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Abstract. Two-by-two matrix functions, which are the lifts of the local solu-
tions of the matrix hypergeometric differential equation of SL type at 0,1, 00 to the
upper half plane by the lambda function, are introduced. Each component of these
matrix functions is represented by a definite integral with a power product of theta
functions as integrand, which we call in this paper Wirtinger integral. Transforma-
tions of the matrix functions under some modular transformations are established by
exploiting classical formulas of theta functions. These are regarded as formulas of
monodromy or connection of the hypergeometric function of Gauss.

Introduction.

In this paper we consider 2 X 2 matrix functions analytic on the upper half plane as-
sociated to the hypergeometric function of Gauss, and establish transformations of these
matrix functions under some modular transformations. The matrix functions studied
here are obtained as the lifts of the local solutions of the matrix hypergeometric differ-
ential equation of SL type (i.e., whose image of monodromy representation is contained
in SL(2,C)) at 0,1, 00 to the upper half plane by the lambda function (Section 2). Each
component of the matrix functions is represented by a definite integral with a power
product of theta functions as integrand. Such an integral was invented by Wirtinger in
order to uniformize the hypergeometric function of Gauss to the upper half plane ([5]).
In this paper we call it Wirtinger integral (cf. (1.3)). As a classical example in which the
Wirtinger integral is considered, we can cite Elliott’s paper [7] (see also Dixon [6]), where
a generalization of the Legendre relation in the theory of elliptic integrals was established.
One of the advantages of exploiting the matrix functions above in the study of the hyper-
geometric function is that the monodromy property and the connection relations of the
hypergeometric function are all translated as transformations of those matrix functions
under modular transformations of the independent variable (Section 3). Moreover we
can derive such transformations by exploiting classical formulas of theta functions with-
out need to use any monodromy property or connection formula of the hypergeometric
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function. That is to say, this gives another new derivation of the monodromy property
and the connection formulas of the hypergeometric function of Gauss.
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1. Wirtinger integral for the hypergeometric function of Gauss.

Following the notation of Chandrasekharan [1], we introduce the four theta functions
a(ua 7_)7 ez(uv T) (Z =12, 3) by
1 R 2
0 —— —1)" (n+%) it ,(2n+1)wiu
=g 3 -1 e,
+oo

601 (U, 7_) — Z e(n+%)2ﬂire(2n+l)7riu,
92(,&’ T) — Z (_1)nen 7rz7—62n7rzu’
03(,“7,7_) — Z en 7T7,7'e27l71'2u7

n=—oo

which are defined for all (u,7) € C x H, where H denotes the upper half plane. Mumford
[2] (see also Umemura [3]) adopts the symbols 0y, 01, 010,011 to denote the theta func-
tions above. The relations between the two notations are as follows: 0(u,7) = —611 (u, 7),
01(u,7) = O10(u, 1), O2(u,7) = Oo1(u, 1), O3(u, 7) = Ogo(u, 7). The lambda function A(T)
is defined by \(7) = z;gg:gz . It defines a mapping of H to the open set U = P*—{0,1, 00}
of P! the complex projective line, and is invariant under the action of I'(2) the principal
congruence subgroup of level 2: )\(g:idb) = A(7) for (‘C’ 3) € I'(2). So the mapping
defined by A(7) induces an isomorphism of H/I'(2) onto U. We can choose the set
C={reH|-1<Rer<1, |[r+%[>1 |r—1| > 1} as a fundamental domain of H
for the group I'(2). By the behaviour of A\(7) near the cusps, the points 7 = 0, 1, oo cor-

respond to the points & = 1, 00,0 of P!, respectively. Moreover, by the mapping defined

by A(7), the positive imaginary axis of H maps to a curve of U with boundary points
2 = 0,1 homotopic to the real open interval (0,1) in U, each of the upper semi-circles of
H centered at 7 = :I:% with radius % maps to a curve of U with boundary points x = 1, 00
homotopic to the real ray (1,+0c0) in U, and each of the rays (—1,—1 +ic0), (1,1 +ic0)
of H parallel to the positive imaginary axis maps to a curve of U with boundary points
x = —00,0 homotopic to the real ray (—o0,0) in U.
Let F(a, 8,7, z) denote the hypergeometric series of Gauss or its analytic continu-
ation, and let E(a, 3,7) denote the hypergeometric differential equation of Gauss:
d*y

z(1—x) T2

+{7—(a+ﬁ+1)m}%—aﬁy:0.

The following formula of modified Pochhammer type holds (cf. [4]):
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3 I'(v)
F(a,ﬂ,’y, ‘T) - (1 _ 647ria)(1 _ e4ﬂi(’v—0t))['(a)F(’y — Ol)

(1++,04++,1-—,0——)
x/ Y1 — )y —at)Pat,  (1.1)

whereaw #1,2,3,...,v#0,-1,-2,...,y—a#1,2,3,...,and (1++,0++,1——,0——)
denotes the cycle with base point ¢ = % where argt = arg(1 —t) = 0 turning first around
t = 1 twice anticlockwisely, second around ¢ = 0 twice anticlockwisely, third around ¢t = 1
twice clockwisely and lastly around ¢ = 0 twice clockwisely. Let us make the lift of the
function F(«, 3,7, x) or, strictly speaking, of the analytic continuation of F(a, 8,7, z) to
the upper half plane H. We set wy; = 703(0,7)?, wo = w7, k% = A(7). Jacobi’s elliptic
functions are defined by
03(0,7)60 (, 7'>
w1

<

snv = sn(v, k)

(5]
— 7
w1
m(a)
— 7
cno = cn(v, k) = 1
v
— 7
(w1 )
03<v77—>
dnv =dn(v, k) = 1
(G)
— 7
w

Substituting z = A(7) and ¢t = snv into (1.1), we have

2I°(v)
(1 —etmia)(1 — etmil=) () [(y — a)

Fa, 8,7, M7)) =

(54,04, %5 —,0-)
></ (snv)?* enw)2 722 Y (dno) P dy, (1.2)

where (%t4,04, % —,0—) denotes a usual Pochhammer cycle. This integral representa-
tion is obtained by Elliott [7] (see also [6]). Rewriting (1.2) with theta functions and
setting u = v/wy, we have

Fla,B,7,M7))

B 2m(v)03(0, 7)? 1
= (1 _ 647”'(1)(1 _ 64771'(3—04))[1(0[)1—1(7 — Oé) )\(T) (1 — >\(7'))

y—a—p
2

(3+,0+ 0-)
X / g(u’ 7_)20¢—191 (u7 7)27—2a—192(u’ 7_)25—27-&-193(“7 T)_Qﬁ-Hdu.

(1.3)
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We call this representation Wirtinger integral for the hypergeometric function of Gauss
(see [5]). Note that the function F(«, 3,7, A()) of the variable 7 is single-valued and
holomorphic on H.

2. Hypergeometric functions of matrix form and their lifts to the upper
half plane.

Let Y =Y () be a 2 x 2 matrix-valued analytic function of the complex variable x,
and let A(x) denote the matrix-valued function given by

Alz) = ———
SN T Bla-y+1) By—a-1)

aly—a—-1) a(f-y+1)
Bly—a—-1) BB-v+1)

1 FW—7+D Mv—ﬁ—U]

1

Ta-pE-1

where «, 3, denote complex parameters. Let us consider the following differential equa-
tion of 2 X 2 matrix form:

d
=Y = A(@)Y. (2.1)

This is a hypergeometric differential equation of matrix form. In fact, if we set

Y =

Y11 () y12($)1

Y21(z)  y2o(z)
we see that the functions y11(z) and y12(z) satisfy the equation E(a, 5+ 1,7), and the

functions yo1 (z) and yoo () satisfy the equation E(a+1, 3,7). In what follows, we always
assume that the parameters «, 3,y satisfy the conditions

a¢Z,¢Z, v¢Z, v—a¢Z, v-p¢Z, y-—a-B¢Z, anda-F¢Z. (22)

Let Yo(x),Y1(x), Yoo (x) be the local solutions of (2.1) at = 0, 1, 0o, respectively, given
by

Yo(z) F(o,B+1,7,z) aw—v+Dﬁ”Fﬂ+a—%2+ﬁ—%2—%@]
T)= )
’ | Fla+1,8,7,2) Bla-vy+1)z'" "FQ+a—~1+8—-7,2—-7,x)
V() [(B—~v+1)F(a,f+1,a+8—-7+2,1—2)

) =

! (a—v—l—l)F(a—l—l,ﬁ,a—i—ﬁ—v—&—Q,l—33)

( m,ya_B_IF(’y_a77_ﬁ_177_a_ﬂa1_x)‘|

)
B(l—2) P F(y—a— 1y~ B,y —a—f,1-z)
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Yoo - @ D= B DA—2) " Flay =~ La—p.(1- >?

By —a—1)(1—2) """ 1F(y— f,a+1,a—-F+2,(1—a2)"
aly = B-1)(1—2) PPy —a, 8 +1,8—a+2,(1-2)")
(B-a)B—a+1)l—2)PF(By—a-18-a1-a)")

-
The image of the monodromy representation of (2.1) is contained in the gerenal linear
group GL(2,C), but not in the special linear group SL(2,C). To obtain from (2.1) a

matrix differential equation whose image of the monodromy representation is contained
in SL(2,C), we introduce a new 2 X 2 matrix unknown Y by

y—a—B—-1 ~

Y=z (1-a2)"7 VY. (2.3)

If we eliminate Y from (2.1) and (2.3), we have a new differential equation

d ~ - -
@Y =Ax)Y, (2.4)
where A(z) is given by
R R
(OZ—IB)LC ﬂ(OZ—’Y“Fl) —aﬁ+(a+5)2(7_1)
R PPRCEY ICES ELES) 1)
_’_7
@ D)) Samt)  —apelotflationry

From Yy (z), Y1(2), Yoo (2), we can obtain via (2.3) the local solutions Yy (z), Y1 (z), Yoo ()
of Equation (2.4) at x = 0,1, oo, respectively. In fact, we have

. 2T (1= 2) T o, 4 1,7,0)
Yo(o) = | atByt1
.’,UT(I—I) 2 F(a+1vﬂ77ax)
1—x atB—y+1
a-y+lz= (1-2) = F(l+a-7v2+-7,2-7,1)
Bla—y+ e T (1-2)" 7 F2+a—v1+0-72-v2)]
Yi(z) B-v+1)2" T 1-2)" T Fla,f+1,a+8—7+21-2)
1\r) = —1 « — 1
(a—v+ DT (1-2)" 5 Fla+1,8,a+8—7+2,1-2)

ar’T (1-x) Tt

F(’Y_Oé?’y_ﬂ_]-a’y_a_ﬁvl_x)]
Fy—a-1,y-Bv-a—-p1-a)|
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x%(l _a) —otf-y+1

—atB—y—1
2

3 (a=pB)a—B+1)
Bly—a—1)a'z (1-2)
aly— -1z T (1—a ‘Fly—a,f+1,8—a+2 (1—2)")

~— a—B—~+1

B-a)B-at+lzm (l-2) = FBy-a-1-a(1-2)7")

Fla,y—pf-1a—08,(1-2)7})
F(’y—ﬂ,a—i—l’a—ﬂ—kQ’(l—iﬂ)il)

)Q—ﬁEW—

It is easy to see that the local monodromy matrix of each function Y;(z) (i = 0,1, 00)
has determinant one. _ ~ ~

Let us make the lifts of the functions Yy(x),Y1(z), Yoo (z) to the upper half plane
H, using the Wirtinger integral (1.3). Namely, we set 7/ = —1/7, 7" = 1/(1 — 1),
Zo(T) = Yo(A(7)), Z1(7") = Yi(A(7)) and Zoo(7") = Yao(A(7)). Applying (1.3) to each
component of Y;(A(7)) (i = 0,1,00), we have
i 271(7)03(0,7)2
(1= etmia)(1 — eimi0-) (@) T (7 — )

1 1_9-
(3+.0+,3-,0-) 2a—1 2y—2a—1 28—2v+3 —2B—1
X 0(u,T) 01 (u, ) 02 (u, T) 03(u, ) du

Zo(7) =
o(7) 211(7)65(0, 7)?
(1 — e*miB) (1 — =i =P [ (B) T (v — fB)
1 1 0=
y (3+.0+,5—-,0-) o( 26-1 2y—28-1 2a—2v+3 —2a-1
u, 7) 701 (u, T) 02(u, 7) O (u, 7) du
2ral’(2 — v)05(0,7)? ]
(1 — emiB=—)(1 — e~ 4B (—B) (1 + B — 7)
(3+,0+,3—,0-) 28_2-43 —28-1 2a—-1 2y—2a-1
X O (u,T) 01 (u, ) 02 (u, 7)™ 03 (u, 7) du
2mBI(2 — 7)85(0,7)* 7
(1 —emila=)(1 — e 4 (—a) (1 + o — 7)
(3+0+.5-.0-) 20—2v+3 —2a-1 28-1 2y—26-1
x O(u,T) 01 (u, T) O2(u, 7)™ s (u, ) du
i 2nl(a + B — v +2)603(0,7')°
(1 — etmie)(1 — eAmiB=) () (B — v + 1)
(3+,04+,3-,0-) N2a—1 1\26—27+3 Y2y —2a-1 y2ht
X O(u, 7)) 01 (u, T7) O2(u,7’) 03(u, ) du
A (T,) =

2nl (a4 B — v+ 2)05(0,7)2
(1 — etmiB) (1 — etmile=NT(B) (. — v+ 1)

(%+70+7%_’0_) n2B—1 "N2a—2v+3 1\2v—28-1 fy—2a—1
></ O(u, ") 01 (u, ") Y05 (u, T O3(u, ") du

2ral’ (v — a — 8)05(0,7)? ]
(1 emt-en)(1 — e (AT~ a)

1 1_o_
(5+,0+,5—,0 >9 NIy—Za—1 o281 21 N2B—27+3
X (u, 7" 61 (u, ") 02 (u, ") Os(u, ") du

27T (y — a — 8)85(0,7')*
(1 —etmi(v=P)(1 — e 47 ['(—a) (v — B)

1 1_o_
(3+,0+,5—,0 )0 Nay—25—1 N—2a—1 N2B—1 N2a—2v+3
X (u, ") 01 (u, 1) 02(u, 7") 03(u, 7") du
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[ 27‘(‘6%#“771)]—‘(05 — B4 2)0:(0,7")2
(1 7)1~ e+ (@) (-5)

(3+,0+,5—,0-)
% / 9(u77_//)2a 1 (

)"
—2rBer i~ DI(a— B +2)8:1(0,7")?
(1~ e M1 — emie (3~ AT (o — 7+ 1)

(%+,0+,§—70_) N2y —28—1 11\2a—2v+3 1\26—1 my—2a-1
></ O(u, """ 01 (u, 7)) 02 (u, T) T 05 (u, ) du

28— 1 (’lL, 7_//)2'\/—2(1—193(u’ 7_//)2[3—2'y+3du

Zeo (T”) _

—2raez™ I (B — o + 201 (0, 77)2
(1 —etmiB=M)(1 — etmi=))(y — a) (B — v + 1)

(3042 =07) N2y —20—1 1N26—27+3 n2a—1 1—28—1
X O(u, ") 01 (u, ") O2(u, ") O3(u, ") du

QTre%T”'(”*l)F(ﬂ —a+2)0:(0,7")?
(1= e79)(1 — e[ (~a) ' (3)

(30430 )9 1261 1 —2a—1 112y —28—1 1\ 200— 243
X (u, ") 01 (u, ") 02(u, ") O3(u, ") du

Note that the matrix functions Zo(7), Z1(7'), Zso(7") are single-valued and holomorphic
on H.

3. Transformations of Zy(7), Z1(7’), Zoo(7").

The translation of the local monodromies of the matrix functions Yg(z), Y1 (z), Yoo (2)
into Zo(7), Z1(7"), Zoo(7") is as follows:

emi(y—1) 0

ZQ(T + 2) = ZQ(T) 0 eﬂ'i(l—'y) ; (31)
emilat+f—y+1) 0

’ o ’ .
Zy (7 +2) = Zy () . i) (3.2)
e”i(afﬁ) 0
Z 11 2 — Z 1 .
D=2 | (3.3)

Without need to use any formula for Yy(z),Yi(x), Yao(x), we can easily verify these
formulas directly by trzjnsforr{lation}ules of theta functions. The translation of the
connection formulas of Yy(z), Y1(x), Yoo () into Zo(7), Z1(7"), Zoo(7") is as follows:

THEOREM (Gauss-Riemann).  Assume the conditions (2.2). Then we have
ITWry—a=p-1) IC-yIy-a-6-1)

Zo(r) = Z0(+") Iy —a)l'(y—p) F(=a)I'(=p) 34

R I 40T C R et R B Nt} K ek etV I
la+1)I(B+1) I'Na—~y+1DI(B—-v+1)




120 H. WATANABE

L)IB-a=1) IC-PI(B-a=1) .,

Zo(r) = Z (s Fy—a)(B+1) I(=a)l'(1+5-7) (3.5)

T e == re-yra--1 ., |
T+ =3) T +a-)I(=5)

Our proof is given in the next section. Formulas (3.1)—(3.5) determine the mon-
odromy of the hypergeometric function of Gauss completely. For example, combining
(3.4) with (3.2), we have immediately

COROLLARY. We have

—cosm(a—B)+e ™ cosm(y —a— )

. B _ 1 sIn Ty
ZO(QTH) = Zo(r) 2mil (v — 1)I(7)
I'a+1)I(B+1)I(y—a)l(y—B)
omil(1— )2 —7)
I(—a)L (=) I +a—yI(1+3-7)
cosm(aw— ) — ™ cosm(a+ 3 —7)
1sin 7y

(3.6)

This is the translation of the monodromy of Yy(z) along a curve with base point
near ¢ = 0 turning around = = 1 in the anticlockwise direction.

4. Proof of Theorem.

We set
_211(7’) 212(7')
Zo(T) = ,
0( ) _2:21 (7’) 222(7)]
Zi(7) = Cn(Tl) 412(7/)] 7
[G21(7") Caa(T")
Zuiery = |00 2
o0 o 221(7_//) Z22(7_//)

Let us first prove Formula (3.4) by exploiting transformation rules of theta functions.

LEMMA 1.  We have

e (r) = LBy + 1)e~mie I()(—B)emiti=a)
11 = (

Ta+B -7+ - Tar i —a—g )
P()I(1+ 8= )T (=B)emic—e—d)

T M+ DG —ara—y) 2k (4.1)
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PRrROOF. Applying Jacobi transformations of theta functions to the expression of

z11(7), we have

2T (7) i 0NN
= , : —05(0,—— | (—0)e™
() (1 — etmio) (1 — edmiv—a) () (y — a) T U7 (=i)e
(l+70+7l_70_) 200—1 23—2v+3
T T T T
2y—2a—1 —28—1
1 1
X 92 <u,—> 6‘3 <u7—> du. (42)
T T T T

Substituting v = —u/7 into the definite integral of (4.2), we have

() = 2me= ™ [(7)03(0, 7')?
T U= e (1 = O (o) F(y — )

(Z+,04,% —,0-)
« / e(v’7_/)2017191(,077_1)2572’)@&’)
X 92(11,7")27720‘7193(1),T')fzﬁfldv, (4.3)

where we chose in the integral of (4.3) the branch of 6(v,7/)?*~! satisfying
O(—v,7')?0" 1 = —e=2miag(y, /)22~ Applying Cauchy’s theorem to the integration of
the integrand of (4.3) along the parallelogram with vertices 0, %7”, %(1 +7'), %, we have

1
(1 _ 64771'04)(1 _ 647ri('y—a))

(5 +.0+,% —,0-)
« / 0(1], 7_/)2a7101 ('U, 7_/)2672’)/«%382(,07 7_/)2772a7103(v’ 7_/)7267161,0

1
(]_ _ e47rio¢)(1 _ e47ri(ﬁf'y))

(3+,04,4—,0-)
X / 0('0,7'/)2&7101(1),T/)2ﬁ72’y+302(11,T/)2A/72a7103(’l),7'/)72B71dfu

ewi'y

(1 _ 6—47Ti6)(1 _ e47ri(’y—o¢))

+
(34,04+,3—,0-)
X / 9(’0,T,)2772a7191(’0,7'/)72ﬁ7102(’0,T/)2a7193(’l),7'/)2ﬁ727+3d7)

2mi(v—p)

- (1- 6747riﬁ)(1 _ e47ri(,87'y))

(F+0+%5—,0-)
% / 9(,07 7_/)2@—2’7-1—391 (,07 7_/)204—192(,07 7_/)—2[3—193(,07 7_/)2'y—20¢—1dv7
(4.4)
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where we chose the branch of 6:(v,7/)?=27"3 gatisfying 61(v + 3,7/)2F~-27+3
—e2m (=) g(v, 77)2P=27+3 SQubstituting (4.4) into (4.3), we have the desired formula

(4.1), which proves Lemma 1. O

LEMMA 2. We have

. ﬁ)zf@—vﬂ1a+na%%@ T2 -y —a)e ™8 ()
12 I'a+8—-—~v+2)I(-P) T1+B8—)I(y—a-p) 12
L2 -y —a)(a+1)em—a=0

T reorareoare (42)

(') +

The proof is similar to that of Lemma 1. We omit it.
The system of linear equations (4.1) and (4.5) is unified as the single matrix equation:

I2—)I(y—a)l(at1)em0—=h)
I1+8-yI(=3I ()
L)L (+B—y) L (=p)em =P )
Ila+1)I(y—a)l'(2-7)
I(NL(B—~+1e ™ I(2—7)(a+1)em0=0)
Fy—a)(a+8-~v+2) I(a+8—y+2)0I(-p)
r(y)I(=pBem0—) F2—)I(y—a)e ™
Fla+)I'(y—a=p) TI'y—a=-BIB-y+1)

1
(211(7), z12(7))

= (Cu1(7"), Cr2(1"))

from which it follows that

(211(7), 212(7))

INI(y—a-p-1) TI'2-NI(y—-—a-p-1)
_ / , I(y—a)l'(y—p) I'(—a)I'(=p)
= (Cua(7), Gr2(7") PO tf-nt1) T@-atfntl) | (4.6)
Ila+1)I'(3+1) Fla—y+1D)I(B-~+1)
Exchanging the variables « and (8 in (4.6), we have immediately
(221(7), 222(7))
ITN(y—a=-p-1) I2-NI(y-—a--1)
_ / ) I'(y=a)l'(y = ) I(=a)I'(=p)
= (C1(7'), G22(7")) F)(a+f—v+1) TE—at+h-r+1) | (4.7)
Ia+1)I(B+1) INa—~y+1H)I'(B—~+1)

The system of equations (4.6) and (4.7) is equivalent to the matrix equality (3.4), which
proves the first half of the theorem.
Next, let us prove Formula (3.5).
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LEMMA 3.  We have

_LOIB a1, TEa-§-1)
S TG - Tk it )

Z12 (7'/’). (48)
Proor. By transformation rules of theta functions, we have

2mez™ (1) ['(7)05(0, 7 — 1)2
(1= ctmio)(1 = edmi0-) [(a) [ (7 — o)

211(7) =

(34,0+,3—,0-)
X / O(u, 7 —1)2710, (u, 7 — 1)27 7271
X Oy (u, 7 — 1) 72105 (u, 7 — 1)~ 234y, (4.9)

Applying Jacobi transformation formulas to (4.9), we have

1 — edmia)(] — ednilv—eN () [(y —a) T — 1 1—T

(3+,0+,5—-,0-) u 1 2a—1 u 1 —2p-1
« / o ——) o,
T—1"1—71 T—1"1—71

2y—2a—1 28—2v+3
u 1 U 1
O —— O3 —— du. 4.10
% 2<T—1’1—T> 3(7’—1’1—7’) " ( )

Substituting v = u/(1 — 7) into the integral of (4.10), we have

Qﬂ_e%ﬂ'i('yfl)e%ﬂ'i@afl)f' i 1 2
211(7') = ( (IY) 91 (0 )

271-6%”(7—1)6_”“[’(7)91(0,T”)2
(1= et (1 — et o) N(a) (7 )

2’11(7') =

(5 4.0+, 5 —,0-)
« / 9(’[],T//)2a_101(11,7'”)_26_1
X Oy (v, 7")2 720 gy (v, 7) 2203y, (4.11)

where we chose in the integral of (4.11) the branch of 6(v,7”)**~1 satisfying
O(—v,7")2"t = —e=2maf(y, r"")22=1 Applying Cauchy’s theorem to the integration

of the integrand of (4.11) along the parallelogram with vertices 0, 7", (1 4+ 7”),

)9 ’» 92 we
have

1
(1 — efmia)(1 — edmiy—a))

(04,55 +,0—, 32" )
x / (v, 72710, (v, 7") T2y (v, 7)Y 2T, (v, 1) 2P gy
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S~—"
AN
—
\
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'S
3
S.
=
S~—"

eZTrzB

(1 — e=4miB)(1 — edmi(B—7))

(T +,0+, 7 —,0-)
X / 9(’[}, T’I)—Qﬂ—lal (7}, 7_//)204—192(,07 T//)Qﬂ—27+303(,07 T//)Q'y—Qa—ldU

eTI"L"Y
(1- 6471'2'(7704))(1 _ 64m‘(ﬁ7’7))

(0+,3+,0—,3 -
X / 9(,077_//)27—204—191 (,077_//)26—2'7-&-3(92(1)’7_//)204—193(1}7 T//)_Qﬂ_ldv

- (4.12)

where we chose the branch of 61(v,7”)"2%71 satisfying 61(v + %,77)72071 =
—e?mBg(vy, 7"")~26=1 Moreover, applying Cauchy’s theorem to the integration of the
function 0(v, 7"") 72710 (v, 7"7)22 10, (v, 77)2P 27305 (v, 7)27~ 221 along the same par-

allelogram, we have

1
(1 — e=4miB)(1 — edmi(B—7))

(0+, 7 +,0—, 7 =)
X / 9(’[}, T/I)—Qﬂ—lal (7}, 7_//)2@—192(,0’ 7_//)2[3—2"/-1-393(,07 T//)Q'y—ro—ldv

1
(]_ _ e47rio¢)(1 _ 6747riﬁ)

_|_

(3+,0+,5—,0-)
X / 9(077_//)72[37191 (’U,7'//)2017102(1),T,/)2ﬁ727+393(1/,T//)2772a71d1;

6—2771(1

(1 — edmia)(1 — edmily—a))

(24,04, 7 —,0-)
X / 9(1},7_//)2@—191 (’U,7'”)_25_192(’1},7'”)27_20‘_193(’0,T//)25_27+3dv

e~ T
(1 — edmi(y=a)) (1 — e4mi(B—7))

(0+,5+,0—,3-)
X / 9(07 7_//)2[3727+301 (U, 7'”)27720‘7192(1}, 7_//)72[37103(07 T//)Zafldv

- (4.13)

where we chose the branch of 6;(v,7")?*! satisfying 601(v + %,T/l)Qafl
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—e~2miog(y, 7)22=1 From (4.12) and (4.13) it follows that

1— eZ‘/ri(ﬁfa)

(1 — emio)(1 — etmily=a))

(T +.0+,5- —,0-)
X/ O(v, )20y (v, 7)) T2 0y (v, 7)Y T2 05 (v, 7)) gy

1— 6271'2',(3
= (1 - 64”0‘)(1 _ e—4mﬂ)

(2+,04,4—,0-)
X / 0(1}, 7_//)204—191 (1}, 7_//)72(37192(1}’ 7/1)27—204—103(@’ 7'”)2[372W+3dv

67”'y — 627"1'56—#17

+ (1 — edmi(r=a))(1 — e4mi(B—7))
(2+,04+,4-,0-)
X / 9(1),7'”)27726!7191 (v77_//)2,8727%392(”’7_//)20471‘93(1], T/,)iz'@ildv,
(4.14)
1 — e2mi(B—a)

(1 — e=4miB)(1 — eAmi(—))

(T4 4,0+, 5 —,0-)
X / (9(1}, T//)—Qﬂ—lel(v’7_//)204—192(1}7 7_//)2/3—27—}-393(1])7_//)2’y—2a—1dv

1— e—27rio¢
(1 — edmio)(1 — ¢—4mih)

(3+,0+,1-,0-)
X / 9(1}’ 7_//>20¢—191 (U, 7_//)—26—192(1}7 7_//)2f):—20¢—193(v7 7_//>2[3_2,y+3dv

6727”'0(67”"7 + eiﬂ'i’y
(1 — edmi(y=a))(1 — edmi(B=7))

(2 +,04,4—,0-)
X / 9(1}’7_//)27—2(1—191(1)’7_//)25—2"/-&-392(1}7 T//)Qa_leg(v,T”)_2ﬁ_1d1}_

(4.15)

Substituting (4.14) into (4.11), we have the desired formula (4.8), which proves Lemma
3. O

LEMMA 4. We have

rE-—NrB-a-1e ™
I(1+p—-yI'(~a)

re-—yra-pg-1e™

e 4l

(4.16)

Zy (") +

2’12(7') =

The proof is similar to that of Lemma 3. We omit it.
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Exchanging « and § in (4.8) and (4.16), we have immediately

_F('Y)F(B_O‘_l) " F(V)F(Q_ﬁ_l) "
0= 10 a6 —a) ) T i 5 72T 1
_ F(2 — V)F(ﬁ —a— 1)6_m’y " F(2 - W)F(a — ﬂ - 1)6_7”7 "
B U ot R ¥ )T (e T R
(4.18)

Formulas (4.8), (4.16)—(4.18) are unified to the single matrix equality (3.5), which proves
the second half of the theorem.
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