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Abstract. We find explicit multiplicity-free branching rules of some series of
irreducible finite dimensional representations of simple Lie algebras g to the fixed
point subalgebras g of outer automorphisms o. The representations have highest
weights which are scalar multiples of fundamental weights or linear combinations
of two scalar ones. Our list of pairs of Lie algebras (g,g?) includes an exceptional
symmetric pair (Eg, F41) and also a non-symmetric pair (D4, G2) as well as a number
of classical symmetric pairs. Some of the branching rules were known and others are
new, but all the rules in this paper are proved by a unified method. Our key lemma
is a characterization of the “middle” cosets of the Weyl group of g in terms of the
subalgebras g? on one hand, and the length function on the other hand.

1. Introduction and statement of main theorems.

1.1.

One of the fundamental problems in representation theory is to understand the
irreducible decomposition of a given representation. A typical case arises as the de-
composition of the restriction 7|y for an irreducible representation 7 of a group G to
its subgroup H. Its irreducible decomposition is called a branching rule. In general,
there may appear complicated multiplicities in branching rules, which would then cause
difficult combinatorial problems for actual calculations.

The branching rule is said to be multiplicity-free, if any irreducible representation of
H occurs in 7| at most one. Multiplicity-free branching rules are not only in good order
but also revealing geometric background of the representation [14]. As was emphasized
in [13], the multiplicity-free branching rules are a special class of representations, for
which one may expect a simple and detailed study of its own and of which one may hope
powerful applications of representation theory to other fields of mathematics.

Multiplicity-free branching rules of finite dimensional representations in some classi-
cal cases were obtained by Macdonald [17], Stembridge [22], Okada [18] and many others
as the case may be. We note that there are combinatorial algorithms to obtain branch-
ing rules for finite dimensional representations of classical groups, such as Littlewood-
Richardson rule and the algorithm of Koike—Terada [15], but such algorithms involve
too many cancellations for actual computations in general cases. Instead, Okada uses
new combinatorial formulas on minors due to Ishikawa—Wakayama [7] to obtain explicit
branching rules [18].
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Kobayashi recently obtained an abstract theorem of multiplicity-free branching rules
for both infinite and finite dimensional representations for a general symmetric pair
(G, H) [11], [12], [13]. Multiplicity-free branching rules of infinite dimensional discrete
series representations |y were obtained by Kostant and Schmid for compact group H
[21], and by Kobayashi for general H [11].

Kobayashi’s method is geometric and gives a conceptual explanation why branching
rules become multiplicity-free in a wide setting. It should be interesting to obtain explicit
formulas if the representations are known a priori to be multiplicity-free. In this paper,
we take up branching problem including some exceptional Lie algebras, which one can
tell to be multiplicity-free a priori by [12]. It should be noted that this problem does
not arise from combinatorial problems, but from a geometric results, although our proof
of main results uses combinatorial techniques.

In order to find explicit branching rules, we take a new approach based on combina-
torial results of quotients of Weyl groups. That is, we find a characterization of what we
call the “middle” cosets of the Weyl group in three ways (Lemma 6.1), by which we find
explicit branching rules of certain finite dimensional representations (see Theorem 1.2).
Some of these branching rules were predicted by Kobayashi [12], [11] and a part of the
results were found by other mathematicians including Okada, Proctor, Krattentharler,
Zelobenko [16], [18], [19], [23], through combinatorial methods, quite recently.

Our method is also combinatorial, but is different from the previous known methods.
Furthermore, its applications include the rules for the exceptional symmetric pair (Eg, Fy)
and the non-symmetric pair (Dg4, G2).

1.2. Main results.

Let g be a complex simple Lie algebra and o be an outer automorphism of g, that
is, o is an automorphism of g which induces a non-trivial automorphism of the Dynkin
diagram of g (see Section 2 for the details). Then g7 := {X € g|loX = X} becomes
a Lie subalgebra in g. In fact, g° becomes a simple Lie algebra as is observed in the
classification of (g,g%) (see Lemma 2.8). We note that (g, g?) is a symmetric pair (i.e.
0? = id) except for (g,g%) = (so(8,C), g2).

We denote by L (A) = L (g, A) the irreducible finite dimensional representation of the
complex simple Lie algebra g with the highest weight A, and by L ()) |4- the restriction
to the subalgebra g?. Let {cw;}7_; and {=, ;-‘,/:1 be the set of fundamental weights, of
the complex Lie algebras g and g, which are labeled in Table 1 at the end of Section 2,
respectively. The labeling follows Bourbaki [2].

The main results of this paper is to give the branching rules L () |g- for the above
pair (g,g%) and some special highest weight .

THEOREM 1.1.  For any k € N, we have the following irreducible decomposition.
(1) (sl(2m, C) | sp(m, C))

L (Agp—1,kwr)

c,,=L(Asm_1,kmam_1) lc, = L(Cnm, k) (m>2). (2A)
(2) (so(2m,C) | so(2m —1,C))

L (D, kwm-1) |B,, .= L (Dm, ko) |B,,_,=L (Bm,hkw;%l) (m>4). (4A)
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THEOREM 1.2.  For any k,l € N, we have the following irreducible decomposition:

(1) (st(2m, C) | sp(m, C))

L (Agm—1, kw1 + lw2) |c,, = L (A2m—1, kwom—1 + lwam—2) |c,.
1
=PL(Cn k| +5w5) (m>2). (2B)
s=0
(2) (sl(2m+1,C) | so(2m+1,C))

L (Agm, k@1) |B,,= L (Aom, kwom) |5,= € L(Bm,swi) (m>1),

~—

=k mod 2 (3B)
(3) (s0(2m,C) | so(2m —1,C))
k
L (D, kw1) |, _,= @)L (Bm-1,sw}) (m > 4). (4B)
s=0
(4) (e6 | fa)
k
L (Eg, k1) |, = L (Eo, kwg) |r,= ED L (Fy, s}) . (5B)
s=0

(5) (s0(8,C) | g2)

k
L (D4, k@) |g,= L (D4, kws) |g,= L (Da, kwa) |,= @D L (G2, sw}) . (6B)
s=0

REMARK 1.3. Some of these branching rules were preciously known by different
methods such as the Borel-Weil theory, eigenvalues of Casimir operators, formulas of
minor determinants, and so on (see, for example, [10], [16], [18], [19], [23]), summarized
as follows:

(1) The author learned a geometric proof of Theorem 1.1 via the Borel-Weil theory
by Kobayashi [10, Example 5.2]. For this, we use a special case (i.e. ¢ = 0)
of the following isomorphism of homogeneous spaces U(2p,2q)/U(2p — 1,2q) =~
Sp(p,q)/Sp(p —1,q) and SO(2p,2q)/U(p,q) ~ SO(2p — 1,2q)/U(p — 1,q).

(2) The rules (4A) and (4B) are proved by Zelobenko [23, X Theorem 3, XVIIT The-
orem 3], via eigenvalues of Casimir operators.

(3) The rule (2A) is proved by Proctor [19, Lemma 4].

(4) The rule (4A) is proved by Okada [18, Theorem 2.2(1)], using combinatorial for-
mulas of minor determinants.

(5) The rule (2B) is proved by Krattentharler [16, Theorem 1].
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REMARK 1.4. Koike-Terada [15] gave general formulas of the restrictions from
GL(n) to SO(n) and from GL(2n) to Sp(n). By using their formulas, we can give an
alternative proof of (2A), (2B) and (3B). However, as remarked in [18], this approach
does not always work for actual computations in some multiplicity-free branching rules,
because their general formulas may involve many cancellations.

REMARK 1.5. The above equation labels are related to the case labels in Lemma 2.8
as follows. (O A) is the branching rules in which an irreducible representation stays
irreducible, and (O B) the multiplicity-free branching rules in which the decomposition
is a sum with one parameter for the Lie algebra pair labeled [0 in Lemma 2.8.

1.3.

Our paper is organized as follows. In Section 2, we give a quick review of basic
properties of outer automorphisms and explicit data to use in this paper (Table 1). In
Section 3, we review Satake’s theorem and Chevalley’s lemma without proof and we
obtain a map between the some representatives of quotients of the two Weyl groups
involved. In Section 4, we give the framework of the proof of Theorems 1.1 and 1.2 by
deforming Weyl’s character formula, although two facts to be proved will be postponed
to the later sections. In Section 5, we prove one of the postponed fact in Section 4.3. The
lemma is proved by comparison between AT\ AT and A’ A}, In Section 6 we prove
the other postponed lemma (Lemma 6.1) in Section 4. This lemma is the characterization
of the “middle” cosets of the Weyl group involved.

In this paper, N is a set of non-negative integers {0,1,2,...}.

ACKNOWLEDGMENT. I wish to thank my supervisor, Professor Kobayashi
Toshiyuki for many helpful suggestions and warm encouragement from the early stage of
this work. T also thank Professor Naito Satoshi and Doctor Sagaki Daisuke for their sug-
gestions and discussion. In particular, Professor Naito suggested me to find the formula
of the non-symmetric (D4, G2) (Theorem 1.2(6B)).

2. Outer automorphisms of simple Lie algebras.

In this section, we give a quick review on basic properties of outer automorphisms
of a simple Lie algebra. Most of the results in this section can be found in Helgason [5,
Chapter X] or Kac [8, Sections 7 and §].

Let g be a complex simple Lie algebra and ¢ be an automorphism of g of finite order.
Then g° := {X € gloX = X} becomes a Lie subalgebra in g. We remark that the pair
(g,97) is a symmetric pair, if the order of o is two.

LEMMA 2.1.  There exists a o-stable Cartan subalgebra b of g such that h? := {X €
hloX = X} becomes a Cartan subalgebra of g°.

REMARK 2.2.  We refer the proof to Helgason [5, Chapter X Lemma 5.3].

For a o-stable Cartan subalgebra b, we define the action of ¢ on h by restriction,
and also on h* by identifying b and h* via a non-degenerate invariant bilinear form on g.
Furthermore, we naturally identify (h)* with (h*)°.
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LEMMA 2.3. There exists a positive system AT = AT (g,b) such that cAT = AT,

LEMMA 2.4 (Cartan [3]). The group Aute g/ Intc g is isomorphic to the group of
automorphisms of the Dynkin diagram of g.

REMARK 2.5. We refer the proof of Lemma 2.3 and Lemma 2.4 to Knapp [9,
Theorem 7.8].

Lemma 2.4 leads us to the concept of outer automorphisms.

DEFINITION 2.6. We say an automorphism o of g of finite order is outer, if o
induces a non-trivial automorphism of the Dynkin diagram of g.

REMARK 2.7. Lemma 2.4 implies that there exists an outer automorphism of g, if
and only if its Dynkin diagram admits a non-trivial automorphism. This is the case if g
is of type A,, D,, or Eg.

LEMMA 2.8 (Helgason [5, Chapter X Example 2]). If o is an outer automorphism
of a simple Lie algebra g, then (g,¢%) is isomorphic to the one of the followings:

Case 1 (Ag, A1) (~ (s1(3,C),s0(3,C))).

Case 2 (Azm—1,Cn) (= (sl(2m, C),sp(m, C))).

Case 3 (Azm,Bm) (=~ (5[(2m+1 C),s0(2m +1,C))).
Case 4 (D, Br—1) (= (s0(2m,C),s0(2m — 1,C))).
Case 5 (Eg, Fa).

Case 6 (D4, Gs).

We tell from the above list that the Lie subalgebra g” is simple.

For each pair (g,g%) in Lemma 2.8, we choose a o-stable Cartan subalgebra h of g
such that h? is a Cartan subalgebra of g° (Lemma 2.1).

Let A = A(g,h) be the root system of g with respect to fj. Likewise, let A’ =
A(g?,h%) be that of g° with respect to h7. We fix a positive system AT such that
oAT = AT (Lemma 2.3).

LEMMA 2.9.  There is a unique positive system A" = AT (g%, h°) with the following
property: if o is a simple oot for AT, then alys becomes a simple root for A'.

PROOF. The positive system A’T is given in Helgason [5, Chapter X Example 2]
and Kac [8, Sections 7.9 and 7.10]. The necessary data is given in Table 1 at the end of
this section. O

We shall take a positive system A’" as in Lemma 2.9.
In later sections, the following formula of the restriction of A € h* will be useful.
The proof is an easy consequence of linear algebra.

LEMMA 2.10.  Let A € b* and let m be the order of o € GL(h*). Then My =
1
fzj (RCEPY
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We give the data of the restrictions of outer automorphisms in Table 1, which are
obtained in Helgason [5, Chapter X, Example 2] and Kac [8, Sections 7.9 and 7.10].

Let {a;}7_; and {w;}}_; denote the simple system and the set of fundamental
weights for g. Likewise, {a;,}?,/zl and {w;,};‘,,zl denote those for g°.

In the first column at Table 1, we write the Dynkin diagrams of A := A(g,bh)
and A’ := A(g?,h7), whose labeling follows Bourbaki [2], Planche. The second column
describes the induced action of o on simple roots of g. In the third column, the restriction
of simple roots of g from h to h7 is given in terms of simple roots for g7. At the fourth
column, the restriction of fundamental weights of g from b to h? is given in terms of
fundamental weights for g°.

3. Satake’s theorem and Chevalley’s lemma.

In the rest of this paper, the pair (g, g?) is one of the pairs listed in Section 2. For
the root systems A = A(g, h) and A’ = A(g?, h?), we choose compatible positive systems
AT and A" as in Lemma 2.9.

In this section, we review two theorems on Weyl groups, which are called Satake’s
theorem and Chevalley’s lemma. Satake’s theorem gives a connection between the Weyl
groups of the root systems attached to the pair (g,h) and (g, h7). Chevalley’s lemma
gives generators of a fixed subgroup of a highest weight in Weyl groups. Using these
theorems, we obtain the relationship between the sets of certain right cosets of the Weyl
groups of (g,h) and (g7, H?) (Lemma 3.3).

3.1.

Let W be the Weyl group of the root system (h*, A), and W' be that of ((h7)*, A").
The subgroup W = {w € W|ow = wo} in W is isomorphic to W’ by the following
Satake’s theorem.

SATAKE’S THEOREM. W — W', w — w|y+)s is a group isomorphism.

REMARK 3.1.

(1) Satake proved the above theorem in a more general context, that is, for a Cartan
involution o [20, Appendix Proposition A].

(2) Fuchs—Ray—Schweigert generalized the above theorem for automorphisms of
Dynkin diagrams of generalized Kac-Moody Lie algebras [4, Proposition 3.3].

3.2.

We recall Chevalley’s lemma for a reduced abstract root space (V,A) and its Weyl
group W. Let AT be a positive system of (V,A). For A € V, we define a subgroup
Wy :={w € WjwA = A} in W.

CHEVALLEY’S LEMMA. If A € V is dominant, that is (\,a) > 0 for all « € AT,
the subgroup Wy is generated by the simple reflections s, such that (A, ) = 0.

REMARK 3.2.  We refer the proof to Knapp [9, Proposition 2.72].
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Branching rules

(T—w>1571)

T = D7 Em = Tl |Sm oW, = T e tm = M| T+ WEs (wS 1S 1)
T = D8 Con = Vel |7 T, = Mg 1wy Wamg = Wl |T+Um = Wl |wa tm = MO|1—WEm Tomg = 'V|em
ton = CO|2m Eom = Vel |€m z-—wsS1>T1) (T-—wsSeS1) (wSeS) lomg = V|
T = ED| 1m0 Teo = V|G tm = 1M |1 to = M|t tm = MOt
NB = ﬁrjﬁB
Vo = Td|9%
To = O|vo €0 = ") %0 T-uy — T (wS1ST1) (wS15S 1)
Lo = E0jEn Co = Vd|vo Ty = T Mg -y to = Wd | THr— ey Yo = Wolr—wEn To = 'vieo
[ v, <, < -, < [ T
Co = °D|2o €o = "d|€o (z—w>1371) (w13 1) (wS131) To = 'V|lo
To = %O|To To = "d|2o to = 17" 20 Yo = Md|to Yo = MO|to
Vo = Td|1o
To = 9vo
To = Too €0 = Soo T—Wp = Woo
Yo = €oo Yo = Foo W = T—Wpo (wzS 135 1) T-—wzS:13S71) To = oo
Zo = Too So = €vo Z-—wsS1571) T+H—WZy = too - W = too Zo = Too
€o = Too Zo = Too Yo = Yoo
90 = oo
o G Yo Eo Zo lo Wy T-UWg To o | Wo TTW, o Ty Iy
T—uwy, T—w Zo To / / / / / 1 1 ’
P / / / /
0=0 OO 00 0+=0—---—0-0 0=0—---—0-0 o O
© =0—---—0—0
Yo 90 O Ttwy gty T-wWgy Wen T+ T—wWgy T WZp Zo
. A oo H H wo -y Zo To
A Yo Co e —0O—0 --- =00 --- =00
© W o
€0 Ty, To
---—0—-0 ---—0—0
wo T—UWy To To T— 2o To
o ‘va) (V1 9a1) (I—"g ‘wqg) (g Mey) (wp ‘T—™ey) (v ‘2v)
9 aseD g aseD ¥ ose) € aseD gz oseDd 1 @se)

Data of outer automorphisms.

Table 1.
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3.3.
We obtain Lemma 3.3, by applying Satake’s theorem and Chevalley’s lemma.

LEMMA 3.3.  Let A € b* be dominant for AT, and put X' = |y-. Then,

(1) X is dominant for A't.

(2) Put W)\ —Wn W,\, then we obtain WA —Wn Wy . Therefore, the image of the
restriction of (W — W) to W,y is Wy, .

(3) The following commutative diagram of groups:

~

W W s W
J J J
Wi, <& Wy — Wy

induces a natural injective map on the right cosets:
W' /Wy, — W/W,.

PRrROOF.

(1) We tell, by seeing Table 1, that the restriction of a fundamental weight of g from
h to h7 becomes a positive multiple of a fundamental weight of g”. Thus, if A € h*
is dominant for A+, N = |y is dominant for AT,

(2) By Lemma 2.10, we have X = Z —o ' 57\ where m is the order of o.

If w € Wy, then wol A = o7 (w\) = o \. Thus

m—

1 1
%Z w(o?) = E;UU\:/\’.

7=0

We conclude w € W QWA/.
Conversely, if w € W N W/, we can assume w is a simple reflection w = s,, such
that (o, ') = 0 by Chevalley’s lemma. Then,

0= {(a, < mzo—u> é?jaﬂaA

Then (07, \) = 0 for all j, because A is dominant and o/ € A*. In particular,
(a, \) = 0. Then w = s, € Wy by Chevalley’s lemma.
Thus we conclude the claim ﬁ/\: —Wn Wi
3) W/ ~ W and Wi, ~ W N Wy is obvious by Satake’s theorem. We have the
commutative diagram, because WA - Wn Wy,. Thus we obtain the natural
bijective maps

W W, ~ W Wy ~ W /Wi.
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Then we obtain the natural injective maps W'/W{, < W/W,. O

4. Calculation of character formula.

The aim of this section is to obtain the deformation (8) and (9) of Weyl’s character
formulas by using the denominator formula and to give the framework of the proof of
Theorems 1.1 and 1.2.

4.1.

Let us recall the notation in the previous sections. Let g be a complex simple Lie
algebra, and o be an outer automorphism of g. Then g° is also a simple Lie algebra. As
in Lemma 2.9, we fix compatible positive systems AT and A’ with respect to Cartan
subalgebras h D §7 of g D g°. Let W be the Weyl group of A and W’ that of A’.

For a dominant weight A\ € h*, we choose a complete system of representatives W*
of W/Wy and for X = \|y» and W' of W'/W},, respectively.

Let p:= 3> ca+ @ and p’ := 3> oo @ Let d and d’ be the Weyl’s denomina-
tor of g and g7 respectively and by x4 (A) the character of the irreducible representation
L (A) of g with the highest weight A. Likewise by xg4- (A’) that of g7 with \’.

4.2.
We deform Weyl’s character formulas of x4 (A) and xgo (A') to obtain (8) and (9).
By Weyl’s character formula,

Xg N =d7h Y e(w)e ), (1)

weWw

We obtain by decomposing w € W to w = wiws where wy € W and we € Wy,

G =a? X (X ctmumeneiee). 2)

w1 EWX Sw2EWy
Because wo A = A for wy € Wy,
Xg (V) =d! Z (5(w1)ew1/\< Z 5(w2)ew1w2p>). (3)
w1 EWA wa €W
By Chevalley’s lemma, W) is the Weyl group generated by the root reflections of

Ai‘ = {a € A*|(a, \) = 0}. We can apply Weyl’s denominator formula to Wy and
obtain

> elwy)e™? =ef [ 1—e). (4)

w2 €W aGAj\r

We extend the action of W to the ring Z < h* >, naturally. By applying w; € W to
both sides of (4),
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Z g(wg)eW12P = eW1P H (1 —e71e). (5)

w2 €W aent

The substitution of (5) into (3) yields,

Xa(N) =d' Y <s(w1)ew<eww 1T (1_(3W)>). (6)

w1 EWA aeAj

We obtain w; - d = e(wy)d because d = ) .y e(w)e?. Then,

Xa\) = > wl-(dlew 11 (1ea)). (7)

w1 WA acAf

Weyl’s denominator formula d = [, o+ €/(1 — ™) implies

wW= X (@ I a-en) ®)

wiEW? a€AT\AT

We remark that (e HaeAJF\A;f (1—e )~') is Wy-invariant and (8) is independent
of the choice of a system of representatives W?.
In the same way, we calculate xgo (A'). Then,

= X (&I a-en?) o)

wh WA aEA"*\A/;,'

4.3. Framework of proof of main theorems.

We give the framework of the proof of Theorems 1.1 and 1.2 by using (8) and (9)
which are deformation of Weyl’s character formulas, although several facts to be proved
are postponed to Section 5 and Section 6.

4.3.1
Theorem 1.1 follows from the identity of characters, namely the following lemmas.

LEMMA 4.1. Fork e N,

XAz (k®1) |C,, = XC,, (k) (m > 2), (2A'-1)
XAz (k®2m-1) |c,, = X0, (k@) (m > 2). (2A"-2)

LEMMA 4.2. Fork € N,
XDy (k@m-1) [Bo s = XBo s (Fop,_1) (M >4), (4A-1)

XDm (kwm) Bypo1 — XBm—l (kw;nfl) (m 2 4) (4A/—2)
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We give the framework of the proof of Lemmas 4.1 and 4.2 by several steps.

STEP 0:

If k = 0, the statements are clear, because both sides of equations of (2A’-1), (2A’-2),
(4A’-1) and (4A’-2) are the characters of trivial representations. We assume k is a positive
integer. If the equation (2A’-1) is proved, we obtain (2A’-2) by applying o to (2A’-1).
Similarly, if (4A’-1), we obtain (4A’-2). Thus, the remainder to be proved are (2A’-1)
and (4A’-1).

We apply the deformation of Weyl’s character formulas (8) and (9) to the both side
of (2A’-1) and (4A’-1), respectively. Then, the summation parameters of the left hand
side are W and those of the right hand side are W’ N

Suppose (g,9%, ) = (Aam—1,Crm, kw1) (k€ N\ {0}) or (D, Br—1, kwom—1) (k €
N\ {0}) below.

STEP 1 (correspondence between the summation parameters):

We prove, in this step, that the number of WA ~ W/Wy equals that of W ~
W' /W, on a case basis.

For (gvgavA) = (AQm—lvomv kwl) (k eEN \ {0})3

HW /W) = (253”?'1), —2om, H(W' /W) = m = 2m.

For (g,97,A) = (D, Bi—1, A = kwm—1) (k € N\ {0}),

m!.2m—1

EHW/Wy) = o 2l f(W'/wy,) =

(m—1)!.2m-1 _gm-1
(m—1)!
Then we obtain #(W/Wy) = #(W'/WJ,) in cach case.

STEP 2 (correspondence of the first term):
The following equality holds:

(& II (1—e—“)—1)

+
a€AT\AY

Lo <e” I a- e—a)—l) (10)

a€AF\AL

We shall postpone the proof of (10) to Section 5. The proof is comparison between
AT\ AT and A\ A on a case basis.

STEP 3:
The equation (10) is equality between the summands for w; =1 in (8) and (9).

Applying w; € W? to both sides of (10), we obtain the following equation.

wy - <e)‘ I a- e“)l)

aEAT\AT

—oe (0 T Gee)

heo ozGA’*\AI;?
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Then, we obtain (2A’-1) and (4A’-1) and prove Lemmas 4.1 and 4.2, if the postponed
fact (10) is proved. We postpone the proof to Section 5.

4.3.2

Theorem 1.2 follows from the identity of characters, namely the following lemmas.

LEMMA 4.3.

XAz (l71) |, = xc,, (I71)

XAzm—1 (l2m-1) lc,,= X, (l71),

XAz (l701 +k®2) = X5, (@1 + (k = D)w2) |c,, = Xxc,, (I70] + 1)),
XAy (IT2m—1 + k®am—2) = XAz, ([D2m—1 + (kK — D@wam—2) |c,,

Forle N and k € N\ {0},

= X0, (lwwy + lwy) .

LEMMA 4.4.

LEMMA 4.5.

LEMMA 4.6.

LEMMA 4.7.

For k€ N\ {0,1},

XAz (0) [B,,= xB,, (0),

XAs,, (@1) |B,, = XB,, (@),

XAz (k@1) = X4as,, ((k = 2)w1) |B,.= XB,, (k=1)
XAz, (KW2m) = XAy, (k= 2)wom) |B,,= XB,, (k@)

For k € N\ {0},

XDy, ( )|Bm 1= XBm—1 (O)a

X, (k@1) = xp,, (k= )@1) |B,,_,= XB,,_, (k=) .

For k € N\ {0},

XEs (O) |F4: XFs (0),
XEs (kwl) — XEs ((k - ) ) |F4 XFy (k I) )
XEs (kwe) — X (K — 1)@6) |r,= Xr, (k).

For k € N\ {0},

(2B'-1)
(2B'-2)
(2B'-3)

(4B-2)

(5B'-1

~

(5B'-2)
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We give the framework of the proof of Lemmas 4.3, 4.4, 4.5, 4.6 and 4.7 by several
steps.

STEP O:

Since the characters of trivial representation are 0, the equations (3B’-1), (4B’-1),
(5B’-1) and (6B’-1) are clear. The equations (2B’-1) and (2B’-2) were proved in
Lemma 4.1. L (Agy,, @) and L (B,,, @) are the standard representations, respectively;
that are the same representation C?™*!. Then we obtain L (Aa,, @1) |B,, = L (B, @1),
that is (3B’-2). If (2B’-3) is proved, we obtain the equation (2B’-4) by applying o to
(2B’-3). Similarly, we need not prove the equations (3B’-4), (5B’-3), (6B’-3) and (6B’-4).
Thus, the remainder to be proved are (2B’-3), (3B’-3), (4B’-2), (5B’-2) and (6B’-2).

Suppose (g, 9%, A, @) is one of the following cases:

(A2m—1,Cm,lwy + kg, w2)

(Aom, B, kwo1, 1)
(8,87, N @) = (Dm, Bm—1, kw1, @1)

(Eg, Fy, kwy, 1)

(Dy, Ga, kwy,w1),

where k,l € N\ {0}.

STEP 1 (correspondence between the summation parameters):
Put an integer ¢ as the following:

2 for (Aam,Bm,kwi,w1)
. { (12

1 otherwise.

By the deformation (8) of Weyl’s character formula of g, the left-hand side of any of
(2B’-2), (3B’-3), (4B’-2), (5B’-2) and (6B’-2) is the form:

2w <€A 11 (160‘)1~(1qu))

wy EWA O‘GAJr\Ai he
C Y e T amenase)
wi €W acAH\AT b?
LD SRR G | (e R
wi EWAN\ W aeAH\AT b7

Our key technique (Lemma 6.1) is the equality e “'@|go = 1 for w3 € W* < w
by choosing a specific system of representatives (minimal coset representatives). We
postpone the proof of the lemma to Section 6.

Lemma 6.1 implies that the second term vanishes. Thus the left-hand side of any of
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(2B-2), (3B’-3), (4B'-2), (5B’-2) and (6B’-2) is the form:

S e T e )

wy W' aEA*\Aj\

(13)

he

On the other hand, by the deformation (9) of Weyl’s character formula of g7, the
right-hand side of any of (2B’-2), (3B’-3), (4B’-2), (5B’-2) and (6B’-2) is the form:

> w1.<e” 1T (1ea)1>. (14)

w1 WA aeATR\ALE

STEP 2 (correspondence of the first term):
The following equality holds:

& I a-e -

aeAT\AT

=N ][ a-eh (15)

bo aEAH\ATY
We shall postpone the proof of (15) to Section 5. The proof is comparison between

AT\ AT and A\ A on a case basis.

STEP 3:
The equation (15) is equality between the summands for w; =1 in (13) and (14).
Applying wy € W' to both sides of (15), we obtain the following equation.

we (@ T amen e <l (¥ T a-e) 0

a€AT\AT acAT\A

Then, we obtain (2B’-2), (3B’-3), (4B’-2), (5B’-2) and (6B’-2) and Lemmas 4.3, 4.4,
4.5, 4.6 and 4.7, if the postponed facts e~ 1% |yo = 1 for w; € WA~ WA (Lemma 6.1)
and (15) are proved. We postpone the proofs to Section 5 and Section 6.

5. Comparison of positive roots.

In this section, we prove the equations (10) and (15) which are remained in previous
section by comparing the restriction of the elements in AT \ Aj with the elements in
AT Ai\f on a case basis. That is, we obtain the following lemma.

LEMMA 5.1.

(1) Suppose (g,9%, ) is one of the following cases:

(A2m—17 C’m, kwl)
(Dma Bm—lykwm—l)a

(9,87, \) :{
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where k € N \ {0}. Then the restriction map
Ol = (ATVAT) = (AT\AY) (17)

is bijective.
(2) Suppose

(97907 Av ’(D) = (AQWH Bma kwly wl)a
where k € N \ {0} and 1l € N. Then the restriction map
(lpe = (ATVAY) = (AN AY) U {2y }) (18)

is bijective.
(3) Suppose (g,97,\) is one of the following cases:
Agm—1,Cm, w1 + kwa, @2),
D, By, kwoy, @),
E F4,kw1,w1)

(
(

b O-’A’w -
(9,9 ) (
(D4, G2, kwoy, 1),

where k € N \ {0}. Then the restriction map

Olpe : (ATVAT) = (AT AY) (19)
is onto. Furthermore, we have w|ye € A7 AL and the map is one-to-one to
(AN A\ {w]ye} and two-to-one to {wly-}.

PROOF. Let us prove Lemma 5.1 by describing the subsets AT\ A} and AT\ Af.
The labeling of the simple roots here (see Table 1) follows that of Bourbaki [2].

(1) We give the list of the elements of AT \. AT and their restriction to h° for
(g)ga’)\) = (AQm—laCm7kw1) or (DmaBm—lakwm—1)~

(gvgga )\) = (Amela Cmy kwl)

elements of A\ AT restriction to h7
=1 =1
Yo (2<j<m+1) >«
v=1 v=1

j—1 Jj—1 m—1
Zau (m+2<j<2m) Za2+z2a’+a;n
v=1 v=1 v=j
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(ga 907 A) = (Dma Bm—lv kwm—l)
elements of AT\ AT restriction to h7
m—1 m—1
Zau (1<i<m-1) Zaﬁ,
v=t v=t
m m—2
Za,, (1<i<m-—2) Za;—i—Qa;n
v=t v=t
Jj—1 m—2 j—1 m—2
Zau+22ay+ozm_1+ozm Zo/erZQo/quQa;n_l
v=t v=j . . v=t v=j
(1<i<j<m-2)

Hence we obtain Lemma 5.1(1), because the restriction to § of the elements of
AT AT correspond to the elements of A ALY

(2) We give the list of the elements of AT ~\ A} and their restriction to h” for

(9,87, \, @) = (Ao, B, kw1, w1). In the following list, the element with frame
means that it is a scalar multiple of w@|p-. We have w|pe = Y_.-; @, because
w|pe = @} (see Table 1) and an easy computation implies wh =Y .- | a,.

(97 97, A w) = (A2m7 By, kw1, wl)
elements of A+ \ AT restriction to h
Jj—1 Jj—1
Zau 2<j<m+1) Zai,
v=1 v=1
2m—j+1 m
(m+2<j<2m) Z a, + Z 20,
v=1 v=2m—j+2
(j=2m+1) > 2d,
v=1

The element with frame is 2w|go.
Thus, the above table completes the proof of Lemma 5.1(2).

(3) We give the lists of the elements of AT A;‘ and their restriction to h7 ac-

COI‘diIlg to (g, ga, )\, ’(D) = (Agm_l, Cm, ]CWQ, ‘ZDQ), (AQm_17 Cm, lwl + kWQ, ’WQ),
(D, Bin—1, kw1, w@1), (Eg, Fy, kw1, w1) and (D4, Ga, kw1, w1). In the following
lists, the element with frame means that it is a scalar multiple of w|y-. The ex-
plicit form of the restriction w|ye (e.g. o} + .77, 2al, + a,,) can be found by
using Table 1 and by a computation of fundamental weights of g for each case.

We abbreviate kyaq +- - -+ kpa, to ky - -+ ky, for (g,9%, A\, @) = (Eg, Fy, kw1, w1)
and (Dy, Gy, kw1, w;) for convenient.
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(gv gav >‘7 w) = (A2m717 Cm7 kw2, w2)

elements of AT\ AT

restriction to b7

j—1 -1
Yo, (B<i<m+1) o,
v=1 v=1
2m—j m—1
(m+2<j<2m—2) | > a,+ Y, 24, +an,
v=1 v=2m—j+1
m—1
(j =2m 1) oh+ 3 20+l
v=2
m—1
(4 = 2m) Z 20, + o,
v=1
j—1 j—1
Saw B<j<m+1) Sl
v=2 v=2
2m—j m—1
(m+2<j<2m-—2) Za;+ Z 2, +al,
v=2 v=2m—j+1
m—1
(j=2m-1) ZQai,—&—ain
v=2
m—1
(j = 2m) ay+ Y 200 + oy
v=2

(97 907 A,’W) - (AQm,—l

5 Cm, lwl + ]CZUQ, ’(Dz)

elements of AT\ AT

restriction to

bo

(2<j<m+1)

J—1
PLH
v=1

(m+2<j<2m-2)

(j=2m—1)
(j = 2m)
Ji:av B3<ji<m+1)

(m+2<j<2m-2)

(j=2m—-1)

J—1

’
PLY
v=1

a1+22a:,+a;n

v=2

2m—j m—1
’ ’
E oy + Z 2a, +
v=1 v=2m—j+1
m—1
’ ’ ’
ay + 2a, + ooy
v=2
m—1
’ ’
E 200, + oy
v=1
j—1
’
> a
v=2
2m—j m—1
’ ’ ’
o, + 2a, + ooy
v=2 v=2m—j+1
m—1
’ ’
E 2a, +
v=2
m—1

167
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(gagoa Avw) = (Dm7Bm717 kwhwl)

Jj—1

v=1

elements of AT\ AT restriction to h7
J—1
2<j<m—1) | Y a,
v=1
m—2
(j=m+1) Za’,+2a§n,1
v=1
m—1
(5 =m) a,
v=1
j—1 m—2 j—1 m—1
Do+ D 20t amatom 2<i<m—1) | > a4+ > 20,
v=1 v=j v=1 v=j
m—1
O(/
v=1

m—2
E Qy + Qm
v=1

(97907 )‘7w) = (E67 F47 kwhwl)

elements of A+t \ AT

restriction to h?

100000
101000
101100
101110
101111
111100
111110
111111
111210
111211
112210
112211

111221
112221
112321
122321

0001
0011
0111
0121
0122
1111
1121
1122
1221
1222
1231
1232

1232
1242
1342
2342

(g’gga Avw) = (D4» G, kwlawl)

elements of AT\ AT

restriction to h?

1000
1100
1110
1111
1211
1101

10
11
31
32
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By definition, the elements with frame means that it is a scalar multiple of
wlpe. It turns out that this is exactly w|y- itself for all the cases in (3). Moreover
the framed element w|y- appears twice. We have that A" ~ A';,r contains the
fundamental weight w|y- of g7 in each case. Thus, the above tables complete the
proof of Lemma 5.1(3). O

Thus we have proved (10) and (15) which were postponed in Section 4.

6. Characterization of some representative of a quotient of the Weyl
groups involved.

In this section, we obtain the key lemma (Lemma 6.1) of this paper which was post-
poned in the proof of Theorem 1.2 in Section 4.3.2(Step 1) after reviewing the definitions
of the minimal coset representatives and the weak Bruhat order for Weyl groups.

6.1.

Let us review what is called minimal coset representatives of W/W). For a dominant
weight A\ € V, we define a subset of W by W* =: {w € W|l(ws) > I(w) for all s € W)},
where [ is the length function on W. Then the composition of W* «— W — W/Wj
becomes a bijective map W* = W/Wy, so that W gives a complete set of representatives
of W/Wy. Moreover, w € W?* is the unique element of smallest length in the coset
wW, and we may call the set W?» minimal coset representatives (see Humphreys [6,
Section 1.10]).

6.2.

We review the definition of the weak Bruhat order on the Weyl group W and that
of the Hasse diagram of a partial ordered set (&, <).

We recall the weak Bruhat order < on W. For u,w € W, we shall say u < w, if there
exist simple reflections s;,,...,s;, such that I(s;, ---sj,u) = j; +{(u) for 1 < j; < j; and
8j, - -+ 8;,u = w, where [ is the length function on W. (The usual Bruhat order is defined
by changing simple reflections into root reflections in the definition of the weak Bruhat
order.)

We restrict the weak Bruhat order to the minimal coset representatives W* and also
call the weak Bruhat order.

6.3.
Below in Lemma 6.1, we take a specific highest weight A and a fundamental weight
w for each simple Lie algebra g of type Aoyn—1, Aam, Dy, and Eg:

ZWQ or kwl + l’[ﬂg (Agm_l) w2 (Agm_l)
koo Ao w Ao
N L (Asm) _ )= () 0
k:wl (Dm) w1 (Dm)
kwl (Eg) w1 (E(;)

We draw the Hasse diagram of W* for the highest weight A above (20). The cover
relation of z and y in W* with the weak Bruhat order is that y = s;jz with s; a simple
reflection s,,; and [(y) = (x) + 1. Moreover, we label the edge j, as following:
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Ij

The Hasse diagram of (W?, <) in each case is drawn at the end and some of the
vertices are marked with filled black nodes, which we call black circles. The black circles
represent the elements that satisfy the conditions in Lemma 6.1. We call the correspond-
ing cosets in W/W, the “middle cosets”.

6.4.

We draw the Hasse diagram of W?* at the end of this section by studying the lexi-
cographic order on the orbits W - \. In particular, the Hasse diagrams of W* have been
studied as the weight diagrams of minuscule weights, except Figure 3.

We remark that the top vertex is the identity element of the Weyl group.

In Figure 3, there are two sheets of the one of Figure 1. We do not draw edges
between two sheets to be easy to see, although corresponding elements of each sheet are
connected with labeled edge. The top vertex of the left sheet is the identity element and
the top of the right is s;.

6.5.
LEMMA 6.1.  For the fundamental weight @ in (20) and the highest weight A in
(20) in each case, the following three conditions for w € W are equivalent.

(1) w ¢ WA,

(2) ww|ye =0.
(3) w is a black circle in Figures at the end of this section.

REMARK 6.2. The black circles appeared in the condition (3) mean the vertices
marked with filled black nodes in Figures at the end of this section.

PRrROOF OF ((2) = (1)). By Lemma 2.10, the condition (2) is equivalent to

Z}n:_ol o/ (ww) = 0, where m is the order of o. If w € W?*, we obtain the following
equation, because wo = ocw:

i
i

m—

0=> o(ww) :w(m_ ij>.

7=0 =0

<

Then w|yr = %n ZT:O olw = 0.

On the other hand, wly- is a fundamental weight of g7 by Table 1. In particular,
w|po # 0. This is contradiction. O

PROOF OF ((3) = (2)). The proof is studied on a case basis. The black circles
are the vertices marked with filled black nodes in at the end of this section.

For (g,87,\) = (Aam—1,Chm,looa)(l > 1), if we put ¢t = Som—152m—2 ... 8382, then
the black circles in Figure 1 are

tl =t and tj = 5j—152m—j+1tj—1 (2 S _] S m),
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and the fundamental weight w in (20) is

m—1 2m — 2 m + m
wy = ay + Qg + Qm—1 + —Qm

m m

m—1 1
+ Qmy1 T+ —Qopm_2 + —Q2m-1.

Then
m—1 m — 1
twy = oy + ag+ -+ —apm_1+ 0y
m m m
-1 —(m—1)
+—ampr o1
m m

We obtain twsy + otws = 0. We obtain the conclusion by the following claim.
CLamM 6.3. Ifpu+op =0, then s;Som—jpt +08;Som—jn=0 (j=1,...,m).
Because sy,;,—j = 050 and 5jS2;m—; = Sam—j5j, We obtain
08jSom—; = 05j(08;0) = (08j0)8;0 = Som_;8;0.
Then
SjSam—jt + 08jSom—jt = SjS2m—j(p + op) = 0.
Thus we proved the claim.
Then we obtain t;ws + otjowe =0 (j =1,...,m), inductively.
For (g,8%,A\) = (Aam—1,Cm, kw1 + 1) (k, 1> 1), put t = som—_182m—2 ... S2 and
t’ = ts1, then the black circles in Figure 3 are:

tl = t, tj = 5j—152m—1tj—1 (2 S] S m), and t; = tjsl (1 S] S m)

By the previous case, t;ws + otjws = 0. Then t;-wg + Ut;-wQ = 0, because s1ws = ws.
For (g,97,A) = (Aapm, Bm, kw1) (k> 1), the black circle in Figure 4 is

tl = Sm...8281,

and the fundamental weight w in (20) is

2m m+1
e Ty e S P R
m 1
tom 1ttt T g e

Then,
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-1 —-m
t1W1=ma1+“'+2m+1am
m 1
M R e

We obtain t;w; + ot = 0.
For (g,8%,A) = (D, Bru—1, kw1) (k> 1), the black circles in Figure 5 are:

t1 = Sm_1Sm_2...5281 and ty = S;nSm_2...8251,

and the fundamental weight w in (20) is

1
wp=a1+ -+ Qpoa+ §am_1 + §o¢m.
Then,
-1 1 1 1
tiyy = ?am—l + iam and totoy = §a7n—1 - §a7n~

We obtain tlwl + O’tlwl =0 and tg’(ﬂl + Jt2w1 = 0.
For (9,97, A) = (Es, Fy, kwy) (k > 1), the black circles in Figure 6 are:

tl — 51838548255548381, tQ — 56535452555453S51 and t3 — 855865452555453S51,

and the fundamental weight w in (20) is

5 4 2
w1 = —a1 +as+ —ag + 204 + —as5 + —ag.

3 3 3 3
Then,
—2 -1 1
tiwo = ?051 + ?053 + §a5 + gaﬁ.
tg’wl = gal —+ %O&g —+ §a5 + %O[ﬁ.
1 2 -2 -1
t3@1 = gOél + gag + ?Oé5 + ?aﬁ.

We obtain tlwl + O’tl’wl = tQ’(Dl + Ut2wl = tgwl + O'tg’wl =0.
For (g,97,\) = (D4, Ga,kw1) (k > 1), the black circles in Figure 5 at the end of
this section are:

t1 — 83852851 and t2 = 548281,

and the fundamental weight in (20) is
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1
w1, = o1 + as + 50[3 + 5044.

Then,
P URIE DU SN
11 = 5 Qs 2044, 2w = 2a3 2@4-
We obtain t1oq + otiw1 + 02ty = 0 and towy + oty + o2taww; = 0.
O

Thus we obtain the conclusion in all the cases.

PROOF OF ((1) = (3)). We prove that the number of W* \ WA equals the
number of black circles on a case basis. That is, we calculate

E(WA N W) = (W W) — (W /W),
for each A in (20).
For (gagavA) = (A2m—170malw2) (l Z 1),

N (2m)! . om
ﬁ(WA\WA):2-(2777?—2)!72-(7717712)!27"—2 -

For (gmggy A) = (A2m—17 Cma kwl + lw2) (k,l Z 1),

N 9m)! 1.om
AN W) = (2571771)2)! ~(m in2)!~2mf2 = 2m.

For (9,97, ) = (A2, B, kw1) (k> 1),
/ 2m +1)! ml - 2m
W)\ W/A _ ( _ -1
VIS = T T o e
For (gvgaa)\) = (DmvBmflvkwl) (k Z 1)7
m!-2m1 (m—1)!.2m=2 5

B\ = (m—1)l-2m=2 " (m —2)l-2m—2

For (g,ga,)\) = (E67F4,]€W1) (k Z 1),

o 27.3%.5 27.32
A Y _
AN = 5 ©

For (g,gg,/\) = (D4,G2,kw1) (k Z 1),

41.2%  22.3

(WVANW) = g — =5 =2
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We have proved all the facts postponed in Section 4. Thus we complete the proof of
Theorems 1.1 and 1.2.

Figure 1. Wk=2 (g = A2m—1).

Figure 2. W2 (g = A7).
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m m — 1

m m + 1

Figure 3. Wh=itle=s (g = Aam—1). The top of the left is 1 and that of the right is s;.

1
2
1
2 l
! m—1 m
-1
m
+1
|
} 2
l2m 1

Figure 4. W1 (g = Aap). Figure 5. W"®1 (g = Dy,).
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Figure 6. W"™1 (g = FEs).
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