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Abstract. We investigate the nonstationary Navier-Stokes equations for an
exterior domain Q C R? in a solution class L*(0,T; L4(2)) of very low regularity
in space and time, satisfying Serrin’s condition % + 3 =1 but not necessarily any
differentiability property. The weakest possible boundary conditions, beyond the
usual trace theorems, are given by u|aQ =g € L%(0,T; Wfl/qvq(aﬂ)), and will be

made precise in this paper. Moreover, we suppose the weakest possible divergence
condition k = divu € L*(0,T; L"(2)), where % + % =1

T

1. Introduction and main theorems.

Throughout this paper @ C R? is an exterior domain with nonempty compact
boundary 9Q of class C*!, and [0,7), 0 < T < oo, denotes the time interval. In
[0,T) x Q we consider the nonstationary Navier-Stokes equations

w—vAu+u-Vu+Vp=f in(0,T)x
divu=%k in (0,7) x Q

(1.1)
u=g on (0,T) x 0
u=1wuy att=>0
with constant viscosity v > 0, nonhomogeneous external force f = divF =
(Zle aiFij)j:l’ divergence k, boundary data g, and initial value ug satisfying
F= (Fij)?,jzl € L*(0,T; L"(Q2))
ke L°(0,T; L"(2))
(1.2)

g € L*(0,T; W~1/21(9Q))
up € J°(Q)

where
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2 3 1 1 1
-+ -=1, 2<s<o0, 3<g<oo and -4+ -=—; (1.3)
s q 3 q r

see Subsection 2.5 for the definition of the space #,2%(€) of initial values. Following
Amann [3], [4] in principle, we define a very weak solution of (1.1):

DEFINITION 1.1.  Suppose that the data f = div F, k, g and ug satisfy (1.2), (1.3).
Then u € L*(0,T; L9(QY)) is called a very weak solution of the Navier-Stokes system (1.1)
in the exterior domain Q C R? if for all w € C§ ([0, T); C3 ,(2))

T
| (= tuwida = vt Awa -+ vl N - Fwhan — u e, Tuha — (hu wha) d

T
= (up, w(0))q 7/0 (F,Vw)qdt (1.4)

and the conditions

divu(t) = k(t) in Q, N -u(t) N -g(t) foraa. te(0,T) (1.5)

loa =
are satisfied.

Here, C3 ,(Q) = {v € C*(Q) : dive = 0, suppv compact in Q, Uy = 0} and
w € C§([0,T); C§,(2)) implies that suppw is compact in [0,T) x €. The term (-,-)q
denotes the usual LI — Lq/fpairing in Q or the application of the functional ug € _#,2°(2)
at w(0) = w|,_, € C§ (), cf. Subsection 2.5. At 2 = (21, 2, x3) € O the outer normal
is denoted by N = N(z) € R?, and {(g(t), N - Vw(t))aq is the value of the distribution
g(t) € W=1/99(Q) at the normal derivative N - Vw(t) of w(t). Note that we used the
elementary relation u - Vu = div (u ® u) — ku where u @ u = (u;u;)} ;_;.
An elementary calculation shows that for a solenoidal vector field w

N - Vw(t) = curlw(t) x N on 99. (1.6)

Therefore, (1.4) contains a condition only on the tangential component N X g of g on
090, and we have to suppose the additional condition in (1.5) for the normal component
N-g=N- U Note that the data (1.2) need not satisfy any compatibility condition
as for bounded domains, see [10].

Then our main theorem reads as follows:

THEOREM 1.2. Let Q C R? be an exterior domain with boundary 000 € C?'.
Suppose that the data f = divF, k, g and ug satisfy (1.2), (1.3). Then there exists a
T = T'(f,k,g,uo,v) € (0,T] and a unique very weak solution v € L*(0,T'; LY(Q))
of the nonhomogeneous Navier-Stokes system (1.1). The interval of existence [0,T") is
determined by the condition (5.12) below and includes the case T' =T = co.

There are not many references on the system (1.1) for the very general nonhomo-
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geneous case divu = k # 0 and Uy =9 # 0, but there are several results for k& = 0,
g # 0, see [3], [4], [8], [10], [14], [16], [19] and [20]. Amann’s approach in Besov spaces
[3], [4] seems to be the first one working in solution classes with U # 0 beyond the
usual trace theorems. Our purpose is to extend the solution class to the weakest possible
class by keeping uniqueness, and to the case div u # 0. Furthermore, we develop the cor-
responding theory also for the linear stationary and instationary Stokes equations with
inhomogeneous data. For further references see [14].

We will see in Remark 5.2 that a very weak solution satisfies the first equation of (1.1)
in the sense of distributions, together with some distribution p. Moreover, the boundary
condition Ul =9 is well defined in the sense of distributions on 9€2, but not in the sense
of usual trace theorems. Actually, the tangential condition N x Ulpo = N x g is implicitly
defined as a distribution by the relation (1.4) via the boundary term v{g, N - Vw)ggq, see
Remark 4.2 (2). Moreover, the trace N - Ul = N - g of the normal component is well
defined in the usual weak sense, see (2.2). Finally, we see that the initial condition
u(0,+) = up in (1.1) has a precise meaning “modulo gradients”, see Subsection 2.5, since
w(0) € CF ,(€2) in (1.4) is solenoidal.

It is remarkable that a very weak solution u of (1.1) need not satisfy any energy
inequality like weak solutions in the sense of Leray and Hopf; in particular, u need not

have finite energy $|lull3 ., + [Vul3, < co. This justifies the notion of a very weak
solution. On the other hand, a very weak solution possesses the uniqueness property on
its interval of existence [0,7”) because of the Serrin condition, cf. (1.3). Note that the
uniqueness of weak solutions in the sense of Leray and Hopf is open.

The proof of Theorem 1.2 is based on the unique decomposition u = 4 + E where

E € L5(0,T; L9()) is the very weak solution of the linearized nonhomogeneous system

E,—~vAE+Vh=f  divE=k in(0,T)xQ

E|{m =g, E(0,-) = ug
and where @ € L®(0,T; L()) is the very weak solution of the “homogeneous” nonlinear
system

iy —vAG+ (i +E)-V(i+E)+Vp=0, divi=0 in (0,T)xQ,

satisfying ﬂ|8Q =0, u(0,-) =0, cf. (5.1), (5.3) below.
The general nonstationary Stokes system we consider here has the form

u; — vAu+ Vp = f, divu=%k in (0,7) x £, an
1.7

Upq =9 u=1ug att=0,

where f = div F, k, g and wug satisfy (1.2) and where 1 < s < 00, 3 < ¢ < o0 and
% + % = % yielding % < r < 3. Note that Serrin’s condition % + g = 1 is not needed

for this linear problem. See Subsections 2.3 and 2.5 concerning the Stokes operator A,
and the generalized meaning of Aq_quuo of the distribution ug. In this linear case the



130 R. FarwiG, H. KozoNo and H. SOHR

definition of a very weak solution reads as follows:

DEFINITION 1.3.  Suppose that the data f = div F,k, g and wug satisfy (1.2) with
1<s<o00,3<qg<ocand$+ % = 1. Then u € L*(0,T; L)) is called a very weak
solution of the nonstationary Stokes system (1.7) if for all w € C§([0,T); C§ ,(2))

T
/0 (= (u,wp)o — v{u, Aw)g + v{(g, N - Vw)sq) dt
T
— (un, ()~ [ (F.Vu)adi (18)
0

and if

divu(t) = k(t) in Q, N -u(t) N -g(t) fora.a. te(0,T),

loo =
cf. (1.5), are satisfied.

THEOREM 1.4. Let Q C R? be an exterior domain of class C**, let f = div F,k,g

and ug satisfy (1.2) with 1 < s < 00, 3 < g < 00 and 3 —|—$ = 1. Then there ezists a

unique very weak solution u € L*(0,T; L1(Q)) of (1.7) satisfying

A Pjuy € L°(0,T; L4(),  A;'Pyue C([0,T); LL(Q)),

-1 -1
A, Pqu|t:O = A, Pyuo, (1.9)
and the a priori estimate

”A;quut”q,S,Q,T + lvullg,s,01

< c(lluoll gg= (o) + 1Fllrsor + IWklrsor + 179l -1/g4,5.00.7) (1.10)

where ¢ = ¢(q,8,Q) > 0. Moreover, the term |[uo|| sy may be replaced by the smaller

term (fOT ||1/Aqe_”tAQAq_1Pqu0||Z7Q dt)l/s. The solution u possesses an explicit represen-
tation formulated in (4.5) below for v =1.

Finally we consider — indeed as a starting point of the proofs — the nonhomogeneous
stationary Stokes system

—vAu+Vp=f divu=k inQ, Ul =9 (1.11)
with data f = div F, k and g satisfying

1 1 1
FeL'(Q), keL'(Q), gewWw Y9900), 3<q<oo,§+5:; (1.12)

yielding % <r<3.
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DEFINITION 1.5.  Given data f = div F, k, g as in (1.12) a vector field u € LI(Q2)
is called a very weak solution of the stationary Stokes system (1.11) if the relation

—v{u, Aw)q + v{g, N - Vw)gg = —(F,Vw)q, wE Cg_’g(ﬁ), (1.13)

and the conditions
divu =k in Q, N~u|aQ:N-g (1.14)
are satisfied.

THEOREM 1.6. Let Q C R? be an exterior domain with boundary of class C*>', and
let the data f = div F, k, g satisfy (1.12). Then there exists a unique very weak solution
u € LI(Q) of the stationary Stokes system (1.11) in the sense of (1.13)—(1.14) satisfying
the a priori estimate

.0 = C(HF

lvul o+ VElra + Vgl -1/g:0.00)

where ¢ = ¢(§2, q) > 0. Moreover, u possesses the representation (3.14) below.

This paper is organized as follows. In Section 2 we introduce several function spaces
and operators and recall important properties of them. The proof of the main Theorem
1.2 is based on Theorems 1.4, 1.6 and on a fixed point argument. Therefore, Section
3 deals with the proof of Theorem 1.6, Section 4 with the proof of Theorem 1.4, and
the final Section 5 is devoted to the nonlinear case in Theorem 1.2. Note that the reals
¢, ¢1, co > 0 are generic constants depending on the exponents ¢, r,s etc., and on the
exterior domain €2, but not on the functions involved in subsequent estimates.

2. Notations and preliminaries.

2.1. Classical function spaces.
q

Given 1 < ¢ < o0 and ¢’ = -1 we need the usual Lebesgue and Sobolev spaces,
L), W*4(Q), where a > 0, and Wg"(Q) ¢ W*(Q) with norms [|-|Le0) = [ll¢.0
and ||-[[we.a@) = ||"llasq,25 resp. The space W~*4(Q) := WOO"QI(Q)’ denotes the dual
space of Wél’q/(Q) with the natural pairing (-,-)q and the norm |||y -a.qa0) = [|[|-asq.9-
If a =0, then (f,h)q = [, f-hdx for f € LYQ), h € L9 (Q); here f - h denotes the
scalar product of vector or matrix fields. Note that the same symbol L4(2) etc. will be
used for spaces of scalar-, vector- or matrix-valued fields.

For the boundary 92 of the domain Q C R? let L9(99Q), W*4(9Q), W ~*4(9Q) =
Wed (09), where 0 < o < 2, a # 1, denote the corresponding function spaces, using
the norms |1l oon) = lgo0s [-lwesoe = [lagon and [-lw-ean) = IH-ago0
resp., and the natural duality pairing (-, -)sq. The space W*?(9) is a special case of a
Besov space, namely, W (982) = By, (0S2) with r = ¢, cf. [28, 4.2.1 and 4.7.2] as well
as [1, 7.39 and 7.45] (using another notation). Note that the restriction a < 2 in this
case is needed since 92 € C?*1. In particular, the pairing between L9(d9) and its dual
L9 (99) is given by
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(Fg)on = [ f9ds
N

where [, ...dS denotes the surface integral on d€2. For more details cf. [1], [11] and
[28].

Let C™(£2), C*(2) and C™(Q2),m € N U {+oc0c}, denote the usual spaces of smooth
functions. An important function space is

Cy () := {v € C™(Q) : suppv compact in Q,v =0 on IN}.

For the space C§° ()" of distributions, the dual space of C§°(Q2), the duality pairing on
Q2 is denoted by (-,-)q. Finally, we use the boundary distributions C*(99Q)" with test
functions from C1(9Q) and with the pairing (-, -)aq-

The subspaces of solenoidal vector fields are denoted by appending the subscript ‘o’
leading to the spaces C§%,(Q) = {v € C5°(Q) : dive = 0} and CF*, (Q) = {v € C§*(Q) :
dive = 0} as well as to the dual space Cf",(2)" of Cf",(2) with pairing (-,-)o. By a
theorem of de Rham, [27, I, Proposition 1.1}, a distribution d € C§°(€2)’ vanishing at all
v € C§%(2) may be written in the form d = VA with a scalar distribution h. Let LZ(2)
denote the closure of C§%, () in the norm ||-[|¢,q. It is well known that L ()" = Li'(Q)
using the standard pairing (-, -)q.

2.2. Traces and extensions.
Let o = 1,2. Given an exterior domain  C R? with boundary of class C?!, let
B C R? be an open ball with 9Q C B and let g := QN B. Then the trace map f — f|asz

is a well defined linear bounded operator from W®4(Q) onto W~1/44(9Q), and there
exists a linear bounded eztension operator E : W V%9(9Q) — W(Q), h — Ej,
such that Eh‘an = h. The extension operator can be constructed in such a way that

supp Ej, C Qp for all h € Wo—1/94(9Q).

Let 1 < r < 3 and let ¢ > r be defined by %—i—% = % Given f € L4(Q) with div f €
L"(€) we use Green’s identity in Qo and the trace space W1=1/4-4'(9Q) = W1/24' (5Q)
to get that

(div f, En)o, = (N - f,h)oa — (f, VER)a,, he WY (5Q). (2.1)
Since ¢ > % and consequently 1 < ¢’ < 3, the embedding and extension estimate
1Enllr00 < (I Bnllg 00 + IVERllg 00) < cllhlli/gq,00

holds with % + %, = % and ¢ = ¢(Q,q) > 0. Consequently,

(N - fo Yool < (I fllg.o + 141 Fllroo) 1Pl /gq .00
< c(llfllg. + 1div fllre) 1l /g 00 (2.2)
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for all b € W/%9'(9Q). Hence the trace N-f|,q € W—1/4:9(9Q) of the normal component
of f on 0N is well defined and satisfies the estimate

[N - Fll=1/gq.00 < (I fllggo + I1div fllra,) < c(lfllg.e + Idiv fllrq) (2.3)

with the same ¢ > 0 as in (2.2).
Analogously, by the identity

<Cu1"1 1 Eh>Q0 = <N x f, h>aQ + <f, curl Eh>QO, (24)
we obtain the following trace property: Given f € L%(Q) with curl f € L"(Q) where

1<r<3, % —+ % = %, the trace N x f|(99 € W=124(9Q) of the tangential component of
f on 09 is well defined, and it holds the estimate

IN % fll-1/gq,00 < (| fllg0o + lewl fllra,) < c(llfllg + lleurl fllnq)- (2.5)
Consider the divergence problem
divb=f inQy, b=0 on dQ (2.6)

for given right-hand side f. If 1 < ¢ < oo and f € L()) satisfying fQo flz)dz = 0,
then there exists some b = b/ € W, %(Qp) solving (2.6) such that

It

1.2 < (€0, 9) [ fllg.0- (2.7)
Moreover, if additionally f € W,9(€Q), then b/ € W %(Q) and

||bf||2;q,Qo < C(Q()a q) va

|4, (2.8)

cf. [11, III, Theorem 3.2].

Let 1 <r <3 and f € L"(2). Then by [11, III, Theorem 3.4 and II, Remark 5.2],
there exists b € L1(Q), 3 + % = 1, with Vb € L"(Q) = 0 satisfying divb = f and
the estimate

’ b|aQ

Hb”q,ﬂ < CHVbHT,Q < CI”f

lr.02 (2.9)

with constants ¢, ¢’ > 0 depending only on © and on r. Note that in each case b = b/
can be chosen to depend linearly on f.

Using properties of the weak Neumann problem [23] we find for each h €
W—1/949(98) a vector field E* € LI(Q) depending linearly on h such that div E* € L7 (),

N - Eh|ag = h, supp E" C Qo, satisfying the estimate

IE"lg.0 + Idiv E" |0 < cllhll-1/¢q,00 (2.10)
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By an extension theorem for the bounded domain €, cf. [22, Theorem 5.8] or [28,
Subsection 5.4.4] we obtain the following result: For every h € W'=1/4:9(9Q) there exists
an extension w” € W29(Q)NW,?(€) depending linearly on h such that N-th|aﬂ =h,

supp w” C Qy and
[w*l2.q0 = 0" ll2.0.00 < cllhlli-1/gq,00- (2.11)
If additionally N - h = 0 on 052, then a calculation shows that

divwh| =0, N-th| :curlwh‘ x N = h.
Q0 o0 Fol9)

Moreover, since fQo divw" dz = 0, divw" € Wy?(€), we may use (2.6)—(2.8) to find
b = wh — b € WQ) N Wol’q(ﬂ), f = divw”, depending linearly on h such that
supp " C Qo,

dive"=0 inQ, N V&= cuﬂwh| x N = h,
o (2.12)

||7I)h||2;q,ﬂo = Hwh 24,0 < cl|lhlli-1/g;,00

with ¢ = ¢(Q, Qo,q) > 0 in (2.10)—(2.12). Note that the extensions E", w", @" are first

of all constructed for €}y by setting N - Eh| = 0, and wh| =0, N- th| = 0.
oB Q0 dB

Then div E" € L"(€2) and w", " € W, 9(Q) N W24(Q).

2.3. Helmholtz projection and Stokes operator.
Given a vector field f € L()), 1 < ¢ < oo, on the exterior domain 2 C R?, the
weak Neumann problem

Ap = div f, ]\f-(V])—]")|{m =0

has a unique solution Vp € LI(Q) satisfying the estimate ||Vpllq.0 < c||fllg,0 with
¢ =¢(€,¢q) > 0. Then the Helmholtz projection P, defined byP, f = f —Vp is a bounded
linear operator from L?(£2) onto the solenoidal subspace LZ () satisfying P = P, and
P, =Py, ie, (Pif,9)a = (f, Pyg)a forall f € LI(Q), g€ L7 (). Note that P,f =P,f
if fe L1(Q)NLe(N) and 1 < ¢, 0 > o0, see [23].

The Stokes operator A, = Z(A,) — LL() with dense domain

P(4g) = LEQ N Wy () NW4(Q) C LE()

is defined by Aju = —P,Au, u € Z(Ay); its range {Aqu : u € Z(A,)} will be denoted
by Z(A,). Note that for two exponents 1 < ¢,r < co and for u € Z(A,) N Z(A,) we get
Agu = Ayu. Asusual, Z(4,) will be equipped with the graph norm [Ju||q.0+|Aqul|4,0 for
u € P(A,). Concerning more details on the Stokes operator see [6], [8]-[19], [25]-[27].

For a € [~1,1] the fractional power A7 : Z(Ag) — LL(S2) with dense domain
P(Ay) C LL(R) is a well defined, injective operator such that
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a)—1 —a o — o\’ [}
(Aq) :Aq’ ‘%<Aq):‘@(‘4 )7 (Aq) :Aq"

q

We mention several important embedding estimates for the sequel:

145%u]l, o < el Vullpa,  1<q< oo, ue 2(4;), (2.13)
||Aqu||q79 < C”V2u||q,97 I<g<oo, ue '@(Aq)v

and, by [6, Theorem 4.4] and [18, Theorem 3.1], respectively,

1/2
oo 1<a<3 ue 2(A7), 2.14)
||v2u||q,ﬂ < CHAqqu,Qa 1<g< %7 u € @(Aq)?

IVullg. < cf| A5y

in each case ¢ = ¢(€2, ¢) > 0. In particular, Q(A}/Q) = Wy Q)N LI(Q) when 1 < ¢ < 3.
Concerning further fractional powers of A;let 1 < ¢ <y < 00,0 <a <landu € Z(A7).
Then, by [6, Corollary 4.6] and [17, Corollary 6.7], respectively,

lullo < e ASul, g 0<a<s, 1<q<3, 2a+>=2,
* 2 v q

5 5 3 (2.15)
||u||’YaQSCHAgqu,Q’ OSO[Sl’ 1<q< 5, 20[—|—;:a,

where ¢ = ¢(Q, «, q,7) > 0.
It is well known that —A, generates a uniformly bounded analytic semigroup {e7t4a
t > 0} on L2(Q) satisfying the decay estimate

HAge_tAqqu,Q <ct™ullge, t>0, (2.16)

where a > 0, 1 < ¢ < oo and ¢ = ¢(Q, ¢, ) > 0; see [7], [6, (3.3)] or [18, (3.16)].

Let 0 < @ <1, 1 < ¢ < oo and consider suitable distributions d = (d1,ds,ds3) €
C5°(Q2)" for which the term A, P d € LL(S2) will be well defined by applying the oper-
ations A “ and P, in the corresponding orders to the “test function side”. To be more
precise, suppose that (d,v) is well defined for all v € Z(Aj,) and satisfies the estimate

[(d,v)q| < CHA?/'U o (2.17)
Hence there exists d* € L1(2) such that
(d,v)q = (d*, AJv), for all v e Z(AY); (2.18)

note that d* is unique, since #Z(Ay,) is dense in LY (Q). For simplicity we write d* =
A, “Pyd, since then formally
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<d*, 2“/11>Q = <A;°‘qu, AZ‘,U>Q = (Pyd,v)q = (d, Pyv)q = (d,v)q (2.19)

giving A;*P,d a generalized meaning. If d € C§°(Q)" satisfies (2.17), we say that
A Pd € LEL(), well defined by d* in (2.18). For similar operations see [26, III,
Lemma 2.6.1].

LEMMA 2.1.  Let Q C R? be an exterior domain with 0Q € C?1, let % <r <3,

$+i=1 andlet F=(Fy)};_, € L"(Q). Then A;'Pydiv F € L1(Q) and

A7 Py div F| o, < ¢l Fllra, (2.20)

where ¢ = ¢(Q,r) > 0. Hence, A;'Pydiv : L"(Q) — L1() is a bounded linear operator.

ProOOF. Considering (2.17), (2.18) with d = div F, d* = Aq_qu divF and a = 1
we have to estimate the term (div F,v)q =: (A, ' Py div F, Agv)q using [|[Ag 0|4 o only.
Since 3 + & = % where 1 < ¢ < 2, we know that Z(A4,) C _@(Ai/Q), cf. (2.14), and
Ai,/zv = A;//zv € Q(A;,/z) for all v € Z(A,). Hence (2.14); (with 7 instead of ¢) implies
for v € 2(Ay)

|(div F,v)o| = | — (F, Vo)a| < || Fllra || 4/ ?v|

r!

r Q"

Moreover, by (2.15); (witha =3, 1+ 2 = % and u = Ai,/Qv € .@(A{I/Q))

r

14,7%]

r!

c||A;,/2A(11,/21)

o = cllAgvlgq.

r’,Q = |q7

Now, (2.20) is proved. O

2.4. The spaces L°(0,T; X).

Given a Banach space (X,|||x) and 1 < s < oo, let L°(0,7;X) denote the
usual Bochner space with norm |||z, r,x) = (fOT 1% dt)l/s. If X = W*4(Q) or
X = W*(09Q), 1 < ¢ < o0, a € [=1,1], we set |-||zs0,r;wea(0)) = |Illasg,s,0,7 and
ag,s,00,7, tesp. If o =0, i.e. X = L1(Q) or L1(9N), we simply

-l e 0, mswea 002)) = 11|
write ||'||¢.s,0.7 OF ||'|lq.5.007, resp. As duality pairing we define

T
U, Vot = /0 (.)adt, feL0,T; L), g€ L¥ (0,T; L7 (%),

and analogously (f, g)aq,r for all f € L*(0,T; L9(09Q)), g € L5 (0, T; LY (8Q)).

We will also need the classical spaces C™([0,T); X), m = 0,1,2,..., of X-valued
functions v(¢) such that (&)iv(t), 0 < j < m, is continuous on [0,7) in X. The space
C3([0,T); X) is the subspace of C1([0,T); X) of function v with compact support in
[0,7), and C((0,T); X) is that subspace where supp v is compact in (0, 7).
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LEMMA 2.2. Let Q C R3 be an exterior domain with boundary 0Q € C*1, let f €
L(0,T; LE()), 1 < s, ¢ < 00, and let vg € LL(Q) such that [ |[vAge™ Aavgl|? ¢, dt <
00. Then the Stokes evolution system

v +vA=f in(0,T), v(0)=wo,

has a unique solution v € L*(0,T;2(A,)) such that v, € L*(0,T;L%(Q)) and v €
C°([0,T); LL(S2)). Moreover, v admits the mazimal reqularity estimate

(vt

T 1/s
e+ Aplanar <o ([ loae g d) "+ 1ilear) @20
O |

with ¢ = ¢(Q, q,8) > 0 not depending on T, v, and

t
o(t) = eVt ay, +/ efu(t*T)Aqf(T) dr, 0<t<T. (2.22)
0

PROOF. See [18, (3.15)] o [25] The case vy # 0 is easily reduced to the case
vg = 0 by considering v(t) v(t) — e VHay, O

2.5. The space of initial values.
Let 1 < ¢, s < oco. Then the space of initial values, #2°(Q), is defined as a space
of distributions on (2 as follows:

D5(Q) 1= {uo € () = A Pug € LL(R), /0 [ Age™ " e A Puol|, o dt < oo}

equipped with the seminorm

00 1/s
ol oy 1= 7oAy Pl ([ e 40 P )

here, A;'Pyug is defined as in (2.17)~(2.19). Obviously ||| y¢+() becomes a norm
if we identify ug,do € Z2°(€) when [[A;'Py(ug — do)llg.0 = 0, ie., when ug — 1o
is a gradient field, see (2.18) with d* = 0. Note that #2°(2) can be considered
as a real interpolation space, cf. [18, (2.5)]. To be more precise, vy € _Z2°(Q) iff
Aq_lpquo lies in the real interpolation space (D(Ag), L%)1/ss, cf. [28], with equiva-

lence |lugll oo ~ [|A; Pyuoll(o(a,) For another interpretation we need the

LE)1/s,s”
Besov type space By, 22 = B 2/S(Q) iiltroduced in [4, (0.6)]. In particular, it holds
B = {ue BILM ), =0, dive =0} if £ <22, and B, = {u e B
divu = 0} if % > 2 — 2 c¢f [28]. Then from [4, Proposition 3.4], we concludo
that (Z2(Aq), LL)1/s,s = (LL, 2(Ag))1-1/s,s = B§;2/S. This yields a representation of
F2%(Q) with a classical function space in the form



138 R. FarwiG, H. KozoNo and H. SOHR
9,5(Q) A71P B272/s
ug € F1%(Q) <= A, Pyuo € B ;7/*.

Consider a function u € L*(0,T; L4(Q2)) such that A;'Pu e L3(0,T; L4(2)) is well
defined and (A, ' Pyu), = A, ' Pyuy € L*(0,T; L)) holds for its time derivative in the
sense of distributions. Then — redefining « on a null set of [0, T) if necessary — we obtain
that

A Pue C([0,7); LE(), A 'Pyu(t) € LL(Q) forall t € 0,7); (2.23)
in particular, the initial condition Aq’quu|t_0 = A, Pyug in (1.7) is well defined.

3. The stationary Stokes system, proof of Theorem 1.6.

Given data f = div F, k and g, see (1.12), consider a very weak solution v € L9(£2)
of the stationary Stokes system (1.11), i.e., of (1.13), (1.14). First we assume v = 1; the
case v # 1 will be an easy consequence when considering —Au + V(£) = % f- We will
prove the unique representation formula

u=F+G+VH (3.1)

where F',G and VH € L4 () solve suitable auxiliary problems and satisfy the estimates

1Ellg.0 < ¢l Fllng, (3.2)
IVHllq.0 < c(IEllra + g - Nl-1/¢q.00)- (33)
1Cllg.0 < c(Ellne + 9] -1/¢:0,00)- (34)

The first term F := A, P, div F is well defined by Lemma 2.1 and satisfies (3.2), cf.

(2.20). Obviously, cf. Definition 1.5 and (2.18), (2.20), u; = F' is the unique very weak
solution of the system

—(u1, Aw)qg = —(F,Vw)q forall w e C’OQJ(Q)7

(3.5)
divu; =0 in Q, N~u1|aQ =0.
Next we solve the system
— (ug, Aw)q + (g, N - Vw)ga =0 for all w € C’&U(ﬁ),
(3.6)

divus =0 in Q, N-ug|{m =0

matching only the tangential part of g on 9. To find us we estimate (g, N - Vw)gq as
follows: Since 1 < ¢' < 3,¢ <r' <3,14+ 3 = %, Poincaré’s inequality on the bounded
subdomain £y = QN B and the properties (2.13), (2.14),, (2.15), yield the estimates
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lwllg 00 < cllVwllyao < eVl < V2wl < cllAgwlq o
Moreover, it holds the inequality

|<gv N - vw>39‘ < C”g”71/q;q,6Q||va1/q;q’,BQ
<cllgll-1/gq.00llwll2q 00
< dlgll-1/gq.00llAgwlle o,

which immediately extends to all w € Z(A,). Hence for all v € Z(Ay), v = Agw, we
get

|<97N : VAq_’lv>aQ’ < C”g”—l/q;q,BQHU”q’ﬂ

which extends to all v € L (Q) since Z(A, ) is dense in LY (Q). Since LI (Q) = LI (),
there exists a unique G € L%(2) such that

g

(G,v)o+ (9,N - VA;,lv>aQ =0 forallveZ(Ay), (3.7

and [|Gllg.0 < cllgll-1/4,q.00- Using the identity g = (g- N)N + N x (g x N) and (1.6)
we see that g in (3.7) may be replaced by ¢ — N(g - N), and we get that even

||G||q,Q < C”g - N(g : N)”fl/q;qﬁﬂ < CHN X ngl/q;qﬁQ- (38)

Due to (3.7) we conclude with v = Ayw = —PyAw that ug = G is the unique solution
of (3.6) in L1(Q).

However, G will be modified in the third step in which we look for a very weak
solution ug € L(€2) of the system

—(ug, Aw)o =0 Yw € C3,(Q), divug =k, N- us|, = N -g. (3.9)

To find the unique solution ugz of (3.9) we first consider the weak solution VH of
the Neumann problem

AH=Fk N-VH  =N-g. (3.10)

To construct VH we use the extension E" € L(Q) of h = N - g with div E" € L"(Q),
N . Eh|aQ = h and with compact support in Q, see (2.10). Moreover, cf. (2.9), there
exists b € L(Q) satisfying divb = div E" — k, b|8Q =0 and Vb € L"(Q2). Hence (3.10)
may be written in the form

AH =div(E" —=b), N-(VH - (E"-b)) 0

loo
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which, cf. [23], has a unique solution VH € L%(Q) satisfying

”VHHqﬂ < CHEh - b”q,Q
< c(|E" g0 + ||div E* — k[|,.q)

< c(IN - gll-1/g.0.00 + [Ikllra)

by (2.9), (2.10). This estimate proves (3.3).
To solve (3.9) for us we use the relation

(VH, Aw)g = (VH,N - Vw)aq for all w € Cf () (3.11)

which will be proved below. Further, we observe, see (2.3), (2.5), that [|[VH| _1/gq,00 <
oo is well defined, and that VH|aQ satisfies the same estimates as ¢ in (3.7), (3.8).

Therefore, we get, instead of G in (3.7), a unique vector field G’ € L1(f) satisfying
—(G', Aw)q + (VH, N -Vuw)gq =0 for all w € C§ ,(Q) (3.12)
and, using (3.8), (2.5),
1G"llg. < €N x VH||_1/g;9,00 < €l VH]|q,0- (3.13)

Now, looking at (3.10)—(3.12), we conclude that uz := VH — G’ is the unique solution of
(3.9).

Summarizing the previous steps, we see that u = u; +ug + us satisfies (1.13), (1.14),
u is a very weak solution of system (1.11), and it holds the representation (3.1) with
G = G — @ satisfying (3.4). Moreover, u depends only on the data F,k, g and satisfies
the estimate

lullg.0 < c(IF

.8 + ||k||T,Q + Hngl/q;q,BQ)

due to (3.2)—(3.4). It is unique, since (3.5) with right-hand side F' = 0 admits only the
trivial solution.

Finally, we prove (3.11). For this purpose, we approximate H by smooth functions
(Hj) such that |VH — VHj| g — 0 and |[VH — VHj||_1/g4400 — 0 as j — oo. To
find Hj,j € N, we approximate k and g in (3.10) by smooth functions k;, g;, let VH;
be the corresponding solutions, and use the estimate (3.3) with VH, k, g replaced by
VH —VH;, k—kj, g—g;. Then an integration by parts yields for every w € Cgvg ()

(VHj, Aw)q = (VH;, N - Vw)so — (V(VH;), Vw)q

= (VH;,N - Vw)oa + (A(VH;),w)o
= (VH;,N - Vw)sq,
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since divw = 0 and W] = 0. As j — oo we get (3.11).
The general case v # 1 is reduced to v = 1 by considering —Au + V(%) = % and
replacing F, Aq’qudivF by £, (vA,)"'P,div F. This proves Theorem 1.6. O

v

REMARK 3.1.
(1) The proof of Theorem 1.6 shows that the very weak solution v € L?(Q) of (1.11)
possesses the representation

u=(vA,) ‘P, divF + G+ VH (3.14)
where VH is defined by (3.10) and G = G — G’ satisfies

(Gv)a = (9 — VH|aQ’ N - Aq_,1v>aQ for all v € Z(Ay ).

(2) Let u € L9(Q) be a very weak solution of (1.11). For h € W/%4(9Q) with
N-h=0let " € 2(Ay) with N - Vﬁ)hbﬂ = h be the extension of h considered in

(2.12). Using %" as test function in (1.13) we get that
V<ga h>3Q = V<u7 AIUDh>Q - <F7 vwh>Q7

where (g, h)q equals (N x g, N X h)aq, since g = (¢- N)N + N x (g x N). Hence, in the
sense of a boundary distribution, the tangential component N X U, is well defined by

V(N x u, N x h)aq = v{u, Ad™)gq — (F, Vi')q. (3.15)

On the other hand, using the extension Ej € wid () with compact support of an
arbitrary function h € W44 (9Q), (2.1) yields the identity

<N . u|(')Q’h>BQ = <k,Eh>Q + <U,VE}L>Q. (316)

Therefore, (3.15), (3.16) yield an explicit expression of the trace Ul € W—a9(99).
Thus we define, by the right hand sides of (3.15), (3.16), a well defined trace Uy, €

W-1/949(9Q) — beyond the usual trace theorems — for each u € L7(Q) satisfying the
relations (1.13), (1.14).

(3) Using test functions w € Cg%, () in (1.13), de Rham’s argument yields a distri-
bution p such that

—vAu+Vp=f

in the sense of distributions.
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4. Nonstationary Stokes systems, proof of Theorem 1.4.

Given data f = div F, k, g and ug as in (1.2) with 1 < s < 00, 3 < ¢ < 00, %—F% = %,
let w € L*(0,T; L)) be a very weak solution of the instationary Stokes system (1.7),
see Definition 1.3. First we assume that v = 1, the general case v # 1 will be reduced to
v =1 by a scaling transformation concerning ¢.

Let E(t) = EF(®):9() be the very weak solution of the stationary Stokes system

—AE(t)+ Vp(t) =0, divE()=k(t), E(t)|aQ =g(t) (4.1)
for a.a. t € (0,7). By Theorem 1.6, E € L*(0,T; L%(Q2)) and
HE| q,s,2,T S C(”k r,s,Q,T + Hg”*l/q;q,s,aQ,T)- (42)

Moreover, let VH € L*(0,T;L9(2)) be defined by VH(t) = u(t) — P,u(t) for a.a. t €
(0,T), i.e., VH(t) is the weak solution of the Neumann problem

AH(t) =k(t), N- VH(15)|8Q =N - g(¥). (4.3)
Note that, cf. (3.3), (3.10),

IVH|g .01 < c(kllrsr + 9]-1/gi0.5.00.7)- (4.4)

LEMMA 4.1.  Consider f = div F,k,g,up as in (1.2) with 1 < s < 00, 3 < ¢ < o0
and % + % =1 E asin (4.1), (4.2), and a very weak solution u € L*(0,T; L1(RQ)) of
(1.7) with v =1. Then the well defined representation formula

t
u(t) = VH(t) + Age "M A Poug + /0 Age” A (AP, div F + PyE)dr (4.5)

holds for a.a. t € (0,T).

PRrOOF.  Consider the test function w € C§([0,T);C3,()) and let v = Ayw
where A, = Ay + I. Tt is well-known, see [17], [18], [25], that flq_,l and Aquzlq_,l are
bounded operators on L%(£2). By the weak formulation (1.13) of (4.1) we get that (E(t),
Aw(t))a = (g(t), N - Vw(t))aq for a.a. t € (0,T) yielding

(9, N - Vw)aa,r = (E, Aw)a,r.

Then the weak formulation (1.8), using w € C([0,T); C3 ,(Q)), v = Ay w, implies the
identity

—<A;1Pqu,vt>Q7T — <u - F, AA;@Q,T = <u0, A;,lv(())>Q — <F, Vfl;,lv>Q7T. (4.6)
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Since u(t) — E(t) € LL(Q) for a.a. t € (0,T), the second term on the left hand side will
be rewritten as

<u - FE, (qu/)flq_,lv>Q7T = 7<Aq/1q*1Pq(u —FE), 11>Q)T .

Moreover, the terms on the right-hand side equal

<Aqfl;1 (A, Pyug),v(0)),, and <Aq/~1(;1 (A, 'PydivF),v), .., respectively,

Q

where A, ' P, div F € L*(0,T; LL(Q)), cf. Lemma 2.1, and A, ' Pjug € LL(Q2), see Sub-
section 2.5, are well defined. Hence we get from (4.6) the relation

- <A;1Pf1u’ vt>Q,T + (44 (flq’quu),@QT

= (A,A; (A, Pyug), v(0)), + (A4A; ' PuE v, o+ (AgA VAL Py div FLv)

QT QT

(4.7)

Then a standard argument, see [27, IIT 1.1], or [26, IV 1.3], shows that U(t) = Aq’quu(t)
is a strong solution of the instationary Stokes system

U+ AU = A AN (A Py div F + PyE)
U(0) = AgA; (A, Pyug).

Since the right-hand side is contained in L®(0,T; LZ(Q2)) and in LZ(2), respectively,
Lemma 2.2 yields Uy, A,U € L*(0,T; LL(€2)) and the representation

t
U(t) = AgA e (A7 Pyug) + /O e~ AT (AP, div F + PyE) dr .

We may apply flq to both sides of this identity to obtain that
t
Pyu(t) = Age "7 A Pyug + / Age” "4 (AP, div F + PyE) dr (4.8)
0

for a.a. t € (0,T). Since u(t) = VH(t) + Pyu(t), (4.5) is proved. O

Given data f = div F,k, g and ug, let u be defined by (4.5). Proceeding as in the
proof of Lemma 4.1 we get that u is a very weak solution of (1.7).

The right-hand side of (4.8) is contained in Z(A,) for a.a. t € (0,7). Therefore
A, ' Pyu(t) is well-defined and it holds

t
A7 Pu(t) = e " A Paug + /O e =M (A P, divF + PE) dr . (4.9)
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This identity has the form (2.22) with vo = A;'Pjug € LL(Q) and with f replaced

A;'PydivF + Py E € L*(0,T; L1(Q)). By the maximal regularity estimate (2.21) we get
using (2.20) and (4.2) that

HAzzlpq“tH%&QT + | Pyullq,s.0,7

T
< c<</ HAqetAququuOHZdt)
0

< c(lluoll s+ () + I1Fllrs0r + [Elrsor + 9l -1/g0.5.00.7)-

1/s
+ AT Py div B o ||E||q,s,Q,T>

Thus (1.10) is proved when v = 1. A scaling argument replacing (1.7) by the system

i, — Ai+Vp=f, diva==r, aj, =g, a(0) = o,

with a(7) = u(t), ];(T) = k(t), g(t) = g(t), p(r) = %p(t), f(r) = %f(t) and 7 = vt
will yield (1.10) when v # 1. Moreover, A;'Pju € C([0,T); LL(Q)) and A, ' P,u(0) =
Aq_quuo, cf. (4.9). This completes the proof of Theorem 1.4. O

REMARK 4.2.

(1) Let w € L*(0,T; L%(2)) be a very weak solution as in Theorem 1.4. Then,
using test functions w € C§°((0,7); C5%,(2)) in Definition 1.3, we get the existence of a
distribution p such that

w—vAu+Vp=f in (0,T) x Q

in the sense of distributions, cf. [26], [27].

(2) Let u € L%(0,T;L9(f)) be a very weak solution as in Theorem 1.4. Given
h e CL((0,T); WY (9Q)) with N - h = 0 we find an extension @"(t) := w"® &
C((0,T); 2(Ay)) with N~V1I)h(t)‘aQ = h, cf. (2.12). Then h — " is a linear mapping
with ("), = @"™. Using @" as test function in (1.8) a calculation as in Remark 3.1(2)
yields the formula

V(N x g, N x hoar = (u,@")q.r + viu, A" g r — (F, Vi)Yo r . (4.10)

Since (N x g, N X h)go,r = (N X U ey N X h)pq 1 for smooth u, the right hand side of
(4.10) yields a definition of the boundary distribution N x u(t)|ag, the tangential part
of U ey Analogously to Remark 3.1(2) also the normal component N - u(t)|aQ is well
defined, cf. (3.16) and (1.5). Therefore, the general trace property Uy = 9 in (1.7) is
well defined beyond the usual trace theorem.

(3) Asalready mentioned, the property A, ' Pyu;, € L*(0,T; LL(Q)) yields A, ' Pju €
C°([0,T); LL(Q)) and implies that the initial value ug of u is well defined in the sense
A‘;lpqu‘t:o = A;'Pyjup. According to the definition of _#Z2*(€2) the initial condition
implies that «(0) coincides with ug only up to a gradient. This is obvious from the
variational formulation (1.8) since w(0) € C§ () is solenoidal.
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5. The Navier-Stokes system, proof of Theorem 1.2.

Given data f = div F, k, g and ug as in (1.2), (1.3) let w € L*(0,T; L4(2)) be a very
weak solution of the nonstationary Navier-Stokes system (1.1). Further let £ = E7-*:9:u0
be the very weak solution of the instationary nonhomogeneous Stokes system

E,—VvAE+Vh=f  divE=k in(0,T)xQ

(5.1)
E|aQ:g’ E|t:0:u0
such that A;'PyE, € L*(0,T; L9(Q)) and
T N 1/s
—v 1 s
lWE|gs 01 < ¢ ((/0 Hl/Aqe ¢ 1A, Pqu()”th)
+[E 5,00 + [[VElrs00 + |Vg||—1/q;q,s,8Q,T>a (5.2)

see Theorem 1.4. Then the variational formulations (1.4) for v and (1.8) for E imply
that & = u — E satisfies diva =0, NV - ﬁ|8§2 =0 and

— (G, w)ar — v, Aw)or = (u®u, Vw)or + (ku,w)o (5.3)

for all w € C*([0,T); C§ ,(€)). This nonlinear problem will be rewritten as a nonlinear
integral equation in 4 which is the starting point to find a solution @ by Banach’s fixed
point theorem. For this purpose, we will analyze the term A, “P,;(u - Vu) where o =
3 41
2q + 2 <Ll

LEMMA 5.1.
(1) Let u € LY(RQ) such that k = divu € L"(Q) where 3 + % =1 and 3 < ¢ < 0.
Thenforoz:%+%<1

A= Pyu- V|, o < e(llullf o + [Ik]

ra [ullg.0) (5-4)

with ¢ = ¢(Q, q) > 0.
(2) Letw e L*(0,T,LY(Q)) such that k = divu € L*(0,T; L"(Q2)) where r, s, q satisfy
(1.3). Then for a = % +3<1

2

HA_anu ) VUH 2,507 T Hk”ns,Q,T H“”q,s,Q,T) (5.5)

q,8/2,Q,T < C(Hu

with ¢ = ¢(Q, q) > 0.

PROOF.
(1) For an arbitrary test function v € Z(Ag ) we have to estimate the term (u -
Vu,v) = —(u®u, Vv) —(ku, v) by |AZv[y ,o. By Holder’s inequality, (2.14); and (2.15);
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(with o = % instead of «, 2a/ + ﬁ = %, applied to Azﬁm,v) we get that

[(u®u, Volo| < [lu@ullg/2.0[Vollg2).a

1/2
< cllull? o 1AL 7y vl ar20
< clul2.q |ASvlly 0

Moreover, by (2.15)2 (with 2« + % = % where vy = (1 + %)71),

[(Fu, v)a| < [kllrq [lul

7,9 ||UH7’,Q

< c|[lrq llul

0.2 1A vl a-

Combining the previous inequalities we get (5.4).
(2) Using (5.4) for a.a. t € (0,T) and integrating its §-power on (0,T") we prove
(5.5). This proves Lemma 5.1. O

To prove Theorem 1.2 we consider w € C*([0,7); C3 ,(€)) in (5.3) and let v = Ay w
where A, = A,+1I. Then the calculation which led from (4.6) to (4.9) (withug = 0, E = 0
and AP, div F € L*(0,T; L2(S2)) replaced by —A_*P,(u - Vu)) yields the identity

—(A; Py, Ut>Q’T +v{A A Py, U>Q,T = —(A2A; A7 Py(u - Vu), U>Q,T

and the representation formula
t ~
a(t) = —/ e V(=4 AZA;lA‘;O‘Pq(u -Vu)dr.
0
Since a(t) € LL(Q) and A, Py(u-Vu) € L*/2(0,T; LL(Q)) we may apply A, to get that
t
at) = —A° / e =D A0 (4. Vuydr, 0<t<T. (5.6)

0

Moreover, we conclude from Lemma 2.2 that

a(t) € Z(A2), A;%a(t) € LL(Q) forall € [0,T),

Aj%y € L/2(0,T; LL(Q)),  A;%0 e C([0,T); LL(Q)), (5.7)
A0 e L%(0,T; LL(Q)).
Finally, the initial value A;*%(0) = 0 is well-defined.

To construct a very weak solution u = @& + E on some interval [0,7), 0 < T’ < T,
we write (5.6) as the fixed point equation
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o= 7(a)
where

F(0) = — /Ot Ace (=N Az P (i + E) - V(i + E)) dr . (5.8)

For the application of Banach’s fixed point theorem we have to estimate % () in
L#(0,T; L1(R)).
By (2.16)

Then the Hardy-Littlewood inequality ([26], [28], with (1 —a)+ 2 = 25, ie, a = 1)
and Lemma 5.1 imply that

|2 @y < e[| A7"Py((i+ B) - V(a+ B, o or

_ ~ 2 ~
<av [(lallgser +I1Elgsor)” + [Elrsor (lilgsor + 12

asr). (5.9

To control the interval of existence [0,7”) let

A=cv™®, B=B(I)=|E|¢sar, C=CT)=cv |k

r,s,Q,T

for 77 € (0,T] to be chosen below. Hence, replacing T by 7" in (5.9), we get that

A N 2 A
17 @)llg.s.0r + B < Allillg.s. 007 + B)” + C(llllg.e.0 + B) + B. (5.10)

Consider the closed ball Z = {u € L*(0,7;L%(Q)) : ||tflgs01 + B < wi} in
L#(0,T"; L4(R2)) where y; > B is the smallest positive root of the quadratic equation
y = Ay? + Oy + B. Assuming

4AB+2C < 1 (5.11)

we get 41 = 2B(1 — C + \/1+ C? — (4AB +2C)) " ". The smallness condition (5.11) is
satisfied if

1
r,s,Q, T < —— Va7

E 4 ||k
1Elg,s,07 + | Io

or, due to (5.2), if

1/s

T/
(/0 HVAqe—ytAq (Aq—lquo) H: dT)

+[|F sz + [VElrs.o1 + V9l 21/g0,5.000 < 't (5.12)
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where ¢ = ¢(Q,q) > 0 is independent of the data and of T’,v. Obviously (5.12) is
satisfied for a sufficiently small 77 = T"(f, k, g, uo, v) € (0,T]. In particular, the interval
of existence (0,7") may be infinite.

The conditions (5.10), (5.11) or (5.12) imply that .# maps the closed ball % into
itself. For 4,0 € 9 we similarly obtain that

||ﬁ('&) - y@)”q,&Q,T’ < A(H'&
<24yfla -

lg.s.21 + [0lg.s00 +2B) 4= 0llgs 0.1

|q,s7Q,T' :

Since by (5.11) y; is shown to be less than 2B, (5.11) proves that .# is a strict contraction
in . Then Banach’s Fixed Point Theorem yields the existence of a fixed point @ of %
unique in A. Finally we obtain that v = 4 + F is a very weak solution of (1.1).

It remains to prove the uniqueness within the class of all very weak solutions of
(1.1) on (0,7"). In addition to u let v € L*(0,T; L4(f2)) be a very weak solution of (1.1).
Then ¥ = v — E has the representation (5.6) with w, @ replaced by v, 9. Therefore, for
U=1-09,

t
U(t) = —/ Ae A pgrep (U -V(a+ E) + (04 E)-VU)dr, 0<t<T
0

The same estimate as for % (4) in (5.9) leads to the inequality

1Ullg.s.07 < e(]lu

|q,s’Q,T” + ”””q’s,Q’T” + Hk”ns,Q,T”) ||U| q,5,Q,T" (5~13)
where ¢ = ¢(Q, v, q) > 0 is independent of 7" € (0, T’]. Hence we may choose T" € (0, 7"
such that the term in front of ||U||4, s, on the right-hand side of (5.13) is less than 1.
This choice of T" yields U = 0 and consequently v = v on [0,7"). If T" < T’, we may
repeat this procedure finitely many times to get u =wv on [0,7") if 7" < co. For TV = o0
we get u = v on [0,7”) for every T" < oo, i.e., u = v on [0,00). This completes the proof
of Theorem 1.2. O

REMARK 5.2.

(1) Let w € L*(0,T; L)) be a very weak solution of the Navier-Stokes system
(1.1). Then as in the linear case, cf. Remark 4.2(1), there exists a distribution p on
(0,T) x Q such that

u —vAu+u-Vu+Vp=f, divu=k

in the sense of distributions.

(2) For each very weak solution u of (1.1) there exists an explicit trace formula
for u| analogously to Remark 4.2(2). Thus Uy =9 is well-defined in the sense of
distributions on 0€).

(3) Each very weak solution u € L*(0,T; L9(2)) of (1.1) has the unique decompo-
sition
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u=1a+E with @,EeL*0,T; L)),

where E = ET%9:%0 is defined by (5.1) and the “perturbation” 4 is a very weak solution
of the “homogeneous” system

Uy —vAGL+ (i + E) - V(a4 E)+Vh=0, divi=0 in (0,T)xQ,

i =0, 0,
t=0

Yo =
leading to the variational formulation
— (@, wi)a,r — v{i, Aw)or = (G + E) @ (@ + E), Vw)or + (k(i+ E), w)ar

for all w € C§([0,7); C3 ,(€2)). The unique solution @ has the regularity properties (5.7).
Finally, since A;'PyE, € L*(0,T; LL(Q)),

—1 _ —1 —Q ~ _
A PqE|t:0_Aq Pyug and  Aj Pqu|t:0—0

yielding a precise formulation for u(0) = ug in (1.1).
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