¥a=a-"*Vq for each a=C*. We fix an isomorphism & from the anticanonical

line bundle K} onto L™*! (cf. [Theorem 1.2). We have then
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LM, A HT*MQ L™ = (M, Ku®L™)
—":'N} M, Ky@KE) =T'(M, 1) =C.

Here #* is given as follows. Fix a point x,€M and v,&(Kjf)., with v,#0.
Let §o=(Ky)., satisfy <v,, §,»=1, where (,) is the pairing between K;f and
Ky. Then for acl'(M, Ky&QL""), regarded as a homomorphism «a: KjF— L+,
we have

£*(a) = &7 a,)), & .
Now we define a map F:I'(M, T*MKL)—C by

*

K
F@) = ondoO" € I'M, \P"HT*MRQL™) = C,
explicitly, by
F(0) = & TLONAN™ ()], Eoy for 6I’(M, T*MKQL).

It is a homogeneous holomorphic function on I'(M, T*M®L) of degree n-1
such that F(8)=0 if and only if df is a symplectic 2-form on P. Therefore
F+0 (since F(,)+0) and U is given by

CE] =z {0EP(1\/[, T*1M®L) ; ]*‘(0):#0} .

Hence 9 is a C*-invariant open connected subset of I'(M, T*M®L). It follows
that U(M) is identified with an open connected subset of the projective space
P(I'(M, T*M®L)) associated to I'(M, T*M&L). Let Aut(L) denote the complex
Lie group of all holomorphic bundle automorphisms of [ (not necessarily
inducing the identity on M). Then we have an exact sequence

o
1 — C* —> Aut(L) —> Aut(M) —> 1

of complex Lie groups, where p is the natural homomorphism. Here the sur-
jectivity of p follows from [1.10). For each g=Aut(M) we choose an element
sg€eAut(L) with p(s,)=g. Then the tensor product of the natural action of g
on T*M with s, induces a linear action of g on I'(M, T*M®L), and hence it
induces a projective action of g on PU'(M, T*MQL)), which leaves U(M)
invariant. Under our identification of (M) with C(M), the action of g on
U(M) defined in the above way corresponds to the natural action of g on
C(M). Note that our action of Aut(M) on U(M) is holomorphic, since the
bundle p: Aut(L)—Aut(M) has a local holomorphic section g— s, around each
point of Aut(M). Therefore it suffices to show the transitivity of Aut(M) on
U(M).

Let yeC(M) be arbitrary. Dualizing the exact sequence and tensoring
L, we get an exact sequence
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0—1—T*MQL, — EfQL, —> 0.
In the associated cohomology exact sequence
0—I'M, 1) — I'M, T*MQL,) —> I'M, E¥QL,) —> H'M, 0),
we have I'(M, 1)=C and H*M, 0)={0} by [1.7). Therefore
dimI'(M, T*M®L,) =dim ['(M, E¥QL,)+1,

and hence dim UM)=dim I'(M, E¥QL,). But, by tensoring L;' to the pairing
E,XE,—~L, in [Theorem 1.1, we get a non-degenerate holomorphic pairing
E,QE,QL7")—1. Thus E,=(E,QL;)*=EF¥QL,. Therefore we have

(1.11) dimUM) =dimI'(M, E,).

On the other hand, in the cohomology exact sequence

w
0 —> I'(M, E,) —> I'(M, TM) —> I'(M, L,)

associated to [1.3), we have I'(M, TM)=Lie Aut(M), and by
I'(‘M, L,)=Lie Aut(M, ) and @, is surjective. Hence, together with we
get

dim U(M) = dim Aut(M)—dim Aut(M, 7) for each yecC(M).

It follows that Aut(M) acts on U(M) locally transitively at each point of U(M).
Since W(M) is connected, we obtain the transitivity of Aut(M) on UM).

q.e.d.

REMARK. As is seen from the proof, the assumptions in the theorem may
be replaced by “ H\(M, Z) has no torsion and H'(M, ©)={0}".

§ 2. Quaternionic Kihler manifolds.

In this section we give the definition of quaternionic K&hler manifolds and
recall some basic results on them.

We denote by H the algebra of real quaternions and by JImHCH the
subspace of pure imaginary quaternions. Let (M, g) be a Riemannian manifold
of dimension 4n. A subalgebra bundle H of the bundle End(TM) of endo-

morphisms of the tangent bundle TM is called a quaternionic Kdhler structure
on (M, g) if

(2.1) for each point x=AM there is an open set U of M with xeU such that

the restriction H|U to U is isomorphic to the product bundle U X H as algebra
bundles ;
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(2.2) denoting by 4=H the subbundle of H which corresponds to U X mH under
isomorphisms in (2.1), we have

gizX, Y)+g(X, zY)=0 for X, YeT M, z€(InH),;

and

(2.3) H is a parallel subbundle of End(TM) with respect to the connection
induced by the Riemannian connection V of (M, g).

Given such a structure H, the set P(H) of all orthonormal frames of (M, g) of
the form

{ely Iela jely Kel: vy, @y Iem jenv Ken} y

where e¢,€T,M and I, J, Ke(dmH), with I*=]?=—1, [J=—]JI=K, is a sub-
bundle of the orthonormal frame bundle O(M) with the structure group
Sp(n)Sp(1)C O(4n). Here Sp(n)Sp(l) is defined as follows. We identify H™ with
R and denote by o(Sp(1)) the subgroup of O(4n) of right multiplications by
Sp(l)y={heH;|h|=1}. Let Sp(n)CO(4n) be the centralizer of p(Sp(1)) in O(4n)
and define Sp(n)Sp(l) to be the product Sp(n)p(Sp(l)) in O(4n). Actually
Sp(n)Sp(1)CSO4n) and we have an exact sequence

1 —> Z, —> Sp(n)x Sp(1) —> Sp(n)Sp(1) —> 1.

By (2.3) the Riemannian connection V on O(M) reduces to the connection V on
P(H), and M has a natural orientation determined by the reduction P(H)C O(M).

The triple (M, g, H), where H is a quaternionic Kdhler structure on (M, g),
is called a gquaternionic Kdhler manifold in case n=2, and in case n=1 provided
that (M, g) is Einstein and anti-selfdual in the sense of Atiyah-Hitchin-Singer
[3] with respect to the natural orientation. It is known (Alekseevskii [1]) that
for a quaternionic Kéihler manifold (M, g, H), (M, g) is Einstein also in the
case n=2 and it is irreducible in the case where the (constant) scalar curvature
t+0. Let (M, g, H) and (M’, g’, H’) be quaternionic Kihler manifolds. By an
isomorphism (resp. equivalence) ¢: (M, g, H)—(M’, g’, H') we mean an isometry
(resp. homothety) ¢ : (M, g)—(M’, g’) such that ¢ Hpx'=H’. An automorphism
of (M, g, H), Aut(M, g, H) and a(M, g, H) are defined in the analogous way to
contact structures. The group Aut(M, g, H) is a Lie group, since it is a closed
subgroup of the group K(M, g) of all isometries of (M, g). If g is complete,
we have Lie Aut(M, g, H)=a(M, g, H). In the following in this section, (M, g, H)
will denote a quaternionic Kédhler manifold of dimension 4n.

We recall first another description of quaternionic Kéihler structures by
Salamon [8]. If a complex Sp(n)Xx Sp(l)-module V is given, we get a vector
bundle over M associated to P(H) with the induced connection, which will be
denoted by the corresponding boldface V. In general V is locally defined, but
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it is globally defined if, for example, the action of Sp(n)Xx Sp(l) factors through
Sp(n)Sp1). If V has an Sp(n) X Sp(l)-invariant structure, it carries over to the
fibres of V. For example, if V has an Sp(n)xSp(l)-invariant real structure
v—7, V has the induced real structure v»—®o. In this case the set of fixed
points of v—7 in V is a real vector bundle over M, which will be denoted
by V.

Let E be the standard complex Sp(n)-module of dimension 2n. It has an
Sp(n)-invariant antilinear map v—?7 with P=—v and an Sp(n)-invariant non-
degenerate alternating bilinear form wze A*E* such that wz(#, D)=wz(u, v) and
that {u, v)=wg(u, ¥) is a hermitian inner product on E. By a standard basis of
E we mean a unitary basis {e,, ---, e;n} With respect to {, ) such that &;,=e,.;
(1=27/=£n). We shall often identify £ with E£* by the map

2.4) vi—> wg(+, V).

Under this identification we have
(2.5) ®g =§E e; N\E; for a standard basis {e;}.

In case n=1 we write F for E. We regard £ and F as Sp(n)xSp(l)'-modules.
Then EQF has an Sp(n)Xx Sp(l)-invariant real structure defined by e@h=2Rh.
We put

T* = {ve EQF ; i=v},
8 = wrQur € SHEQF) = S*(T*)°),
where S*V denotes the symmetric product VVvV. Then g defines an Sp(n) X Sp(1)-
invariant inner product on T*, and we have a global identification
T*M = (EQF)g

including the metrics. Next we put T =FE*@F* and define an action of S*F
on T¢ by the composition

2.6) SPFQRTC s (FRF)QE*QF*) — (FRFHQE*QF)
| —> E*QF*=T¢

of the identification and the indicated contraction. We denote by (S2F)g
and T the real forms of S?F and T°¢ with respect to the real structures defined
by v—7. Then (S*F)p leaves T invariant and we have a global identification

@27 InH = (S*F)p

as subbundles of End(TM).
We define the twistor space Z of (M, g, H) by
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Z ={zeH ; 22=—1} = {z€9nH ; |z|*=4n},

where |-| means the fibre norm of End(TM) defined by g. Denote by ¢: Z—-M
the projection induced by the one of End(TM). The twistor space Z is an
St-bundle over M with the induced connection. Also it is described as follows.
Let

F, = F—{zero section},

and denote by p: F,—M the projection. We may define a (locally defined) map
n: Fy—Z with gez=p by
h)=-————~—=1hVh for heF,,

"= °
under the identification [2.7). We have n(h)=n=(h’) if and only if there exists
asC* with h’=h-a, and therefore Z is identified with the projective bundle
P(F)=F,/C* associated to F, which is a globally defined manifold. Under
this identification, Z,=F,),/C*=P(F,)=P,(C). Note that n:F,—Z is a
(locally defined) smooth C*-bundle. We define a complex structure on Z in the
following way. Decompose TF, as the sum

TF, = 4PV

of the horizontal distribution 4 and the vertical distribution <V for the induced
connection. For heF, with x=p(h), 4, is isomorphic to T .M through Dx
and C(}h-_ TwFy),.=F, Getting together the cornplex structure on 4, corre-
sponding to m(h) through p, and the natural complex structure on s, we
obtain a complex structure jh on T.F, It is known that the almost complex
structure J on F, thus obtained is integrable (Salamon [8]). Since J is invariant
under the action of C*, it can be pushed down to a globally defined integrable
almost complex structure J on Z=P(F), in such a way that = : F,—Z becomes
a (locally defined) holomorphic C*-bundle and that each Z, is a complex sub-
manifold biholomorphic to P,(C). Note that the space /\‘-"(JA[ ») of type (1, 0)
forms on 4, is given by

(2.8) NS ) = pH(E ,QCh) .

The antilinear map h—h of F, satisfies he a=h-a for each a=C*. Therefore
it induces an antiholomorphic involution = of Z with ger=¢. If Z is regarded
as ZCdnH, 7 is nothing but the antipodal map on each fibre Z,=S2 It is
called the canonical involution of Z.  Let Aut(Z) denote the group of all holo-
morphic automorphisms of Z, and put

Aut(Z, 7) = {p=Aut(Z) ; ¢gr=1¢} .
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For g=Aut(M, g, H) we define the /ift ¢ of ¢ by
$(2) = Pyzdy’ for ze ZCYInHCEnd(TM) .

Then ¢ belongs to Aut(Z, 7) and satisfies ged=q¢-g, and moreover ¢, leaves
invariant the horizontal distribution 4 in TZ. The homomorphism Aut(M, g, H)
SAut(Z, 7) is injective and called the lifting.

Let L-! denote the (locally defined) tautological holomorphic line bundle

over Z=P(F). Then L? is a globally defined holomorphic line bundle over Z.
Let Z,={+1}CC* and define

P:FO/ZZ;

which is a globally defined complex manifold. Let #:P—Z denote the pro-

jection induced by z. Denoting by {h} P the class of h&F,, we define a free
holomorphic action of C* on P by

{h}-a = {h-a~'?} for heF, a=C*.

Then #:P-Z is identified with the C*-bundle P(L?% associated to L% In fact,
for heF, with z=n(h), let £=(Ch)*=L, satisfy &h)=1. Then the correspond-
ence {h}—E&RE gives the required holomorphic C*-bundle isomorphism P—P(L?).
Next we define a (locally defined) smooth C-valued 1-form 6 on F, by

(X)) = wplce(X), h) for XeTF, heF,,

where ¢q: ToF—F,, x=p(h), is the connection map for the induced connection
¥V on F. It is invariant under the action of Z, on F,, and hence it is pushed
down to a globally defined 1-form # on P. Then & is holomorphic on P, i.e.,
it is a type (1, 0) form with d”8#=0 (Salamon [8], p. 154) and satisfies (1.4),
(1.5). Furthermore, if the scalar curvature ¢ of (M, g) is not zero, & satisfies
also (1.6). This follows from the formula (cf. Salamon [8], p. 155)

2.9) O = df = —2vp*(WeQ@hRh)—2dz' Ndz* at hel,,

where v=t/8n(n-+2) and (z!, z%) is the fibre coordinate of F' with respect to a
local standard basis {h,, h,} of F around x=p(h) with (VA,).=0. Therefore,
if t+0, by @ defines a complex contact structure y on Z with
L,=L* Note that we have E,=J4 by definition of §. It is called the canonical
complex contact structure on Z. We put

Aut(Z, v, 7) = Aut(Z, Y)NAut(Z, 7).

Then the lifting is an injective homomorphism Aut(M, g, H)—Aut(Z, 7, t), since
the lift of ¢=Aut(M, g, H) leaves 4 =EF, invariant.
Suppose again that (M, g) has non-zero scalar curvature ¢. The hermitian
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fibre metric on L-! induced by the metric wz(h, i) on F determines a globally
defined hermitian fibre metric « on L% We put

g, — Y1

Wy = 5 (curvature form of a),

which is a real closed 2-form on Z of type (1, 1), and then define a symmetric
2-tensor g, on Z by

2X, Y)=a,(/X,Y) for X, YeT,Z.

Finally we normalize it as

We have then (Salamon [8])

(2.10) g is a pseudo-Kidhler metric on Z of signature (2n41, 0) (resp. (2n, 1))
if +>0 (resp. t<0);

(2.11) g is invariant under the lifting of Aut(M, g, H);

(2.12) the horizontal distribution 4 and the vertical distribution <V in TZ are
orthogonal to each other with respect to g;

(2.13) g|Z, is the multiple by a constant ¢, of the Fubini-Study metric of
Z .,=P,(C), where ¢, is positive (resp. negative) if >0 (resp. t<0) and inde-
pendent of x=M ; and

(2.149) q:(Z, 3)—(M, g) is a pseudo-Riemannian submersion.

The pseudo-Kdhler metric g is uniquely determined by properties (2.12), (2.13)
and (2.14). We call g the canonical pseudo-Kdihler metric on Z. Actually g is
an Einstein pseudo-Kidhler metric. In fact, as in the proof of we
regard £=60 A(df)™ as an isomorphism K%— L*™*V  Let |-|} be the hermitian
fibre metric on K% corresponding to the pseudo-Kihler volume element of
(Z, Bo) and |-|} the fibre metric on L*"*V determined by a. We have then

le@)|; = 2™n!|v], for each veK%.

Recalling that the Ricci form 5, of g, is given by +/—1 g,=curvature form of
|-12%, we get po=2(n+1)@, Therefore g,is Einstein, and so g is also Einstein.

Finally we recall a linear map A: I'(L*)r—¥M, g) defined by Salamon, where
'(LYg is a real form of I'(L?® and (M, g) is the Lie algebra of all Killing
vector fields on (M, g). Recall that Z,=P(F,) and I'(Z,, L*|Z ;)= S?F¥=S*F,.
So the restriction to fibres gives an injective linear map ¢: I'(L*)—C>(S*F),
where C=(-) designates the space of smooth sections. We define
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I'(L¥r = ¢ [ (L)NC(S*F)r)] .

Next we define a differential operator 8 : C*(S*F)—C=((T*M)®) to be the covariant
derivation V:C®(S*F)—C=(S:FQQ(T*M)°) followed by the contraction

SFR(T*M)° =, (FRF)QEQF) - EQF = (T*M)°.

It is proved (Salamon [8]) that then the composition

0
2: T(LYg ‘g C=((S®F)g) —> C=(T*M) ——> C=(TM),

where the last map is the duality by means of g, sends I'(L?)y into f(M, g).

§3. Contact automorphisms of twistor spaces.

In this section (M, g, H) will be always a quaternionic Kdhler manifold of
dimension 4n with scalar curvature t+#0, and 7, 7, § be the canonical involution,
the canonical complex contact structure, the canonical pseudo-Kdhler metric on
the twistor space Z respectively. We put

Aut(Z, 7, g§) = Aut(Z, NnNK(Z, 3),

where K(Z, 3) denotes the group of all isometries of (Z, g). This is a Lie
group, since it is a closed subgroup of K(Z, g). In this section we shall study
the relationship between the groups Aut(M, g, H), Aut(Z, 7, g and Aut(Z, 7, 7).

Recall the a(Z, 7) is the complex Lie algebra of all holomorphic vector fields
X on Z such that the local flow generated by X is contained in Aut(Z, 7).
Here by a holomorphic vector field X on Z we mean a smooth vector field X
on Z such that £y/=0, and the complex structure of a(Z,j) is given by
X—JX. Let a(Z, 7, &) (resp. a(Z, v, t)) be the Lie algebra of all smooth vector
fields X on Z such that the local flow generated by X is contained in
Aut(Z, 7, g) (resp. in Aut(Z, 7, r)). They are real subalgebras of a(Z, ). If
g is complete, we have Lie Aut(Z, 7, g)=a(Z, 7, ). The lifting is an injective
homomorphism Aut(M, g, H)—Aut(Z, 7, g) in virtue of (2.11).

THEOREM 3.1. The lifting Aut(M, g, H)—> Aut(Z, y, g) is an isomorphism.

Proor. It suffices to show the surjectivity. Take an arbitrary ¢&
Aut(Z, 7, ). Since ¢=Aut(Z, 7), ¢« leaves invariant the horizontal distribution
4 =E, ‘Therefore, by (2.12) together with that = K(Z, ), ¢« leaves invariant
also the vertical distribution <. Hence ¢ sends each fibre of ¢ into a fibre of
g. Thus there exists a diffeomorphism ¢ of M with g-¢=¢-q. By (2.14) ¢ is
an isometry of (M, g). We shall show that ¢g=Aut(M, g, H) and ¢=¢.

Let p=g-#:P—M and ¢: P—P the prolongation of ¢ so that ped=¢ep.
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Take an arbitrary point of M and choose a sufficiently small neighbourhood U
of this point. Then there exists a holomorphic map @ : p~*(U)—p~*(U)) with
pe@=¢-p such that @ induces ¢:p-'(U)~p-¢pU)). For xeU we have
d({h}-a®=¢({h})-a~® for each he(F,), and a=C*. This means {@(h-a)}=
{®h)-a}, i.e., Ph-a)=+D(h)-a. Since C* is connected, we have

Oh-a) =Ph)-a for he(F,),, a=C*.

Noting that @ : P ) =(Fo)z>p HP(x))=(Fo)4zy is holomorphic, we conclude
that @ : (Fo),;—(Fo)y is C-linear at each xelU. That is, @: p~*(U)—p L))
is obtained as the restriction to p~'(U) of a smooth complex vector bundle
homomorphism F|{U—F|¢(U), which will be denoted again by @®. We prove

3.1) wp(D(h), D(k)) = wp(h, k) for h, keF,, x<U.

Since ¢=Aut(P, 0), ¢ leaves invariant d6 on P. Therefore @ leaves invariant
df on F,. We fix [e(F,),. By [2.9)] we have (d@),(h, F)=—2wr(h, k) for each
h, keT(F,),=F,. But, since @ is linear on F, we have the commutative
diagram

D
T(Fo)y—> T¢(1>(Fo)¢<x>

Ul AUl

F, —(D—) F¢(z) -
Thus the invariance of df reads —2wp(gp(h), P(k))=—2wr(h, k), which completes
the proof. The linear map @ : (Fy),—(F )4, with [3.1) induces ¢: Z,=P(F,)
—Z yy=PF ), which is a holomorphic isometry of the Fubini-Study metric
by (2.13). Therefore we have

(3.2) O =R  for he(F), xzel.

Now seeing we know that the horizontal distribution % and the vertical
distribution <V for p:F,—M are orthogonal to each other with respect to df
and that d@|CU X is non-degenerate. Hence the invariance of y under @4
implies that of 4 under ®@,. Therefore, for a fixed he(I,), we have the

commutative diagram
. @ i
(4P ()"
p*I Tp*
(TEM)C ——— (TH ., M)°.
(@*)?

Since @ is holomorphic, by we obtain the commutative diagram
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. (0¥ .

/\I'O(vﬂ[h) —> A1’0<ﬂ[¢(h))
(3.3) »*] [*

E.XRCh > By, QCO(h).

(i

Therefore there is a unique linear isomorphism ¥ : E,— E 4, such that
(3.4) @*) 1 (e@h) =¥ (e)RD(h) for each ec E,.
We prove
3.5) wr(e), U(f) =wgle, ) for e f€E;.

By the invariance of df under @ and [2.9], we get (Wg)gx»RP(MQDP(h)=
@*) N (@0p) :QhQh) =¥ (0r) ) QD(MQDP(h). Thus we have ¥((wr).)=(®r)yw,
which means [3.5). Next we show

(3.6) 0s@ @), T() = wgle, )  for e feE,.

In the same way as we have the commutative diagram
*)—1
AP I 2 ny) — > N H grnn)
E'.z®Ch — Egb(.v)@C@(h) .
@*)

Since ¢ is a holomorphic isometry of (Z, 3) and ¢ is a pseudo-Riemannian
submersion (2.14), for each &, ne E,QCh we have

(@M E), @H ) = glg*(¢g™) &), ¢ (n)
= (%) g*(&), ($%)'¢*(n) = g(g*©&), ¢*(}) = g&, 7).
Therefore we have

g (@ (h), T(HRQD() = g(e@h, fRh).

But, the left hand side equals

W (ORDMR), FHRDR) = ws@(e), U)o DHh), D)
= wg(¥(e), if?ﬁ)wp(h, h)

by [3.I), [3.2), and the right hand side equals wgle, f)wg(h, h), which implies
(3.6).

Now we have also a linear isomorphism ¥, : E,— E ., such that (gb*)“(e@ﬁ)
zqfl(e)@)@(fz) for each e £,. Since (¢*)~! is R-linear, we have (¢*)"(e®h)
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={g")(e®h), and hence ¥,@)RPH) =T (@)RD(h)=T QP (k) by [3.2]. On the
other hand, and imply ¥(&)=%(e). Thus we get ¥,=¥. Therefore
we have

3.7) @) Y(e@h) =T ()@P(h)  for each ecE,.
From and we conclude that
@H ' =TRD on (TiIM)*=E,QF,.

This means that if we identify (TM)¢ with EQF by the identifications
for E and F, we have

¢+ =¥RD on (T, M)°=E.QF,.
Moreover the action S!FRTC—T€ in (2.6) is given explicitly by
(hV k) (e@) = wr(h, De@k+wr(k, He@h
for h, b, leF and e E. These yield
3.8 DbV BYpxt = DNV O(k)  on (T,M)° for h, keF,.
In fact, for each e E,, [€F, we have
Px((hV k) (@) = wp(h, DT ()QD(k)+wr(k, DY (QD(h),
(D(R)V (k) (h+(eQL) = wp(D(h), DUNT ()QD(k)
+op(D(k), DT ()QD(h),

which are the same by [3.I) Now it follows from that ¢«(S*F)rdx*
- =(S5*F)g, which means ¢w(InH)d3'=9InH by [2.7). Therefore we have ¢,Hex!
=H, and hence ¢=Aut(M, g, H). That §=¢ follows also by [3.8]. q.e.d.

Recalling that the lifting sends Aut(M, g, H) into Aut(Z, 7, r), we obtain
the following corollary.

COROLLARY. Aut(Z, 7, §)CAut(Z, 1, 7).

REMARK. In the same way we can prove the following: Let (M,, g, H,)
and (M,, g,, H,) be quaternionic Kihler manifolds with non-zero scalar cur-
vature, and (Z,, 7,, @;) and (Z,, 7., Z,) their twistor spaces together with
canonical complex contact structure and canonical pseudo-Kihler metric. Then
for any isometric contact isomorphism ¢:(Zy, 71, 1)—(Z,, 7s, ) there exists a
unique isomorphism ¢ : (M,, g,, H,)—(M,, g, Hp) such that ¢(z)=¢s2¢5* for each
zeZ,CInH,.

THEOREM 3.2. alZ, 7, T)=0a(Z, 7, @)-
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PrROOF. Since by the above we have a(Z, 7, 3)CalZ, 7, 7), it
suffices to show a(Z, 7, 7)Ca(Z, 7, g). Note first that rgr-'cAut(Z, y) for each
¢=Aut(Z, 7). It follows that X—r,X is a real structure of a(Z, 7), and
a(Z, 7, ) is a real form of a(Z, y) given by

aZ, 7,0 =1{XalZ, 1) ; t:X=X}.

Let # denote the antiholomorphic involution of P induced by the antilinear map
h—# of F,. We have then

3.9 #u-a) =+%u)-a for uelP, aeC¥*
(3.10) 0(2:.X) = 6(X) for XeC=(TP).

For a holomorphic function ¢ on P, i.e., a smooth C-valued function ¢ on P
with d”¢=0, we define a holomorphic function #(¢) on P by

#a)(u) = a(#(w)) for ueP.

Then we have
(3.1D) 24X)%0) =X 0 for XeC=(TP).

Now let Xea(Z, 7) and ¢, the local flow generated by X. Then the prolonga-
tions &, give the local flow generated by the infinitesimal prolongation Xealp, 6).
Fro/rn\[(Tg)I and [3.10) it follows that #¢,#-! belon/g\to Aut(P, ) and #¢,#-?
=7¢,r7*. This implies that t2xX<a(P, 6) and #2,X=r+X. Under the notation in
Corollary| to [Theorem 1.6, suppose that ¢ < F(P) corresponds to X, ie.,

(3.12) (X)0+de =0.

Then by #(g¢) also belongs to F(P) and satisfies ¢(24X)0+d#(¢)=0 by
(3.10), [(3.11). Thus #(¢) corresponds to #X.

Now suppose that Xea(Z, 7, t). By the above arguments, this is equiva-
lent to

(3.13) #o)=o¢.

Take an arbitrary point of M and choose a neighbourhood U of this point so
small that there exists a local standard basis {A,, h,} of F over U. Let (2}, 2%
be the fibre coordinate of F with respect to this basis {h,;, h,}. For a fixed
xelU, pUx)=Fy)./Z,=(C*—{0})/Z,, and so we may regard o|p *(x) as a
holomorphic function ¢(z!, 22 on C* with ¢(—2z', —z%)=0(z!, 2?). From the
equality o(u-a)=a'c(u) (usP, ac=C*) we obtain g(a"1%z!, a V224 =a"'a(z!, 2%
for each a=C*. It follows that a(z!, 2% is of the form ¢(z}, 32)20(21)2+2b3122
+¢(z?)?® Therefore ¢ is written as
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¢ = a(z")*+2bz'2+-c(z)* on pYU),

by C-valued smooth functions @, b, ¢ on U. Since #(0)=a(z?)?*—2bz'22+¢(z)?,
the condition [3.13) is equivalent to

(3.14) a—=c, b+b=20.

Now we fix xU and choose {h,, h,} in such a way that (Vh,;),=0. Then the
holomorphy of ¢ implies (Salamon [8]) that there exist ¢, ¢’ E, such that

(3.15) da = e®@h,, 2(db) = 'Qhi+eQRk,, dc=eQh,
at x. Furthermore by [3.14) we have
(3.16) o =7,

We want to write down the formula [3.12) explicitly. Regard X as a
Zs-invariant vector field on F, and decompose it as

Xn=Hy+V,, H.ed,, V.ed,, he(Fy),.
Let thp*ﬁheTxM, Vh:v1h1+v2h2€q>h;Fx and choose a standard basis
{e;} of E,. If h=z"h,+z*h,, by [2.5)] we have
0sDh@h = (@) 3 (e@h) AN &R )
+22° 35 {(@@h) A @R+ (eDho) AE @)
+@) 3 @RI G .

Therefore, by the formula is written as

—2u(2") X Kei@hy, Wipé:RQhi—<&;Qh,, Whroe:Qhy)

—2v2'2° 3 (e, Qhy, Wh>éi®h~l'—<ei®ﬁh WioeQh,

+<e:Qh1, WidE@h—<E:Rh1, Whde,Qhy)

—20(2%)* Z (Kei®h 1, Wide @b, —<8:@h,, Wrde:®h,)

—2('dz2—v*dzY)

+(2Yda+22'28db+ (2% dc+2az'd 2+ 2b(22d 2 + 2' d 2%) -+ 2¢c 22 d 2°

=0,
where p* is omitted and <, > denotes the pairing of (T*M)¢ and (T.M)¢. By
the last line becomes
(2)Petz'2e )@+ (2 2 e+ (27 )Rh +2(az + bzt dz +2(b7' +c2t)dz".

Therefore is equivalent to the following equations:
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W((z)2A+7'22A) = (2\)e+2'22¢,

G17 (2 A+ (22 A) = z'z%+ (2%,
and

(3.18) ! = bzl+tcz?, v? = —az'—bz?,
where

A =73 (e;@hy, Wy»e,—<8:Qhy, Wpde;).

In particular, [3.17) characterizes the horizontal component H,. Now, from the
non-degeneracy of wz on E, and v#0, there exists uniquely Y =T ,M such that

3.19) 2v 3 Ke;@hy, Yré,—<e;Qhy, Y)e,) =e.

We put
B = 2 (<ei®hly Y>§1,——<e~1.®h11 Y>e‘i) .

Then, by B satisfies instead of A. This means that the horizontal
lift of ¥ along p~(x) coincides with the horizontal component A of X along
p~*x). Since xeU is arbitrary, it follows that there exists a unique smooth
vector field Y on M such that the horizontal lift of Y coincides with H. Then
we have

psXy=Yjsu  for each ucP.

Therefore the local flow ¢, on M generated by Y satisfies pod,=¢,°p. Hence
$, sends each fibre of p into a fibre of p. So ¢, sends each fibre of ¢ into a
fibre of ¢. Since ¢, 7=1¢;, @;: ¢ (x)=P(F)—q (:(x))=P(Fy,) is an isometry
of the Fubini-Study metric, and hence it is an isometry of g in virtue of (2.13).
We shall show that ¢, is an isometry of (M, g). Then, since ¢,=Aut(Z, 7)
leaves 4 invariant and ¢ is a pseudo-Riemannian submersion (2.14), ¢, induces
an isometry of 4. Thus by (2.12) ¢, is an isometry of (Z, g), which means
XealZ, 7, g§). This completes the proof of a(Z, 7, r)Ca(Z, 7, 3).

For this purpose let us consider the isomorphism w,:a(Z, y)—I'(L? in
and let s€/'(L*) corresponds to ¢=F(P). Then w,(X)=s, and
under the notation in the last part of §2 we have

o(s) = ah,Qh,—bh,V hy+ch®h;
M == dh1®h1+5h1\/51+551®ﬁl .

Thus by we know that @, induces an isomorphism a(Z, 7, t)—I'(L®)g.
We define a linear map ¢4 :a(Z, 7, 7)—~HM, g) by gs=4-w,. We shall prove

(3.20) gs(X) = Y for our X and Y.
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This will imply Y %M, g) since v+#0, and hence ¢, is an isometry. Under the

previous situation, at xU we have

Yo(s) = b, @~ @da—h,\ b, @db+ h,@h,Rdec
= F@h@e@h— 3 (L@ + E@h)REDh+ @)

+ 1 @hQERh,
by [8.15), [3.16). Therefore we get

bp(s) = ey WDy + - oD@y
3 3
= (0Dt e @)

= 3y 3 (—<ei®hs, VIE@MFHERh, Vye®h,
+<ei®@hy, YO2,@h,—(8:@h,, Y>eQhy),
by substituting [3.19). If we put &=e;Qh,, §***=2;Rh;, (1=i=<n), then g(£’, &)
:g(6_17 é—J)ZO,' g(E‘L) E_J)Zau (lély ]ézn) and
2n . = - - .
op(s) = v ;1 (K§Y, Y&t +<EY, YHEY.
Therefore under the duality d¢(s) corresponds to 3vY, which completes the

proof of [(3.20). q.e.d.

COROLLARY 1. If g is complete, Aut(Z, vy, ) has a unique Lie group struc-
ture such that Aut’(Z, 7, t)=Aut"(Z, 7, g), where Aut’(-) designates the identity
component of Aut(-).

PROOF. Since g is complete, we have Lie Aut(Z, r, g)=a(Z, 7, g). Thus the
corollary follows from q.e.d.

COROLLARY 2. a(Z, p)=a(Z, 7, §)°=a(M, g, H).

PrOOF. Since a(Z, 7, 7) is a real form of a(Z, ), by aZ, 7

is the complexification of a(Z, 7, g). The second isomorphism follows from

[Theorem 3.1 q.e. d.
COROLLARY 3. If g is complete, we have
dimpAut(M, g, H) = dimcI'(L?) .

PROOF. Since g is complete, we have Lie Aut(M, g, H)=a(M, g, H). Thus

by dimgAut(M, g, H) is equal to dimca(Z, y), which is the same as
dim¢I'(L*) by q.e.d.
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COROLLARY 4. If (M, g, H) is a compact quaternionic Kahler manifold with
positive scalar curvature, then Aut'(Z, y, @) and Aut® (M, g, H) are compact, and

(3.21) Aut’(Z, ) = (Aut’(Z, 7, )¢ = (Aut® M, g, H))°.
In particular, Aut®(Z, 7) is a reductive complex Lie group.

PRrROOF. In this case Z is compact and g is a Kihler metric. Thus both g
and g are complete, and hence we have LieAut’(Z, 7, @=a(Z, 7, g and
Lie Aut®M, g, H)=a(M, g, H). Hence [3.21] follows from The
compactness of Aut’(Z, r, @) and Aut’(M, g, H) follows from that of K(Z, g)
and K(M, g). g.e.d.

§4. Uniqueness of quaternionic Kihler manifolds with certain twistor
spaces.

In this section we prove the uniqueness of a quaternionic Kidhler manifold
whose twistor space is a kidhlerian C-space of Boothby type.
We recall first the following resuit.

THEOREM 4.1 (Wolf [10]). The set of all equivalence classes of quaternionic
Kdahler manifolds (M, g, H) such that (M, g) is a compact symmetric space with
positive scalar curvature is in a bijective correspondence with the set of all contact
isomorphism classes of compact simply connected homogeneous complex contact
manifolds, by the assignment for (M, g, H) of ils twistor space (Z, y) with the
canonical complex contact structure 7.

REMARK. Actually Wolf dealt with compact symmetric quaternionic
Kihler manifolds, whose “ holonomy has quaternion scalar part”. But this is
equivalent to “ with positive scalar curvature” in virtue of Alekseevskii [2].

THEOREM 4.2. Let (M, g\, H,) and (M,, g,, Hy) be compact quaternionic
Kdhler manifolds with positive scalar curvature, and Z, and Z, their twistor
spaces. Suppose that Z, is a kdhlerian C-space of Boothby type. Then, if Z, and
Z, are biholomorphic, (M,, g, Hy) and (M,, g,, H,) are equivalent.

PrROOF. Let y; be the canonical complex contact structure on Z;,, g; the
canonical Einstein Kdhler metric on Z; and G,=Aut’(Z, 7, g;) for i=1, 2.
Since Z; is kidhlerian and H,(Z;, Z)={0} in virtue of the simply connectedness,
by there exists a contact isomorphism ¢,:(Z,, 7,)—(Z,, 7:). The
same theorem and Example 1.1 also imply the transitivity of Aut%(Z, r;) on Z.
Put g{=¢¥g, and G{=Aut’(Z,, 7, g1). We have then

K(Z,, QI) = ¢f1K(ZZ: §2)¢1 ’ Aut(Zy, 11) = ¢1—1AUt(Zz, Tz)¢1 .
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It follows that Gi{=¢7'G.¢,. Since G, is a maximal compact subgroup of
Aut®(Z,, 7,) by [Corollary 4 to [Theorem 3.2, G{ is a maximal compact subgroup
of Aut’(Z, r;). By the same reasoning G, is also a maximal compact subgroup
of Aut’(Z,, r,). Therefore there exists ¢,=Aut’(Z,, 7,) such that ¢.G,¢:'=GCi.
We put ¢=¢,°¢,. This is a contact isomorphism ¢:(Z,, y1)—(Z,, 12) with
#G,¢p'=G,. Hence both g, and ¢*g, are G,-invariant Einstein Kédhler metrics
on Z,. Moreover Gf=Aut’(Z,, r,) is semi-simple by Example 1.1. It follows
from Takeuchi that there exists ¢>0 such that c¢*z,=g,. Therefore
@ : (Zy, 11, 81)—(Zs, T2, €B») is an isometric contact isomorphism. Thus by Remark
in §3 there exists an isomorphism ¢: (M, g\, H))— (M, cgs, H;). Hence
(M, g\, Hy) and (M,, g,, H,) are equivalent. g.e.d.

COROLLARY. Let Z be a kdhlerian C-space of Boothby type. Then there exists
a compact quaternionic Kdihler manifold (M, g, H) with positive scalar curvature
such that its twistor space is biholomorphic to Z, which is unique up to equivalence.
The underlying Riemannian manifold (M, g) of (M, g, H) is always a symmetric
space.

PrROOF. By Example 1.1 Z has a homogeneous complex contact structure.
Thus [Theorem 4.1 implies the existence of (M, g, H) as above. The uniqueness
follows from q.e.d.

ExaAMPLE 4.1. The complex projective (2n+1)-space Pyr+:(C) is a kéhlerian
C-space of Boothby type. The corresponding quaternionic Kéihler manifold is
the quaternionic projective n-space P,(H) with the canonical quaternionic Kidhler
structure.,
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