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1. Introduction.

The aim of this paper is to refine the results of Okabe on the Alder-
Wainwright effect for KMO-Langevin equations. Here by the Alder-Wainwright
effect, we mean the long-time tail behaviors (oct™?*Y »>0) of autocorrelation
functions for stationary processes of non-Markovian type. This long-time tail
was first observed by Alder and Wainwright in their computer experiment of
molecular dynamics ([1] and [2]). Their numerical calculation suggested that
the slowly developing viscous flow around a particle could explain the long-
time tail behaviors.

The usual Langevin equation of Ornstein-Uhlenbeck type is not adequate
for this Brownian particle because its autocorrelation function decays exponen-
tially. This equation neglects the effect of the fluid flow around the particle
which is generated by the accelerated motion of the particle. The appropriate
hydrodynamic drag force on a spherical particle moving arbitrarily in R® has
been calculated by Stokes and Boussinesq by solving the linearlized Navier-
Stokes equation ([7]). Then, the Langevin equation with this drag force be-
comes

£4XO) _ (N[ 1 dX(s)
(1.1 m*— = —6rrnX(t)—67r (—ﬂ-—) S—m\/z: s

where m* is an effective mass given by m*=m+(2/3)zxr’p. Here we consider
the motion of a sphere of radius » and mass m moving with an arbitrary velo-
city X(¢) at time ¢ in a fluid with viscosity » and density p subject to a random
force W(t) at time ¢. The second term of the right-hand side of (1.1) corre-
sponds to the effect of the accelerated fluid flow around the particle. It has
been shown (e.g. [6] and [15]) that the correlation function R(¢) of the stationary
solution X of (1.1) has a long-time tail «¢7%/% as {—oo, which agrees with the
above experiment. We remark that now the Alder-Wainwright effect has been
observed by not only a computer experiment but also a physical experiment

([14].

ds+W(t),



516 A. INOUE

In their study of (1.1) ([6] and [15]), the noise W is considered to be not
a white noise but a colored noise such as

1

(1.2) X)) = T

St R —sW(s)ds,

where k£ is the Boltzman constant and T is the temperature of the fluid. The
requirement to the noise W comes from the Kubo’s linear response theory
([5]) and therefore, Okabe ([8] and [9]) called it a Kubo noise and studied it
rigorously.

The solution of (1.1) does not have a Markovian property but has a weaker
property called the reflection positivity: the correlation function R is of the
form below. Noticing this fact, Okabe derived, as a generalization of
(1.1), the first and second KMO-Langevin equations which describe the time
evolution of real stationary Gaussian processes with reflection positivity. Here
the first implies that the random noise is a white noise, while in the second
KMO-Langevin equation the random noise is a Kubo noise. Furthermore, in
[13], he showed, with a collaboration of Tomisaki, the Alder-Wainwright effect
for both first and second KMO-Langevin equations as a correspondence between
the decay o ¢ *D of the correlation function R and decay o ¢~? of the delay
coefficient 7 (0<p<1). For the Stokes-Boussinesq-Langevin equation (1.1), we
have p=1/2 because 7(t)=const. X, o ()t /2.

In this paper, we refine the results of Okabe on the Alder-Wainwright
effect for KMO-Langevin equations in two points. First we generalize the
region of the index p of the decay of the delay coefficient 7 from (0, 1) to (0, o).
Secondly we fill a gap of in deriving the decay of the delay coefficient 7
from that of the correlation function R for the first KMO-Langevin equations.
In the first problem, we adopt a way which is different from the proof of
because their way can not be applied to the case p=1 straightway. Our proof
is based on the differentiation compared to that of being based on the
integration. In our proof, we need to use a more general Tauberian condition
than the monotonicity.

So far we consider only the time continuous case. In [10], and [12],
Okabe developed the theory of discrete KMO-Langevin equations which describe
the time evolution of real, time-discrete and stationary Gaussian processes with
reflection positivity. The Alder-Wainwright effect for the discrete KMO-
Langevin equations also exist and will be discussed in a forthcoming paper 4.

2. Statements of Results.

We consider the first KMO-Langevin equation :
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(2.1) X=— B X ~lim 7. X+a,B
and the second KMO-Langevin equation :
(2.2) X=— B:X—lim To.cx X +a.l .

Here for j=1, 2,
2.3) a; >0 and §;>0
and for t=R and ¢>0,

2.4 73.0) = L, of®] e 0 (1)
with a Borel measure p; on [0, o) satisfying

(2.5) k{0 =0, |at+Dpdn) < oo

B is a stationary Gaussian random tempered distribution with a spectral measure
(2.6) Ai(dg) = d€

and I is a stationary Gaussian random tempered distribution with a spectral
measure

7 - 1
@ Auae) = || 2o+ & g onan) e

The random noise I is called a Kubo noise, which is related to X through
the following relation (Theorem 8.3 in [8]):

1 (=
(2.8) X($) = gl RO®IGC+0)t (G=SR),
where R is the correlation function of X. For the detailed theory such as the
existence and uniqueness of solutions for KMO-Langevin equations, see [8].
Let X,=(Xi(t);t=R) (resp. X,=(X,(t);t=R)) be the unique real stationary
Gaussian solution of (2.1) (resp. with mean 0 and covariance R, (resp. R,)

of the form:

(2.9) Ry=\"eviaan =R (G=1,2),

where ¢; (=1, 2) is a non-zero bounded Borel measure on [0, ) satisfying
(2.10) 2((0h=0, [Gt+inean< o,

@2.11) 7o {0}) = 0, S:Z“az(dl) < oo,

respectively. Let us given a slowly varying function L at infinity: L is a
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positive measurable function, defined on some neighborhood [X, <o) of infinity,
and satisfying

LAx)/ L(x)—> 1 (x—o0) VA>0.
We put for t=R,

(2.12) 7D = Yo w® e o D) (=12).
We then have

THEOREM 2.1. Let 0<p<co. Then the following (2.13) and (2.14) are equi-
valent :

(2.13) W) ~tPLE)  as t—oo,

a12p -
(2.14) Ry(t) ~ g-;t WD L) as t—oo.
1

THEOREM 2.2, Let 0<p<co. Then the following (2.15) and (2.16) are equi-
valent :

(2.15) To(B) ~ 172 L(t) as t—oo

(2.16) Rult) ~ izﬁﬂj‘ﬁ—prww(t) as t—>oo |
2

The Stokes-Boussinesq-Langevin equation (1.1) with a white noise or a Kubo
noise as a random force is a special case of the above with p=1/2 (see §4).

(2.13)=(2.14) and (2.15)=(2.16) both with 0<p<1 were proved by Okabe
[13] He also proved (2.14)=(2.13) with 0<p<1 under the condition

@2.17) S:ol_lpl(dl) < oo

but according to Theorem 3.4 in and (5.21) in [9], the Stokes-Boussinesg-
Langevin equation (1.1) with a white noise as a random force does not satisfy
and in fact, it will be found that[(2.13) and [2.17) never hold at the same
time if 0<p<1 (Cemma 3.1). Thus what are new in this paper are
(2.14) with p=1, (2.15)=(2.16) with p=1 and (2.16)=(2.15) with p»>0.

3. Preliminaries.

LEMMA 3.1. Let p, be a Borel measure on [0, o) which satisfies (2.5) and
define a function v, on R by (2.12). We assume 0<p<1 and (2.13). Then

@3.1) S:l"pl(dl) - .
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PrOOF. We assume Then, by the Karamata’s Tauberian theorem
(Theorem 1.7.1’ in [3]),

(3.2) U(a)~a?*L(1/a)/T'(p+1) as alO0,
where U(a)=p([0, a]). On the other hand, for any a>0,
(3.3) S:Z'lpl(dl) > S:z-1p1<dz) > a'1S:p1(dl) = U(a)/a
and so, letting a | 0, we obtain ]

The following two lemmata are easily proved by induction.

LEMMA 3.2. Let I be an open interval of R, n=N and f=C=(I). Then

Lo o | R
3-4) Goy) =~ Far 7oy

where F, is a polynomial in {f;1=0,1, ---, n—1}.

LEMMA 3.3. Let I be an open interval of R, neN and f, g=C>(I). Then

g™ g ™M(n)  Ga(p)
(3-9) <f<n>> =TFm) T FayT

where G, is a polynomial in {g»;!(=0,1, ---, n—1} and {f;1=0, 1, ---, n}.

LEMMA 3.4. Let 7 be a locally integrable function on [0, o). If lim,.o7(t)
=0, then

(3.6) lim ﬂgme”"r(t)dt —0.

70 0

ProoF. Choose M>0 so large that |7(¢)|<e for any =M. Then
) M
[9{"erwat| = 7 e ro1dete
and so
lim sup ysme'”tr(t)dt Le.

70 0

Since ¢ is arbitrary, we obtain [

LEMMA 3.5. Let U< L, [0, ), pER, >0 and ¢=0. We assume qg—p—¢
<—1 and

3.7 UR)~t? L) as t—oo,
Then

3.8) lim pere"?‘t‘IU(t)dt —0.
740 0
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Proor. Choose 6>0 and M>0 so that t=M implies [U(#)|<(1+0)t7° L(t)
and ¢t [(1)<1. Now

M oo
= nsM‘ZSO IU(f)Idt—FSMnse'”ttqu(t)ldt.

nESje‘”‘t‘lU(t)dt
On the integrand of the second term, we have for some constant ¢,>0,
e T U@R)| < (140)(mt)e 18t PmemDIR(p@mp=e+ /2 [ (1)) < ¢ C@™Pe71/2
Since ¢?7#~¢"D/% is integrable over [M, ), the integral tends to 0. m
Let XeR. A function f:[X, )>R is called slowly increasing if

(3.9 lxim lim sup sug {f@x)—f(x)} <0 (hence=0)
i1 tell. 4]

Z-00

(see [3]. We will use the following Tauberian condition :
(3.10) U is eventually positive and logU is slowly increasing.

LEMMA 3.6. Let f be a positive non-increasing function on [0, o) and p>0.
Then x°f(x) satisfies the Tauberian condition (3.10).

Proor. For any t<[1, 1] and x>0, we have
(3.11) log (tx)° f(tx)—log x°f(x) = p logt+log f(tx)—log f(x) < plogt.
The lemma follows easily from this. m

The following Karamata’s Tauberian Theorem plays a crucial role in our
proof of Theorems and

THEOREM 3.7. (Theorem 1.7.6 in [3]) Assume U(-)=0, p>—1, L is slowly
varying at infinity and

(3.12) O(s):=s| e Ux)dx,

is convergent for s>0. Then

(3.13) Ulx)~ x°L(x)/'(14p) as x—co,
implies

(3.14) U(s)~s?L(l/s) as s|O0.

Conversely, (3.14) implies (3.13) if U satisfles the Tauberian condition (3.10).

LEMMA 3.8. If E is a non-negative non-increasing and integrable function
on [0, o), we put

(3.15) R(t) = %SjE(t—}-s)E(s)ds t=0),
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(3.16) ¢ = Z—LS?E(s)dS .

Then if p>0 and L ¢s slowly varying at infiinity,
3.17) E@)~1t"PL(1) as t—oo,
if and only if

(3.18) R()~ ct ™ L(t) as t—oo,

PRrROOF. Since E is non-increasing, it follows that for any ¢t=0 and ¢=0,

(3.19) Rt = %@S E(s)ds = cE(),

and

(3.20) R®) = E(Ha)S E(s)ds.

Now, we suppose (3.17). Then, using [3.19) and [3.20), we have

RO _ o RO _

1 (a ..
— < <
ZzSoE(S)dS < hl:‘,riclnft SLa) = 0 SUD L S c

and so, letting a—oc, we obtain

_R®)
ImsTo T

This shows (3.18).
Conversely, we assume (3.18). Then, again from [3.19) and [(3.20) we have

_se E) E®) _ (1
s liminf oo < limsup =y o = o BGas)”

and so, letting ga—o, we obtain

lim ————E(D
oo 1P L(2)

This shows (3.17) and completes the proof of the lemma. ®

=1.

REMARK. It is in the proof of (3.18)=(3.17) that the assumption was
used in [13]. We remark that, in [Lemma 3.8, is not assumed.

4. Proof of Theorems 2.1 and 2.2.

THEOREM 4.1. Let Ue L'[0, o), 7€ L}, [0, ), >0, >0, p>0and L be
a slowly varying function at infinity. Assume that U and 7 are positive, non-
increasing, tend to zero as t—oo and satisfy for any n>0,
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(4.1) S“e-th(z)dt — vZra ! .
; B0+ ey
Then
(4.2) HE) ~ 1P LE)  as t—soo
if and only if
(4.3) Ut) ~ Y%’ia—pz-ww(t) as t—oo |
Proor. It follows from and that
(4.4) lim S”e-th(z)dt - S“’U(z)dt = ¥Yiza
740 Jo 0 B

We put n=[p], where [p] is the greatest integer not greater than p.
We first assume (4.2). The idea of the proof is to differentiate both sides

of n+1 times with respect to % so that we can apply to our
problem. By we obtain

o i e [ fO() | Faa(n)
4.5) [Temrrmumat = (1 vzmal R f<77>””}’
where

(4.6) fn) = Byt e rrerde

and F,,, is a polynomial in {f;/=0, 1, ---, n}. From we see that for
any /=1, 2, -,

@D O =dut (i e odeH(—1 e wde
Since n+1—p>0 and
Pty ~ TP L3, trr(t) ~t"TP L) as f—oo,
it follows from that
(4.8) FEO() ~ (=1)"{(n+ DI (n+1—=p)—= T (n+2—p)y =172 L(1/7)
=(=)"I(n+1=p)pyp~"* "2 L(1/p) as nl0.

On the other hand, let /=1, 2, ---, n and ¢>>0. Since [—1—e—p<—1, it
follows from [Lemma 3.5 and that

(4.9) lim ¢/ (5) = 0
740

and therefore
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(4.10) lim 7°Fyi(7) = 0.
7
Furthermore, by [Lemma 3.4 we have
(4.11) lim f(5) = 8 .
nio

Now we return to From (4.8), and we obtain

. _ I(n+1— A O
9 e Ut ~ v Eman? = L1/ p)] ("732 p)p+W_ZZLH_,,)ML(I/”()%),M}

- V2ral(n+1—p)p

2 nP " L(1/7p) as 0.
Since n—p>—1, we have from [Lemma 3.6, [Theorem 3.7 and the above,

PR () ~ ‘/ZT”Z‘”ZW L)  as t—co.

Thus (4.3) follows.

Next, to prove the other part, let us assume (4.3). By and the
integration by parts, we see that for any 7>0,

- 5= B\ dte= \ Ux)dr
(4.12) Soe-vty(t)dt = _«/Z:m___@__l — So Se

vS?e“”‘U tydt 7 S:’e-vtwt)dt

—1.

The idea of the proof is similar to that of the first half. This time we differ-

entiate both sides of (4.12) n times with respect to ». Then from
we obtain

o i — 1 B | Gal)
4.13) Soe wrOdt = (~1rp e Tk b,
where
(4.14) o(q) = S?e'”‘U(t)dt, h(y) = S:dte-vt SfU(r)dr

and G, is a polynomial in {A‘;[=0,1, .-, n—1} and {g*;(=0,1, -, n}
(n=1). When n=0, we put G,=0. On the right hand side of [4.13), the first
term will be found to be the main term.

First by
(4.15) lim g(7) = v27a/8 .
For any /=0, 1, --- and >0, we have
4.16)  g®(p) = (—1)’S:°e"7‘t‘U(t)dt, he(p) = (—1)‘S:°dte"7‘tlSZOU(r)dz- .

By the monotone density theorem (cf. Theorem 1.7.2 in and its remark),
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(U@~ ‘/;’:“t-pw) as oo
Therefore, since n—p>—1, it follows from that
Smal(n—p+1
(4.17) h<n>(7y)~<—1)n‘/2”“rgj PAD poenip1ypy as 40.

On the other hand, for any ¢>0and /=0, 1, ---, n—1, noting /—e—p<—1,
we have from
lim °h®(n) =0.
710
In the same way, we see that for any /=0, 1, ---, n and ¢>0,
lim 7°g¥(%) =0.
740
Therefore it holds that for any >0,
(4.18) lim 9°GL(n) =0.
740

Now we return to [(4.13). By (4.17) and (4.18), we see that

. on <n+1—p)/2Gn
vso e"’]ttnr(t)dt ~ 7713"71«L(]_/y}){r(l—p—l-l)—{—(\/%a) 777}"(7““—1))/2 L(i?;?)}

~ T(n—p+1)9?"L(1/y) as 70.
By we can apply to the above and obtain
trr(t) ~ PP L(E) as f—co,
This shows (4.2) and compeltes the proof of [Theorem 4.1. m

PrROOF OF THEOREM 2.2. By [2.9), [2.11), [2.4), (2.5) and Lemma 2.8 in [8],
we see that R,e= L'[0, o), 7. Li.[0, c0) and both R, and 7, are positive, de-
creasing and tend to zero as t—co. Furthermore, it follows from Theorem 8.5

in that for any >0,

(4.19) Swe””RZ(t)dt = v2ra, L .
° Butn-+n| et
Then follows immediately from [Theorem 4.1 m

PrROOF OF THEOREM 2.1. First, as in the case of 7,, we see that 7, is a
positive, decreasing and locally integrable function on [0, «). Let E, be the
canonical representation kernel of X;. By Theorems 2.1 and in [8], E, is
a positive, decreasing and integrable function on [0, co) and satisfies for any

7>0,
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1
Butnta| e rndt
Then it follows from that is equivalent to

(4.20) S:e-vta(ndt = Vira,

(4.21) Bty ~ Y2RAD mcsn L) as tooo .
1
On the other hand, by (E.4) in and we have
4.22) R() = o= | EtHOE()Ms  (t20),
1 Aot (24
(4.23) ESOEl(s)ds = Joen

Then by we see that is equivalent to (2.14). This completes
the proof. ®

5. Examples.

Let p be an arbitrary positive constant and L a slowly varying function
at infinity. In addition to the condition (2.5), we assume that p; (j=1, 2) has
a density p;(2) (=1, 2) with

(6.1) )~ AP L(1/2)/I'(p) as 410.

Then, by the Karamata’s Tauberian theorem (a version of with
x 10, s—oo), the function 7, (resp. 7,) defined by satisfies (resp.
and hence (2.14) (resp. holds. Especially,
a) If we put p,(A)=247"'e™*/I'(p), then we get 7,(t)=(+1)"? (0<p< o).
b) If we put p,(A)=A""'/I'(p), then we get 7,(t)=¢t"?. Here this time we
assume 0<p<1l. The Stokes-Boussinesq-Langevin equation (1.1) is essentially
this case with p=1/2.
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