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\S 1. The main results.

1.0. Several methods to construct even (unimodular) lattices from doubly
even (self-dual) codes are known (cf. [1], [2], [4], [10], [11]). For some of
such constructions, we will deal with the problem whether non-equivalent codes
yield non-isomorphic lattices. Our main results are Theorems 1, 2 and 3 stated
below.

1.1. Let $\Omega_{n}$ be a set of $n$ letters 1, 2,
of $\Omega_{n}$ , i. e. the set of all subsets of $\Omega_{n}$ . $P(\Omega_{n})$ is regarded as a vector space
over the field of 2 elements with respect to the symmetric difference: $X+Y=$
$(X\cup Y)-(X\cap Y)$ , where $X,$ $Y\in P(\Omega_{n})$ . A code of length $n$ is a subspace of
$P(\Omega_{n})$ . Let $e_{1},$ $e_{2},$

$\cdots$ , $e_{n}$ be vectors in an $n$ -dimensional Euclidean space $E$ “

satisfying

(1.1.1) $(e_{i}, e_{j})=2\delta_{ij}$ $(1 \leqq i, j\leqq n)$ ,

where $(, )$ denotes an inner product in $E^{n}$ . Set

$\Lambda=\Lambda(e_{1}, e_{n})=\sum_{i=1}^{n}Ze_{i}$

$\Lambda_{\epsilon}=\Lambda_{\epsilon}(e_{1}, \cdots e_{n})=\{\sum_{t=1}^{n}x_{i}e_{i}|x_{i}\in Z$ and $\sum_{i=_{1}}^{n}x_{i}\equiv\epsilon mod 2\}$ .

where $\epsilon=0$ or 1. Also, for $X\in P(\Omega_{n})$ , set

$e_{X}= \sum_{t\in X}e_{i}$ .

Let $C$ be a code of length $n$ . Then we construct some lattices as follows:

$L_{A}(C)=_{X\in C} U(\Lambda-\vdash\frac{1}{2}e_{X})$ , $L_{B}(C)= \bigcup_{X\in C}(\Lambda_{0}+\frac{1}{2}e_{X})$
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$L_{c}^{e}(C)= \bigcup_{X\in C}\{(\Lambda_{0}+\frac{1}{2}e_{X})\cup(\Lambda_{\epsilon}+\frac{1}{2}e_{X}+\frac{1}{4}e_{\Omega)\}}$ , where $\Omega=\Omega_{n}$ .

It is not difficult to see that

(1.1.2) for $U=A$ or $B,$ $L_{U}(C)$ is integral (resP. even) if a code $C$ is self-ortho-
gonal (resp. doubly even),

(1.1.3) $L_{C}^{\epsilon}(C)$ is integral (resP. even) if $C$ is doubly even and $n\equiv 0mod 8$ (resP.
$\epsilon\equiv n/8mod 2)$ .

REMARK 1.1.4. The constructions of $L_{A}(C)$ and $L_{B}(C)$ are those which are
known in [4] or [10] as construction $A$ and $B$ respectiveIy. The construction
of $L_{C}^{\epsilon}(C)$ can be found in [1], [10] or [11]. See Remark 2.1.4 and Lemma 2.2.3
for a slightly general form of $L_{B}(C)$ and $L_{C}^{\epsilon}(C)$ .

1.2. Let $L$ be an integral lattice in $E^{n}$ and $e_{1},$ $e_{2},$
$\cdots$ , $e_{n}$ be vectors in $E^{n}$

satisfying (1.1.1) and

(1.2.1) $e_{i}\pm e_{j}\in L$ $(1\leqq i, j\leqq n)$ .
The set $\mathscr{F}_{0}=\{\pm e_{1}, \cdot.. , \pm e_{n}\}$ is called a frame of $L$ . Now we consider the
following three types of frames:

Type $A$ : $e_{1},$ $\cdots$ , $e_{n}\in L$

Type $B$ : $e_{i}\not\in L$ but $\frac{1}{2}\Lambda\supset L$

Type $C$ : $\frac{1}{2}\Lambda\not\supset L$ .
The first result of the present paper is the following

THEOREM 1. Let $L$ be an even lattice in $E^{n}$ with a frame $\mathscr{F}_{0}=\{\pm e_{1}, \cdots , \pm e_{n}\}$

Let $C$ be a code defined as follows:
$c= \{X\in P(\Omega_{n})|(\Lambda+\frac{1}{2}e_{X})\cap L\neq\emptyset\}$ .

Then replacing some $e_{i}$ by $-e_{i}$ if necessary, $L$ can be exPressed as $L_{A}(C),$ $L_{B}(C)$

and $L_{C}^{\delta}(C)$ ($\delta=0$ or 1 and $\delta\equiv n/8mod 2$ ) according as $\mathscr{F}_{0}$ is of TyPe $A,$ $B$ and $C$

respectively.

REMARK 2.2.1. (i) A code $C$ defined in Theorem 1 is determined only by a
frame $\mathscr{F}_{0}i.e$ . $C$ does not change when we replace some $e_{i}$ by $-e_{t}$ . Also any
permutation of $e_{1},$

$\cdots$ , $e_{n}$ yields a code equivalent to C. (ii) In Theorem 1, it
will be sufficient to assume that $L$ is integral, when $\mathscr{F}_{0}$ is of Type A or $B$ (cf.

\S 2.1 and also Lemma 2.2.3 for Type C).

The second result is as follows:
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THEOREM 2. Let $L$ be an even lattice with a frame. Then Aut $(L)$ , the
automorPhism grouP of $L$ , is transrtive on the set of all frames of the same type
if we assume $n>16$ (resp. $n>32$ ) for Type $B$ (resp. Type $C$ ).

REMARK 1.2.2. In Theorem 2, it will be sufficient to assume that $L$ is
integral, when $\mathscr{F}_{0}$ is of Type A or $B$ (cf. \S 3.2 and Remark 4.3.1). If $n\leqq 16$

(resp. $n\leqq 32$), Theorem 2 is not necessarily true for Type $B$ (resp. Type C).

Some counter examples are given in \S 5 (cf. $(5.3.1)-(5.3.3)$).

Let $L_{C}(C)=L_{C}^{\delta}(C)$ where $\delta\equiv n/8mod 2$ . Combining Theorem 1 and Theorem
2, we have

THEOREM 3. For $U=A,$ $B$ or $C$ , a maPPing $Carrow L_{U}(C)$ gives $a$ one to one
correspondence from the set of all isomorphism classes of doubly even codes of
length $n$ to the set of all isomorphism classes of even lattices in $E^{n}$ with a frame
of tyPe $U$ if it is assumed that $n>16$ (resP. $n>32$ ) for $U=B$ (resP. $U=C$ ).

1.3. Let $\mathcal{H}_{n}$ be the set of all isomorphism classes of doubly even self-dual
codes of length $n$ with minimum $weight\geqq 8$ . If $C\in \mathcal{H}_{n}$ , then $L_{C}(C)$ is an even
unimodular lattice having no 2-vectors ( $i$ . $e$ . a vector $v$ with $(v,$ $v)=2$). In parti-
cular, if $C\in \mathcal{H}_{24},$ $C$ is the Golay code (cf. [8]) and $L_{C}(C)$ is the Leech lattice
(cf. [3]). In [6] and [7], Ozeki examined whether a mapping $Carrow L_{c}(C)(C\in \mathcal{H}_{40})$

is one to one, and showed that this is true for some subclasses of $\mathcal{H}_{40}$ . Clearly
Theorem 3 has generalized his results not only for all codes in $\mathcal{H}_{40}$ , but also
for the classes of all doubly even codes of length $\geqq 40$ . It should be noted that
a mapping $Carrow L_{C}(C)(C\in \mathcal{H}_{n})$ is one to one for $n=32$ too. In this case $n=32$ ,
however, some additional arguments will be needed compared to the case $n\geqq 40$

(cf. \S 6).

1.4. In \S 2-\S 5, the following notations will be used:
$Z$ : the ring of rational integers,
$|X|$ : the cardinality of a set $X$,

$c^{\perp}:$ the dual of a code $C\subset P(\Omega_{n}),$ $i$ . $e$ . the set of $X\in P(\Omega_{n})$ such that
$|X\cap Y|$ is even for all $Y\in C$ ,

$L^{\perp}:$ the dual of a lattice $L\subset E^{n}$ , i. e. the set of $u\in E^{n}$ such that $(u, v)\in Z$

for all $v\in L$ .
We note that $\Lambda(e_{1}, \cdots , e_{n})^{\perp}=(1/2)\Lambda(e_{1}, \cdots , e_{n})$ . $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and $9_{2k}(k=2, 3, )$ are
some doubly even codes generated by tetrads. See \S 5 for the definition of
those codes. Sometimes the terminology “a naiural basis” of those codes will
be used (cf. \S 5.2). As for other terminologies and notations of codes and
lattices, we refer to [4], [5] or [9].



70 M. KITAzuME, T. KONDO and I. MIYAMOTO

\S 2. The proof of Theorem 1.

2.1. Throughout thls section, let $L$ be an integral lattice in $E^{n}$ with a
frame $\mathscr{F}_{0}=\{\pm e_{1}, , \pm e_{n}\}$ , i. e. $e_{1}$ , , $e_{n}$ are vectors in $E^{n}$ satisfying (1.1.1)

and (1.2.1).

LEMMA 2.1.1. $L\subset(1/2)\Lambda\cup((1/2)\Lambda+(1/4)e_{\Omega})$ where $\Lambda=\Lambda(e_{1}, -- , e_{n})$ and
$\Omega=\Omega_{n}$ .

PROOF. Let $x=\Sigma_{i}x_{i}e_{i}\in L$ . Then

$(*)$ $(x, e_{i}\pm e_{j})=2(x_{i}\pm x_{j})\in Z$

as $L$ is integral. From this we see $L\subset(1/4)\Lambda$ . But if $x_{i}\in(1/4)Z-(1/2)Z$ for
some $x_{i},$ $(*)$ yields all $x_{j}\in(1/4)Z-(1/2)Z$ which proves Lemma 2.1.1.

Let

$c= \{X\in P(\Omega)|(\Lambda+\frac{1}{2}e_{X})\cap L\neq\emptyset\}$ ,

$c_{0}= \{X\in P(\Omega)|(\Lambda_{0}+\frac{1}{2}e_{X})\cap L\neq\emptyset\}$ .

LEMMA 2.1.2. (i) $C$ is self-orthogonal. If $L$ is even, $C$ is doubly even. (ii)
$[C:C_{0}]\leqq 2$ .

PROOF. Let $X,$ $Y\in C$ . Then there exist $x,$ $y\in\Lambda$ such that $x+(1/2)e_{X}\in L$

and $y+(1/2)e_{Y}\in L$ , and we have $0\equiv(x+(1/2)e_{X}, y+(1/2)e_{Y})\equiv(1/2)|X\cap Y|mod 1$

and so $|X\cap Y|=even$ which implies that $C$ is self-orthogonal. If $L$ is even,
$((1/2)e_{X}, (1/2)e_{X})=(1/2)|X|\equiv 0mod 2$ for $X\in C$ and so $|X|\equiv 0mod 4$ . Let $X,$ $Y$

$\in C-C_{0}$ . There exist $\sum x_{i}e_{i}+(1/2)e_{X},$ $\sum y_{i}e_{i}+(1/2)e_{Y}\in L$ such that $\Sigma x_{i}\equiv\sum y_{i}$

$\equiv 1mod 2$ . Then the sum of these two vectors is equal to $\Sigma(x_{i}+y_{i})e_{i}+e_{X\cap Y}+$

$(1/2)e_{X+Y}$ which belongs to $L\cap(\Lambda_{0}+(1/2)e_{X+Y})$ and so $X+Y\in C_{0}$ .

LEMMA 2.1.3. Let $L_{0}=L\cap(1/2)\Lambda$ . There exist $e_{1}’,$ $e_{2}’$ , , $e_{n}’\in \mathscr{F}_{0}$ such that

$L_{0}= \bigcup_{X\in C}(\Lambda+\frac{1}{2}e_{\acute{X}})$ or $\bigcup_{X\in C}(\Lambda_{0}+\frac{1}{2}e_{X}’)$

according as $\mathscr{F}_{0}$ is of TyPe $A$ or not. In Particular, Theorem 1 holds for a
frame of TyPe $A$ or $B$ .

PROOF. If $\mathscr{F}_{0}$ is of Type A or $C=C_{0}$ , it will be sufficient to put $e_{i}’=e_{i}$

(l;$i:S $n$ ). So suppose $C\neq C_{0}$ and $\mathscr{F}_{0}$ is not of Type A. Take $T\in C_{0}^{\perp}-C^{\perp}$ and
set

$(**)$ $e_{i}’=\{_{-e_{i}}^{e_{i}}$

$i\not\in T$

$i\in T$ .
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Let $L_{0}\ni u+(1/2)e_{X}(u\in\Lambda, X\in C)$ . Then we have

$u+ \frac{1}{2}e_{X}=u+\frac{1}{2}(e_{X\cap T}+e_{X-(x_{\cap}\tau)})$

$=u+ \frac{1}{2}(-e_{\acute{X}\cap^{\tau+e_{x- cx_{\cap}r)}’)=u-e_{X\cap T}’+\frac{1}{2}e_{X}’}}$ .

If $X\in C_{0}$ , we have $u\in\Lambda_{0}$ and $|X\cap T|=even$ . So $u-e_{X\cap T}’\in\Lambda_{0}$ . If $X\in C-C_{0}$ ,
we have $u\in\Lambda_{1}$ and $|X\cap T|=odd$ . So $u-e_{x_{\cap}r}’\in\Lambda_{0}$ . Thus we get $L_{0}=$

$\bigcup_{X\in C}(\Lambda_{0}+(1/2)e_{\acute{X}})$ .

REMARK 2.1.4. If $\mathscr{F}_{0}$ is of Type $B$ , we have another expression of $L$ :
when we choose $e_{i}\in \mathscr{F}_{0}$ suitably, we have

$(***)$ $L= \{\bigcup_{X\in C’}(\Lambda_{0}+\frac{1}{2}e_{X})\}\cup\{\bigcup_{X\in C^{r}}(\Lambda_{1}+\frac{1}{2}e_{Y})\}$

where $C’=$ { $X\in C||X|\equiv 0$ mod4} and $C’’=C-C’$ . In fact, let $L= \bigcup_{X\in C}(\Lambda_{0}+(1/2)e_{X})$

and $C\neq C’$ . If we take $T\in C^{\prime\perp}-C^{\perp}$ and define $e_{i}’(1\leqq i\leqq n)$ as in $(**)$ above, we
see that $L$ has an expression $(***)$ with respect to a basis $\{e_{i}’\}$ .

2.2. In the following, we assume that $C=C_{0}$ and $\mathscr{F}_{0}$ $is_{\wedge}^{-}$-of Type $C,$ $i$ . $e$ .
$L\not\subset(1/2)\Lambda$ . Let

$L_{1}=( \frac{1}{2}\Lambda+\frac{1}{4}e_{\Omega})\cap L$ ,

$C_{1}= \{X\in P(\Omega)|(\Lambda+\frac{1}{2}e_{X}+\frac{1}{4}e_{\Omega})\cap L\neq\emptyset\}$

and $Z\in C_{1}$ so that there exists $x\in L$ which can be expressed as

$x=v_{Z}+ \frac{1}{2}e_{Z}+\frac{1}{4}e_{\Omega}$ $(v_{Z}\in\Lambda)$ .

We shall fix such a $Z\in C_{1}$ and $v_{Z}\in\Lambda$ henceforward.

LEMMA 2.2.1. (i) $\Omega\in C$ . (ii) $n\equiv 0mod 8$ . (iii) $c_{1}=c+z$.

PROOF. From $2x\in L\cap(\Lambda+(1/2)e_{\Omega})$ we get $\Omega\in C$ . Also we have $(x, x)\equiv$

$n/8$ modl and then $n\equiv 0mod 8$ as $(x, x)\in Z$ . Take $Y\in C_{1}$ . If $X=Y+Z$, we
have, for some $u\in\Lambda$ ,

$L \ni u+\frac{1}{2}e_{X+Z}+\frac{1}{4}e_{\Omega}=u-e_{X\cap Z}+\frac{1}{2}e_{X}+\frac{1}{2}e_{Z}+\frac{1}{4}e_{\Omega}$

which yields $X\in C$ . Thus $C_{1}\subset C+Z$. Conversely if $C\ni X$ and $y=u+(1/2)e_{X}\in L$

$(u\in\Lambda)$ , from $x+y\in L$ we get $X+Z\in C_{1}i$ . $e$ . $C_{1}\supset C+Z$.

LEMMA 2.2.2. Let $C’=\{X\in C||X|\equiv 0mod 4\}$ and $C’=C-C’$ . Then the
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followings hold:
(i) $C’=C\cap\langle Z\rangle^{\perp}and$ $|Z|=even$ .
(ii) Assume that $v_{Z}\in\Lambda_{\text{\’{e}}}$ ( $\epsilon=0$ or 1). Then we have

$L_{1}= \{\bigcup_{X\in C’}(\Lambda_{\epsilon}+\frac{1}{2}e_{X+Z}+\frac{1}{4}e_{\Omega})\}\cup\{\bigcup_{Y\in C^{r}}(\Lambda_{1-\epsilon}+\frac{1}{2}e_{Y+Z}+\frac{1}{4}e_{\Omega)\}}$ .
PROOF. (i) If $X\in C$ , we have

$Z \ni(\frac{1}{2}e_{X},$ $v+ \frac{1}{2}e_{Z}+\frac{1}{4}e_{\Omega})\equiv\frac{|X\cap Z|}{2}+\frac{|X|}{4}mod 1$ ,

which yields $C’=C\cap\langle Z\rangle^{\perp}$ . Also $|Z|$ is even as $\Omega\in c’$ .
(ii) If $L_{1}\ni u+(1/2)e_{X+Z}+(1/4)e_{\Omega}$ ( $X\in C$ and $u\in\Lambda$ ), we have

$u+ \frac{1}{2}e_{X+Z}+\frac{1}{4}e_{\Omega}=u+\frac{1}{2}e_{X}+\frac{1}{2}e_{Z}-e_{X\cap Z}+\frac{1}{4}e_{\Omega}$ .

Since $(1/2)e_{X}\in L$ and $L\cap\Lambda=\Lambda_{0}$ , we must have $v_{Z}-(u-e_{X_{\cap}Z})\in\Lambda_{0}$ . This together
with (i) proves (ii).

LEMMA 2.2.3. Let

$e_{i}’-\{-e_{i}e_{i}$

$i\in Z$

$(1\leqq i\leqq n)$ .
$i\not\in Z$

Then the followings hold:

(i) $L= \{X\in U_{c\prime}(\Lambda_{0}+\frac{1}{2}e_{\acute{X}})\}\cup\{U(\Lambda_{1}+\frac{1}{2}e_{Y}’)\}$

$\cup\{\bigcup_{X\in C’}(\Lambda_{\epsilon}+\frac{1}{2}e_{X}’+\frac{1}{4}e_{\Omega}’)\}\cup\{\bigcup_{Y\in C^{\nu}}\{\Lambda_{1-\epsilon}+\frac{1}{2}e_{Y}’+\frac{1}{4}e_{\Omega)\}}’$ .
In Particular, if $C$ is doubly even, $L=L_{C}^{\text{\’{e}}}(C)$ .

(ii) If $L$ is even, $L=L_{C}^{\delta}(C)$ where $\delta=0$ or 1 and $\delta\equiv n/8mod 2$ . Thus Theo-
rem 1 holds for a frame of type $C$ .

PROOF. Let $u+(1/2)e_{X}\in L$ ( $u\in\Lambda_{0}$ and $X\in C$). Then

$u+ \frac{1}{2}e_{X}=u+\frac{1}{2}(e_{X\cap Z}+e_{X-(x_{\cap Z})})$

$=u+ \frac{1}{2}(-e_{X\cap Z}’+e_{\acute{X}-(x_{\cap Z)}})=u-e_{X\cap Z}’+\frac{1}{2}e_{X}’$ ,

which yields, by Lemma 2.2.2 (i),

$L_{0}=L \cap\frac{1}{2}\Lambda=\{\bigcup_{X\in C’}(\Lambda_{0}+\frac{1}{2}e_{\acute{X}})\}\cup\{\bigcup_{Y\in C^{\gamma}}(\Lambda_{1}+\frac{1}{2}e_{Y}’)\}$ .
If $u+(1/2)e_{X+Z}+(l/4)eg\in L$ ($X\in C$ and $u\in\Lambda_{\epsilon},$ ), we have $\epsilon’=\epsilon$ or 1– $\epsilon$ according
as $X\in C’$ or $C’’$ . Also we see
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$u+ \frac{1}{2}e_{X+Z}+\frac{1}{4}e_{\Omega}=u-e_{Z}’+\frac{1}{2}e_{X}’+\frac{1}{4}e_{\acute{\Omega}}$ ,

which yields

$L_{1}= \{\bigcup_{X\in C’}(\Lambda_{\epsilon}+\frac{1}{2}e_{X}’+\frac{1}{4}e_{\Omega)\}\cup\{\bigcup_{Y\in C’}(\Lambda_{1-\epsilon}+\frac{1}{2}e_{Y}’+\frac{1}{4}e_{\Omega)\}}’}’$

as $|Z|=even$ . This proves (i). (ii) We have $L\ni x=v_{Z}+(1/2)e_{Z}+(1/4)e_{\Omega}$ and
$v_{Z}\in\Lambda_{\epsilon}$ . Since $L$ is even, we see $(x, x)\equiv(v_{Z}, v_{Z})+(1/8)|\Omega|$ mod2 by using the
fact $|Z|=even$ . As $(v_{Z}, v_{Z})\equiv\epsilon mod 2$ , we get $\epsilon\equiv n/8mod 2$ . This proves
Lemma 2.2.3.

REMARK 2.2.4. (i) If $C$ is not doubly even, we can take $\epsilon=0$ in the ex-
pression of $L$ in Lemma 2.2.3 (i). In fact, let $Y\in C’’$ and

$e_{i}’’=\{-e_{i}’e_{i}’$ $i\in Yi\not\in Y$

.
Then we easily see that the expression of $L$ with $\epsilon=1$ is changed into the one
with $\epsilon=0$ . (ii) If $C$ is doubly even, $L=L_{c}^{\epsilon}(C)$ is even if and only if $n/8\equiv\epsilon$

$mod 2$ .

\S 3. Some automorphisms of $L$ .
3.1. In this section, we will give some automorphisms of $L$ which will be

used in \S 4 for the proof of Theorem 2.
Let $L$ be an integral lattice with a frame $\mathscr{F}_{0}=\{\pm e_{1}, \cdots , \pm e_{n}\}$ . We assume

that a code $C$ and vectors $e_{1}$ , $\cdot$ .. , $e_{n}$ are chosen so that $L$ can be expressed as
in Theorem 1. Note that the code $C$ is self-orthogonal (resp. doubly even) if
$L$ is integral (resp. even).

LEMMA 3.1.1. Let $T\in C$ with $|T|=4$ . Define an orthogonal transformation
$\tau_{T}$ of $E^{n}$ as follows:

$\tau_{T}(e_{i})=\{$

$\frac{1}{2}e_{T}-e_{i}$ $i\in T$

$e_{i}$ $i\not\in T$ .
Then $\tau_{T}\in Aut(L)$ .

PROOF. Let $\tau=\tau_{T}$ . We easily see $\tau(e_{i}\pm e_{j})\in L$ , and also $\tau(e_{i})\in L$ if $\mathscr{F}_{0}$ is
of Type A. Let $X\in C$ . Then we have

$\tau(\frac{1}{2}e_{X})=\frac{1}{2}\tau(e_{x_{\cap}\tau})+\frac{1}{2}\tau(e_{X-(x_{\cap}r)})$

$= \frac{1}{2}(\frac{|X\cap T|}{2}e_{T^{-e_{x_{\cap^{\tau)+\frac{1}{2}e_{X-(x_{\cap}r)}=\frac{|X\cap T|}{4}e_{T}+\frac{1}{2}e_{X}-e_{x_{\cap}r}}}}}}$ .
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Since $T\in C$ and so $|X\cap T|$ is even, we get $\tau((1/2)e_{X})\in L$ . Thus $\tau\in Aut(L)$ if
$\mathscr{F}_{0}$ is of Type A or B. As $\tau((1/4)e_{\Omega})=(1/4)e_{\Omega}$ , we have $\tau\in Aut(L)$ also when
$\mathscr{F}_{0}$ is of Type C. $q$ . $e$ . $d$ .

3.2. NOW we will prove Theorem 2 for $\mathscr{F}_{0}$ of type A. Let $\mathscr{F}=\{\pm f_{1},$ $\pm f_{2}$ ,
... , $\pm f_{n}$ } be an arbitrary frame of Type A. Note that $f_{i}\in L$ . If $f_{i}\in \mathscr{F}-$

$(\mathscr{F}\cap \mathscr{F}_{0}),$ $f_{i}$ is of the form $(1/2)\Sigma_{j\in T}\pm e_{j}$ for some $T\in C$ with $|T|=4$ . We
note that, if $\epsilon$ is an orthogonal transformation of $E^{n}$ such that $\epsilon(e_{j})=\epsilon_{j}e_{j}$

$(\epsilon_{j}=\pm 1),$ $\epsilon$ is an automorphism of $L$ . Applying a suitable $\epsilon$ to $f_{i}$ , we have
$\epsilon(f_{i})=(1/2)e_{T}-e_{p}$ where $p\in T$ . Now apply $\tau_{T}$ defined in Lemma 3.1.1 to vec-
tors in $\epsilon(\mathscr{F})$ . Then we have $\tau_{T}\epsilon(f_{i})=e_{p}$ and $\tau_{T}\epsilon(f_{j})\in \mathscr{F}_{0}$ if $f_{j}\in \mathscr{F}_{0}\cap \mathscr{F}$ , and so
$|\mathscr{F}\cap \mathscr{F}_{0}|<|\tau_{T}\epsilon(\mathscr{F})\cap \mathscr{F}_{0}|$ . NOW proceeding by induction on $|\mathscr{F}_{0}\cap \mathscr{F}|$ , we can get
an automorphism $\sigma$ such that $\sigma(\mathscr{F})=\mathscr{F}_{0}$ . $q$ . $e$ . $d$ .

3.3. DEFINITION. A partition $\Pi=\{T_{1}, T_{2}, \cdots , T_{n/4}\}$ of $\Omega_{n}$ is called a T-
decomposition of a code $C$ if the following conditions are satisfied:

(3.3.1) $\Omega_{n}=T_{1}UT_{2}\cup\cdots\cup T_{n/4}$

(3.3.2) $|T_{i}|=4$ $(1 \leqq i\leqq\frac{n}{4})$

(3.3.3) $T_{i}\cup T_{j}\in C$ for any $i\neq j$ .

LBMMA 3.3.1. Let $\Pi=\{T_{1}, , T_{n/4}\}$ be a $T$-decompOsition of C. Define
orthogonal transformations $\varphi$ and $\psi$ as follows:

$\varphi(e_{i})=\frac{1}{2}e_{T}-e_{i}$

$\psi(e_{i})=\{$

$\frac{1}{2}e_{T}-e_{i}$

$e_{i}- \frac{1}{2}e_{S}$

$i\in T\in\Pi$

$i\in T\in\Pi,$ $T\neq S$

$i\in S$

where $S$ is an arbitrarily chosen tetrad in II. If $L$ is even, then the followings
hold:

(i) if $T_{i}\in C^{\perp}for$ some $i$ (and consequently for all $i$), then $\varphi\in Aut(L)$,
(ii) if $\mathscr{F}_{0}$ is of tyPe $C$ , then Aut $(L)\ni\varphi$ or $\psi$ according as $n/8\equiv 0$ or 1 $mod 2$ .
PROOF. We easily see $\varphi(e_{i}\pm e_{j}),$ $\psi(e_{i}\pm e_{j})\in L$ . Let $X\in C$ . Then

$\varphi(\frac{1}{2}e_{X})=\frac{1}{2}\sum_{T\in\Pi}\varphi(e_{x_{\cap}\tau})=\frac{1}{2}\sum_{T}(\frac{|X\cap T|}{2}e_{T}-e_{X\cap T})$

$= \frac{1}{4}\sum_{T}|X\cap T|e_{T}-\frac{1}{2}e_{X}\cdots\cdots\cdots\cdots\cdots(\#)$ .

NOW in order to see $\varphi((1/2)e_{X})\in L$ , we divide into two cases:
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Case I: $|X\cap T|$ is even for some $T\in\Pi$ .
Case II: $|X\cap T|$ is odd for all $T\in\Pi$ .

Firstly suppose that we have Case I. Then $|X\cap T|$ is even for all $T\in\Pi$ by
(3.3.3) and the number of $T$ with $|X\cap T|=2$ is also even because $C$ is doubly
even. Then from $(\#)$ we see $\varphi((1/2)e_{X})\in L$ . In particular, if $T\in C^{\perp}$ , we have
$\varphi((1/2)e_{X})\in L$ . Next suppose that we have Case II. Then from $(\#)$ we see

$\varphi(_{\overline{2}}e_{X})=\frac{1}{4}e_{\Omega}+\frac{1}{2}\Sigma’e_{T}-\frac{1}{2}e_{X}$

where the summation $\sum’$ runs over all $T\in\Pi$ with $|X\cap T|=3$ . If $n/8\equiv 0mod 2$ ,

we have $\varphi((1/2)e_{X})\in L$ as the number of $T\in\Pi$ with $|X\cap T|=3$ is even. Now
we have $\varphi\in Aut(L)$ as $\varphi((1/2)e_{X})\in L$ in both cases and $\varphi((1/4)e_{\Omega})=(1/4)e_{\Omega}$ .
Also we have

$\psi(\frac{1}{2}e_{X)=\frac{1}{2}\{\sum_{T\neq S}\psi(e_{x_{\cap}\tau})+\psi(e_{x_{\cap}s})\}}$

$= \frac{1}{2}\{\sum_{T\neq S}(\frac{|X\cap T|}{2}e_{r^{-e_{X\cap l)+(e_{x_{\cap}s^{-\frac{|X\cap S|}{2}e_{S)\}}}}}}}$

$= \frac{1}{4}p_{\in}8^{|X\cap T}|e_{T}-\frac{|X\cap S|}{2}e_{S}-\frac{1}{2}e_{X}+e_{X\cap S}$ .

In the same way as above, if $n/8\equiv 1mod 8$ , we get $\psi((1/2)e_{X})\in L$ and so $\psi\in$

Aut $(L)$ as $\psi((1/4)e_{\Omega})=(1/4)e_{\Omega}-(1/2)e_{S}$ . $q.e.d$ .
LEMMA 3.3.2. Let $\prod=\{T_{1}, , T_{n/4}\}$ be a $T$-decomPosition of C. Assume

that $T_{i}\in C^{\perp}-C$ for all $i$ . Then the followings hold:
$(i)$ there exists $A\in C^{\perp}such$ that } $A\cap T_{i}|=1$ for all $i$ ,
(ii) define $\rho$ as follows: if $i \in T\in\prod$ ,

$\rho(e_{i})=\{$

$\frac{1}{2}e_{T}$ if $\{i\}=A\cap T$

$e_{AT} \cap+e_{i}-\frac{1}{2}e_{T}$ if $i\in T-(A\cap T)$ .

If $\mathscr{F}_{0}$ is of TyPe $B$ and $L$ is even, then $\rho\in Aut(L)$ .

PROOF. (i) Let $C_{2}=\langle C, T|T\in\Pi\rangle$ which is a code generated by $C$ and all
$T\in\Pi$ . Take $A’\in C^{\perp}-C_{2}^{\perp}$ . Then $|A’\cap T|=odd$ for all $T$ . Let $A=A’+ \sum T$

where the summation runs over all $T$ with $|A’\cap T|=3$ . Then $A$ satisfies the
condition in (i).

(ii) It will be sufficient to see $\rho((1/2)e_{X})\in L$ for any $X\in C$ . Since $\rho(e_{T})=$

$2e_{A\cap^{\tau}}$ , we see $\rho((1/2)e_{X})\in L$ if $X$ is a union of even number of $T\in\Pi$ . As
$|X\cap T|$ is even for any $T\in\Pi$ , we may assume $|X\cap T|=0$ or 2 by adding
even number of the $T\in\Pi$ to $X$ . Furthermore, as $|X\cap A|$ is even, so is the
number of $T\in\Pi$ with $|X\cap A\cap T|-1$ . So we may assume $X\cap A\cap T=\emptyset$ for
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any $T\in\Pi$ . Then we see
$\rho(\frac{1}{2}e_{X})=\frac{1}{2}\sum_{T\in\Pi}\rho(e_{X\cap T})=\frac{1}{2}\Sigma’(2e_{A\cap T}+e_{x_{\cap}\tau}-e_{T})$

$= \sum’e_{A\cap^{\tau}}+\frac{1}{2}e_{X}-\frac{1}{2}\sum’e_{T}\in L$ ,

where $\sum’$ runs over all $T$ with $X\cap T\neq\emptyset$ . (Note that $C$ is doubly even and so
the number of such $T$ is even.)

REMARK 3.3.3. Let $L$ be an integral lattice with a frame of type B. Then
we can prove that if an orthogonal transformation $\rho$ of $L$ is defined in the
same way as above by using an expression $(***)$ of $L$ in Remark 2.1.4, we still
have $\rho\in Aut(L)$ .

\S 4. The proof of Theorem 2.

4.1. Let $L$ be an even lattice in $E^{n}$ with a frame $\mathscr{F}_{0}=\{\pm e_{1}, \cdot.. , \pm e_{n}\}$ of
Type $B$ or C. We will assume $n>16$ or $n>32$ according as $\mathscr{F}_{0}$ is of Type $B$

or C. Through \S 4, $\mathscr{F}=\{\pm f_{1}, , \pm f_{n}\}$ is a frame of $L$ of the same Type
as $\mathscr{F}_{0}$ .

LEMMA 4.1. $f_{i}=\pm e_{j}$ for some $j$ or $f_{i}=(1/2) \sum_{t\in T}\epsilon_{t}e_{t}$ where $\Omega\supset T,$ $|T|=4$

and $\epsilon_{t}=\pm 1$ .
PROOF. Let $f_{i}=\Sigma_{j=1}^{n}a_{ij}e_{j}(1\leqq i\leqq n)$ . Note that the matrix $A=(a_{ij})$ is an

orthogonal matrix. Then it will be sufficient to see $a_{ij}\in(1/2)Z$ for all $i,$ $j$ .
Let $\mathscr{F}$ be of type B. Then $a_{ij}\in(1/4)Z$ because $2f_{i}\in L\subset(1/2)\Lambda(e_{1}, \cdots , e_{n})$ . Sup-
pose $a_{ij}\in(1/4)Z-(1/2)Z$ for some $i,$ $j$ . $lfa_{ik}\in(1/2)Z$ for some $k$ , we have
$e_{j}+e_{k}=\Sigma_{t}(a_{tj}+a_{tk})f_{t}$ and $a_{ij}+a_{ik}\in(1/4)Z-(1/2)Z$ which is impossible because
$e_{j}+e_{k}\in L\subset(1/2)\Lambda(f_{l}, \cdot , f_{n})$ . Thus $a_{ik}\in(1/4)Z-(1/2)Z$ for all $k$ . By inter-
changing the role of $\{e_{i}\}$ and $\{f_{i}\}$ , we get $a_{kj}\in(1/4)Z-(1/2)Z$ for all $k$ . Thus
we must have $a_{ij}\in(1/4)Z-(1/2)Z$ for all $i,$ $j$ . Then $2=(e_{i}, e_{i})=(1/8)\Sigma_{j}x_{j}^{2}$

$(0\neq x_{j}=4a_{ji}\in Z)$ and so $n\leqq 16$ . As we are assuming $n>16$ , we must have
$a_{ij}\in(1/2)Z$. Next let $\mathscr{F}$ be of Type C. Then $a_{i!}\in(1/8)Z$. Suppose $a_{ij}\in$

$(1/8)Z-(1/4)Z$ for some $i,$ $j$ . Then the same arguments as above yield $a_{ij}\in$

$(1/8)Z-(1/4)Z$ for all $i,$ $j$ . Then $e_{f}+e_{k}$ or $e_{j}-e_{k}\in(1/2)\Lambda(f_{1}, \cdots , f_{n})+(1/4)e_{\Omega}$

and so $(e_{j}+e_{k}, e_{j}+e_{k})$ or $(e_{f}-e_{k}, e_{j}-e_{k})=4=(1/8)\Sigma x_{j}^{2}(0\neq x_{j}\in Z)$ . Thus n;$32.
Next suppose $a_{ij}\in(1/4)Z-(1/2)Z$ for some $i,$ $j$ . If $a_{kj}=0$ for some $k$ , we have
$f_{i}+f_{k}=\Sigma_{t}(a_{it}+a_{kt})e_{t}\in(1/2)\Lambda(e_{1}, , e_{n})+(1/4)e_{\Omega}$ and so we get $n\leqq 32$ from
$(f_{i}+f_{k}, f_{i}+f_{k})=4$ . Therefore $a_{kj}\neq 0$ for all $k$ . Then $n\leqq 16$ because $\Sigma_{k=1}^{n}a_{kj}^{2}$

$=1$ and $0\neq a_{kj}\in(1/4)Z$. Thus we have $a_{ij}\in(1/2)Z$ for all $i,$ $j$ if $n>32$ .

4.2. For $f_{i}\in \mathscr{F}$ , set
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$supp(f_{i})=\{j|a_{ij}\neq 0\}$ , where $f_{i}= \sum_{f=1}^{n}a_{ij}e_{j}$ .

Then $|supp(f_{i})|=1$ or 4 by Lemma 4.1. In the following, we assume that a
code $C$ and vectors $e_{1},$ $\cdots$ , $e_{n}$ are chosen so that $L$ can be expressed as in
Theorem 1. The the following remark is important:

(4.0) Let $X\in C$ . Then $(1/2) \sum_{i\in X}\epsilon_{i}e_{i}\in L(\epsilon_{i}=\pm 1)$ if and only if the number
of $i$ with $\epsilon_{i}=-1$ is even.

NOW we will prove a lemma which is a key to the proof of Theorem 2.

LEMMA 4.2. One of the following holds:
(i) There exists $\sigma\in Aut(L)$ such that $\sigma(\mathscr{F})=\mathscr{F}_{0}$ .
(ii) There exists a $T- decompo\alpha tion\Pi=\{T_{1}, \cdots , T_{n/4}\}$ such that each tetrad

$T_{i}$ coincides with $supp(f_{j})$ for some $f_{j}\in \mathscr{F}$ .

The proof of Lemma 4.2 will be done by being divided into several steps.

(4.1) If $|supp(f_{i})|=1$ for some $f_{i}\in \mathscr{F}$ , then (i) of Lemma 4.2 holds.

PROOF. If $|supp(f_{j})|=4$ , we have $supp(f_{j})\in C$ as $f_{i}-f_{j}\in L$ . Then as
$f_{j}\in L,$ $(4.0)$ implies that $f_{j}$ is of the shape $\pm((1/2)e_{T}-e_{p})$ where $T=supp(f_{j})$

and $p\in T$ . Applying $\tau_{T}$ defined in Lemma 3.1.1, we get $\tau_{T}(f_{j})=\pm e_{p}$ and $\tau_{T}(f_{k})$

$\in \mathscr{F}_{0}$ for any $f_{k}\in \mathscr{F}$ with $|supp(f_{k})|=1$ , and so $|\mathscr{F}_{0}\cap \mathscr{F}|<|\mathscr{F}_{0}\cap\tau_{T}(\mathscr{F})|$ . Pro-
ceeding by induction on $|\mathscr{F}_{0}\cap \mathscr{F}|$ , we can find $\sigma\in Aut(L)$ such that $\sigma(\mathscr{F})=\mathscr{F}_{0}$ .

(4.2) NOW in order to prove Lemma 4.2, we may assume $|supp(f_{i})|=4$ for
all $f_{i}\in \mathscr{F}$ . Then the matrix $A=(a_{\iota j})$ has just four nonzero elements $\pm 1/2$ in
each row and each column. Let $\Gamma$ be a code generated by $supp(f_{i})(f_{i}\in \mathscr{F})$ .
Then $\Gamma$ is a doubly even code generated by tetrads. So, by Theorem 6.5 in
Pless and Sloane [9], $\Gamma$ is isomorphic to a direct sum of components $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and
$9_{2k}$ . (See \S 5 for the definition of $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and $g_{zk}.$ ) Correspondingly the matrix
$A$ becomes a direct sum of some orthogonal matrices of degree 7, 8 and $2k$ .

(4.3) If $supp(f_{1})\cap supp(f_{2})\subset supp(f_{3})$ for $f_{1},$ $f_{2},$ $f_{3}\in \mathscr{F}$ , we have $supp(f_{3})=$

$supp(f_{1})$ or $supp(f_{2})$ .
PROOF. This is clear if $supp(f_{1})=supp(f_{2})$ . So let $supp(f_{1})\cap supp(f_{2})=$

$\{a, b\}$ . Then $\epsilon_{1a}\epsilon_{2a}+\epsilon_{1b}\epsilon_{2b}=0$ by orthogonality between $f_{1}$ and $f_{2}$ where $f_{s}=$

$(1/2)\Sigma_{t=1}\epsilon_{st}e_{t}$ . From this fact, we see $\{\epsilon_{\epsilon a}, \epsilon_{sb}\}=\pm\{\epsilon_{1a}, \epsilon_{1b}\}$ (resp. $\pm\{\epsilon_{2a},$ $\epsilon_{2b}\}$ )

and then orthogonality yields $supp(f_{3})=supp(f_{1})$ (resp. $=supp(f_{2})$).

(4.4) Let $\Gamma’$ be a component of $\Gamma$. If there exist three elements $f_{1},$ $f_{2},$ $f_{3}$

of $\mathscr{F}$ whose suPPorts coincide and are contained in $\Gamma’$ , we have $\Gamma’\cong g_{4}$ .
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PROOF. If $f_{4}$ is the 4th $vector\subset-\mathscr{F}$ with $supp(f_{1})\cap supp(f_{4})\neq\emptyset$ , the ortho-
gonality of columns of the matrix $A$ yields $supp(f_{4})=s\alpha pp(f_{1})$ . Thus we must
have $\Gamma’=\langle supp(f_{1})\rangle\cong 9_{4}$ .

(4.5) Let $\Gamma’$ be a component of $\Gamma$. If there exist distinct elements $f_{1}$ and
$f_{1}’$ with $supp(f_{1})=supp(f_{1}’)\in\Gamma’$ , then we have $\Gamma’\cong 9_{2m}$ for some $m$ and vice
versa.

PROOF. Let $f_{1},$ $f_{2}$ , $\cdot$ .. , $f_{m-1}(m\geqq 3)$ be a maximal set of $\mathscr{F}$ subject to the
conditions that

(1) $supp(f_{t})\in\Gamma’$ $(1 \leqq t\leqq m-1)$ ,
(2) there exists $f_{1}’\in \mathscr{F}$ such that $supp(f_{1})=supp(f_{1}’)$ and $f_{1}\neq f_{1}’$ ,

(3) $|supp(f_{i})\cap supp(f_{j})|=\{02$
if $|i-j|=1$

if $|i-j|>1$ .
Namely $supp(f_{1}),$ $\cdots$ , $supp(f_{m-1})$ is a natural basis of $9_{2m}$ (cf. \S 5.2) if a suitable
permutation is applied to $\{e_{1}, e_{2}, \cdots , e_{n}\}$ . In the following arguments, it is
important to recall a fact mentioned in (4.2):

$(*)$ The matrix $A$ has just four non-zero elements $\pm 1/2$ in each row and each
column.

Let $supp(f_{1})\cap supp(f_{2})=\{a, b\}$ . By $(*)$ , there exists $f_{2}’\in \mathscr{F}$ such that $f_{2}’\neq f_{2}$

and $a\in supp(f_{2}’)$ . Then the orthogonality of columns of $f_{1},$ $f_{1}’,$ $f_{2},$ $f_{2}’$ yields $b\in$

$supp(f_{2}’)$ . By (4.3) and (4.4), we must have $supp(f_{2})=supp(f_{2}’)$ . Similarly
we get $\mathscr{F}\ni f_{t}’\neq f_{t}$ $(t=1,2, \cdots , m-1)$ with $supp(f_{t}’)=supp(f_{t})$ . Furthermore we
can find $f_{m}\in \mathscr{F}$ such that $f_{m}\neq f.-1,$ $f_{m}’-1$ and $supp(f_{m})\cap supp(f_{m-1})\neq\emptyset$ . Then
by the maximality of $f_{1},$ $\cdots$ , $f_{m-1}$ and $(*)$ , we have $|supp(f_{m})\cap supp(f_{1})|=2$

and $|supp(f_{7n})\cap supp(f_{i})|=0(1<i<m-1)$ . Also, by $(*)$ again, we can find
$\mathscr{F}\ni f_{m}’\neq f_{m}$ with $supp(f_{m}’)=supp(f_{m})$ . Then a $2m\cross n$ matrix with $f_{1},$ $f_{1}’,$ $\cdots$ ,
$f_{m},$ $f_{m}’$ as rows is of the shape (X, $0$ ) after a suitable permutation of columns,
where $0$ is a $2m\cross(n-2m)$ zero-matrix and $X$ is an orthogonal matrix of degree
$2m$ which is a direct sum component of $A$ corresponding to $\Gamma’$ (cf. (4.2)). Then
from the shape of $X$ we see $\Gamma’=\langle supp(f_{t})|t=1,2, \cdots , m\rangle\cong 9_{2m}$ . Conversely
let $\Gamma’\cong 9_{2m}(m>1)$ and $supp(f_{1}),$ $supp(f_{2})\in\Gamma’$ with $|supp(f_{1})\cap supp(f_{2})|=2$ .
If $f_{3}$ is a vector with $supp(f_{1})\cap supp(f_{2})\cap supp(f_{3})\neq\emptyset$ , then we get $supp(f_{1})$

$\cap supp(f_{2})\subset supp(f_{3})$ from the structure of $\ovalbox{\tt\small REJECT})_{2m}$ (cf. (5.2.1)) and so, by (4.3),
$supp(f_{3})=supp(f_{1})$ or $supp(f_{2})$ . This completes the proof of (4.5).

(4.6) Suppose that $\Gamma$ has a component $\Gamma’$ which is isomorphic to $\mathcal{E}_{7}$ or $9_{2m}$

where $m$ is odd. Then (i) of Lemma 4.2 holds.

PROOF. Firstly we will show that $supp(f_{i})\in C$ for some $f_{t}\in\Gamma’$ . Suppose
that $\Gamma’\cong \mathcal{E}_{7}$ . By (4.5), there exist seven distinct $f_{t}\in \mathscr{F}$ such that $supp(f_{i})\in\Gamma’$ .
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Since $\mathcal{E}_{7}$ posseses seven non-zero elements, we must have $supp(f_{s})+supp(f_{t})=$

$supp(f_{u})$ for some $f_{s},$ $f_{t},$ $f_{u}$ whose supports are in $\Gamma’$ . But then $supp(f_{u})\in C$ ,
because $f_{s}+f_{t}\in L$ and so $supp(f_{s})+supp(f_{t})\in C$ . Next suppose $\Gamma’\cong 9_{2m}$ . Let
$f_{1},$ $\cdots$ , $f_{m}$ be as in the proof of (4.5). Then as $f_{s}-f_{s+1}\in L(1\leqq s\leqq m-2)$ , we
have $C\cap\Gamma’\ni supp(f_{m})=\Sigma_{t\Rightarrow 1}^{m-1}supp(f_{t})$ if $m$ is odd. Now take $supp(f_{i})\in C\cap\Gamma’$ .
Then as $f_{i}\in L,$ $(4.0)$ implies that $f_{i}$ must be of the shape $\pm((1/2)e_{T}-e_{p})$ where
$T=supp(f_{i})\ni p$ . Applying $\tau_{T}$ defined in Lemma 3.1.1 to $f_{i}$ , we get $\tau_{T}(f_{i})=\pm e_{p}$ .
Then (4.6) follows from (4.1) applied to $\tau_{T}(\mathscr{F})$ .

(4.7) Lemma 4.2 holds.

PROOF. By (4.6) we may assume that each component of $\Gamma$ is isomorphic
to $\mathcal{E}_{8}$ or $9_{2m}(m=even)$ . If $f_{1}$ , $\cdot$ .. , $f_{m-1}$ are taken in a $component\cong 9_{2\gamma n}$ so that
$supp(f_{1}),$ $\cdots$ , $supp(f_{rn-1})$ is a natural basis of $9_{2m}$ , then any two of $supp(f_{2t-1})$

$(1\leqq t\leqq m/2)$ are disjoint and any two union of them are in $C$ . Also we can get
$supp(f_{i})$ and $supp(f_{j})$ in a $component\cong \mathcal{E}_{8}$ with $supp(f_{i})\cap supp(f_{j})=\emptyset$ . Thus
we can find a $T$-decomposition of $C$ satisfying the condition in (ii) of Lemma
4.2.

4.3. NOW we will prove Theorem 2. By Lemma 4.2, we may assume that
there exists a $T$-decomposition $\{T_{1}, T_{2}, \cdots , T_{n/4}\}$ of $C$ such that each $T_{i}$ coin-
cides with $supp(f_{t})$ for some $f_{i}\in \mathscr{F}(1\leqq i\leqq n/4)$ . The following two cases will
be considered: Let $f_{1}=(1/2)\Sigma_{c\in\tau_{1}}\epsilon_{t}e_{t}$ .

Case I. The number of $t\in T_{1}$ with $\epsilon_{t}=-1$ is odd. In other words, $f_{1}$ is
of the shape $\pm((1/2)e_{T_{1}}-e_{p})$ where $p\in T_{1}=supp(f_{1})$ .

Case II. The number of $r\in T_{1}$ with $\epsilon_{t}=-1$ is even.
We note that if $f_{1}$ is as in Case I (resp. Case II), so are all $f_{k}\in \mathscr{F}(k=1, \cdots, n)$

as $f_{1}-f_{k}\in L$ . Suppose that we have Case I. Let $\mathscr{F}$ be of Type B. If $T_{1}\not\in C^{\perp}$ ,
there exists $X\in C$ with $|X\cap T_{1}|=odd$ and then we have $((1/2)e_{X}, f_{1})\equiv$

$|X\cap T_{1}|/2mod 1$ , which means that $(1/2)e_{X}\not\in\Lambda(f_{1}, f_{n})^{\perp}=(1/2)\Lambda(f_{1}, \cdots , f_{n})$ ,
contrary to the assumption that $\mathscr{F}$ is of Type B. So we must have $T_{1}\in C^{\perp}$ .
Then if $\varphi$ is an automorphism of $L$ defined in Lemma 3.3.1, we get $\varphi(f_{1})=\pm e_{p}$ .
By (4.1) applied to $\varphi(\mathscr{F})$ , we can get $\sigma\in Aut(L)$ such that $\sigma\varphi(\mathscr{F})=\mathscr{F}_{0}$ . Next
let $\mathscr{F}$ be of Type C. Then by using $\varphi$ or $\psi$ in Lemma 3.3.1 according as $n/8\equiv 0$

or 1 $mod 2$ and applying (4.1) to $\varphi(\mathscr{F})$ (resp. $\psi(\mathscr{F})$), we get $\sigma\in Aut(L)$ such that
$\sigma\varphi(\mathscr{F})$ or $\sigma\psi(\mathscr{F})=\mathscr{F}_{0}$ . Now we are in Case II. Firstly suppose there exists
$X\in C$ with $|X\cap T_{1}|=odd$ . Then if $\epsilon_{X}$ is an orthogonal transformation defined
by

$\epsilon_{X}(e_{i})=\{-e_{t}e_{i}$

$i\in X$ ,

$i\not\in X$
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$\epsilon_{X}(fi)$ has the shape as in Case I and so, by (4.1), we have $\sigma\in Aut(L)$ such that
$\sigma\epsilon_{X}(\mathscr{F})=\mathscr{F}_{0}$ . So we may assume $T_{1}\in C^{\perp}$ . Then $\mathscr{F}$ must be of Type B. In fact,
as we see $((1/2)e_{X}, f_{k}),$ $((1/4)e_{\Omega}, f_{k})\in Z$ for all $X\in C$ and all $f_{k}\in \mathscr{F}$ , we have
$(1/2)e_{X},$ $(1/4)e_{\Omega}\in\Lambda(f_{1}$ , $\cdot$ .. , $f_{n})^{\perp}=(1/2)\Lambda(f_{1}$ , $\cdot$ .. , $f_{n})$ which would be a contradic-
tion if $\mathscr{F}$ were of Type C. If $\rho$ is an automorphism of $L$ defined in Lemma
3.3.2, we have $|supp(\rho(f_{1}))|=1$ and then (4.1) yields $\sigma\in Aut(L)$ such that
$\sigma(\rho(\mathscr{F}))=\mathscr{F}_{0}$ . This completes the proof of Theorem 2.

REMARK 4.3.1. (i) Let $L$ be an integral lattice with a frame of Type B.
If we use an expression of $L$ in Remark 2.1.4 and an automorphism $\rho$ in Remark
3.3.3, the same arguments as above apply. Therefore Theorem 2 holds for
any integral lattice with a frame of Type B. (ii) For a frame of Type $C$ , the
situation is not the same. In fact, let $C$ be a doubly even self-dual code and
$L=L_{C}^{\epsilon}(C)$ where $n/8\equiv-\epsilon mod 2$ . Then $L$ is not even. Assume that $C$ has a
$T$-decomposition $\Pi=\{T_{1}, T_{n/4}\}$ , and set $f_{i}=(1/2)e_{T}-e_{i}(i\in T\in\Pi)$ . Then
we see that $\mathscr{F}=\{f_{1}, f_{n}\}$ is a frame of Type $C$ of $L$ and the code associated
with $\mathscr{F}$ is $\langle$X, $A+T_{1}|X\in \mathcal{E}\cap\langle T_{1}\rangle^{\perp}\rangle$ where $A$ is an element of $C$ with $|A\cap T_{1}|$

$=odd$ . But this code is not doubly even as $|A+T_{1}|\equiv 2mod 4$ and, in particular,
is not isomorphic to $C$ .

\S 5. Some examples.

5.1. We denote by $F_{2}^{n}$ a vector space of row vectors of length $n$ over $F_{2}$ ,
the field of 2 elements. To $X\in P(\Omega_{n})$ we assign a vector $v_{X}=(x_{1}, x_{2}, \cdot.. , x_{n})$

in $F_{2}^{n}$ as follows:

$x_{i}=\{\begin{array}{l}1 i\in X0 i\not\in X\end{array}$ $(1\leqq i\leqq n)$ .

Then a mapping $Xarrow v_{X}$ yields an isomorphism $P(\Omega_{n})\cong F_{2}^{n}$ as a vector space
over $F_{2}$ . Thus a code of length $n$ , i. e. a subspace of $P(\Omega_{n})$ can be regarded
as a subspace of $F_{2}^{n}$ .

5.2. Let
$D_{i}=\{2i-1,2i, 2i+1,2i+2\}\in P(\Omega_{n})$ $a_{n}=\{ 1,3, \cdots , no\}\in P(\Omega_{n})$ ,

where $n_{0}$ is the largest odd integer $n.

NOW we define codes $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and $9_{2k}$ as follows:
$S_{7}=\langle D_{1}, D_{2}, a_{7}\rangle\subset P(\Omega_{7})$ ,

$\mathcal{E}_{8}=\langle D_{1}, D_{2}, D_{3}, a_{8}\rangle\subset P(\Omega_{8})$ ,
$9_{2k}=\langle D_{i}|i=1,2, \cdots k-1\rangle\subset P(\Omega_{2k})$ .

Then $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and $0_{2k}$ are doubly even codes generated by tetrads (4-element
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subsets of $P(\Omega_{n}))$ of length 7, 8 and $2k$ respectively. It is known that any self-
orthogonal code generated by tetrads is isomorphic (equivalent) to a direct sum
of components $\mathcal{E}_{7},$ $S_{8}$ and $9_{2k}$ (cf. Theorem 6.5 in Pless and Sloane [9]). Let
us call the set of the generators $a_{7},$ $a_{8},$ $D_{1},$ $D_{2},$ $\cdots$ etc. of $\mathcal{E}_{7},$ $\mathcal{E}_{8}$ and $9_{2k}$ a natural
basis of those codes. We see from the structure of $9_{2k}$ that

(5.2.1) if $X_{i}(i=1,2,3)$ are elements of $9_{2k}$ such that $|X_{i}|=4$ and $X_{1}\cap X_{2}\cap X_{\epsilon}$

$\neq\emptyset$ , then we must have $X_{1}\cap X_{2}\subset X_{\theta}$ .
Let

$\mathcal{E}_{8k}=\langle D_{i}, a_{8i}|\dot{z}=1, 2, 4k-1\rangle\subset P(\Omega_{n})$ .
$\mathcal{E}_{8k}(k\geqq 1)$ is a doubly even self-dual code of length $8k$ . When we regard $\mathcal{E}_{7}$ ,
$\mathcal{E}_{8k}$ and $9_{2k}$ as a subspace of $F_{2}^{n}$ , their generator matrices are

$(\begin{array}{lll}1111 1111 11 1 1\end{array})$ , $(\begin{array}{ll}1111 1111 l\cdot\cdot|1ii11l1 1\end{array})$ , $(\begin{array}{l}111111l1ii_{11}\end{array})$

sizes $3\cross 7$ $(4k-1)\cross 8k$ $(k-1)\cross 2k$

respectively.

5.3. It is not difficult to see that, for $C=\mathcal{E}_{7},$ $\mathcal{E}_{8}$ or $9_{2k},$ $L_{A}(C)$ is a lattice
of root system of type $E_{7},$ $E_{8}$ or $D_{2k}$ respectively. Now we will show

(5.3.1) $L_{B}(2\mathcal{E}_{8})\cong L_{B}(8_{16})$ but $L_{C}(2\mathcal{E}_{8})\not\equiv L_{C}(\mathcal{E}_{16})$ ,

(5.3.2) $L_{C}(3\mathcal{E}_{8})\cong L_{C}(\mathcal{E}_{8}+\mathcal{E}_{16})$ ,

(5.3.3) $L_{C}(4\mathcal{E}_{8})\cong L_{C}(2\mathcal{E}_{16})\neq L_{C}(2\mathcal{E}_{8}+\mathcal{E}_{16})$ ,

which give counter examples to Theorem 2 or 3 in small dimension cases $(me_{s}$

denotes a direct sum of $m$ copies of $e_{s}$ ). Every lattice exhibited in $(5.3.1)-$

(5.3.3), more generally of the form $L_{U}(k\mathcal{E}_{8}+I\mathcal{E}_{16})$ ($U=B$ or $C$ ), possesses a frame
$\mathscr{F}=\{\pm f_{i}|i=1, 2, \}$ of Type $A$ :

$(f_{1}, f_{2}, f_{s}, f_{4})=(e_{1}, e_{2}, e_{3}, e_{4})H$ , where $H= \frac{1}{2}(\begin{array}{l}1 l 1 11 1-1-11-1 1-11-1-1 1\end{array})$

where indices of the $f_{i}$ and the $e_{i}$ should be taken $mod 4$ . Let $C’$ be a code
associated with the frame $\mathscr{F}$ of Type A for each lattice. The proof of $(5.3.1)-$

(5.3.3) can be done by calculating a code $C’$ . Now we will prove (5.3.1). Let
$L=L_{B}(C)=L_{A}(C’)$ where $C$ is $2\mathcal{E}_{8}$ or $\mathcal{E}_{16}$ . From the fact that $L\ni(1/2)(e_{1}\pm e_{2}+e_{6}\pm e_{6})$

$=(1/2)(f_{1}+f_{2}+f_{6}+f_{6})$ or $(1/2)(f_{3}+f_{4}+f_{7}+f_{8})$ , we see

(5.3.4) $C\ni\{1,2,5,6\}mod 8$, {3, 4, 7, 8} $mod 8$ .
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Expressing $(1/2)(e_{i+1}+e_{i+3}+e_{i+5}+e_{i+7})$ ($i=0$ or 8) or $(1/2)(e_{7}\pm e_{8}+e_{9}\pm e_{10})$ by the
$f_{j}$ , we see

(5.3.5) $C’\ni\{\{5,6,9,10\},\{7,8\{1,3,5, 7\},\{9,11,1113,12\}15\}$

if $C\cong \mathcal{E}_{8}$ ,
if $C\cong \mathcal{E}_{16}$ .

Also expressing $e_{1}-e_{9}$ or $(1/2)(e_{1}+ +e_{15})$ by the $f_{j}$ , we see

(5.3.6) $\mathcal{E}’\ni\{\{1,3,5,7,9\{1,2,3,4,9,1011’ 13,15\}11,l2\} if C\cong \mathcal{E}_{8},$

if $C\cong \mathcal{E}_{16}$ .
Thus, from $(5.3.4)-(5.3.6)$ , we get generator matrices for $C’$ ,

11 11

$(\begin{array}{llll}1111 11 11 11 111111 1111\end{array})$ ,

1111 1111
(blank denotes $0$)

11 11

$(\begin{array}{lllllll}11 11 11 11 11 11 1l 11 11 11 \end{array})$

$11111111$

according as $C$ is $2\mathcal{E}_{8}$ or $\mathcal{E}_{16}$ . By rearranging columns suitably, we find that
these generator matrices yield equivalent codes both of which are generated by
$29_{8}$ and $a_{16}$ . Thus we get $L_{B}(2\mathcal{E}_{8})\cong L_{B}(\mathcal{E}_{16})$ . When we add a word
(1000100010001000) to the last row of the above matrices, we get a generator

matix of $\mathcal{E}_{16}$ or $2\mathcal{E}_{8}$ respectively. Since $(1/4)(e_{1}+\cdots+e_{16})=(1/2)(f_{1}+f_{5}+f_{9}+f_{13})$

corresponds to a word (1000100010001000), we get

$L_{C}(2\mathcal{E}_{8})\cong L_{A}(\mathcal{E}_{16})$ and $L_{C}(\mathcal{E}_{16})\cong L_{A}(2\mathcal{E}_{8})$ .
In particular, $L_{C}(2\mathcal{E}_{8})\neq L_{C}(\mathcal{E}_{16})$ because $2\mathcal{E}_{8}\not\equiv \mathcal{E}_{16}$ and so $L_{A}(2\mathcal{E}_{8})\neq L_{A}(\mathcal{E}_{16})$ by
Theorem 3. Similarly we can give a generator matrix of a code $C’$ for each
lattice in (5.3.2) and (5.3.3). In fact, for lattices in (5.3.2), $C’$ is generated by
$39_{8}$ and row vectors of the following matrix (glue words for the direct sum
$39_{8})$ :

$(\begin{array}{l}aa00aacbb\end{array})$ , $(\begin{array}{l}bab0aaca0\end{array})$ , where $a=a_{8},$ $b=(11000000)$ and $c=a+b$

according as $C$ is $3\mathcal{E}_{8}$ or $\mathcal{E}_{8}+\mathcal{E}_{16}$ . Those two codes are equivalent and so we
get (5.3.2). Also for lattices in (5.3.3), $C’$ is generated by $49_{8}$ and glue words
for the $49_{8}r$

$(\begin{array}{lll}aa00 0a a000a ab b bb\end{array})$ , $(\begin{array}{llll}aa00 00a ab b b ba0a0 \end{array})$ , $(\begin{array}{l}aa000abb00aabbaC\end{array})$

according as $C$ is $4\mathcal{E}_{8},2\mathcal{E}_{16}$ or $2\mathcal{E}_{8}+\mathcal{E}_{16}$ respectively. Clearly the first and the
second matrices yield equivalent codes, while the third one is not equivalent to
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others.

REMARK. There exist four doubly even self dual codes of length 40 with
the core (a subcode generated by all tetrads) $59_{8}$ and the following glue words:

aaOOO aaOOO
OaaOO OaaOO
00 $aaO$ , 00 $abb$ ,
000aa 000aa
cbbbb cbbaO

abbOO aaOOO
Obbbb cbbOO
$0$ aaOO , $0acaO$

000aa 00bbc
$caOaO$ 000aa

respectively. The first three codes come from lattices of the form $L_{C}(k\mathcal{E}_{8}+l\mathcal{E}_{16})$

where $(k, l)=(5,0),$ $(3,1)$ or $(1, 2)$ , while the last one does not.

\S 6. The family $\mathcal{H}_{32}$ .
6.1. In this section, we will see that Theorem 2 holds for the family $\mathcal{H}_{a2}$

(\S 1.3), although just a brief outline will be given.
Let $\mathscr{F}_{0}=\{\pm e_{1}, \cdot , \pm e_{n}\}$ be a frame of an even lattice $L$ of Type $B$ or $C$

and $\mathscr{F}=\{\pm f_{1}, , \pm f_{n}\}$ bea frame of $L$ of the same type as $\mathscr{F}_{0}$ . Set, as in \S 4,

$f_{\ell}= \sum_{f=1}^{n}a_{ij}e_{j}$ $(i=1,2, \cdots n)$ and $A=(a_{ij})$ .

If $nS32$ , the orthogonal matrix $A$ has several possibilities other than those in
Lemma 4.1. In particular, we see from the proof of Lemma 4.1 that

(6.1) If $n=32$ and $A$ is not as in Lemma 4.1, $\mathscr{F}_{0}$ is of Type $C$ and $4A$ is

a direct sum of two Hadamard matrices $H_{1}$ and $H_{2}$ of degree $16:4A=(\begin{array}{ll}H_{1} 00 H_{2}\end{array})$ .

6.2. NOW let $L$ be an even unimodular lattice in $E^{n}$ having no 2-vectors.
Then $\mathscr{F}_{0}$ is a frame of Type C. If $A$ is as in Lemma 4.1, the same arguments
as in \S 4 can be applied and so Theorem 2 holds in this case. Therefore, by
(6.1), we may assume that $4A$ is a direct sum of two Hadamard matrices $H_{1}$

and $H_{2}$ of degree 16. But as we are assuming that $C$ has the minimum weight
18, we see that both $H_{1}$ and $H_{2}$ must be equivalent to the Hadamard matrix
$H_{0}$ of the character table of an elementary abelian group of order 16:
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$++++$ $++++$ $++++$ $++++$
$++++$ $++++$
$++++$ $++++$
$++++$ $++++$

$++--++--++--++--$ $--++++--++----++$ $--++++----++++--$ $\frac{+}{+}\frac{+}{+}--\frac{+-}{+}\frac{+-}{+}$

$H_{0}=$

$+-+-+-+-+-+-+-+-$ $+-+-+-+--+-+-+-+$ $\frac{+}{+}\frac{+}{+,-}---\frac{+}{+}\frac{+}{+}$ $-+-+-+-++-+-+-+-$

$+--++--++--++--+$ $+--++--+-++--++-$ $\frac{+}{+}\frac{+}{+}----\frac{+}{+}\frac{+}{+}$ $+--+-++--++-+--+$

where $+$ and –denote +1 and $-1$ respectively. In fact, it is known that
there exist five inequivalent Hadamard matrices of degree 16, but those other
than $H_{0}$ yield codes with minimum weight 4.

6.3. Let $\mathcal{G}_{16}$ be a code of length 16 generated by vectors

$\frac{1}{2}(v_{1}\pm v_{2})mod 2$ $(\in F_{2}^{16})$ ,

where $v_{1}$ and $v_{2}$ run over all row vectors of $H_{0}$ . Then a generator matrix of
$\mathcal{G}_{16}$ is

$uu00$

$OuuO$ $u=(1111)$

00uu where $x=(0101)$

yyyy $y=(0011)$ .
xxxx

Moreover $\mathcal{G}_{1\epsilon}^{\perp}$ is generated by $\mathcal{G}_{16}$ and six vectors of length 16:

(6.3.1) uOOO, yyOO, xxOO, $yOyO,$ $xOxO$ , vvvv, where $v=(1000)$ .

Also we have that

(6.3.2) the minimum weight of vectors in each coset $(\neq \mathcal{G}_{16})$ of the quotient space
$\mathcal{G}_{16}^{\perp}/\mathcal{G}_{16}$ is either 4 or 6, and

(6.3.3) there exist 35 cosets of $\mathcal{G}_{16}^{\perp}/\mathcal{G}_{16}$ with minimum weight 4 whose representa-
tives are as follows:

(i) $u000$ , vvvv,
(ii) wwOO, $w’wOO,$ $wOwO,$ $w’OwO,$ $OwwO,$ $Ow’wO$

where $w=x,$ $y$ or $z=(0110)=x+y$ and $w’=u+w$ ,

(iii) $v_{i}v_{i}vv,$ $v_{\ell}vv_{i}v,$ $vv_{i}v_{i}v$ where $i=1,2,3,4$ and $v_{i}=(001^{i}0),$
$v_{t}v_{j}v_{k}v$

where $\{i, j, k\}$ is any permutation of 2, 3, 4.
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REMARK. $\mathcal{G}_{16}$ (resp. $\mathcal{G}_{16}^{\perp}$ ) is the 1st (resp. 2nd) order Reed-M\"uller code of
length 16.

6.4. Since $4A$ is a direct sum of two $H_{0}’ s,$ $\mathcal{G}$ contains a direct sum $2\mathcal{G}_{16}$

of two $\mathcal{G}_{16}’ s$ . Let $w_{1}w_{2}\in C$ be a glue word for $2\mathcal{G}_{16}$ , where $w_{1}$ and $w_{2}$ are
$ve$ctors of length 16. Then from (6.3.2) and the fact that the minimum weight
of C1118, we see that a coset of $\mathcal{G}_{16}^{\perp}/\mathcal{G}_{16}$ containing $w_{2}$ is uniquely determined
by $w_{1}$ . So we write $w_{2}=f(w_{1})$ . Now we will determine $f(w_{1})$ where $w_{1}$ runs
over all vectors in (6.3.1). Note that $f(w_{1})$ can be taken as a vector of weight
4 by (6.3.2). When we rearrange $e_{17},$ $e_{\epsilon 2}$ and $f_{17},$ $f_{32}$ suitably by per-
mutations which are induced from automorphisms of $H_{0}$ and $\mathcal{G}_{16}$ (cf. (ii) and
(iii) of Lemma 6.5.1 below), it turns out that we may assume

$f(uOOO)=u000$ and $f(yyOO)=yy00$ .
Instead of the details of the proof of this fact, typical examples will be given:

EXAMPLE. (1) From (ii) and (iii) of Lemma 6.5.1 we see that $Aut(\mathcal{G}_{16})$ acts
transitively on the set of the cosets of $\mathcal{G}_{16}^{\perp}/\mathcal{G}_{16}$ of minimum length 4. For ex-
ample we have

$(yy00)w_{2}=u000$ , $(y’y00)a_{2}r_{2}=yy00(y’=y+u)$ , $(xx00)w_{1}=yy00$ ,

$(x00x)r_{3}w_{3}w_{1}=yy00$ , $(vvvv)w_{2}w_{3}w_{1}w_{2}=u000$ etc.

Thus we may assume $f(uOOO)=uOOO$ . (2) We have eighteen possibilities for
$f(yyOO)$ i.e. vectors listed in (ii) of (6.3.3). For example let $f(yyOO)=OxxO$

(the sum of vectors $xx00$ and $xOxO$ in (6.3.1)). Then we have $OxxO\equiv x00x$ mod $\mathcal{G}_{16}$ ,
$(x00x)r_{3}w_{3}w_{1}=yy00$ and $(u000)r_{3}w_{3}w_{1}=u000$ . In this way, we can find a per-
mutation which sends $f(yy00)$ to yyOO and leaves uOOO invariant for all possi-
bilities of $f(yyOO)$ .

NOW we see that $f(yOyO)$ must be one of $yOyO,$ $y’OyO,$ $OyyO,$ $Oy’yO$ , xxOO,
$x’xOO$ , zzOO or $z’zOO$ . Then by rearranging the $e_{i}$ and $f_{i}(17\leqq i\leqq 32)$ by per-
mutations which leave uOOO and yyOO invariant, we may assume $f(yOyO)=yOyO$

or $xx00$ , and then $f(xxOO)=xx00$ or $yOyO$ according as $f(yOyO)=yOyO$ or xxOO.
Also we may assume $f(xOxO)=xOxO$ as $f(xOxO)=xOxO$ or $x’OxO$ . Finally we
must have $f(vvvv)=vvvv$ . Thus $C$ is equivalent to one of two codes generated
by $2\mathcal{G}_{16}$ and glue words for $2\mathcal{G}_{16}$

uOOO $u000$

$yy00yy00$

xxOOxxOO or
$y0yOyOy0$
$xOxOxOxO$

uOOO uOOO
$y$ yOOy $y00$

$yOyOxxOO$

$xxOOyOyO$
$xOxOxOxO$

vvvvvvvv vvvvvvvv
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respectively. (The first code is the 2nd order Reed-M\"uller code of length 32.)

Then noting that the matrix $A$ is still a direct sum of two $H_{0}’ s$ , we easily see
that an orthogonal transformation $e_{i}arrow f_{i}$ leaves $L=L_{C}(C)$ invariant. This
proves Theorem 2 for the family $\mathcal{H}_{32}$ .

REMARK. It is known (cf. [5]) that $\mathcal{H}_{32}$ consists of five codes among which
just two codes contain $2\mathcal{G}_{16}$ .

6.5. We will give a lemma about Aut $(H_{0})$ , Aut $(\mathcal{G}_{16})$ which was used in
\S 6.3. The proof is left to the readers.

LEMMA 6.5.I. (i) $Aut(H_{0})\cong 2^{1+8}\cdot GL_{4}(2)$ (an extenston of $GL_{4}(2)$ by an extra-
special group of order $2^{9}$ ) and $Aut(\mathcal{G}_{16})\cong Aut(\mathcal{G}_{16}^{\perp})\cong 2^{4}\cdot GL_{4}(2)$ (an extension of
$GL_{4}(2)$ by an elementary abelian group of order $2^{4}$ ).

(ii) A complement $GL_{4}(2)$ of these groups is generated by the following per-
mutations of columns of $H_{0}$ or those of a generator matrix of $\mathcal{G}_{16}$ or $\mathcal{G}_{16}^{\perp}$ :

$w_{1}=(2,3)(6, 7)(10, 11)(14, 15)$ , $w_{2}=(3,5)(4, 6)(11, 13)(12, 14)$

$w_{3}=(5,9)(6, 10)(7, 11)(8, 12)$ , $r_{1}=(3,4)(7, 8)(11, 12)(15, 16)$

$r_{2}=(5,7)(6, 8)(13, 15)(14, 16)$ , $r_{3}=(9, 13)(10, 14)(11, 15)(12, 16)$ .
For $Aut(H_{0})$ , also permutations of rows of $H_{0}$ should be accompanied:

$w_{1}=(5,9)(6, 10)(7, 12)(8, 11)$ , $w_{2}=(3,5)(4, 6)(11, 13)(12, 14)$

$w_{3}=(2,3)(6, 8)(10, 11)(14, 15)$ , $r_{1}=(9, 13)(10, 14)(11, 15)(12, 16)$

$r_{2}=(5,8)(6, 7)(13, 15)(14, 16)$ , $r_{3}=(3,4)(7, 8)(11, 12)(15, 16)$ .
(iii) The foliowing permutations of columns of the generator matrix of $\mathcal{G}_{16}$

are in $Aut(\mathcal{G}_{16})$ :
$a_{1}=(1,2)(3,4)(5,6)(7,8)(9, 10)(11, 12)(13, 14)(15, 16)$ ,

$a_{2}=(1,3)(2,4)(5,7)(6,8)(9, 11)(10, 12)(13, 15)(14, 16)$ .
These are in $Aut(H_{0})$ too, if suitable permutations of rows of $H_{0}$ are accompanied.
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