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Abstract. Let N and P be smooth manifolds of dimensions n and p respec-
tively such that n > p > 2 or n < p. Let O(N, P) denote an open subspace of
J°(N, P) which consists of all regular jets and singular jets of certain given .-
invariant class (including fold jets if n > p). An O-regular map f: N — P refers to a
smooth map such that j°° f(N) C €(N, P). We will prove that a continuous section
s of O(N,P) over N has an O-regular map f such that s and j°°f are homotopic
as sections. As an application we will prove this homotopy principle for maps with
 -simple singularities of given class.

Introduction.

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively. Let
JF(N, P) denote the k-jet space of the manifolds N and P with the projections 7% and
W’I% onto N and P mapping a jet onto its source and target respectively. Let J*(n,p)
denote the k-jet space of C*°-map germs (R",0) — (RP,0). Let % denote the contact
group defined in [Malll]. Let &(N, P) denote an open subbundle of J*(N, P) associated
to a given .#-invariant open subset &(n,p) of J¥(n,p). In this paper a smooth map
f: N — Pis called an @-regular map if j*f(N) C O(N, P).

We will study a homotopy theoretic condition for finding an -regular map in a
given homotopy class. Let C% (N, P) denote the space consisting of all &-regular maps
equipped with the C*°-topology. Let I'¢(N, P) denote the space consisting of all con-
tinuous sections of the fiber bundle 7%|&(N,P) : ¢(N,P) — N equipped with the
compact-open topology. Then there exists a continuous map

j@ : C%O(N,P) —>F(§>(N,P)

defined by jo(f) = j*f. If any section s in I'¢ (NN, P) has an @-regular map f such that s
and j* f are homotopic as sections in I'¢ (N, P), then we say that the homotopy principle
holds for O-regular maps. The terminology “homotopy principle” has been used in [G2].
It follows from the well-known theorem due to Gromov [G1] that if N is a connected open
manifold, then js is a weak homotopy equivalence. If IV is a closed manifold, then the
homotopy principle is a hard problem. As the primary investigation preceding [G1], we
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must refer to the Smale-Hirsch Immersion Theorem ([Sm)], [H]), the k-mersion Theorem
due to Feit [F], the Phillips Submersion Theorem for open manifolds ([P]). In [E1]
and [E2], Eliagberg has proved the well-known homotopy principle on the 1-jet level for
fold-maps. Succeedingly there have appeared the homotopy principles for maps with the
extensibility condition in [duP2], for maps without certain Thom-Boardman singularities
in [duP1] (see [T], [B] and [L] for Thom-Boardman singularities) and for maps with % -
simple singularities in [duP3]. Although these du Plessis’s homotopy principles are
parametric and useful, one can not apply them in many cases, in particular, in the
dimensions n > p. We refer to the relative homotopy principle for maps with prescribed
Thom-Boardman singularities in [An6], which is available in the dimensions n > p > 2.

In this paper we will study a general condition on &'(n,p) for the relative homotopy
principle on the existence level. We say that a nonempty . -invariant open subset
O(n,p) is admissible if O (n,p) consists of all regular jets and a finite number of disjoint
¢ -invariant submanifolds V?(n, p) of codimension p; (1 < i < 1) such that the following
properties (H-i to v) are satisfied.

(H-i) V¥(n,p) consists of singular k-jets of rank r;, namely, Vi(n, p) C X" "i(n,p).

(H-ii) For each 4, the set &(n,p)\{U;—; V7 (n,p)} is an open subset.

(H-iii) For each i with p; < n, there exists a . -invariant submanifold V*(n, p)*=1) of
J*=1(n,p) such that Vi(n,p) is open in (W’gfl)_l(Vi(n,p)(k_l)). Here, 7f | : J*(n,p) —
J*=1(n,p) is the canonical projection.

(H-iv) If n > p, then p > 2 and Vi(n,p) = " P+1.0(n, p).
Here, X" P+1.9(n, p) denotes the Thom-Boardman manifold in J*(n, p), which consists
of J-orbits of fold jets. Let d : (7%)*(TN) — (xf_)*(T(J*~1(N, P))) denote the
bundle homomorphism defined by d(z,v) = (z,d,(j* "' f)(v)) where z = j* f € J*(N, P)
and dy (7' f) : TuN — Trp () (J¥H(N, P)) is the differential. Let V*(N, P) denote
the subbundle of J*(N, P) associated to V(n,p). Let K(V?) be the kernel bundle in
(k) (TN)|vi(n,py defined by K(V?), = (z,Ker(dwf)).

(H-v) For each ¢ with p; <n and any z € V*(N, P), we have

d(K(VY).)n (xf_4[VH(N, P)) (T(VI(N,P)*~D)) = {0}.

For example, let ¢*"™(n, p) be an nonempty open subset in J*(n, p) which consists
of a finite number of % -k-simple .# -orbits, and of X"P*1.9(n, p) in addition in the case
n > p. Then if k > p + 2, then we will prove in Section 7 that ¢*“™(n,p) is admissible.

We will prove the following relative homotopy principle on the existence level for
O-regular maps.

THEOREM 0.1.  Let k be an integer with k > 3. Let O(n,p) denote a nonempty
admissible open subspace of J¥(n,p). We assume that if n > p, then p > 2 and O(n,p)
contains X" PT10(n p) at least. Let N and P be connected manifolds of dimensions n
and p respectively with ON = &. Let C be a closed subset of N. Let s be a section in
T's(N, P) which has an O-regular map g defined on a neighborhood of C' to P, where
j*g=s.

Then there exists an O-reqular map f : N — P such that j*f is homotopic to s
relative to a neighborhood of C' by a homotopy sy in T'¢(N, P) with so = s and 51 = j* f.



Singularities of given A -invariant class 559

In particular, we have f = g on a neighborhood of C.

In the proof of Theorem 0.1 the relative homotopy principles on the existence level
for fold-maps in [An3, Theorem 4.1] and [An4, Theorem 0.5] in the case n > p > 2 and
the Smale-Hirsch Immersion Theorem in the case n < p together with [G1] will play
important roles.

The relative homotopy principle on the existence level for maps and singular folia-
tions having only what are called A, D and E singularities has been given in [An1]-[An5].
Recently it turns out that this kind of homotopy principle has many applications. First
of all, Theorem 0.1 is very important even for fold-maps in proving the relations between
fold-maps, surgery theory and stable homotopy groups of spheres in [An3, Corollary 2,
Theorems 3 and 4] and [An7]. In [Sady] Sadykov has applied [An1, Theorem 1] to the
elimination of higher A, singularities (r > 3) for Morin maps when n — p is odd. This
result is a strengthened version of the Chess conjecture proposed in [C]. In [An8] it has
been proved that the cobordism group of &-regular maps to a given connected manifold
P is isomorphic to the stable homotopy group of a certain space related to &'(n,p).

In Section 1 we will explain the notations which are used in this paper. In Section
2 we will review the definitions and the fundamental properties of % -orbits, from which
we deduce several further results. In Section 3 we will announce a special form of a
homotopy principle in Theorem 3.2 and reduce the proof of Theorem 0.1 to the proof
of Theorem 3.2 by induction. Furthermore, we will introduce a certain rotation of the
tangent spaces defined around the singularities of a given type in N for a preliminary
deformation of the section s. In Section 4 we will prepare two lemmas which are used to
deform the section s in a nice position. In Section 5 we will construct an &-regular map
around the singularities of a given type in N. We will prove Theorem 3.2 in Section 6.
In Section 7 we will apply Theorem 0.1 to maps with J#-k-simple singularities of given
class.

1. Notations.

Throughout the paper all manifolds are Hausdorff, paracompact and smooth of class
C*°. Maps are basically continuous, but may be smooth (of class C*) if necessary. Given
a fiber bundle 7 : E — X and a subset C' in X, we denote 7~(C) by E¢ or E|c. Let
7w’ F — Y be another fiber bundle. A map b: E — F is called a fiber map over a
map b: X — Y if 7/ 0b = bon holds. The restriction b|(E|¢) : E|c — F (or Flyey) is
denoted by be or B|C We denote, by b, the induced fiber map b*(F) — F covering b. A
fiberwise homomorphism F — F' is simply called a homomorphism. For a vector bundle
E with a metric and a positive function § on X, let Ds(E) be the associated disk bundle
of E with radius d. If there is a canonical isomorphism between two vector bundles F
and F' over X =Y, then we write £ = F.

When E and F' are smooth vector bundles over X = Y, Hom(E, F') denotes the
smooth vector bundle over X with fiber Hom(E,, F;;), + € X which consists of all
homomorphisms E, — F.

Let J¥(N, P) denote the k-jet space of manifolds N and P. The map 7% x 7% :
J¥(N,P) — N x P induces a structure of a fiber bundle with structure group L*(p) x
L¥(n), where L*(m) denotes the group of all k-jets of local diffeomorphisms of (R™,0).
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The fiber (7§ x %)~ (2,y) is denoted by J% (N, P).
Let mx and wp be the projections of N x P onto N and P respectively. We set

JE(TN, TP) @Hom (SU(mx (TN)), 7p(TP)) (1.1)

over N x P. Here, for a vector bundle E over X, let S*(E) be the vector bundle
Usex S*(Ez) over X, where S*(E,) denotes the i-fold symmetric product of E,. If
we provide N and P with Riemannian metrics, then the Levi-Civita connections induce
the exponential maps expy , : T, /N — N and expp, : T, P — P. In dealing with expo-
nential maps we always consider convex neighborhoods ([K-NJ]). We define the smooth
bundle map

J*(N,P) — J*(TN,TP) over N x P (1.2)

by sending z = j¥f € J, (N, P) to the k-jet of (expp’y)*1 ofoexpy, at 0 € T, N, which
is regarded as an element of J*(TuN,T,P)(= J} ,(I'N,TP)) (see [K-N, Proposition 8.1]
for the smoothness of exponential maps). More strictly, (1.2) gives a smooth equivalence
of the fiber bundles under the structure group L*(p) x L*(n). Namely, it gives a smooth
reduction of the structure group L¥(p) x L*(n) of J¥(N, P) to O(p) x O(n), which is the
structure group of J*(T'N,TP).

Under the projection 7% x 7% : J¥(N,P) — N x P, let T'(J*(N, P)) denote the
tangent bundle along the fiber of J*(N, P), whose fiber over (z,y) is T(J ,(N, P)). By
using the Levi-Civita connections we can define the projection

T(J*(N, P)) — T'(J*(N, P)) (1.3)
as follows. Let U and V' be the convex neighborhoods of z and y. Let £(x, z') (respectively
£(y’,y)) denote the parallel translation of U (respectively V') mapping « to =’ (respectively
y' to y). Define the trivialization

toy : JYU V) — JL,(UV)

by taey(2ery) = LY Y) © 240y 0 l(x,2"), Where 2z, € Jf{)y,(U’ V) and {(z,z') and
L(y',y) are identified with their k-jets. We define the projection in (1.3) by

d(ts 7y) (Jk(U V)) — T, (J;C,y(U’ V))

at z € JE (U, V), where we should note T.(J% (U, V)) = TI(J*(N, P)).

Let (x1,...,z,) and (y1,...,Yp) be the normal coordinates on the convex neighbor-
hoods of (IV, ) and (P, y) associated to orthonormal bases of T, N and T, P respectively.
Then a jet z € JF, (N, P) is often identified with the germ of the polynomial map of
degree k with variables TiyeneyTne
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2. Singularities of /7 -invariant class.

Let us begin by recalling the results in [MallIl], [MaIV] and [MaV]. Let C, and
C, denote the rings of smooth function germs on (N, z) and (P,y) respectively. Let m,
and m, denote the maximal ideals of C, and C, respectively. Let f : (N,z) — (P,y)
be a germ of a smooth map. Let f*: C, — C, denote the homomorphism defined by
f*(a) = ao f. Let §(N), denote the C, module of all germs at x of smooth vector
fields on N. Let 0(f), denote the C, module of germs at x of smooth vector fields along
f, namely which consists of all germs ¢ : (N,z) — TP such that pp o¢ = f. Here,
pp : TP — P is the canonical projection. Then we have the homomorphism

tf: 0(N)e — 0(f)a (2.1)

defined by tf(un) = df ouy for uy € O(N),.

Let us review the . -equivalence of two smooth map germs f,g : (N,z) — (P,y),
which has been introduced in [Malll, (2.6)], by following [Mar1, II, 1]. The above two
map germs f and g are J£-equivalent if there exists a smooth map germ hq : (N, z) —
GL(RP) and a local diffeomorphism hy : (N, z) — (N, z) such that f(z) = hq(z)g(ha(x)).
In this paper we also say that j¥f and j¥g are J#-equivalent in this case. It is known
that this J#-equivalence is nothing but the contact equivalence introduced in [MalII].
The contact group £ is defined as a some subgroup of the group of germs of local
diffeomorphisms (N,z) x (P,y). Let £z denote the orbit submanifold of J¥ (N, P)
consisting of all k-jets w which are J#-equivalent to z. This fact is also observed from
the above definition.

In the case n > p let X" PT10(n, p) denote the Thom-Boardman submanifold in
J¥(n,p) consisting of all fold jets. The union Q" P+1.0(n p) of all regular jets and
¥n=P+L0(5n, p) is open (see, for example, [duP1]).

We define the bundle homomorphism

dy: (7)) (TN) — (%) (TP). (2.2)

Let z = j* f. Weset (dy).(z,v) = (2,df(v)). Let Vi(n, p) be a #-invariant smooth sub-
manifold of J¥(n, p) which consists of singular jets with given rank r (0 < r < min(n, p)).
Namely, we have Vi(n,p) C X" "(n,p). Let V¥(N, P) denote the subbundle of J*(N, P)
associated to V¥(n,p). We define the kernel bundle K (V?) in (7% |V?(n,p))*(TN) and
the cokernel bundle Q(V?) of (7% |Vi(n,p))*(TP) by, for z € Vi(N, P),

K(V'). = (z,Ker(dsf)) and Q(V'). = (2, Coker(d f))

respectively. The dimension of K(V?%), as a vector bundle, is n — 7.

Let & (n,p) be an admissible open subset in J*(n, p) defined in Introduction whose
singularities are decomposed into a finite number of disjoint JZ-invariant submanifolds
Vi(n,p) of codimension p; (1 < i < 1) satisfying (H-i to v). We note that Vi(n,p) may
not be connected and that even if ¢ < j, then p; is not necessarily smaller than p;. We

denote, by &"(n,p), the open subset &(n,p)\{U;—;;, V7 (n,p)} and, by O°(N, P), the
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open subbundle of J*(N, P) associated to ¢ (n,p) for each i (0 < i <1).

Let z = jkf € JE (N, P) be of rank r and w = my_,(z). Let £ (N, P) denote
the subbundle of J¥~!(N, P) associated to the .#-orbit #w. We call # (N, P) the
¢ -orbit bundle of w in this paper. The fiber of JZ" (N, P) over (z,y) is denoted by
' (n,p). Let us recall the description of the tangent space of 2%, (N, P) in [Malll,

(7.3)]. There have been defined the isomorphism, expressed in this paper by Wig’_Tl,

T (JEHN, P)) — ma0(f)o/mEO(f)o. (2.3)

We do not give the definition. According to [Malll, (7.4)], T., (", (N, P)) corresponds
by 7r§,_T1 to

(tf(meO(N)2) + [ (0)0(f)z + m36(f)a) /mEO(f)a, (2.4)

which we denote by I(w) for simplicity.

We choose Riemannian metrics on N and P. Let @, denote T,(P)/Im(d,f).
We always identify T, (P)/Im(d,f) with the orthogonal complement of Im(d,f) in
Ty(P). In the convex neighborhoods of x and y where f is defined, let e(K,) and
e(Qy) denote expy ,(Ker(d,f)) and expp,(T,(P)/Im(d,f)) with the normal coordi-
nates °* = (Zr41,...,%n) and ¥* = (Yr41,...,Yp) associated to the orthonormal bases of
K, and @, respectively. Let (y1,...,y,) be the normal coordinates of expp , (Im(d. f))
associated to the orthonormal basis of Im(d, f). Setting x; = y;o f for 1 <i < r, we have
the coordinates (1,...,2,) and (y1,...,¥,) of (N,z) and (P,y) respectively. Let pg, :
(P,y) — (e(Qy),y) be the germ of the orthogonal projection. Let f® : e(K;) — e(Qy)
be the map defined by f* = pg, o fle(K;). In the module mge6(f*)ge /mFeO(f*)ye, let
I*(w) denote the submodule of

(tf.(mz‘e(e(Kx))z‘) + (f.)*(my‘)e(f.)m‘ + mi,&(f’)m.)/m’;.e(f')m.,

In this situation, since f*(z°®) = (yr41 0 f(z°®),...,yp o f(z*)), the submodule I*(w) is
generated by

P
dyiof*( 0 ., ,
L] —_— — <
mx_g oz, <8yiof) forr <j <m,

i=rtl (2.5)

<y7“+1of.7~-~7ypof.> 0

of* forr<i<np,
9y

where 0/0y; is the vector field on (P,y) and the notation (x) refers to an ideal.

If 2 = jkf e Vgiy(N, P), then w € % (N,P) C V} (N,P)*~Y by (H-iii) and
Tw (A, (N, P)) C Ty(V, (N, P)(k=1)), Under the above local coordinates (z1,...,x,)
and (y1,...,yp), let A (V)FD and #(V?)**=1) denote the vector bundles over
V¢(N, P) with fibers

me0(f)e/mE0(f)z and  mpe0(f*)ge /mEeO(f*)e
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over z respectively. These vector bundles are well defined as far as the Riemannian
metrics on NV and P are chosen and fixed. We use the same notation Wg’}l for the bundle
isomorphism over V*(N, P) as follows.

ot (i) (T 1N, P)))

vign,py — A (VHED,
Furthermore, we define the canonical projection

pas s AMVHED g (ViR (2.6)

) 12;1k< )) 1§:1 <@hof)

This definition is the global version of the homomorphism defined in [MaIV, Section 1].

We canonically identify v(Vi(N, P)) = (7f_,|[VI(N, P))*(v(V(N,P)*=D)). It is
not difficult to see that (p.ze). induces the isomorphism of v(.#" (N, P)), onto the
vector spaces of dimension p

by

(D)= (}:htf<

M 0(f)e/ (I(w) + mEO(f)) ~ mueO(f*)ue /(I°(w) + MmELO(f*)s0). (2.7)

The epimorphism v(# % (N, P)), — v(Vi(N, P))gf_l) canonically induces the epimor-
phism

p? (VD (V(N, P)) (2.8)

over Vi(N, P).
Let

T(J*(N, P)) — (nf_)) (T(J* Y (N, P))) — (xf_y) " (TF(J*1(N, P)))
denote the composite of canonical projections and let

Pu(vi) :T(Jk(N7P)> (VZ(N’P))

denote the canonical projection.

LEmMMA 2.1, Let z € V} (N, ) Under the above notation the epimorphism
. coincides with the composzte p? op g0 71'(9 T (Hk)

Pu(
T.(J*(N,P)) — 4 (VHFD — 4 (VHeE=D — u(VY(N, P)).. (2.9)

Recall the homomorphism d in Introduction. Let us study the composite
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mod: (WJkV)*(TNﬂVi(N,P) - (771@—1)*(Tf(Jk71(N7 P)))|V¢(N,P)

and the isomorphism in (2.3). For z = jkf € Vi(N,P) and v € T,U, let v(t) =
expy . (tv) be the geodesic curve. Then the composite t,, 0 j* 1 fov: I — Ji (N, P)
yields that

((d(te,y) 0 d(G* f) 0 dv)i=0) (d/dt)

d(tsy) 0 d(5" f)(v)
d(ts,y) o d(v)

=7l od(v), (2.10)

(d(tsy 0 5" f 0v)|1=0) (d/dt) =

where 7 o d(v) is regarded as an element of J (N, P). Let F: U x [0,1] — P be the
following map

F(z',t) = £(f(v(t)), f(x)) © f o Lz, v(t))(2")
((f(w(®), f(z) o f(a' +0(t) — )
) —

(¢
f@ () —z) + fz) = fo(t)).

In particular, we have F(z,t) = f(z) = y. Let Fy/(t) = Fy(2') = F(2/,t) and G(t) =
fl@ +o(t) —x).

REMARK 2.2. It follows that wijﬁ}l o7l o d(v) is represented by the vector fields
CZ: (N,z) — TP defined by (i(z') = (dFy|t=0)(d/dt). Let us briefly prove this fact.
We note that

Ji_lFt = E(f(v(t)% f(x)) Ojf(;)l’f(v(t))f o E(w,v(t)) € nggc’zl(N’ P)‘

By (2 10) we have 7fod(v) = (d(j5~1 F})|4=0)(d/dt). By the definition of the isomorphism
7T9 2 in (2.3) in [MalIl, (7.3)] we obtain the assertion.

In Remark 2.2 (Z = (dF,/|t=0)(d/dt) is equal to

(dGli=o)(d/dt) — (d(f o v)|i=0)(d/dt)

([ ()8, ] e

1

[1P%2

where “e” refers to the inner product. If v = 37  a;0/0z; € K(V')., then
(d(f ov)|i=0)(d/dt) = df (v) = 0 and

(o) = Xp: (zp:aj a%ijf(x/)>a (2.12)
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and (Z(x) = 0. Therefore, if v € K(V?),, then ¢Z lies in m,0(f).,.
Under the trivialization TU = U x T,U, there is the vector field vy on U defined
by vy (a’) = (2/,v). Therefore, we have the following lemma.

LEMMA 2.3. Let z = jif € V} (N,P). Let v € K(V').. Under the above
notation, 7'('5,}1 o7l od(v) is represented by (Z = tf(vy).

3. Primary obstruction.

Let s € T's(N, P) be smooth around s~1(V#(N, P)) and transverse to V¢(N, P). We
set

SV'(s) = s 1 (VI(N, P)), SnoPHL0(g) = 51 (B PHLO(N, P)),
(sISV'(s)) " (K (V) = K(SV'(5)), (sISV'(s)"Q(V?) = Q(SV"(s)).

We often write SV (s) as SV if there is no confusion.

Let I'7(N,P) denote the subspace of I's(N,P) consisting of all smooth sec-
tions of X |O(N,P) : O(N,P) — N which are transverse to VI(N,P) for every
j. Let C be a closed subset of N. For s € I'(N,P) let C;1; refer to the union
CU s (O(n,p)\O(n,p)) (Cot1 = C).

The following theorem has been proved in [An3, Theorem 4.1] and [An4, Theorem
0.5] in which [E1, 2.2 Theorem| and [E2, 4.7 Theorem| have played important roles.

THEOREM 3.1.  Letn > p > 2. Let O(n,p) denote QP10 (n p). Let N and
P be connected manifolds of dimensions n and p respectively with ON = &. Let C be
a closed subset of N. Let s be a section of T'¢(N, P) such that there exists a fold-map
g defined on a neighborhood of C into P, where j2g = s. Then there exists a fold-map
f: N — P such that j2f is homotopic to s relative to C' by a homotopy sy in I'g(N, P)
with so = s and s; = j2f. In particular, f = g on a neighborhood of C.

We show in this section that it is enough for the proof of Theorem 0.1 to prove the
following theorem together with Theorem 3.1.

THEOREM 3.2. Let k > 3. Let N and P be connected manifolds of dimensions
n and p respectively with ON = &. We assume the same assumption for O(n,p) as
in Theorem 0.1. Let Ciy1 and V(n,p) be as above for 1 < i < 1. We assume that if
n > p > 2, then Vi(n,p) # S PT10(n p) (i > 1). Let s be a section in T%(N, P)
which has an O-regular map gi+1 (g.+1 = g) defined on a neighborhood of Ciyq1 to P,
where j*g; 11 = s. Then there exists a homotopy s\ € T'¢(N, P) of s = s relative to a
neighborhood of C;11 with the following properties.

(3.2.1) S1 € F%(N, P) and 81(N\Ci+1) - ﬁ(N, P)z

(3.2.2) SV (s5) = SV'(s) for any .

(3.2.3) There exists an O-regular map g; defined on a neighborhood of C;, where
j*g; = s1 holds. In particular, g; = gi11 on a neighborhood of Ciy1.

Proor oF THEOREM 0.1. We first deform s to be transverse outside a small
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neighborhood of C'. By the downward induction on 7 using Theorem 3.2 we next deform
s keeping g near C' to the jet extension of an &-regular map defined around U;zl SV (s)

for n < p and around U;ZQ SV (s) for n > p > 2. In the final step we apply the Smale-
Hirsch Immersion Theorem ([H, Theorem 5.7]) for n < p and Theorem 3.1 for n > p > 2
to obtain the required &-regular map f.

Take a closed neighborhood U(C) of C' where the given €-regular map ¢ is defined.
Let U;(C) (j = 1,2,3,4) be closed neighborhoods of C such that Us(C) CIntU(C)
and U;(C) CIntU;41(C) (j = 1,2,3). By [G-G, Ch.II, Corollary 4.11] there exists a
homotopy of O-regular maps gy : U(C) — P relative to U;(C) such that gy = g and
§*g1|U(C)\IntU(C) is transverse to VI(N, P) for all j. By applying the homotopy
extension property we obtain a homotopy py in I'¢ (N, P) such that pug = s, px|Us(C) =
3*gx|Us(C) and p1 |(N\U2(C)) € T (N\U2(C), P). Let S(p1) denote the subspace of all
points x € N such that p;(z) are singular jets.

Let N' = N\Us(C), C' = U3(C)N N’ and ¢’ = ¢1[(Us(C)\U2(C)). Let us choose
the largest integer 4 such that SV (1u1)\C’ # &. We first apply Theorem 3.2 to the case
of i1|N’, C', ¢’ and O(N', P) in J¥(N', P). There exist a homotopy s in I's(N’, P)
of s = p1|N’' relative to a neighborhood of C’ and an O-regular map g, defined on a
neighborhood of C/ in N’ satisfying the properties (3.2.1) to (3.2.3) for N’, C’, ¢, g} and
sh.

Then we can prove by downward induction on integers ¢ that there exists a ho-
motopy sy of s§ = s} in TZ(N’,P) relative to Us(C') and an O-regular map f’
defined on a neighborhood of (Us(C) U S(u1))\U2(C) for n < p and of (Us(C) U
(S(p1)\S=PHL0) (1) ))\Uo(C) for n > p > 2, such that

(i) sf elg(N',P),
(ii) s{(N\C:) C O°(N,P) for n < p and s{(N\Cs) C O*(N,P) forn >p>2,
(iii) Svj(s’)() = SV (s) except for j =1 in the case n > p > 2.

Let

N N'/S(p1) for the case n < p,
(N'/S(p1)) U SM=P+LO0) (1)) for the case n > p > 2.

It follows from the Smale-Hirsch Immersion Theorem for the case n < p that there
exist an immersion f” : N” — P and a homotopy uy € T'g(N”, P) relative to the
neighborhood of U(C' U S(u1)) N N” such that ug = s7|N” and u; = j¥f”. It follows
from Theorem 3.2 for the case n > p > 2 that there exist an Q710 _regular map
f": N” — P and a homotopy uy € T'¢(N", P) relative to a neighborhood of

{W(CUSE)NS (1) U ST (i)} 1 N
such that ug = s{|N" and u; = j*f”. Define sy’ € T'g(N', P) by s¥'IN” = uy and

KN\ = s{I(N\N").
Now we have the homotopy iy in I'¢ (N, P) defined by
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sg)\ (0<A<1/3),
AAN"= ¢ sy (1/3< A <2/3),
s, (2/3< <)

and i, |U3(C) = j%g1|U3(C). Thus we obtain the required homotopy s in Theorem 0.1
by pasting px and 1. O

We begin by preparing several notions and results, which are necessary for the proof
of Theorem 3.2. For the map g;11, we take a closed neighborhood U(C;t1)" of Citq
around which g, is defined and j¥g;,1 = s. Without loss of generality we may assume
that N\ U(C;+1)" is nonempty. Let us take a closed neighborhood U(C;y1) of Ciyq in
IntU(Cy41)" such that U(Cj41) is a submanifold of dimension n with boundary OU (Ci41).
By virtue of Gromov’s theorem ([G1, Theorem 4.1.1]), it suffices to consider the special
case where

(C1) N\ IntU(Cj41) is compact, connected and nonempty,

(C2) s € T%(N, P) and SV (s)\IntU (Cy41) # I,

(C3) SV’ (s) is transverse to AU (Cj1).

For a manifold X and its submanifold Y let v(Y) denote the normal bundle
(TX|y)/TY of Y. In what follows we set » = r; and p = p; for simplicity. Let
v(VY(N,P)) be the normal bundle of dimension p < n. Then p,yi) o d|K(V?) :
K(VY) — v(V¥(N,P)) is a monomorphism over V¥(N, P) by (H-v) under the identi-
fication v(V¥(N, P)). = (z,v(V¥(N, P)(k_l)),r;:il(z)). The composite

K(V?")

Puviy o dIK (V) o (s|SV") K(SV(s)) — K(V') — v(VI(N, P))

is also a monomorphism. Let s € T'¢(V, P) be the given section in Theorem 3.2. Let us
provide N with a Riemannian metric. Let n(s, V%) be the orthogonal normal bundle of
SV'(s) in N. We have the bundle map

ds|n(s, V%) : n(s, V') — v(V(N, P))

covering s|SV' : SV'(s) — VI(N,P). Let Ga(s,viy @ 0(s,V') C TN|gyi denote the
inclusion. We define ¥(s, V) : K(SV (s)) — n(s, V%) C TN|gvi to be the composite
. i\ Coy—1 i . i i
ins,v) © ((s187)"(ds|n(s, V) ™ o ((s1SY)" (puqvey o dIK (V) o (57K VD))
K (SV'(5)) = (s|SV ) u(VI(N, P)) — n(s, V') = TN|gv:. (3.1)

i

Let iy (gvig)) K(SY'(s)) = T'N|gv: be the inclusion.

REMARK 3.3. If f is an O-regular map such that j*f is transverse to Vi(N, P),
then it follows from the definition of d that iK(Svi(jkf)) = \I/(jkf, Vi) if we choose a

Riemannian metric such that K(SVVL (5% f)) is orthogonal to sV (5% f).



568 Y. ANDO

Here we give an outline of the proof of Theorem 3.2. We first deform the given section
s in Theorem 3.2 so that K (S (s)) is normal to S (s) and Ig(sVi(s)) = U(s, V)
(Lemma 4.1). Next we deform the section so that 7p o s[SV'(s) is an immersion by
applying the Smale-Hirsch Immersion Theorem (Lemma 4.2). In Section 5, using the
transversality of the deformed section we construct an O'-regular map q defined around
SV (s) by applying the versal unfolding developed in [MaIV] and modify g around C;
to be compatible with g; 1. This is the required &-regular map g;. In section 6 we finally
extend the homotopy between s and j*g; defined around S v (s) to the homotopy defined
on the whole space N and obtain a required section.

In what follows let M = SV (s) \ Int(U(C;11)). Let

Mono (K (SY" (s))|ar, TN|u1)

denote the subset of Hom(K(Svi(s))|M,TN|M) which consists of all monomor-
phisms K(Svi(s))C — T.N, ¢ € M. We denote the bundle of local coefficients
B(r; (Mono(K(SV" (s))e, T.N))), ¢ € M, by (i), which is a covering space over M
with fiber 7, (Mono(K (SV' (s))e, T.N)) defined in [Ste, 30.1]. By the obstruction theory
due to [Ste, 36.3], the obstructions for iK(Svi(s))|M and (s, V%) |y to be homotopic
relative to OM are the primary differences d(iK(Sw (s))|M,‘I/(s, V)| ar), which are de-
fined in H’(M,0M; %B(n;)) with local coefficients. We show that unless n > p > 2 and
Vi(n,p) = X" PT10(n p), all of them vanish by [Ste, 38.2]. In fact, if n > p > 2 and
Vi(n,p) # X" PTL0(n, p), then we have

dim M < n —codim¥" P =n — (n —r) =1, forr=p—1,

dimM <n—-codim¥" " =n—(n—r)(p—r)<r, forr<p-—1.
If n < p, then

dimM <n—-codimE" "=n—(n—-r)p—r)<n—-2n—-r)<r
Since Mono(R™ ™", R™) is identified with GL(n)/GL(r), it follows from [Ste, 25.6] that
7;(Mono(R"™", R")) = {0} for j < r. Hence, there exists a homotopy ¥ (s, V?), :

K(SV'(s))|; — TN|a relative to M N U(Ciyy) in Mono(K(SY"(s))|ar, TN|ar) such
that

¢M(s7vi)0 = ZK(SV‘(@))|]\/I and ¢M(S7Vi)1 = \IJ(Sa Vi)‘M

Let Iso(T'N|p, TN|p) denote the subspace of Hom(T'N|as, TN|as) which consists of all
isomorphisms of T.N, ¢ € M. The restriction map

rar : Iso(TN|ar, TN |ar) — Mono (K (SY" ()|, TN|ar)

defined by a7 (h) = h|(K(SV"(s)).), for h € Iso(T.N, T.N), induces a structure of a fiber
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bundle with fiber Iso(R", R") x Hom(R", R"~"). By applying the covering homotopy
property of the fiber bundle 75, to the sections idry,, and the homotopy M (s, V1),,
we obtain a homotopy W(s,V%)y : TN|g: — T'N|gyi such that U(s,V¥)y = idTN|Sw"
U(s,Vi)le = idry for all ¢ € SV NU(Cip1) and rar 0 W(s, VI |(K(SY (5))|mr) =
YM (s, V) x. We define ®(s, Vi)y : TN|gvi — TN|gyi by ®(s,Vi)y = (¥(s, V)L

4. Lemmas.

The section s given in Theorem 3.2 may not satisfy i gvi(,)) = \I/(Svi(s)) and
K(SV'(s)) may not even transverse to SV (s) either. Therefore, we first have to deform
the section s so that K(SV'(s)) is normal to SV'(s) and g (svi(s)) = U(SV'(s)). We
next deform s so that 7p o 8|Svi(s) is an immersion by the Smale-Hirsch Immersion
Theorem. The arguments of these two steps are quite similar to those in [An6, Lemmas
5.1 and 5.2]. So we only show important steps in the proofs.

In the proof of the following lemma, ®(s, V)| (¢ € SV') is regarded as a lin-
car isomorphism of T,N. We set di(s,V?) = (s|SV'(s))*(d1). Let us take closed
neighborhoods W (Cit1); (j = 1,2) of U(Cit1) in U(Citq1)" such that W(Cit1)1 C
IntW(Cit1)2, W(Cit1); are submanifolds of dimension n with boundary OW (Cit1);
and that OW (C;11),; meet transversely with SV (s).

LEMMA 4.1.  Let s € TY%(N, P) be a section satisfying the hypotheses of Theorem
3.2. Assume that if n > p > 2, then Vi(n,p) # S PT10(n,p). Then there ewists a
homotopy sy relative to W(Ci+1)1 in I'7(N, P) with sg = s salisfying _

(4.1.1) for any X\, SV (s)) = SV (s) and ©l 0 55|SV (5)) = 7 o 5\5‘/% (s),

(4.1.2) we have ?K(Svi(sl)) = U(s1,V?), and in particular, K(SV" (s1))e C n(s, V).

for any point ¢ € SV (s1).

PROOF. We write an element of n(o, V%), as v.. There exists a small positive
number § such that the map

e: Ds(n(o, V) |y — N

defined by e(v.) = expy .(v.) is an embedding, where ¢ € M. Let p : [0,00) — R be a
decreasing smooth function such that 0 < a(t) < 1, a(t) =1 if t < §/10 and a(t) = 0 if
t>0.

Let ¢(v) denote the parallel translation defined by ¢(v)(a) = a + v. If we represent
a jet of JF(N, P) by jki, for a germ 1, : (N,z) — (P,y), then we define the homotopy
by : J¥(N, P) — J¥(N,P) (0 < X < 1) of the bundle maps over N x P as follows.

(i) If x = e(ve), c € M and ||v.| < d, then

ba(Jita) = 5 (te 0 expy . 0l(Ve) © B(5, V') a(w, )rle © £(—ve) © expyl, ).

(ii) If = ¢ Tm(e), then by(j¥i,) = j¥,.
If ¢ is sufficiently small, then we may suppose that
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e(Ds(n(o, V)|ar) NW(Cis1)1 C e(Ds(n(o, V) mow (Ciyr)s)-

If c € SV NU(Ciy1) or if v > 6, then ®(s,V),|. or (5, V) a(ve|)rle is equal to
(s, V%)l = idr, N respectively. Hence, by is well defined. We define the homotopy sy
of TG (N, P) using by by sx(z) = by o s(z). By (i) and (i) we have (4.1.1). ‘

We have that n(s, V%), > K(SV (s1)). and iR (Vi (s1) = U(sy,V?) for c € SV (5s).
Indeed, let (s, V?).(v) = w with v € K(Svi(s))C and w € n(s, V). Setting s(c) = j¥i.
we have by (i) and (ii) that

s1(c) = s(c) ojf(e:x:p]\,,C o®(5,V)|. 0 exp&lc).

Since dl(s ) = dy(s, V%), 0 ®(s, V)|, vanishes on ¥(s, Vi)(K(Svi (s))c), we have
U(s, VH(K(SV'(s))e) = (SV (s1))e- By (3.1), we have ¥(s1, V") (w) = w. O

LEMMA 4.2.  Let s be a section in I';(N, P) satisfying the property (4.1.2) for s
(in place of s1) of Lemma 4.1 and Vi(n,p) be given in Theorem 3.2. Then there exists a
homotopy ay relative to W(Ciq1)1 in Te(N, P) with ag = s such that

(4.2.1) aiy is transverse to VI(N, P) and SV (ax) = SV'(s) for any A,

(4.2.2) we have TR (VY (o)) = U(ay, V), and in particular, K(SV' (1)), C n(s, Vi),
for any point ¢ € SV (o),

(4.2.3) 7k o o1|SYV (o) is an immersion to P such that

d(mh 0 01|V (1)) = (thoar)™ o di(ar, VIT(SY (1)) : T(SV (en)) — TP,

where (7% 0 ap)TF : (ﬂé‘; oa)*(TP) — TP is the canonical induced bundle map,
(4.2.4) ax(N\(SV"(s) UIntW (Ci41)1)) € O *(N, P).

PROOF. In the proof we set SV = Svi( ). We choose a Riemannian metric
of P and identify Q(SY" ) with the orthogonal complement of Im(d; (s, VH) in (7% o
s\SV )*(TP). Since K(SV" )NT(SV') = {0}, it follows that (7% 0s)TF od (s, V1)|T(SV1)
is a monomorphism. By the Smale-Hirsch Immersion Theorem there exists a smooth
homotopy of monomorphisms m/ : T'(S Vi) — T'P covering a homotopy my : S Vi, p
relative to W(C;41)1 such that mf = (7hos)TPod; (s, V¥)|T(SV") and |y is an immersion

with d(m) = mj. Then we can extend m/, to a smooth homotopy m/ : TN|SV1 — TP

of homomorphisms of constant rank r relative to sV'n W(Cit1)1 so that m) = (7% o

s)TFP o dy (s, V?).
Recall the submanifold £"~" (N, P)(V) of JY(N, P) = JY(TN,TP), which consists of
all jets of rank r. Then

8| VYN, P) : V{(N,P) — £ "(N, P)

becomes a fiber bundle. We regard Tfnv’A as a homotopy Sv' ¥n="(N, P)(l). By the
covering homotopy property to s|SV" and m/,, we obtain a smooth homotopy a5 : SV —
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Vi(N, P) covering 777’)\ relative to W(Ciy1)1 such that of = s[SV".

We have a smooth metric of n(s, V*) over SV'. For a sufficiently small positive
function £ : V' — R, let E(SY") denote expy D.(n(s, V*)). By using the transversality
of s and the homotopy extension property of bundle maps for s|E(S V) and a3, we first
extend a3 to a smooth homotopy (3 of E(Svi) to a tubular neighborhood of V#(N, P),
say Uy, covering oy relative to E(SV'YNW(Cyt1)1 such that By = s|E(SY") and S, is
transverse to Vi(N, P). Next extend 3y to a homotopy a) € I'g(N, P) so that ag = s,
ax|E(SV") = B, ax|[W(Cit1)1 = s|W(Cys1)1 and that

ax(N\Int(E(S"" ) UW (Ciz1)1)) € 67 1(N, P). (4.1)
This is the required homotopy a. O

5. O'-regular map around singularities.

In what follows we denote, by o, the section ay € I'¢(N, P) in Lemma 4.2 which
satisfies (4.2.1) to (4.2.4). In this section we construct an &-regular map q(o, V*) defined
around SV (o) by applying the versal unfolding developed in [MaIV]. Next we prepare
lemmas which are used in Section 6 in the deformation of q(o, V*) to an O-regular map
compatible with g; 1.

We take a Riemannian metric on P, which induces the Riemannian metric on S (o).
Let us choose a Riemannian metric on /N which induces a metric of the normal bundle
n(o, V*?) over SV (o) such that

(i) S Vi(a_) is a Riemannian submanifold,
(i) K(SV'(0)) is orthogonal to SV (o) in N.

For the section o € T%(N,P), we set .#(SV (0)) = (¢|SV (0))*(A#(V))*~D) and
M (SV(0))* = (0]8V ()" (A (V')**~V). Let c € SV (0), o(c) = jE f and 7h(0(c)) =
y(c). Then an element of .#(S"" (5))? is expressed as

a1 (€)0) D1 + - + ay(a*)9/y, (5.1)

where a;(x*) € mge /mk,.

Let K and Q refer to K(SV' (o)) and Q(Svi (o)) respectively. Let n(o, V?)/K refer
to the orthogonal complement of K in n(o,V*). We write n(co,V*) = (n(o, V) /K) ® K.
Let E(SV") denote expy D.(n(o, V7).

Let us first define the smooth fiber map

Q(U, Vl)(l) : E(Svl) — Im(dl ((‘)’7 ‘/i)|n,(0-7 V’)) over SVi (0’)

by q(0, VD = dy(o,V) o (expy) L |E(SY"). Note that dy(c,V?) vanishes on K and
gives an isomorphism of n(c, V%) /K onto Im(d; (o, V?)|n(o, V?)).

For a point ¢ € SV (o) let a# = (n—p+1,---,Tpn) denote the normal coordinates
of E(Svi)c such that {0/0z;} for n —p+1 < i < r and {9/0x;} for r +1 < i < n
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constitute the orthonormal bases of n(o, V?)./K, and K, respectively. Let e(Q.) denote
expp, (Qc) and let (y,41,...,yp) be the normal coordinates of e(Q.) such that {0/9y;}
constitute the orthonormal basis of Q..

Let Y0 denote the composite

(0’|Svi (O’))*(p//[o o 7T§}1 o H? odoln(o,V")) :n(o, V') — ///(Svi (O’)).

which is a monomorphism over 5V (o) by the transversality of o to V(N, P).
Then we define q(o, V) : B(SV") — Q over SV (o) by

do VD) = A2+ Y aze( ) @), 65:2)

Jj=n—p+1

We have defined ¢(co, V*)(?) by using the orthonormal bases of n(s, V*) and Q... However,
the coordinate changes of n(o, V*) and Q.. are linear and so, g(o, V) is a well defined
smooth fiber map. Let us consider the direct sum decomposition (7%, o o|SVHY(TP) =
T(SV') & dy(o, V') (n(o, V') & Q. Define the smooth fiber map ¢(o, V?) : E(SV') —
di(o, V) (n(o, V) & Q(SY" (o) by

q(o, V") = q(o, Vi)(l) + q(o, Vi)(Q) over SV (o). (5.3)
We define the smooth map q(o, Vi) : E(Svi) — P by

)7 0 (o, Vi) (a#). (5.4)

4(0, V')o(a#) = exppo(nh 0 | SV

LEMMA 5.1. Lete: SV (0) — R be a sufficiently small positive function. Let
Vi(n,p) be given as in Theorem 3.2. Under the above notation, the map q(o,V?) is
an O'-regular map such that j*q(o,V?) is transverse to Vi(E(SY"),P) and SV (0) =
SV (a(, V).

PROOF. In the proof we write q for q(o, V). Let us compare the local ring Q (o (c))
and Qx(5%q). By the definition of f*, Qx (¥ f) and Q1 (j*q) are isomorphic to Qy(j* f*).
Hence, Qx (5% f) and Q(j%q) are isomorphic. It follows from [MaIV, Theorem 2.1] that
q(c) € #(E(SY"), P) c VI(E(SV"), P) for any point ¢ € SV'. Since &(n,p) is open,
it follows that if ¢ is sufficiently small, then q(E(S"")) C 0*(N, P).

It is enough for the transversality of j*q(o, V?) to show that forn —p+1<j <n,

(*alSY" (G5 ) (o) © d(5*)) (9/025) = (9187 (0)) " (Pugvr) © do)(9/ D)

(7%q|V¥(N, P) and o|Vi(N, P) are different in general). By Lemmas 2.1, 2.3 and (2.12)
this follows from the following. For r + 1 < j < n, we have that
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For n — p+1 < j <r, we have by (5.2) that

260 (5 )0 = g (0705 o) = 700 (5 Ja). O

Here we give a lemma necessary in the process of modifying q(o, V?) to be compatible
with g;41. Let mp : B(SY") — SV be the canonical projection.

LEMMA 5.2.  Let f; : E(SV') — P (j = 1,2) be O -regular maps such that, for any
ceSVi,
(i)  f1|SYi = £2|SYe, which are immersions and (dfi). = (dfa)e,
(ii) j*f; is transverse to VI(E(SV?), P) and SVi = SV (R f) = SV (5* fa),
(iii) (qu( % 11)e = K(SV' (5% f2))e, which are tangent to T (c),
(iv) @ (SVI( *f1))e = Q(SY (5% f2))es
EV) fr(@®) = jefs(z*),

vi) the two homomorphisms

(5% ;) (o, V) — . (V' (5% £;)°

for 7 = 1,2 coincide with each other.

Let n : SYVi — [0,1] be any smooth function. Let e : SYi — R in the definition of
E(SY4) be a sufficiently small positive smooth function. We define f7 : E(SVi) — P by

Fi(@e) = expp g o (1= () expply ) (fi(20) + n(e) expply ) (fala.))

for any z. € T, (c) with ||z.| < e(c). Then the map f" is a well-defined 6" -reqular map
such that for j = 1,2, and for any c € SVi,
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(5.2.1) f1SYi = f;1SY+ and (df")e = (dfi)e, ‘
(5.2.2) j¥ £ is transverse to Vz( (SV4), P) and SVi = SV (j*fm),
(5.2.3) K(SV%( k) = (SV( 3% £i))e, which is tangent to 7' (c),
(5.24) Q(SV (¥ F"M)e = Q(SY (1" £))e»
E5-2 53 FECFM)® (®) = GEf3 (=),

th

5.2.6) the homomorphism
PGEF") 0o, V) — A (SR F)”
coincides with the homomorphisms 2(5* f;|SV?) (j = 1,2) in (vi).

PrROOF. The local coordinates of
CXPE(SVi),c (K(Sw (]ka)C)) and CXPP,f;(c) (Q(Sw (]ka)C))

are independent of coordinates of SV¢, where Q(S v (5% f;)c) is regarded as the orthogonal
complement of Im(d; (j* f;, V%)) in T, ()P For v. € n(o, Ve, df(v.) is equal to

d(eXprl(c)) °© ((1 - 77(0)>d(exp173)1f1(c) of1) + W(C)d(eXp;}fZ(c) OfQ)) (ve)

= (1 =n(e)dfr +n(c)df2) (ve)

= (1 =n(e))dfr(ve) + n(c)df(ve)

= dfj (’UC).
Hence, we have (5.2.1), (5.2.3) and (5.2.4). From (v), (5.2.5) is evident.

We have the normal coordinates (z1,...,7,—,) and 2% = (Tp_pt1,...,7,) of

(SVi,c) and (E(S"%),,c) respectively. Let (z1,...,%s,¥Yrt1,---,Yp) be the normal co-
ordinates of (P, c) as before. Let 0,, and 0, be the coordinates of ¢ and y(c) respectively.

Let v(t) be the geodesic curve of v, in E(S"?), such that (dv|;=0)(d/dt) = v. € E(SYi),
and v(0) = c. For a map germ g : (E(SY7),c) — (P, f;(c)), set

F(z) = t(g(v(t)),0p) 0 g 0 £(0n, v(t))(x) = g(x +v(t)) — g(v(t)).
Since FY(0,) = 0,, F/ defines the map germs (E(SY"),c) — (P,y(c)) with the pa-

rameter ¢ and F? : ((—1,1),0) — P defined by FY(t) = Fg( ). Then we have

JETIF9 5 (—1,1),0) — JE7L (N, P) defined by j5-1F9(t) = j4-1F.

By the definition of 77 we have that
T pogey © e F) () = (A FF ") mo) (d /).
Furthermore, wg}l o W;'kfl_fn(c) od.(j*~1 ") (v.) is represented by the germ

(ngnh:o) (d/dt): (N,¢) — TP
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covering f as in Remark 2.2. The germ (dFJ"|,—o)(d/dt) is equal to

(d(f" (@ + (1) — F'(0(t)))) (dv(t)/dt)|i=o
= ((1 = n(e))df1(z + v(t)|t=0 + n(c)dfa(z + v(t))|t=0) (vc)
— (X =n(e)df1 (v(t)) =0 + n(c)df2(v(t))li=o) (ve)
= (L =n(c)) ((df1(z + v(t)) = df1(v(1)))]1=0) (ve)
+n(e) ((dfz(2 + v(t)) = df2(v(t)))l=0) (ve)
= (1= n(e)) (dFL |=0) (d/dt)]1=0 + n(c) (dFL |i=0) (d/dt).
Then p.g+ o Ty o7 (e © de(F¥71FM)(ve) is represented by

(d(pq. o FI"[E(S")c)li=0) (d/dt)
= ((1 = n(e)d(pq. o FI'IE(SY)e)li=0 +n(c)d(pq. o FLIE(SY)c)|i=0) (d/dt).

By the definition of p_ge o 75 ' o 7!, we have

(G ") = A=) 2" h) +n(©)2(* f2) = 2(i* ;)
for j = 1,2. This implies (5.2.2) and (5.2.6). This completes the proof. O
Let q denote q(o, V?) : E(SV") — P in (5.4). Now we modify q to be compatible
with gi41. Let : S¥° — R be a smooth function such that

(i) 0<n(c)<lforces", ‘ |
(ii) n(c) = 0 for c in a small neighborhood of SV AW (Ciy1)1 within SV \ W(Ciy1)a,
(iii) n(c) =1 for c € SV \ W(Cit1)2.
Then define the map G : E(SY') UW (Ci41)1 — P by
o ifxr € W(Ci—i-‘l)l, then G(l‘) = gi+1(1‘),
o ifr. € E(SV’_)|SV"\Int(W(Ci+1)2)’ then G(z.) = q(z.),
o if z. € B(SY)gvinw(c,, ), then G(z.) is equal to

€XPp.q(c) ((1 —n(c)) exp;,}lq(c) (9i+1($6)) +n(c) exp;,’lq(c) (C[(CCC))),

where § is so small that G(z) is well-defined and that E(SV") N W (Ciy1)1 C ng(Svi N
W(CZ‘+1)2) holds.
By Lemmas 5.1 and 5.2 we have the following corollary.

COROLLARY 5.3. The above map G is an O-reqular map defined on E(SV') U
W(Ciy1)1 such that
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(5.3.1) j*G is transverse to VI(N, P) and (G|E(SYV"))~"1(Vi(N, P)) = SV,
(5.32) GISV" = q|SV" =7k 0 0|8V and (dG). = (dg).,

(5.3.3) G|E(SV1) is 0" -regular, v v

(5.3.4) K(SV' (j*G)) = K(SV (%)) = K, Q(SY (j*G)) = Q(SV" (j*q)) = Q,
(5.3.5) if we write o(c) = j¥(fr(c)), then

(de foe) (@®) = jiat (z®) = jEG* (z*),
(5.3.6) the following three homomorphisms coincide with each other.
7(*G) = 2(j*a) = 70 (0, V') — (5" (0))".

Let us recall the additive structure of J¥(N, P) in (1.2). Then we define the homo-
topy ky : SV — JF(N, P) by

ka(c) = (1= Na(c) + A\*G(c) covering 7% o 0|Svi A P,

where 7% 0 o|SV" is the immersion.
LEMMA 5.4.  The homotopy Ky s a map of SV to Vi(N, P).

Proor. It follows from Corollary 5.3, (5.3.1) to (5.3.6) that K(Svi(/@\)) = K and
Q(Svi(/@\)) = @ and that if we write rx(c) = j¥(f)), then (5 f3)(z®) = (j* o) (@®) =
j*G*(x*). By the definition of local rings we have Qi(j*f) ~ Qr(5*f*), Qr(i¥fr) =~
Qr(ESY) and Qr(jEG) = Qr(jEG®).

Since V*(N, P) is J# -invariant, it follows from [MalIV, Theorem 2.1] that s (c) lies

in Vciﬁy(c)(N, P) for any A and any ¢ € SV, where y(c) =k o o(c). O

The proof of the following lemma is elementary, and so is left to the reader.

LEMMA 5.5.  Let (2,%) be a pair consisting of a manifold and its submanifold of
codimension p. Let ¢ : SY' — R be a sufficiently small positive smooth function. Let
h: E(SY) — (£, %) be a smooth map such that SVi = h=Y(X) and that h is transverse
to . Then there exists a smooth homotopy hy : (E(SY?),SY1) — (Q,X) between h and
expg, odh o (expy n(o, V)" E(SY) such that

(5.4.1) hy|SYi = ho|SY, SVi = h{1(Z) = hy () for any A,

(5.4.2) hy is smooth and is transverse to X for any A,

(5.4.3) ho = h and hy(z.) = expg ) odh o (expy [n(o, V)~ (z.) for c € SY* and
z. € E(SYY)..

6. Proof of Theorem 3.2.

In this section we deform g(o,V*) to an @-regular map G compatible with g;y.
By the definition of the deformation we can construct a homotopy between o and e
around SV (o), which is extendable to a required homotopy to the whole space N.
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Let us take closed neighborhoods U(Cit+1); (j = 1,2) of U(Ci41) in the interior
of W(Ci11)1 with U(Cit1)1 C IntU(Ciy1)2 such that U(Cit1), are submanifolds of
dimension n with boundary OU (C;41); meeting transversely with SV' (o).

PROOF OF THEOREM 3.2. Deform s € I'J/(N, P) in Theorem 3.2 as before to a
section o € I'g(N, P) as in Lemma 4.2 which satisfies (4.2.1), (4.2.2) and (4.2.3) where
ay is replaced by . Set SV’ = §V'(0), K = K(SV'(0)) and Q = Q(S (5)). Let
E(SY%) = expy(Dsoo (n(a, V?))), where 6 : VI(N, P) — R is a sufficiently small positive
function which is constant on /(SV" (o)\IntU (Ci41)).

It suffices for the proof of Theorem 3.2 to prove the following assertion (A). In fact,
we obtain a required homotopy s, in Theorem 3.2 by pasting the homotopies a; in
Lemma 4.2 and H) in (A).

(A) There exists a homotopy H) relative to U(C;11)1 in T'g(N, P) with Hy = ¢
and H, € I'Z(N, P) satisfying the following (1), (2) and (3).

(1) Hy is transverse to Vi(N, P) and SV (H,) = SV for any A.

(2) We have an @-regular map G which is defined on a neighborhood of E(SV") U
U(Ci41)1 to P such that j*G = Hy on E(SV') UU(Cit1); and that G(E(SV")) C
O'(N, P).

(3) Hx(N\Int(E(SV")UU(Ciy1)1)) € 0N, P).

Let us prove (A). We use the Riemannian metrics which are chosen in the beginning
of Section 5. The map expp o(mh o U|SVi)TP|D7(Q) is an immersion for some small
positive function y. We express a point of E(Svi) as ., where ¢ € SV and [zl <
§(o(c)). »

It follows from Corollary 5.3 that G is an @-regular map defined on E(SV") U
W (Ci41)1- It is known that the Riemannian metrics on N and P induce the Riemannian
metric on J¥(N, P) by using (1.2) (see, for example, [An6, Section 3]). Let h} and h3
be the maps (E(SV"),SV") — (6%(N, P),Vi(N, P)) defined by

hi(2e) = eXPo(n,p).o(e) ©deo 0 (expy )~ (),

hg(l"c) = €XPo(N,P),j*G(c) Odc(jkG) o (eXpN,c)_l(mC)' (6.1)

By applying Lemma 5.5 to the sections o and h} (respectively h3 and j*G) we first
obtain a homotopy h} (respectively h3) € Fﬁi(E(SVi),P) between hy = o and h} on
E(SV") (respectively between h3 and h3 = j*G) satisfying the properties (5.5.1), (5.5.2)
and (5.5.3) of Lemma 5.5.

Next we construct a homotopy of bundle maps E(SV') — v(Vi(N,P)) cover-
ing k) : SV — Vi(N,P) in Lemma 5.4 using a homotopy between do|n(s, V') and
d(j*G)|n(o, V?). By the equalities of the homomorphisms in Corollary 5.3, (5.3.6), we
obtain a homotopy of bundle maps

E. M ; Vi o (5y) VDD iye(k—1
k' (o, V) — A (SY (o)) (V=1

j[(vi)-(k—n

covering k) as the composite (k)) o P0. Let k) denote the composite p;? o



578 Y. ANDO

mf’%, where p# is the projection in (2.9). Then &y is a bundle map between the p-

dimensional vector bundles covering k. Since the composite p:# o p_ge o 775}1 onl is
equal to the canonical projection p,(yi) by Lemma 2.1, we have

o (ol )y VT o g

ko =pl o o

= opye owg}l o H? odon(a, V")

= pu(viy o don(o, 78]

and K1 = p,(vi) 0 d(j*G)|n(o, V') similarly.
We define a homotopy h3 : (E(SY"),SV") — (0°(N, P),Vi(N, P)) covering xy by

h3(ze) = €XP 5(N, P),0(c) OFA © (expn,.) " (xe),

where h2(z.) = hl(z.), h3(z.) = hd(xz.) on E(SV'). Since hi(z.) = h3(z.) = o(z.)
for . € W(Cy41)1, we may assume in the construction of hA, h2 and h3 that if . €
W(Cis1)1, then

h3(xe) = hi(xe) = h3(z.) and h}(z.) = h3_, (z.) for any \. (6.2)

Let hy, € T i (E(SV"), P) be the homotopy which is obtained by pasting hi, h3 and h3.
The homotopies h} and k3 are not homotopies relative to E(S Vi) NW(C;it1)1 in general.
By using the above properties and (6.2) about hl, h3 and h3, we can modify )} to a
smooth homotopy hy € ' i (E(Svi), P) with 7 0 hy(c) = 7% o o(c) such that

(4) ha(ze) = ho(c) = o(z.) for any A and z, € E(SY") NU(Cig1)2,

(5) ho(zc) = o(x,) for any z. € E(SV1)7‘

(6) hy(x.) = j*G () for any z. € E(SV"),

(7) hy is transverse to V¥(N, P) and hy ' (VY(N, P)) = SV

Since G(E(SV )UW (Ci41)1\Cis1) C O%(N, P) and j*G is transverse to Vi(N, P), it
follows from [G-G, Ch.II, Corollary 4.11] that there exists a homotopy G, of &-regular
maps E(Svi) UU(Ciy1)2 — P relative to U(Cjt1)2 with Go = G such that

J*GYH(O(N,P)\O' (N, P)) C Int(expy (D1 /2)500 (1(0, V) UU(Cig1)2),

that j*G) is transverse to V(N P) for any A and that j*G; is transverse to VI (N, P)
for all j. v

By using (4)(7), we can extend h to the homotopy H} € T's(E(SYV )UU(Cit1)2, P)
defined by

H|E(SY") = hoy 0<A<1/2),
HY|(E(SY ) UU(Cisn)y) = 15 Garn (1/2< A
H{|U(Cit1)g = o|U(Cis1), (0<A<T),
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such that H}(O(E(SV') UU(Cit1)2)) € ¢'~Y(N, P). Furthermore, we slightly modify
Hj} to be smooth.

By the transversalities of H} to V¢(N, P) and of H| to VI(N, P) for all j and the
homotopy extension property to o and Hj, we can extend H} to a homotopy

Hy: (N,8V") — (6(N, P),Vi(N, P))

relative to U(Cj41)1 such that Hy = o, H; € TY%(N,P) and Hy(N\Int(E(SV") U
U(Cit1),)) C O°71(N, P). Then H, is the required homotopy in I'(N, P) in the asser-
tion (A). O

7. J-simple singularities.

Let z be a jet of J*(n,p). We say that z is J#-k-simple if there exists an open
neighborhood U of z in J¥(n,p) such that only a finite number of .#-orbits intersect
with U. A JZ-orbit £ z of a J#-k-simple k-jet z is also called JZ-k-simple.

Let W; denote the subset consisting of all z € J*(n,p) such that the codimensions
of #z in J*(n,p) are not less than j. Let W denote the union of all irreducible
components of W; whose codimensions in J *(n,p) is less than j. The following lemma
has been observed in [MaV, Section 7 and Proof of Theorem 8.1].

LEMMA 7.1.
(i) W; is a closed algebraic subset of J*(n,p).
(ii) If we set Wj = W;\(W; U Wji1), then W is a Zariski locally closed subset of
J¥(n,p) of codimension j.
(iii) For any jet z € Wj{, J z is open in WJ’
(iv) W consists of a finite number of H -orbits.

We define ¢ -k-simplicity for a jet in J% (N, P) similarly as in J*(n,p). A smooth
map germ f : (N,z) — (P,y) is called J#-{-determined if any smooth map germ g :
(N, z) — (P,y) such that j.f = j’g is J# -equivalent to f. If f is J#-f-determined, then
j¢ f is also called .# -¢-determined.

PROPOSITION 7.2. Letk >p+1 and z € J!f’y(N, P). If z is a singular J¢ -k-simple
jet and codim.# z < |n — p| + k — 2, then z is # -(k — 1)-determined.

PrOOF. For 1 < ¢ <k, let 7} : J!jyy(N, P) — Jf’y(N, P) denote the canonical
projection. Let cy(z) denote the codimension of the .#-orbit of §(2) in Jﬁyy(N, P).
Since 7§ (2) is of rank 7 < min(n,p) and codim¥"~"(n,p) = (n — 7)(p — r), we have

1> (n—r)(p—r). Since ¢; < ¢y < -+ < ¢, we have
In—pl+1<e<---<cp<[n—p[+k-2

There exists a number ¢ with 1 < ¢ < k — 2 such that ¢, = ¢p41. By applying [Malll,
Proposition 7.4] to the tangent spaces of J# (w}(z)) and J (7}, (z)), we have that
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tf(ma0(N)z) + £ (my)0(f)e +me"0(f)o
= tf(me0(N)z) + [ (my)0(f)a + mg20(f)s

From the Nakayama Lemma it follows that
tf(ma8(N)z) + f*(my)0(f)e D myH0(f)s.

Therefore, z is #-(¢ + 1)-determined and so, .#-(k — 1)-determined by [W, Theorem
1.2]. O

COROLLARY 7.3. Let k > p+ 2. Let z be a singular J -k-simple jet and
codim#z < n. Then z is # -(k — 1)-determined and we have ¥z = (rf_ )7}

(A (-1 (2)))-
Now we have the following Theorem.

THEOREM 7.4. Letk>p+2. Letz=jFf e Jf’y(N, P) be A -(k —1)-determined

and w = 7k _,(2). Then we have

d(K (A (N, P)):) N (mg_| (N, P)) (T (A (N, P))), = {0}.

Proor. For a vector v # 0 let ¢Z be the vector field in Lemma 2.3. Suppose
that 7! o d(v) € T, (A", (N, P)). Then it follows from (2.4) and Corollary 7.3 that
tf(vy) € tf(mgf(N)z) + f*(my)0(f)z. It has been proved in the proof of [MalV,
Theorem 2.5] that vy € m;0(N),. This is a contradiction. O

The following theorem follows from Corollary 7.3, and Theorems 0.1 and 7.4.

THEOREM 7.5. Let k be an integer with k > p+ 2. Let O(n,p) be a nonempty
open subset in J¥(n,p) which consists of a finite number of J -k-simple ¢ -orbits, and
of X PHL0(n p) in addition in the case n > p. Then O(n,p) is an admissible open
subset. In particular, Theorem 0.1 holds for O'(n,p).

REMARK 7.6. In Theorem 7.5, if f is transverse to all singular J#-orbits, then the
germ f: (N,c) — (P, f(c)) is C*-stable in the sense of [MalIV]. This fact follows from
[Mar2, Ch.XV, 5, Theorem).

Finally we give examples of open sets &(n,p) in J*(n,p) in Theorem 7.5. Let
k> n,p.

(1) Let A,,, D,, and E,, denote the types of the singularities of function germs
studied in [Mo] and [Ar]. We say that a smooth map germ f : (R",0) — (RP,0)
has a singularity of type A,,, D,, or E,,, when f is JZ-equivalent to one of the versal
unfoldings (R"™,0) — (RP,0) of the following genotypes with respective singularities,
where n > p > 2 in the case of types D,, and E,,.
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Ap) Fumtt a4 £a
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n—2»

n—2

)
Er) W +ulPtalt- tal
) w4l ralte L),

Let a,,, 0,nand e, denote the k-jets of the germs of types A,,, D,, and E,, of
codimension n — p +m < n in J¥(n,p). Let O(n,p) be a subset which consists of all
regular jets and a number of JZ -orbits JZ'a;, Z0; and J¢ ¢} of codimensions < n. This
subset O(n,p) is an open subset of J¥(n,p) if and only if the following three conditions
are satisfied.

(i) If #a; C O(n,p), then £a;, C O(n,p) for all £ with 1 < £ < 4.

(ii) If #0;, C O(n,p), then Hap, (1 < <i)and #0, (4 </ < i) are all contained in
O(n,p).

(iii) If AZe; C O(n,p), then Ha, (1 <l <), o, (4 <Ll <i)and He (6 <{ <)
are all contained in &'(n,p).

One can prove this assertion by the adjacency relation among the singularities of
types A, D and E due to [Ar] (see, for example, the detailed proof in [An5]).

(2) Let @(n,p) denote the open subset in J*(n,p) which consists of all regular jets
and # -k-simple orbits.

(3) Let n = p. Let @(n,p) be the open subset in J*(n, p) which consists of all regular
jets, the J# -orbits % a,, and the % -orbits of the following types of codimensions < n
in [MaVI, Section 7].

Lop : Rl[z,y]]/(zy, 2 +¢*), b>a>2,
I,y Rl[z,y]]/(zy, 2 —y®), b>a>2,
I, : R[[z,y]]/(z* +y* 2%), a>3
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