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Introduction.

Let R be a Dedekind domain with the quotient field K, D be a central
simple K-algebra. We call that (D, R) has the strong approximation property
iff the commutator subgroup [D*, D*] of D* is dense in its adelization (for the
precise meaning, see §3). In this paper, when K is the rational function field
R(X) of one variable over the reals, we shall prove:

SAT: (D, R) has the strong approximation property if and only if D&®xK,
is not a division algebra for some non-prime place v (i.e. the place v which
does not come from any prime ideal of R).

If K is a global field (i.e. [K: Q]<co or [K: FyX)]<o0), then [D*, D*]
coincides with the norm 1 group D®, and the result SAT of the above type
is well known as SAT (Strong Approximation Theorem) of Eichler.

Swan systematically applied SAT of Eichler to the theory of lattices
over orders. Recently Hijikata [6], extending the scope of Swan’s approach to
arbitrary Dedekind domains and remarking that non-division D always has the
strong approximation property, pointed out the importance of establishing SAT
for a central division D over the quotient field of an arbitrary Dedekind domain.

Our result gives a first example of non-trivial SAT other than the global
field. In §1, 2, we describe the structure of the Brauer group Br(K) for the
algebraic function field K=R(X, y) of one variable. Although the structure of
Br(K) is known as “abstract groups”, even for K’s with much more general
constant fields ([2], [4], [5]), we need to know some explicit isomorphism re-
flecting the ramification of D’s. A remarkable fact is that Hasse’s principle
holds for K=R(X, v) (i.e. Br(K)—IIBr(K,) is injective). In §3, we formulate
the strong approximation property. In §4, we prove SAT for R=R[X]. In
§5, we prove the only if part of SAT for K=R(X, v). We prove the if part
of SAT for any R in K=R(X).

Motivated by [6], the author started this study under the direction of Prof.
H. Hijikata. The author acknowledges him for this and for his continual en-
couragement and many valuable suggestions.
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1. Brauer groups of R((X)) and R(X).

Let R((X)) be the field of formal power series over R. It is a complete
valuation field with the residue field R. By J.P. Serre “Corps locaux” Chap.
12, we have

Br(R((X))) = Gal(C/R)XBr(R) == (Z/2Z)*.

(Br(K) denotes the Brauer group of K). We shall determine it more concretely.

Let D be a central division algebra over R((X)). Since Br(C((X))) is trivial,
D splits over C((X)), so that D contains a maximal subfield isomorphic to C((X)).
Thus we have

D=K+Ki+Kj+Kij, K=R(X)),
’=—1, i*=feK* ji=-—ij.
We shall denote this D by {—1, f}.
Since {—1, f} = {—1, f'} @ ff 'ENkv=n/x(KV-1") = (K*+K*)NK*,

we have Br(K)=K*/(K*+K?*NK*, whose complete representative system is
given by {1, —1, X, —X} so that

Br(R((X))) = {R(X)), H(X)), {—1, X}, {—1, —X}}.

Note that R(X)) = {—1, 1} and H((X)) = {—1, —1} where H is the usual qua-
ternion algebra over R. H((X)) is unramified over R((X)), while {—1, X} and
{—1, —X} are ramified.

Next, we shall determine the Brauer group of R(X).

THEOREM 1. (1) Every central division algebra over R(X) has the index<2,
hence if it is not trivial, it is a quaternion algebra over R(X),

(2) Br(R(X)) == Z/2ZX(Z/2Z)8 = (Z/2Z)%'58™  where (Z/2Z)% denotes the
continuous direct sum of Z/2Z, namely the aggregation of all finite subsets of R
with the group operation: A-B=the symmetric difference of A and B.

ProOOF. Let D be a central division algebra over R(X). Then by the same
reason as before, C(X) is a splitting field of D. This proves (1), and some
maximal subfield of D is isomorphic to C(X). Thus D is in the form of D=
{—1, f} for some feK*, K=R(X), and we have Br(R(X)) == K*/(K*+K*»NK*.

If feK?*+K? then f(a)=0 for Yfa=R. Conversely, if f(a)=0 for "e=R,
then f is decomposed into the product f=II;(X—a,)I[;(X—a)X—@&;), a;<R,
a;=C\R. Since (X—a)(X—a;)=Ngw-1,x(X—a;), we have €K*+K?* There-
fore, as a complete representative system of K*/(K*+K*)NK*, we get {=(X
—a,)(X—a,)|a; =R, mutually distinct}.

A “place” means a valuation on K which is trivial on R*. The residue
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field of a place v is R or C, according to which we call v “real” or “imaginary”.
(Note that this terminology differs from the ones used for algebraic number
fields). For an imaginary place v, D, is trivial over K,. For a real place v,
D, is one of four algebras over K,.

For f=+(X—a)---(X—a,), D={—1, f} is trivial at a=R such that f(a)>0.
It is ramified at a; and at oo (the place corresponding to X~') if the degree of
fis odd. Since {—1, fi}Qrwx){—1, fi} ~ {—1, fif:}, the multiplication in
Br(R(X)) corresponds to the symmetric difference of the sets of ramified places.
Thus we have obtained the desired result (2). Note that the isomorphism pres-
cribes the ramification of each division algebra.

REMARK. The set of all real places will be denoted by RP(K). For K=
R(X), we have RP(K)=RI] {c}.

Then, we have Br(R(X)) = (Z/2Z)5P®&X)_ The isomorphism is given as
follows. Suppose that a central division algebra D over R(X) corresponds to a
finite subset A of RP(R(X))=RII{cc}. D is ramified at every a< A\ {c}, and
at oo if |A\{co}| is odd. There are two Ds which are ramified at no place.
They are attributed to Z/2Z at co.

COROLLARY. D is trivial if and only if D, is trivial for any place v. In
this sense, Hasse’s principle holds for R(X).

{—1, —1} is unramified but non-trivial at every place. All other non-trivial
{—1, f} are ramified at some places.

2. Brauer group of R(X, y).

Let K be a finite extension of R(X), namely an algebraic function field of
one variable over R. In other words, K=R(X, v), v is algebraic over R(X).

If v—1€K, then K is an algebraic function field of one variable over C,
so that Br(K) is trivial. (Theorem of Tsen, c.f. [10], Part II).

Hereafter we shall assume that v—1¢&K. Since Br(K(+~/—1)) is trivial, a
central division algebra D over K splits over K(~/—1). This implies that D is
a quaternion algebra and D= {—1, f} for some f=K*. From this we see that
Br(K) has the exponent 2, and Br(K) = K*/(K*+K*»NK*.

Let RP(K) be the set of all real places. Since the places of K(v/—1)=
C(X, y) are in one-to-one correspondence with points of a compact Riemann
surface %, and since a real place v of K does not decompose in K(+/—1),
RP(K) is identified with a subset of R,

For a real place v of K, we have p&K, ordy(¢)=1. Then, ¢(z) is a local
coordinate in a neighbourhood of the corresponding z,=%R. Since zeRP(K) is
equivalent to ¢(z)&R in this neighbourhood, RP(K) is a one-dimensional real
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manifold. Since % is compact, RP(K) consists of v closed curves, where v is
the number of connected components of RP(K).

THEOREM 2. We have Br(K)=(Z/2Z)5F ¥,

The isomorphism is given as follows: Fix a point z;(1=<:i=<y) from each con-
nected component of RP(K). Suppose that Br(K)=>D corresponds to a finite
subset A of RP(K). Then, D is ramified at A\{z:, -, zu} and possibly at z;.
The ramification at z; is determined by the rule that D is ramified at even number
of places on each connected component of RP(K).

There are 2¥ different division algebras which are ramified at no real place.
They are attributed to (Z/2Z )71 %,

PrROOF. Let Br,(K) be the group of all division algebras which are ramified
at no real place. Then, D={-1, f} €Br,(K) is equivalent to that ord.,(f) is
even for every z& RP(K ), namely that f(z) has definite sign on each connected
component of RP(K).

As shown later, Hasse’s principle holds for K=R(X, y). Therefore, D=
{—1, f} is trivial if and only if f is non-negative on RP(K), so that we have
| Bri(K)| <2*. The equality holds if for any connected component C of RP(K),
there exists f€K* such that f(2)<0 on C but f(z)=0 on RP(K)\C. Since
RP(K) is mapped homeomorphically into R* by z— (Ty(2)i15ics T:(2) = X(2)/
X@)?*+1, Ty(2)=1/X2)*+1, T:(2)=y@)/y(2)?*+1, T(z)=1/y(z)*+1, and since the
function F defined by F(z)=—1 on C and F(z)=1 on RP(K)\C is continuous
on RP(K), the polynomial approximation theorem of Weierstrass assures that
there exists a polynomial P(T';) such that P(T.(z))<<0 on C but P(T.(2))>0 on
RP(K)\C. This completes the proof of Br(K)=(Z/2Z )3,

Take any feK*. If ord,(f) is odd for z,&RP(K), then f(z) changes its
sign when z crosses z,. Since a connected component C of RP(K) is a closed
curve, f(z) must change its sign even times on C, therefore D={—1, f} is
ramified at even number of places on C.

Now, we shall show that for any two points { and ¢’ on C, there exists
feK* such that D={—1, f} is ramified at ¢ and {’, but not ramified at other
real places. Again we shall map RP(K) into R* by z— (T:(2))isis4. Since C
is a closed analytic curve, there are {={,, {;, - {»={'({;=C) and small spheres
S;: 24=1(Ti—ay;)*=r5 such that S;NRP(K)=1{{;_y, {}.

Then f = 13- {Z4-i(Ti(2)—a.:j)*—r3} satisfies orde(f)=ordy(f)=1, orde,(f)
=2(1<ign—1), and ord,(f) =0 for ze RP(KN\{{;}. This f is the desired
element of K*.

Thus we have proved Br(K)/Br.(K)
with the result for Br,(K), we get Br(K)

Z/2Z)BP N1 g0 combining

(
(Z/2Z)}02P(K).

=~
=

REMARK. K satisfies Hasse’s principle as a result of the following lemma.
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Let OK be the set of all sums of squares, (K = {3Ix?|x;€K}.

LEMMA. Let K=R(X, y) be an algebraic function field over R.

(1) For feK*, felUK if and only if f(z2)=0 for YzeRP(K). Especially,
if RP(K)=¢ then OK=K.

(2) Every element of K can be written as a sum of two squares.

We shall omit the proof here, and refer to [9], Th. 3.2, Chap. 3 and Th.
2.1, Chap. 4.

COROLLARY. K=R(X, v) satisfies Hasse’s principle.

PROOF. D={—1, f} is locally trivial if and only if f(z)=0 for Yz RP(K),
which is equivalent to fEK®+K?*=Ng =1/ x(K(~/=1)*), hence D={—1, f} is
trivial.

3. Approximation in idele groups.

Let R be a Dedekind domain, and K be its quotient field. Every prime
ideal p of R defines the p-adic valuation on K. We call this a prime valuation.
Besides p-adic valuations, we often consider some others, which we call non-
prime valuations. For instance, if K is an algebraic function field over the
constant field %, it seems to be inevitable to consider all valuations trivial on 2*.

We define the adele ring R, of R by R,=II,R,, where p runs over all
prime valuations and R, denotes the completion of R at the place p. Also we
define the adele ring K4 of K by K, = KQrR, = \Us(IIpesKp XTI pesk,) wWhere
S runs over all finite set of prime valuations. The idele group K is defined
as the group of inversible elements of K,. It is written in the form of K} =
Us(TpesK 5 XTI pesR3).

The fundamental system of neighbourhoods of 0 in K, is given by {V(S,
n)}, where

V(S, n)= IIp"R, X ILR,.

peS p&sS

Similarly, the fundamental system of neighbourhoods of 1 in K} is given by
{U(S, n)}, where

UGS, n)= ITA+p"R)X II R}.
peS p&ES

Let D be a central division algebra over K. A finitely generated R-sub-
module of D is called an R-lattice, and if it spans D as a K-vector space, it is

called a full R-lattice. An R-lattice is called an R-order, if it is a subring in-
cluding 1 (=the unit element of D).

The adele ring D, of D is defined by D,=DXxK,. It is written in the
form of D,=\Us(IIpesDpXTIpesl'p), where I’ is a full R-order of D and I',=
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I'QrR,. The idele group D} is defined similarly. The fundamental system ot
neighbourhoods of 1 in D} is given by
UGS, n)= ILA+p" )X ILT5.
pesS p&S
D is diagonally imbedded into D,, and D* is diagonally imbedded into D%. D
is dense in D, (by the Chinese remainder theorem), but D* is not dense in D%,
But D* may be dense in some subgroup of Dj.

Let Mpsx be the reduced norm D— K. Np,x maps D* homomorphically
into K*. We shall denote its kernel by D, Np,x is uniquely extended as a
K ,-valued polynomial function on D,. This extension is denoted by the same
symbol Np,x, and its kernel in D} is denoted by D,

Eichler’s theorem ascertains that for global fields, D® is dense in D¢ (in
the topology of D}) if and only if D, is not a division algebra for some non-
prime v.

For global fields, we have also D" =[D*, D*], the commutator subgroup
of D*. But for a general K, this relation does not hold (Platonov [8]).

For a general K, in the connection with the cancellation problem of I, it
seems natural to consider [D*, D*] rather than D®. Thus we define the strong
approximation property as follows: A central division algebra D is said to have
strong approximation property if [D*, D*] is dense in [D}, D3]. To find a
necessary and sufficient condition for strong approximation property is a gener-
alization of Eichler’s theorem to a general case.

In the connection with the cancellation problem of I, we consider a little
weaker approximation property. We say that D has D*-approximation property,
if the closure of D* (in the topology of D}) contains [ D}, Dj]. We say that D
has R;D*-approximation property, if the closure of R%D* contains [D}, Di].
(Both of D* and R} are contained in D}, so R3D*C D3.) The last and weakest
approximation property is necessary and sufficient for the cancellation of every
full R-order I of D (namely I'Pl' = LPI" implies I" = L, the isomorphism
being as [ -lattices).

4. Eichler’s theorem for R(X).

In §1 we have seen that for R=R[X] and K=R(X), D={—1, f} is trivial
at the non-prime place oo if and only if f is monic of even degree.

THEOREM 3. If D. is not trivial, then D* is discrete in D% and R%D* is
closed in D7.

COROLLARY. If D. is not trivial, then R3iD*-approximation property does
not hold.
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Proor OF COROLLARY. It suffices to show [D}, D3]¢&R3iD*. For a real
place a, we shall identify Dj with the subgroup DiXII,.c(1), of Dji. It is
clear that [ D}, D31NDj = [Dj, Di]. Since D, is a quaternion (or a matrix)
algebra over K,, we have [D;, Di]l=D, so that [Di, Di]1Z£ K.

On the other hand, if x=(x,)€R1D*N\Dj;, then we have *deD*, ¥p(prime
place), r,&R3, x,=rp,d. For p+a, we have x,=1 so that d=rpz’€R;CK3,
so that deD*NK3;=K*, hence x,=r,deR;K*CK;. This assures R3D*N
DiC K3 so that [D3, Di1¢ RiD*.

Proor oF THEOREM 3. D = {—1, f} means that
D=K+Ki+Kj+Kij
=1 7= f ji=—ij.

Then '=R+Ri+Rj+Rij is a full R-order of D (K=R(X), R=R[X]).

A fundamental neighbourhood of 1 in D} is U(g)=TI,(1+gl ,)N\II,{"; for
g=R and we have U(@)ND*=Q1+g")NI'*, so the first half of is
(4+-gIMNI*=(Q).

Suppose that d=¢+@yi+@sf+odijs(l+gI" )N, ¢;R. This means that
¢:=1 mod g, ¢;=0 mod g for /=2, and Np/x(d) = pi+¢i—flpi+eHER* = R*.
If geR\R*, substituting a zero of g, we see that Mp,x(d)=1.

Since each ¢? has, if not zero, a positive coefficient of the highest degree
term, such terms of ¢f and ¢f (resp. ¢} and ¢3) do not cancel.

From ¢i+¢i—1=f(pi+¢D), if f is of odd degree, both hand sides should
be zero. This implies that ¢;=¢,=0 and ¢,, p,€R, which implies ¢,=0 and
¢, =1 because ¢, is a multiple of g.

If f is of even degree with a negative coefficient of the highest degree
term, then the highest degree terms of ¢i+¢i— f(pi+¢3) do not cancel, so that
we have Y, p;€R. This again implies ¢,=0 for /=2, and so ¢,=1.

Thus the first half of has been proved. Similar discussions
show that (R+gI")* = R*, if geR\R".

I'¢=R+gl'" is a full R-order of D, and (I",)3 =TI, (R,+gl",)* is an open
subgroup of D%, so (I',)iD* is open and closed, hence N (I",)3D* is a closed
subgroup of D}, containing Rj3;D~*.

We shall show the inverse inclusion. Take any x&N,(I",)iD*, then Yg,
reel)i deeD*, x =7p,d,. Since (I')iND* = (R+gl)* = R*, d, is deter-
mined modulo R*, so if g, is a multiple of g, then 4, differs from d, only
modulo R*. This implies that we can choose d, independently of g, thus de&
D*, xd7teN,[,)}.

But we have Ri= N\,([p)i, because "p, N HR,+gl",)* = R;. Thus the
proof of the second half of is completed.
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THEOREM 4. If D. is trivial, hence if f is monic of even degree, then
[D*, D*]=D" is dense in [ D}, Di].

This theorem is divided into the following two parts.

THEOREM 4.1. If [ is monic of even degree, then for g, h&R such that
(h, gf)=1, we have

(I+gIMNG+RDINT*#6.

THEOREM 4.2. The conclusion part of Theorem 4.1 is equivalent to strong
approximation property.

ProOOF oF THEOREM 4.1. It suffices to show the existence of p;ER, 1=:<4
such that

¢: = 1(mod g), ¢; = 0(mod g), 214

¢: = 1(mod h), ¢: = 0(mod 4), i=12314
and

(1) Pi+oi—flpi+oh = 1.

Put ¢,=1+g%fu;, ¢.=g*fu, ¢;=gu;(¢=3, 4), then the required congruence
modulo g is automatically satisfied. Substituting them into (1) and dividing
both sides by g?f, we get

(2) 2u,+giful+gifui—(wui+ul) = 0.

Since (h?% g®f)=1, g*f is inversible in R/h®R, so there exist ¢, ¢'=R such
that

g2f¢= l+h2¢'.

Put u,=—¢+h%,, u,=¢+h,, u,=hv;(G=3, 4), then the required congruence
modulo % is automatically satisfied. Substituting them into (2), we get

— 20+ 217, + g f {27+ 2h*G(0a—v,) + hAWIHVD} = hA(vi+vd).
Since —2¢+2g%f* = —2¢0(1—g*fp) = 2h3p¢’, we have

(3) 20" +2(1—g* f v, +282 fva+ g2 f h2(Wi+05) = vi+0i.
Put v, = (1—g*fd)w and v, = g*f¢w, then we get
(4) 204" +{1—g*f P+ (g [} Qw+ g f hPw?) = vi+vil

A polynomial P€R=R[X] belongs to R?+R?, if and only if P(a)=0 for Yaec
R, as shown in the proof of [Theorem 1. So it suffices to show that the left
hand side of (4) is everywhere non-negative for some weR.

Put 26¢’ = F and g*fh* = G, then (1—g*f¢)+(g*/$)* = 1—2g*f(l—g*f¢)
=14-2g%fPh*y’ = 1+FG, so we have
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(5) F+(A4+FG)2w+Gw?) = 0.

The above calculation also shows 1+FG = (1/2), namely FG=—(1/2). Since f
is monic of even degree, we have lim,...G(t)=co so that *M >0, teR, G(t)=
—M. Since {t|G@#)<0} is compact, F is bounded there, so *N >0, |F(#)|<N
for G(#)=0.

The left hand side of (5) is zero for

w = Gi {(—1x(A+FG) .

Since (14112 < 1—@/2)+@/~/2)2 for t = —(1/2), if we set w= —(F/2)+
(3/4/2)F*G, then (5) is satisfied for G=0. Let P be an everywhere positive
polynomial of two variables s and ¢, then w=—(F/2)+(3/~ 2)F*G+P(G, FG)
satisfies (5) for G=0.

The condition (5) is satisfied also for G <0, if

t 3
1l 2 g < -1/2
(6) 15 — 5+ 5t sP(s, ) < —1+(1+0)
on A= {(s, 1)| —M<s<0, t=—(1/2), |t|<N|s|}. The condition (6) is satisfied if

€= %{1—(1+t)“”2~—£—+%t2} +P(s, 1) =0
on A, where ¢ < (1+NM)'?/M. Since a(s, )= 1/s){1 — A4+ — (t/2) +
(3/+/2)t? is nonpositive and continuous on A (it is continuous at (0, 0) because
of |t|<N]|s|), such a polynomial P(s, t) exists by virtue of polynomial approxi-
mation theorem of Weierstrass. P(s,t) can be assumed everywhere positive,
because we can put P= Q%?+(¢/2), Q being an approximating polynomial of

v Ta(s, t)]. Thus has been proved.

PrROOF OF THEOREM 4.2. Let H be the closure of [D*, D*]1=D® in D3.
Let p, be a prime place where D is unramified, and let 7, =(1, ---, 1,4, 1, --)
D} be the element of D} whose p,-coordinate is 7, while other coordinates are 1.

The proof is completed by the following steps, which are slight modifica-
tions of ones given in §51.

Step 1. The conclusion part of is equivalent to that ¥ p,(where
Dy, is unramified), i,,€H (note that i, €Dj) = [Dy, Dy 1C[D%, Di]).

Step 2. ldentify D) with a subgroup Dy} XTlp»p,(1)p of D3, then HNDS)
is a closed normal subgroup of D§).

Step 3. If D is unramified at p,, then 7, €H implies D{)CH.

If D,, is a matrix algebra, the assertion is a result of simplicity of PSL(2,
K,). If D, is an unramified quaternion algebra, since x=a-+bi+cj+dijE D)
satisfies x2—2ax+1=0, the condition x=H depends only on a. (Here we iden-
tify xeDg) with x, =1, ---, 1, x, 1, ---)€ D).
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Take any x=a+bi+cj+dijeDy). Since b*+c*+d® has a root in K, we
have *ec K, , b®+c’+d*=e’. If i€H, then —ait+ejeH, therefore i(—ai+ej)=
a+eije H, hence x&H. This means D§)CH.

Step 4. Assume the conclusion part of [Theorem 4.1, For a finite set S
of prime places, we have IIpesDy’ XITpes(1),CH.

If D is unramified on S, the assertion is a consequence of Step 3.

Let S, be the set of all prime places where D is ramified. The assertion
for S=S, follows from the fact that D™ is dense in [Ies, D3’ in the product
topology of Dj.

Step 5. Us(IIpesDy’ XTI pes(l),) is dense in [Dj, Dxl.

Combining the five assertions above, we complete the proof of

5. Eichler’s theorem for R(X, y).

For an algebraic function field K=R(X, y), we shall fix a set P of valua-
tions (which are trivial on R*). We call valuation v P a prime place and v¢& P
a non-prime place. We assume that there exists a non-prime place. Then,
Rp={xeK|"veP, v(x) <1} is a Dedekind domain and K is its quotient field.
A prime ideal of Rp is given by p,={x&Rp|v(x)<1} for veP.

The adele ring and the idele group are constructed using prime places only.
Fixing the set P, we shall write R instead of Rp.

We consider the following Property (E):

(E) A central division algebra D over K has strong approximation property,
if D is trivial at some non-prime place.

The converse of the Property (E) holds always as shown below.

THEOREM 5. If a central division algebra D is non-trivial at every non-prime
place, then D does not have R3iD*-approximation property.

REMARK. Before proving this theorem, we shall mention about the product
formula. The formula is expressed as follows using ord, ; v(x)=80°"%®(0<f <1).

Yx e K*, > ordy(x)+2 Py ord,(x) =0,

wvireal viimag
where the sum is taken over all places, prime or not.

PrOOF. Similar discussions as the proof of [Theorem 3 show that it suffices
to prove that

(R+gl')* = R~ for g & R\R*.
Let D={—1, f}, f€R. The assumption of means that all non-

prime places are real and that for every non-prime place v, ordy(f) is odd or
ord,(f) is even with a negative coefficient of the lowest degree term with
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respect to the prime element =,.

Suppose that ¢,+@si+¢s/+¢dj € (R+g1)., then ¢, € R, ¢, € gR2<i<4),
and @i+@i—f(@i+ei) € R*. Put ¢ = ¢i+¢i—f(pi+e¢d), then ¢ € R* implies
ord,(¢)=0 for every prime place v. As for a non-prime place v, the assump-
tion on f implies that the lowest degree terms do not cancel, so that ord,(¢)=
Min(2ord,(¢p.), 2ordy(¢s), ordy(f)-2ordy(es), ordy(f)+20rde(e,)), if ¢;#0.

Combining this with the product formula, we have

2 ordy(p:) =20 (=1, 2),

non-prime

S, ordip) =5 % aord() (=34

non-prime

where a,=1 for a real v and a,=2 for an imaginary v. Since ¢;€R and fER,
we have ordy(¢;)=0 and ord,(f)=0 for a prime place v, hence again from the
product formula, we must have ord.(¢;) =0 for every prime place v. This
means ¢;€R*. For i=2, this contradicts with ¢;&gR, so we must have ¢;=0,
which in turn implies ¢,R*. This completes the proof of (R+gl')*=R*.

REMARK. Property (E) depends not only on K, but also on R, or equi-
valently on the choice of non-prime places. However:

THEOREM 6. (1) Suppose that Property (E) holds whenever R has only one
non-prime place, then it holds for any R.
(2) For the rational function field K=R(X), Property (E) holds for any R.

PrROOF OF (1). Let P(R) be the set of all prime places for the Dedekind
domain R. Then P(R’)CP(R) implies RCR’. We shall denote the idele group
of D with respect to R by D3(R). Then P(R)= P(R)IIP(R,) implies that
D%(R) is the product topological group of D3(R’) and Dj(R,), because of D}(R)
=\Us(ITvesDs XIlverm sl %) where S runs over all finite subsets of P(R).

D* is imbedded diagonally in D}, and strong approximation property means
precisely that the image ix(D®) is dense in [D3(R), Di(R)].

If P(R’)C P(R), then the projection D3(R)—D%(R’) maps ix(D") onto iz (DD)
and [Di(R), Di(R)] onto [D3i(R’), Di(R’)]. Therefore, if ix(D™) is dense in
[Di(R), Di(R)], then iz.(D™) is dense in [D3(R"), Di(R")].

Now suppose that D is trivial at some non-prime place v of a given R.
Let P, be the set of all places other than v, and suppose that Property (E)
holds for R, corresponding to P, then i (D) is dense in [D3(R,), Di(Ry)],
hence ix(D®) is dense in [D%(R), D%(R)], so Property (F) holds for R.

REMARK. The proof of does work for a general algebraic
function field K =R(X, v) and its Dedekind domain R. So, strong approxima-
tion property holds for D={—1, f}, if A+gl"ING+hl" )N *+¢ for Yg, hER
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such that (gf, h)=1.

Also the proof of works partially. For ¢, ¢’eR such that
g fo=14+h*)’, put F=2¢¢" and G=g*fh® Then, we have A+gl" )NG+hI )N
I'+¢ if 3weR, F+(1+4+FG)2w+Gw?)e R*4-R>.

Suppose that R has only one non-prime place v, then f&R means that f
does not have a pole other than v. If v is real and D, is trivial, then ord,(f)
is even and f(z) is positive near v. Since RP(K) is compact, this implies that
f, hence G, is bounded from below on RP(K), and that F is bounded on {ze
RP(K)|G(z)<0}. If vis imaginary, then both F and G are bounded on RP(K).
So, similar discussions as the proof of show that *w e R, F+
(1+FG)2w+Gw*»=0 on RP(K).

The proof for general K fails only because the condition “p&R and ¢=0
on RP(K)” does not imply o= R*+R? Since Hasse’s principle is satisfied, p&
K*+K* is assured, but p&R*+R? is not concluded. We shall give a counter
example for an elliptic function field K =R(X, y), y’=X—a)(X—b)(X—c). If
ac R is smaller than Min(a, b, ¢), then we have X—a>0 on RP(K). X—a
has a double pole at the non-prime place v, while an element of R*+R2?=
Nx = ,x(R4++/—1R) should have ord,<—4.

PROOF OF THEOREM 6 (2).

Let K=R(X) and suppose that R has only one non-prime place v.

If R+#R[X], then v corresponds to an irreducible polynomial p, and =R
is equivalent to ¢=g/p*, geR[X] and degg<v degp. Here we can assume
that v is even. Then ¢=0 on RP(K) implies g=0 on RP(K), so g is of even
degree and can be written as g=gi+g3, g;=R[X], degg:<(1/2)degg. There-
fore p=(g./p*"»*+(g./p*'*)* and deg g;=(v/2)deg p, so that p= R*+R>

From the remark above, this completes the proof of [Theorem 6(2).
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