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1. Introduction.

Nonlinear integrable systems, as pointed out by Sato [10, 11], may be under-
stood as “deformations” of 9-modules. For the case of the KP hierarchy, such
a 9-module is given by

My = -@oW ’

where W is a pseudo-differential operator of the form
W =143 walt, )07,  8=0/6x,

9D, is a ring of ordinary differential operators in x, and w,(¢!, x) are unknown
functions of the KP hierarchy [8, 9] that depend on an infinite number of “time
variables” t=(t,, t;, ---). In algebraic approaches [8, 9, 6], it has been customary
to consider “formal” (or “formally regular”) solutions, i.e., solutions for which

wn(t, x) € C[[t, x]].

In that setting, 9, is given by
D, = {P; Am, P= Enjopna", p.=CLIE, x]7}.

This is a subring of the ring

€= 1{P;3m, P= 3 90", p.=C[[t, x1]}

of pseudo-differential operators. M, is thus a free left 9,-submodule of &,.
With these notions, Sato [10, 11] presented an abstract formulation of the KP
hierarchy and its relation to the “universal Grassmannian manifold” (UGM)
(8, 91.
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The relation to UGM becomes quite manifest if one considers the underly-
ing C[[t, x]]-module structure of #,. As a C[[¢, x]]-module, K, is also a
free module, but of infinite rank, and has a special generator system of the
form

o= DCLLL, x]We,  Wi=d'— S w,d .
120 Jj<o

The coefficients w;; can be identified with a set of affine coordinates on UGM.
The KP hierarchy then becomes a set of evolutionary differential equations on
wy;. Further, there is a “dual” description that uses the right 9,-module
ME =W,

with a similar C[[¢, x]]-generator system of the form

M¥ = %W’J‘FC[[L x]], W* =07+ E)a‘i‘lww.
Sato [10, 11] explains these two types of representations as a kind of cohomo-
logical duality.

These affine coordinates w;; however, can cover only a subset of UGM
called the “open Schubert cell.” On boundaries of this open subset, these
coordinates as well as the coefficients w, of W have singularities (poles). It is
known [8, 9] that these poles are of very special type, coming from zeros of
the so called “z function.” The ¢ function is one of the so called Pliicker
coordinates. The Pliicker coordinates &s, where S run over an index set intro-
duced later in this paper, are not true functions of UGM but sections of a line
bundle over UGM. Their quotients however give rational functions on UGM.
If the denominator is fixed to be §s and another index S’ varies over a collec-
tion of indices (which is determined by S), the quotients &s./&s give affine
coordinates over the open subset

= {£&s+0
Sdef {sS‘f' }

of UGM. Varying S now, one can thereby obtain an affine open covering of
UGM. The previous coordinates w,;, are also obtained in that way with a
special choice of S, written Sy; the denominator, §s, can be identified with
the = function. H, and M¥ are thus, in a sense, defined on Us,. What 9-
modules are then sitting on Ug for order S’s? This is a question that motivates
the present paper.

To answer this question, we reinterpret UGM as a “differential-algebraic
variety” in the sense of Kolchin (Section 2). More precisely, we shall
introduce a set of differential rings s with a single derivation 9, where S runs
over the same set of indices as mentioned above. As a commutative ring, Ag
is nothing but the coordinate ring of Ugs (in other words, Us=Spec As). These
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affine subsets are then “glued together” to form UGM, and g’s give rise to
the structure sheaf 4 of UGM in the usual sense. The derivation 0 is intro-
duced to be consistent with this gluing, hence the ringed space (UGM, ) de-
fines a “differential-algebraic variety,” the structure sheaf A being a sheaf of
differential rings. Besides the commutative structure sheaf 4, this differential-
algebraic variety also carries the sheaves 9 and € of noncommutative rings of
differential and pseudo-differential operators. By definition, the rings 9s and
&s of sections over Ug are comprised of differential and pseudo-differential
operators of the form >}a,0" with coefficients in s, and they glue together
to become sheaves over UGM.

We then construct left and right 9s-submodules Hs and HE of &5 and
show that they are also consistent with the gluing of Ug’s (Section 3). Thus
actually we have two sheaves % and H* of 9-modules over the differential
algebraic variety (UGM, A). Sections 4 and 5 are devoted to the study of co-
homological properties of these sheaves. If S=S,; Ms and H¥ become free
modules with a single generator. (If g is replaced by C[[t, x1], this exactly
reproduces the structure of ¥, and H¥.) For other S’s, s and H¥ are no
longer free, but we show that they are projective ©-modules (Section 4) and
dual to each other (Section 5). These seem to answer the question addressed
above.

In Section 6, we give a differential-algebraic interpretation of the KP
hierarchy itself in the language of As. Actually, we simply add an infinite
set of derivations, (0,, 0,5, --+) to s and show again their consistency with the
gluing of Us. The KP hierarchy thus gives rise to yet another structure of
differential-algebraic variety on UGM.

Our results show that s and ¥ are of very special nature; the projec-
tivity and duality imply that they are still close to the free case. It seems
likely that these results can be extended to the case where 9 is comprised of
more than one derivations and where 9-modules are, in some sense, “deforma-
tions” of a free module generated by a single element. Remarkably, several
“higher dimensional” nonlinear integrable systems are known to be related
with such free 9-modules (and, possibly, their nontrivial deformations). This
fact was discovered by one of the present authors and recently extended
to a more general case by Ohyama [7].

We do not know what implications these results have in the theory of the
KP hierarchy. Nevertheless, the interpretation of UGM as a differential-
algebraic variety, along with the construction of the sheaves i and ¥*, seems
to provide new material to the algebraic standpoint of Sato [10-12] on differ-
ential equations as well as that of Kolchin [4]. It should be also noted that as
opposed to the usual situation, we are now dealing with very abstract rings
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As rather than the ring C[[¢, x]] of formal power series. Such a possibility
seems to have been overlooked.

2. Universal Grassmannian manifold as differential algebraic variety.

The universal Grassmannian manifold (UGM) is an infinite dimensional ex-
tension of ordinary, finite dimensional Grassmannian manifolds. Several differ-
ent descriptions are known [8-13], most of which are set-theoretical and re-
cognize UGM as a set of vector subspaces included in a fixed vector space. A
more axiomatic and functiorial definition is presented by Kashiwara in the
language of scheme theory.

From the standpoint of algebraic geometry, UGM should be understood as
a collection of affine open sets glued together by holomorphic maps. We now
give such a construction of UGM. In the finite dimensional case, this is a well
known construction.

We now consider the set of all strictly increasing sequences S of integers
of the form

(2.1) S = (S0, S1, Sz ***)s si=Z, Se<L8; <8< -
under the condition
s;=1  for all but a finite number of /’s.
Let S°¢ denote the complement Z\S with a similar strictly increasing numbering.
(2.2) S¢=1(-, s_5 S_1), $; =2, v LS_s<lS .

A graphical represzntation of such a sequence S, or the pair (S¢ S), is given
by “Maya diagrams” [9, 10]. A Maya diagram consists of an infinite chain of
boxes, which are numbered by all integers from the left (negative) side to the
right (positive) side and colored either “black” (if the box lies in S¢) or “white”
(if the box lies in S) (see Fig. 1). These are also in one-to-one correspondence
with the set of all Young diagrams [8, 9]. In the literature of the KP hierarchy
[8-10], Young diagrams or Maya diagrams have been used as an index set of
the Schubert cells of UGM. In our construction below, they arise as a index
set of affine open covering of UGM.

Vb 1 G4 11|

+=-3-2-101 2 3 -
Figure 1. Maya diagram for S=(—1,0,2,3, )

For each S as above, we now introduce a polynomial ring Ag with an in-
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finite number of variables as:
(23) ‘.ﬁs(;—"f C[ws,ij (iES, ]'ESC)] .

This represents the coordinate ring of an affine space with coordinates ws, ;.
We now have to specify how to glue together these affine spaces. To this
end, it is convenient to introduce infinite matrices

(24) Ns = (773»1.7; Z'ES: ]EZ) ’
0¥ =%, i€Z, j&859),

with matrix elements given by

—WSs,1ij if /=8, ]'ESC,
(25 10z 3. if 7, j<=S,
% 51;]‘ if Z', _]-ESC,
ﬁs,ijd'—‘f{ e e
ef L wg, i; if 78S, j=S5¢,

where d;; is the Kronecker delta. In the usual set-theoretical interpretation,
the row vectors of 7s span a vector subspace in a given big vector space,
which is the corresponding point of UGM. Similarly, n¥ is to represent a col-
lection of column vectors in the dual vector space, and gives a “dual” repre-
sentation. These two matrices are connected by the relation

(2.6) 757§ =0,

which determines each other. Note that %% corresponds to the &-matrix of in
the literature [8-10]. The rule of gluing between s and Jis is given by the
algebraic relation

2.7 Ns = hss'Ns,
where
(2.8) hss d—_;f(ﬁs.ij; €S, jE87).

Since hgs differs from the identity matrix by at most a finite number of rows,
one can define its determinant as

(29) det hSS’ = lim det (hSS’ 5 i, ];>:*—]V) .

def Nooo

(The finite determinants on the right hand side does not depend on N if N is
sufficiently large, hence the limit is meaningful.) Determinant becomes a
non-vanishing rational function of ws ;. Equation defines a birational
relation between two sets of variables wgs ;; and ws 4, which is holomorphic
if the determinants do not vanish. More precisely, gives rise to an iso-
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morphism
(2.10) Gss : As[det hgs™'] =, As[det hs s7'].
Because of the obvious relations

hss™ = hss,

hsshs s = hsgr,

the collection of ring isomorphisms gss defines a consistent gluing of the affine
spaces Uy represented by As. This gives a realization of UGM as an infinite
dimensional algebraic variety. Actually, the above gluing rule can be restated
in terms of 7% as:

2.11) n§ =95 h%s,
where
(2.12) lzé‘,sd:f(hi‘é,i,-; 1=85’¢, j=8°).

We now define a derivation 0 on Js by
(2.13) o(ws, i;‘)dff 0 c(G4+1)0 11, ;+05G+Dws, 141, 5
_0SC<]'_1)wS,i.j-1_‘k§0 WS, i, i5-1WS8,1p.55

where 65 and fs. are the characteristic functions of S and S¢, i.e., for any

subset X of Z,
0 (')"{1 if ieX,
alo it iex.

PROPOSITION (2.14). This definition of 0 is consistent with the gluing iso-
morphism gss.. More precisely, if ds denotes the derivation on As defined by
(2.13), 05 and 0s. obey the relation

as"gss' = gss°0s' .

PrOOF. Let us note that, in terms of the matrix 7s, the action of ¢ can
be rewritten

(2.15) 0(ns) = Bsns—nsd,
Bsd—ff(rzs,i,j_l; 5, JES),
where /A denotes the infinite shift matrix

(2.16) A= (0,451, 1€Z).

def
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In the dual form, this is also equivalent to the following.
(2.17) on%) = Apk—ntAs,
Asd:ef(7]§,i+1,j; i, JES).
The proposition asserts that the same equations are also satisfied by 7s and

7% for any other S’. To see this, insert [2.7) into [2.15). This results in the
equation

(2.15") 5(773') = Bs'ﬂs'—ﬂs'/l
where Bjg: is given by
Bs = hg}grBsr]’Lssr——/’lgfgla(hssr)_l .

Actually, one does not have to do further calculations for the right hand side;
extracting the S’xS’ part of both hand sides of (2.15") gives the relation

0=Bs—(ns.ij-1; 1, JES),

which determines B just as in with S replaced by S’. The equation
for n%¥ can be derived in the same way. Q.E.D.

This result says a geometric fact that 0 gives a globally defined vector
field on UGM. Our UGM thus becomes a “differential-algebraic variety” whose
structure sheaf 4 is associated with the differential algebras (g, 0).

One can define the rings 95 and &g of differential and pseudo-differential
operators

(2.18) 95 = {P; 3m, P= 3 p.", pacis),
(2.19) &s = {P;3m, P= 3 p.0", pacish,

with the same summation and multiplication rules as the ordinary ones [8, 10,
127;

def
(Zp:0Y)-(Xq,07) (—1—;2“6" ,
=5 (2)péra)
ndef i+j~k=n k ¢ I

Let ( ). denote the projection onto the components of the direct sum decom-
position (as an Ag-module)

(2.20) Es=DsDESY, &V = {Zpa0”; pn=0Yn=0}

def
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In other words,
0"+ =0 (n<0), =o" (n=0),
@™). =0" (n<0), =0 (n=0).
It should be noted that the commutative ring 4s now has two distinct roles.
In one hand, it is a commutative subalgebra of 95 or of €5; on the other hand,
it is a differential ring on which 9s acts. To distinguish notationally, we

write Pf or P-f (P=9s, f&As) to mean the multiplication of differential
operators, whereas let P(f) denote the action of P on f.

3. Dg-modules Hs and HE.

Let Mg be the following left free As-submodule of &5.

3.1) Ms = D AsWs, 1,
def ieS
Wsi=0"— 3 ws ;00 (GES).
det jese

Actually, this becomes a @s-module. To specify its structure, we write S as
a disjoint union of finite intervals and a semi-infinite interval as:

(3.2) S = [io, J.o]U e Uldmot, jm—-l]ul:im) ©0),
Z.o<].o<1.1§ éim-1<].m—1§im ’

n="3(—j+1),

def I=0

where [4,, 7:], for (=0, ---, m—1, denotes the sequence of integers from i7; to
71, and [7n, o] all integers greater than or equal to 7, (see Fig. 2).

Imet " Jma Im

Figure 2. Maya diagram associated with S

PRrROPOSITION (3.3). 1) The generators Wg, ; satisfy the relations
(3.3.1) 8- Ws,e= 05+ 1Ws,im Dws oo Wsyy  (ViS).
=0

2) Mg is closed under the left multiplication of 0, hence becomes a left Ds-
module.

3) Mg is generated over Ds by a finite number of elements :
(3.3.3) s = 3 DWWy, -
l=0

(Actually, this is a minimal generator system; see Appendix.)
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PROOF. According to the general composition rule, d-Ws,; can be written

0-Wsi=0""— 3 ws, ;0" — 2 0(ws, ;)07 .

jese jes¢
The first term on the right hand side can be further rewritten:
0+ = 0s(i+1)0 1+ 0 sc(i+1)0+*
= O0s(G+1)Ws,i11+ 25 (0 scG+Dws, 1. ;40 s(i+1)0s41. )07 .
jes¢

and ¢’*! (j=S° has a similar expression. Inserting these formulas and gather-

ing up various terms appropriately, one arrives at the following expression of
a'WS' Ge
0-Ws, o= 0s(E+1DWs, i+1~_§S] Os(G+DwiWs, jaa
jes¢

+ Es [0sc(i+1)0iss, j+0sG+Dws, 41, ;—0se(F—Dws. 1, j-1
jese

— 2 O0s(l+Dws, qws, 141, ;—0(Ws, ;)] -
les¢

The last sum over jES° disappears due to the definition of . One thus obtains
(3.3.1)} This readily implies the second statement of the proposition. The last
part is a consequence of and a simple induction argument. Q.E.D.

EXAMPLE. Let us consider the case for S=(—1,0,2, 3, ---). The Maya
diagram is shown in Fig. 1. The 9g-module #s is now given by

(34) Ms = JSW/—_1@UQSWS,0§9 JZSWS, L)
22

I/Vs,i = ai—ll/s,i,la— 2 ws,ijaj .
js-2

The derivation 0 acts on the generators of s as:

(3.4 OWs, 1 =Wso—ws, 1, W 1—wWs, -1, 1Ws.2,
0OWo=—wso_-Ws _1—Ws,01Ws.2, ,
OWs o =Ws pe1—Ws.6,-Ws, 1—ws. e, Ws,. (YE22).

s is generated by two elements Wg _, and Wy,

(3.5) Ms = DsWs, .1+ DsWs,»

with a 9Dg-linear relation of the form

(3.6) (0°40- w_1, .o+ wo, )W, -0 w_y, 1+ we YW, =0.

Now let ¥ be the right Ag-submodule H% of &5 given by
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3.7 ME= 2 WE ;ds,

def jeS¢

W§,=07"+ 320" ws,q.

def eS8

The index set S° can be written as a disjoint union of finite intervals and a
semi-infinite interval like the expression of S in (see Fig. 3):

(3'8) Sc == (—OO, ZTn]U[]Tn—b Z.;kn—l:lu v U[]?;r Z>(l)<_‘] ’

RS R <k < STFGELIE,

m_l - .
n* = 3 EF—s5+0D.
def 1=0
The endpoints of the intervals are related with the previous expression as:
(3'9) Z.j:’l‘ = 2‘0_1’ ZI)Tkn.—l = il—ly ) Z‘?‘; = Z.m—l ’
sk

Jha=7J0tl, jhoe= 7141 o, JE=in+1,

Figure 3. Maya diagram in “dual” form

\i\
\\\
' N
\\‘
§
o*\

.* *
tlm J‘n 1’ Jo

We now have an analogue of (3.3).

PROPOSITION (3.10). 1) The As-generators W, ; satisfy the relations
(3.10.1) W50 =Whsmls(i—Db SWE sy (59,

2) ME becomes a right Ds-module.

3) As a Ds-module, M¥ is generated by a finite number of elements as

(3.10.3) HE= 3 DWHipn .

oslsm

(These generators give a minimal Ds-generator system.)

Let us consider the case of
(3.11) S=Sgi(0, 1,2, ).

To simplify notations, we write g, Dg. etc. rather than As,, Dg,, -+ .

PrROPOSITION (3.12). 1) My and M§ are cyclic Dg-modules, i.e., generated
by a single element:

(3.12.1) Mg = DgWg,o,
== IVf,_lgg .
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2) Wg.i and W% ; can be written explicitly:
(3.12.2) We:i=(00"Wg o DiWa.o,
5. =W5 W5 .77 ™), .
3) Wy.o and W§ _, are connected by the relation
(3.12.3) We Vs _1=1.

ProOOF. The first statement is obvious from the previous propositions. To
see (3.12.2), let us note the obvious relation

(0" W o)Wy o=0"—(0"Wg,o")—Wa.0,
which shows that this operator takes such a form as

:al—‘g aijaj, ClijEqu.
I<

Such an element of s is unique and should be given by W, ;. In much the
same way, one can check the expression for W35 ; completing the proof of
(3.12.2). Equation can be proven as follows. Recall that W, ; satisfy
the relation

0-Wg, i1 = Wei—wg i1, -1 Wao.

This gives rise to a recursion formula for Wy W4 7'
We Wa o '=0-Wg i Wpa o' twWsir 1.
Solving this and using (3.12.2), one has the relation
@ W )e=Wa W, = o+k2 0 E gy
Since this is valid for all 7=0,

Weo'=1+ 20" wg . =W5 1.
k20 Q.E.D.

COROLLARY (3.13). For any i and j, Wy W3, ; is a differential operator.

The situation for S=Sj is thus exactly the same as H, and H¥ in Section
1, though the differential algebras are different.
Remarkably, the last result can be generalized.

PROPOSITION (3.14). For any S,:=S and j=S°¢ Ws, W% ; is a differential
operator.

PrROOF. Let X denote the quotient field of As. We do not specify the
suffix S for X, because all 4g are now connected by an invertible transforma-
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tion, their quotient fields all being isomorphic. X is now a differential field
with a single derivation d. Let 94 and &4 denote the associated rings of dif-
ferential and pseudo-differential operators. They give a ring extension of 9s
and &s. We now notice that linear relations and (2.11) give rise to the
following relations of operators:

(3.15) Wsi= 2 hss,iWs.j,
jes’

W%;= 2 W§ ih§s.
ies'¢

Applying these relations to the case of S’=S, one finds that each of the
operator products W ;W% ; is linear combination of similar operator products
for Sy with coefficients in K. (The matrix elements of hs s, and 1%, s are
included in X.) As we have seen above, Ws, W%, ; are differential operators.
Therefore W W% ; are also differential operators, though their coefficients
belong to K. Actually, they are members of &g from the construction, hence
turn out to be in 9Dy. Q.E.D.

REMARK. It is immediate from the above observation that s and ¥
become cyclic (actually, isomorphic to @ W, . and W¥, _.9Dx) if their ring of
coefficients are extended from 925 to 9. This is exactly the situation con-
sidered in Ref. 10.

4. Vanishing of cohomology and projectivity.

This and the next sections deal with cohomological properties of the modules
Ms and ME with S fixed. Let us suppress the suffix “S” for simplicity of
notation.

In view of (3.3), we now take a finite set of generators of i
as:
(4.1) M= 3 IW,.
ieS,igiy
For the definition of i, see [3.2) (One may also take the minimal generator

system as presented therein; see Appendix for such a treatment.) Our task
below is to construct a free resolution of this module.

DEFINITION (4.2). We now introduce the following matrices of differential
operators [cf. Proposition (3.14)]. Note that M is an nXx(n+1) matrix, N an
(n+1)Xn matrix, and U an (n+1)X(n+1) matrix, n being the number defined
in (3.2).

(4.2.1) Md::f(Mij; =S, i<in, JES, j<in),
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M;; ;51-,-8—030'-{—1)5i+1,,~—|-03c(j—-1)wi,j_1 .
(4.2.2) Nd-—;f(Nij; 1€S, IS, JES, J<in),
Nijdezf —Wi 0777,
4.2.3) U=Usysi, JES, i, j<in),
UiJ-d:ef Osc(j—LW Wk, .

(3.3) implies the following relations among the generators W,
in [4.1)
4.3) > MW;=0 (€S, i<in).

jES.jEim

The following lemma plays a key role in this and the next sections.
LEMMA (4.4). M and N obey the relations

(4.4.1) MN =1,.
4.4.2) NM=1,.,—U,

where 1,, in general, denotes the nXn unit matrix.

ProoF. We first prove From obviously,
2 (A{ijIVja_k_l)+ — 0, Vi eZ .

jes. jsinp
In view of the definition of M;;, on the other hand, the left hand side can be
rewritten

S MW F ), =0-Wo ), —0-W0 ), — 3= MiNj,.

jes.jsinp keS. ksip
We notice here that for any pseudo-differential operator P=3p,0",
(0-P)—0-(P)y = b1
Applying this formula to W,07*"!, one finds that
(a-ina'k_l)J,—a(VVia'k"1).,. - 5ik .
One can thus deduce that
E Arfiijk :5ik
jeS.isin
for 7, k=S, i, k<in,. This is exactly (4.4.1). One can derive [4.4.2) by similar
calculations: First, from the definition of M;; and Ny,

S NyMy=—-Wi0 " ",04+ = (W0 77,057+ 1)0,51,

jesS.iiy JjeS. iin

- X W) 0s(k—Dw; =1+ 0+1.

Jjes, i<iny def
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The second part on the right hand side is equal to (W,07%), if k—1=S and
vanishes if #—1=S¢. Hence

0 =0s5k—1)(W07%),.
The third part can be gathered up to give the following contribution :

0 =0s(k—W; 3 077" w5 1.

jeS, i<inp
Since 7 is now bounded by i,, W, is of order less than or equal to 7,. The

range of ; on the right hand side may be extended to all S because 077! for
7=i, have no contribution to (---),. Therefore

M =0s(k—1)W:;Z 07w s_1)e = Osc(b—1)W (W ,—07%)).

jes
To summarize,
I+040=—W0  ),0+Wi0 #),—0Osc(b—1)WWE ),
= 5ik—0Sc(k—1)(VViW7f-1)+ .
This implies [(4.4.2). Q.E.D.
PROPOSITION (4.5). M has a free resolution of the form

o

8
0 Ik Pt M 0 (exact),

where D™ and D™+ are the free D-modules of row vectors of differential operators,
and a and B are left D-homomorphisms given by
a:Q.=(Q;; jES, j<in)—>( SZ Q:M;;; 7S, 1<ia),
i8S, i<iy
B:P.=(FP; S, jSin)— = PW;.
jeS isinm
PROOF. Since the first n columns of A is a matrix of differential operators
of the form 9-1,4(order 0), a is an injective homomorphism. From and
B is surjective and its composition with 8 vanishes. It remains to prove
that Ker 8 is equal to Imea. This readily follows from and the con-
struction of M, N and U: Suppose that P.=(P;) is in the kernel. Obviously,

ZPiUijZO, V]ES, ]igllm

Therefore from [(4.4.2),
Pk = 2 E PiNijA/Ijk »
i

hence P. is in the image of a. Q.E.D.

COROLLARY (4.6). As a left D-module,
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M = g)n+1/ 2 @Mi. 5
ies, i<in

where M;. are row vectors given by

M. =(M;; j<S, 1<in).

def
From the above free resolution, in particular, one finds that

4.7) Ext®(H, D)= 10 for p=2.

At first sight, this result looks almost obvious in view of the basic knowledge
on 9-modules on complex manifolds [2]. Actually, this is not the case. Since
A is a polynomial ring of an infinite number of variables, one can rather prove
that

gl.dim @ = oo,

which means that there is no uniform upper bound for the range of p with
non-vanishing Ext% if one allows an arbitrary 9-module. Further, ordinary
methods [2] are more or less rely upon dimensional induction and cannot be
applied for the present case. The above result is due to some very special
nature of .

One can actually prove the following even stronger result.

PROPOSITION (4.8).
Exth(H, 2)=0.

ProoF. From the free resolution of (4.5),

Exty(H, 9)= 9"/ 3 M.,9,

jes,jsing

where M.; is the following column vector
M.-,-d——e—f(Mij; €S, i<in).
On the other hand, implies X M.;9=9". Q.E.D.
From these results, we arrive at our first theorem.
THEOREM (4.9). For any S, Ms is a projective Ds-module.

PROOF. One can obtain a long exact sequence from the short exact sequence
of (4.5) by the contravariant functor Exty(-, ©). Because of the
above vanishing of cohomology, this long exact sequence can be reduced to the
short exact sequence

o* B*
0 D" JOLas Homg(H, 9) <— 0,

which splits because the first and second terms are free modules. Homg(H, D)
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thus turns out to be a projective right ©-module. We now have the following
commutative diagram, whose both rows are exact.

[44

8
0 g)n g)n+1 ﬂ't — 0

- =l l

ok *k

0— 9" — 9"*"!' —> Homg(Hom o(H, D), D) —> 0

Therefore the canonical homomorphism H—HomgHomg(H, D), D) is actually
an isomorphism, and since Homg(H, @) is projective, # also becomes a pro-
jective 9-module. Q.E.D.

5. Duality of 9-modules.

In the previous section, the key relations in (4.4) are used to con-
struct a special free resolution of #. We now use the same relations to
deduce a different exact sequence.

As a counterpart of we now take a finite set of generators of .¥* as:
5.1 M= X Wi9.

jesti jaik

LEMMA (5.2). There is an isomorphism
p*r M ~, 2 V.9 (c™)
jese, jzi¥,

of right D-modules given by
o X WiIP)= X V.,P;,

jese, jzik, jese, jzi¥

where D™ is now considered as a set of column vectors of differential operators,
and V.; is an element of D™ given by

V.j = (V{j; ZES, iéim) ,
def

Vij d_:-f I/Vle( .

PrROOF. ¢* is well-defined from the construction; if ZW*P;=0 for some
P,ce9, then V,;P,=W ;W%P;=0. The surjectivity of ¢ is also obvious. To
prove the injectivity, suppose that ¢(>W;P;)=0. This means that ZW,W*P;
=0 for ;€S, i<in. Since & contains no zero-divisor, it follows that 2 W%P;
=0. Q.E.D.

PROPOSITION (5.3). The following sequence of right D-modules is exact.
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1k ]

0 ok s P il M* 0,

where ¢* is the homomorphism induced by the ¢* of (5.2), and ¢* is the homo-
morphism that sends (n—+1)-column vectors of differential operators to n-column
vectors as:
¢*: P.=(Pi; i€S, i<in) — (I MyP;; 1€S, i<in).
J

PROOF. Step i) ¢* is injective [Lemma (5.2)].
Step ii) The surjectivity of ¢*:—For any Q.=(Q;:; iE€S, i<in)S9D", let
P.=(P;; i=S, i<i,) be an element of 9"*! given by
P = ) 2 Ni;Q;
jel8.jsiny

with some (P,)9"*!. Because of [4.4.1) this turns out to satisfy the relation
Q= 2 M;;P;,
J

hence Q.<Im ¢*.
Step iii) Im ¢*CKer ¢* :—From the construction,
¢*°SD*<I/V12) = > Mijij ’

jeS.jsiny
and since V;, =W W¥, the right hand side vanishes.
Step iv) Ker ¢*ClIm ¢*:—Suppose that P.=(P;; i<S, i<in) is in Ker ¢*,
i.e.,
E MjkPk =0 for ]ES, ]<Zm .

keSS, ksip
Notice here that implies the relation
X NyMjy =0:—Uir.
jeS.i<im
Multiplying the previous relation by N;;, summing over ; and using this identity,
one readily finds that
Pi= 2 UpPi= X 605(0+1DVyPia.

keS8, k<im les,12i¥

This means that P.<Im ¢*. Q.E.D.

REMARK. In a fully analogous way, one can obtain an exact sequence of
the form

£

@
(5.4) 00— H—> ™" e-i.@’“——» 0.

where 9™ and 9™*' are, now, free 9-modules of row vectors, and ¢ and ¢
are left 9-homomorphisms, »n* being defined in [3.8) Just as the first exact
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sequence in the proof of (4.9), this exact sequence also splits and leads,
again, to the conclusion that.% is a projective ©-module. Since we have the
duality theorem below, #* also turns out to be a projective @-module.

Our second theorem is concerned with duality.

THEOREM (5.5). For any S, Mg and ME are dual, i.e.,

‘-CM?S( = Homﬁ)s(‘jnS; @S) ’
j’ls = Homg)s(cmfgk, @s) .

PrROOF. We only prove the first isomorphism; the second one is proven in
a parallel way. The exact sequence of (4.5) gives rise to a long exact sequence
of the form

o %

- «— Exty(HM, D) =0 <— D" «<— D" «— Homg(M, 9) <—0.
From this and the exact sequence of (5.3), one can obtain the following com-
mutative diagram of homomorphisms of right ©-modules, whose rows are both

exact.
* *

¢ @
0 ol prt M* ~—0 (exact)

s =l

*

a B
0 D" Pt Homg( M, D) «<— O (exact)

where p is the canonical homomorphism that maps W% to an element of
Homg( ¥, D) as:
oW W—>V ;.

The commutativity is a consequence of the construction and (4.4). The so
called “five lemma” now deduces the first isomorphism. Q.E.D.

6. KP hierarchy as differential-algebraic structure on UGM.

The ordinary expression of the KP hierarchy, as mentioned in Section 1,
is based upon the 9-module structure for S=S,;. We now extend it to other
coordinates associated with a general S. (Actually, the following results can
further be generalized to a hierarchy associated with an infinite dimensional
flag manifold [5].)

Let us briefly review the case of S=S,; within the context of the present
paper. The KP hierarchy now means a differential algebra with the same com-
mutative algebra A=dJy but with an addional set of derivations d, (n=1,2, ---).
This may be called the “KP differential algebra.” These derivations, by de-
finition, act on the generators wg,;; as:
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-1
6.1) an(wa, ij) = wﬂ,i+n.j_w5,i.j—n_k_z_nwﬂ,ik We, kt+n.j -

It is not hard to see that this is indeed equivalent to the system of equa-
tions

y

6.2) 0u(V) = 3 3u(wn)d ™™ = BJW—Wo",  n=1,2, -

which is one of various equivalent expressions of the KP hierarchy. It should
be, however, noted that is now a definition of the derivations 0, rather
than equations for unknown functions.

The new derivations 9, can be extended to all other Ag’s. To see this, it
is convenient to start from the matrix form

(6.3) an(ﬂz) = Bn,nﬂz—ﬁn/ln ’
B”'”d_ff(ﬁ”' e i-ns i, 7>0),
where /A is the matrix defined in [2.I). The “dual” matrix 7} gives an equi-
valent expression of [6.3):
An,nd—;(n"n‘,m,j; 7, 7<0).
These equations give rise to the equations
6.5) an(ﬂs) = Bs,nﬂs*ﬁs/ln ’
an("]’g) - Annﬂé—ﬂﬁASn ’
for the transformed matrices
(6.6) Ns = hg sgNa n§ = Tﬁ/’tfg.s .
One can determine the coefficients Ag ., and Bg , just as in the proof of Pro-
position (2.14):
6.7) As.n =% 40551, JES9,
Bs = (9s.1.5-n; 1, JES).

Having obtained [6.5), one can change the point of view, and now under-
stand as the definition of new derivations d, on As. (2.14)

can be now generalized as follows.

PROPOSITION (6.8). The derivations defined by (6.5) are comsistent with the
gluing homomorphisms gss:. More precisely, if 0s,. denotes the derivation on Ag
defined by (6.5), 0s., and 0s: , obey the relation
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0s.n°8ss' = Zss5°0s'.n -

This fact again allows a geometric intepretation that d,, like 0, are globally
defined vector fields on UGM. Our UGM thus acquires a new structure of
“differential-algebraic variety,” which now represents the KP hierarchy itself.

Let us rewrite in terms of Mg and M%. Note that the generators
Ws,: and W% ; of these Ds-modules are linked with ns and % by the simple
relation

6.9) Ws.i= 2 1s.4,0,
J
Wi =20"""nk4.

From this fact, one can readily give an equivalent expression of [6.5)in terms
of these generators. As in we define

0.(P) ('j—:fz 0.(p )0 for P=3p.0'c¢E5.

PROPOSITION (6.10). In terms of Wgs,; and W}, ; (6.5) can be rewritien

(6.10.1) 0.Ws,i) = .ESBS. niW s, ;—Ws, 0",
Je
(6.10.2) 0.(W%.;) = a"Wﬁj—,ZS} W§ ids. n15,
eS¢

where Asg, a,i; and Bg, »,:; stand for the (i, j)-component of As,. and Bs, .. The
summation on the vight hand side actually contains only a finite number of non-
vanishing terms.

This result can be restated in a more intrinsic way as:

(6.11.1) 0.W)+Wors Mg for We g,

(6.11.2) 0.(W*)—o"W*e Mk for W*e u%.

One can derive from (6.10) these relations; conversely, starting from (6.11), one
can reproduce (6.10) just as we have derived [6.7) from[6.5) alone. These two

expressions are thus entirely equivalent. The latter expression is manifestly
invariant under the action

W PW, W W*P

of elements P of 95, hence more suitable from the point of view of 9-modules.
Selecting a special generator system of s and H%¥ ammonts to selecting a
special matrices like 5s and 7% among various “equivalent frames” [8-10].

If §=8,, (6.11) reproduces Sato’s intrinsic formulation of the KP hierarchy
[10, 11]. Our 9g-modules thus give a natural extension of Sato’s formulation
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of the KP hierarchy, now taking into account the gluing structure of UGM.
Another point to be noted is that we have constructed such a global object
without using any actual realization of solutions (like the ring C[[¢, x]] of
formal power series); we just reinterpret the structure sheaf of UGM as a
sheaf of differential rings.

Appendix. Minimal generators of 9-modules.

We here present several results on the minimal generators W;, of .
Proofs are omitted because they are parallel to the previous case. The results
presented below can be readily extended to ¥%. We again suppress the suffix
“S” in the following. '

A counterpart of for the minimal generators is given by

(A1) MW, =0 O0=I=m—1),
k=0

where

(A.2) Mg = @ s

An associated free resolution of M is given by

(A.3) 0—somE g B g o

where

(A.4) a:Q.=(Qu; 0=l=m—1)— (S QM. 0<k=m),
=0

B:P.=(Py; 0<k<m)— I PV, .
k=0

Let M denote the matrix

(A.5) Mrdsz?lk; 0<i<m—1,0<k<m).
Likewise,
(A.6) Nd:ef (N’lk; 0<i<m, 0<k<m—1), ]\N[lkd___f —(W 3,875, .

One then has a variation of (4.4) as follows.
PRrROPOSITION (A.7). M and N obey the relations

(A.7.1) MK =X,

(A.7.2) NXM = 1,.,—U,

where
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Xcif(sz; 0=/, k=m—1), Xlkd:f 5lk_5l)k+lajl_jk

0 = (0; 0=L, k=m), U = We Wi

COROLLARY (A.8). Wi, and W¥,.. give a “partition of unity”:

W Wi, =1.
k=0
From these results, one can prove that W;,’s and W¥,_\’s indeed give minimal
generator systems of M and M*.
The following is an analogue of (5.2).
(A.9) * = 9nHil  9m

This induces an exact sequence of the form [cf. (5.3)]

b ¢
(A.10) 0 MF Qml D™ 0,
which splits :
(A.11) Drrl = YRPP™ .

From (A.8), one can further derive the following expression of
Ws and W¥'s. This gives an extension of (3.12.2) to a general S.

PROPOSITION (A.12). W, and W% for general i=S and j=S° can be written

Ty

W= 3 @W_). W
k=0

Wk = é W, (W67, .

References

[17 E. Date, M. Kashiwara, M. Jimbo and T. Miwa, Transformation groups for soliton
equations, in Nonlinear Integrable Systems—Classical Theory and Quantum Theory,
Kyoto 1981, M. Jimbo and T. Miwa eds., World Scientific, Singapore, 1983.

[2] M. Kashiwara, Algebraic study of systems of partial differential equations, Master’s
thesis, Tokyo University, 1971 (in Japanese).

[3] M. Kashiwara, The flag manifold of Kac-Moody Lie algebras, Amer. J. Math., 111

(1989), (to appear).

7 E.R. Kolchin, Differential algebraic groups, Academic Press, New York, 1985.

7 T. Miyajima, Structure of &-modules related to Grassmannian manifolds, Master’s

thesis, Nagoya University, 1989 (in Japanese).

[6] M. Mulase, Complete integrability of the Kadomtsev-Petviashvili equation, Adv.
in Math., 54 (1984), 57-66.

[7] Y.Ohyama. Self-duality and integrable systems, Kyoto University preprint RIMS-



[8]

$-modules related to KP hierarchy 773

678 (January, 1990).

M. Sato and Y. Sato, Soliton equations as dynamical systems in an infinite dimen-
sional Grassmann manifold, in Nonlinear Partial Differential Equations in Applied
Sciences, U.S.-Japan seminor, Tokyo 1982, P.D. Lax, H. Fujita, and G. Strang eds.,
North-Holland, Amsterdam and Kinokuniya, Tokyo, 1982.

M. Sato and M. Noumi, Soliton equations and universal Grassmann manifold, Sophia
University Lecture Notes No. 18, Department of Mathematics, Sophia University,
Tokyo, 1984 (in Japanese).

M. Sato, Lectures at Kyoto University 1984-85, Suri-Kaiseki Lecture Notes No. 5,
Suri-Kaiseki Lecture Note Kankokai, 1989 (in Japanese).

M. Sato, The KP hierarchy and infinite dimensional Grassmann manifolds, Proc.
Sympos. Pure Math., 49, American Mathematical Society, 1989.

M. Sato, <-modules and nonlinear systems, in Integrable systems in quantum
theory and statistical mechanics, M. Jimbo, T. Miwa and A. Tsuchiya eds., Adv.
Stud. Pure Math., 19, Kinokuniya, Tokyo, 1989.

G. Segal and G. Wilson, Loop groups and equations of KdV type, Publ, IHES, 61
(1985), 5-65.

K. Takasaki, Integrable systems as deformations of <-modules, Proc. Symp. Pure
Math., 49, American Mathematical Society, 1989.

Toshikazu MIYAJIMA Atsushi NAKAYASHIKI

Department of Mathematics Research Ianstitute for Mathematical Sciences
Nagoya University Kyoto University

Chikusa-ku, Nagoya 465 Sakyo-ku, Kyoto 606

Japan Japan

Kanehisa TAKASAKI
Department of Mathematics
College of General Education

Kyoto University
Sakyo-ku, Kyoto 606
Japan



	1. Introduction.
	2. Universal Grassmannian ...
	4. Vanishing of cohomology ...
	THEOREM (4.9). ...

	5. Duality of 9-modules.
	THEOREM (5.5). ...

	6. KP hierarchy as differential-algebraic ...
	Appendix. Minimal generators ...
	References

