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Special values of the spectral zeta functions
for locally symmetric Riemannian manifolds
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Abstract. In this paper, we establish the formulas expressing the special values of the spec-
tral zeta function{a(n) of the LaplacianA on some locally symmetric Riemannian manifold
M\G/K in terms of the coefficients of the Laurent expansion of the corresponding Selberg zeta
function. As an application, we give a numerical estimation of the first eigenvaliéyptomput-
ing the valueg/ (n) numerically, wheri \G/K is a Riemann surface witfi being the quaternion

group.

1. Introduction.

Let G be a connected non-compact semisimple Lie group of real rank one with finite center,
K a maximal compact subgroup & andl™ a discrete subgroup @ such thatm \G/K < oo.
We denote by; the eigenvalue of the Laplacian 6n\G/K such thaD = Ag < A1 < ... andn;
the multiplicity of A;. We define the spectral zeta functi¢x(s) by

n(s) = i njA: S Res>d/2, 1.1
=1

whered = dim(G/K). Whenl"'\G/K is a compact Riemann surfaces of gepus 2, the val-
ues{{a(n) }n>2 satisfy a certain formula which assures tatn) is expressed by the (higher)
Euler-Selberg constants and the special values of the Riemann zeta fuhdidaee, HIKW ]

or [Sf]). Here the Euler-Selberg constants are defined as the coefficients of the Laurent expansion
of the Selberg zeta functidfy- (s) (for the definition, see (2.5)). These are analogues to the Euler
constanty which is a constant term of the Laurent expansion of the Riemann zeta function. Sim-
ilar to the expressioly = liMmy_.» (¥ n<x1/n—logx), the Euler-Selberg constants are expressed

as the sum over the hyperbolic conjugacy classds(sée (2.8); see alstl]).

The aim of this paper is to establish an explicit descriptiodxth) by the Euler-Selberg
constants for locally symmetric Riemannian manifolds. In principal, this relation can be obtained
by the determinant expression of the Selberg zeta function (see Remark 2.2). In fact, using
the trace formula here, we first show that the vafaén) is explicitly written in terms of the
Euler-Selberg constants and the special values of the Riemann zeta fuf&idar a compact
locally symmetric Riemannian manifold (see Theorem 2.1). Furthermore, we also deal with
some non-compact cases. Actually, we establish the formulgg(nf whenr is eitherSLy(Z)
or the congruence subgroup 8E>(Z) (see Theorem 4.2). Since no explicit descriptions of the
scattering matrices are known in general, it is hard to obtain a similar formula very explicitly for
a non-compact case generally, though the idea for obtaining such a formula is the same as, e.g.,
theSLy(Z) case.

2000Mathematics Subject ClassificatioRrimary 11F72; Secondary 11M36, 35P15.
Key Words and Phrasespectral zeta fucntion, Selberg’s zeta function, first eigenvalue.



218 Y. HASHIMOTO

In the last section we give a numerical computatioqin) for the quaternion groups. By
virtue of Theorem 4.1, the calculation is reduced to that of the (higher) Euler-Selberg constants.
In order to calculate the (higher) Euler-Selberg constants for the quaternion group cases, we
use the arithmetic expression of the Selberg zeta function obtainétKiN [. This method is
regarded as a generalization of the discussion for calculatiddl{dZ) in [H]. Since the growth
of the sequencé¢la(n)}n>2 depends mainly on the first eigenvaldge of the Laplaciam, we
also discuss a numerical estimation of the eigenvajue

2. Preliminaries and main result.

Let G be a connected non-compact semisimple Lie group with finite centeK andaximal
compact subgroup db. We putd = dim(G/K). We denote by, ¢ the Lie algebras o6, K
respectively ang = £+ p a Cartan decomposition with respect to the Cartan involuflidret a,,
be a maximal abelian subspacepoflThroughout this paper we assume treatk(G/K) = 1, that
is,dima, = 1. We extend, to af-stable maximal abelian subalgeloref g, so thats = a, + a,
wherea, = anp anday = aN€. We putA = expa, A, = expa, andA; = expag.

We denote by, a€ the complexification ofj, a respectively. Let be the set of roots of
(g€, aC), @* the set of positive roots i, P, = {a € ®*|a #00na,}, andP_ = &+ —P,.
We putp = 1/25 ;cp, a. Forh € Aand linear formA on a, we denote by, the character of
a given by ¢, (h) = expA(logh). Let > be the set of restrictions t@, of the elements oP;.
Then the sek is either of the form{3} or {3,283} with some elemenB € >. We fix an element
Ho € a, such tha3(Ho) = 1, and putpp = p(Ho).

Letl be a co-compact torsion free discrete subgrou.dfVe denote byC(I") a complete
set of representatives @éf-conjugacy classes of semisimple element$ inPrim(I") a set of
primitive hyperbolic conjugacy classeslofandZ(I") a center of". Fory € C(I" ), we denote by
3, an element oPrim(") such thaty = &), for some integef > 1, h(y) an element oA which is
conjugate tgy, andh, (y), he(y) the elements ofy,, A, respectively such thai(y) = hy, (y)he(y).
Let N(y) be a norm ofy given byN(y) = exp(B(log(h,(y)))), andD(y) the function defined by
D(y) = N(Y)?® [Nacp, |1~ Ea(h(y) 2.

We denote byu(s) the Plancherel measure K. For convenience, we write

1 Po, - p(r) if G=SAn,1),
a= po = p(r) = . (2.1)
2 Po/2, 2u(2r) if G#SQn,1).

The functionu(r) is expressed by the form

f(s) := nCg'P(r)a(r),

)

whereCg, P(r) ando(r) are as follows (see, e.gMj] or [Wi]).

G d Po Po Co o(r)
sQ2m-1,1) 2m-1 m-1 m-1 2™ (m-1/2? 1
sQ2m,1) 2m m—1/2 m—1/2 2*™4 (m)? tanhrr
sU2m-1,1) 4m-2 2m-1 m-1/2 25 (2m-1)2 tanhm
su(2m, 1) 4m 2m m 24m-51 (2m)? cothrmr
SAm, 1) 4m 2m+1  m+1/2 21 (2m)? tanhrr

F4 16 11 132 2191 (8)? tanhrr
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G P(r)
sQ2m-1,1) r2E(r2+j?)
SQ2m,1) AT {2+ (1 - 1/2)%)

sum-1,1) rHr2+(j—1/2)%)2 (2.2)
su(2m,1) P2+ j2)?

SAm,1) r{r?+(m-1/2)% NTHr2 + (j - 1/2)%)2

Fa r(r+1/4)2(r>4-9/4)2(r2 4+ 25/4)(r?> +-49/4)(r? +-81/4)

Let Aj be the eigenvalue of the Laplacianon M\G/K such thaD=Ag <A1 <A> < ...,
rj the number given by = p§+ rj2, andn; the multiplicity of A;. We define the spectral zeta
function {x(s) of A by

=1

We assume thdtis a function whose Fourier transforfr) = 1/2m [, f (x)€* dxsatisfies
that f(r) = f(—r), f is holomorphic in{|Imr| < po+ &}, andf(r) = O(|r|~9-?) as|r| — oo for
somed > 0. Then, the following formulatbie Selberg trace formulaee, e.g.Ga]) holds.

Z)f r)= logN(8y)D(y) *N(y)™ f (logN(y))

veC -Z(r)
4ivo| (M\G)Z / fr (2.4)
Then the Selberg zeta function is defined as follows.

zr(9= [1 []@-&(h(8)N(@&) 5™ Res>2p, (2.5)
dePrim(I") AeL

whereL is the semi-lattice of linear forms angiven byL = {z}zlmai lai € Py,m e Zzo}, m,
denotes the number of distidetuples(my, ..., m) such that = z!zlmiai € L. The logarithmic
derivative ofZr (s) can be written by

Zr(s) _ I s
Zr(s) yec(g—z(r) 9NN NE) Res> 2po. (2.6)

It is known thatZf- (s) /Zr (s) has a simple pole &= 2po, and the Laurent expansionsat 2pg
is written as

S0 < ok k
= +y A+ S—2pp)". 2.7
.. 0) . . ~ |8 .
Here, the coefﬁueny?ﬁ is called the Euler-Selberg constant, aws (k > 1) the Euler-Selberg

constant of ordek or simply the higher Euler-Selberg constant. These values have the following
expressions (seél]).



220 Y. HASHIMOTO

jpo - 3 nm{ 3 logN<6y>D<v>-1<logN<v>>k('"gx)k“}. 28)
Koo ez k+1

The main result of this paper is to provide expressions of the values of the spectral zeta function
ats=n>d/2in terms of the Euler-Selberg constants above &frg’s.

THEOREM2.1. Forn>d/2, we have

n—-1 _k_ _
2o = 5 -0 P )@t - (7)) iz oriong

n-1
where
ipwm)(a”lsz—l)l/;gm, if G#£SQ2m—1,1),
2 24 2
|(<3n> -= CG_:L X n(d_zl)/z(—l)m*1D2 e ﬂ <2n a- 2)
v m qu (2m—g!\ n-1
if G=S0(2m—1,1),

A d/2 . min(n—I,2m-1) om—1 M-l —ag—1
S T N N G | G [
q:

m=1 q
and pm's are determined b(r) = Zﬁ;ll pmr™.

REMARK 2.1. By using the trace formula (2.4), the spectral zeta func{igfs) is ana-
lytically continued to the whole complex plaeas a function which is holomorphic except for
possibly simple poles a&=d/2—k (0 <k <[d/2]) (see Ra] and [Wi]). In this analytical con-
tinuation, the contribution of the hyperbolic elements vanishes=at-n (n > 0), hence{a(—n)
is expressed only by the contribution of the identity element, especially a sum of the Bernoulli
numbers (seeBW]). On the other hand, &= n > d/2, since the contribution of the hyperbolic

elements does not disappeé(n) is expressed b)?,(-k).

REMARK 2.2.  When we denote bya(s,X) := ¥ j>oNnj(Aj +X) 75, it is known that there
exists a meromorphic functio@r (s) such that

exp(:ZZA(ZS(ZPoS))’z_o) =Zr(s)Cr (s). (2:9)

Here,Gr (s) is called the Gamma factor and is explicitly calculateddn]. Since the left hand
side of (2.9) is interpreted as the zeta regularized determinaft-0$§(2pp — s), the formula
(2.9) is called the determinant expression of the Selberg zeta function (seeVe]y. When

we take the Laurent expressionsat 2pg of the logarithmic derivative of (2.9) and compare the
coefficients of the both sides, we can obtain certain formulas which rélétg’s with Vﬁk%s.
However, in this paper, we shall not use this idea but apply the trace formula (2.4) directly
to prove Theorem 2.1, because the fofg{n) = 2)7,(—k) is immediately obtained by the trace

formula.
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3. Proof of Theorem 2.1.

Letn> d/2 anda> pyp. Putting

n71£ (2” —k-— 2> (Za)—2n+k+l|x|k

into the trace formula (2.4), we obtain

"¢ (2n—k-2 _anikt (DX (ZF 0
@pby e s ra—pd =5 (M%) e G () aee

>1
LYOlM\G)[Z(T)]
am

/‘oo (r2+a?)"u(r)dr. (3.1)
Since

> 2 o (2n—k-2 okl ~ (k41 (k1
@opby =5 (17 @ @ e ) @2

it follows that

2n—k—2 _k 2\ W
a _pO Z ( ) 2a)—2n+k+1( kl) (ZII:> (a+p0)

1k 72\ K
;(2” el a>—2“+k+1{(k1>(§;) <a+po><apo>-k-1<a+po>—k—l}.

Hence if we take the limia — pg in (3.1), we obtain

n-1 k. B
Za(n) = z (Znn i(l 2> (2p0)72n+k+1(_1)k&~/l(_k) _ (200)° (Znn 11)

k=0

L vol(r\G)(z(r)

e e L (33)

Now we calculate the following definite integral.
o= [ (t+p) "(r)ar

The casés = SQ2m—1,1): Sincey(r) is a polynomial (see (2.2)), is a definite integral of a
rational function. Hence, we can obtain the following formula easily.

(d—1)/2 min(2l,n-1)  5\g+1 _q—
(=2 (2” a 2). (3.4)

In = 2m2C5 Y (2p0) 2" b3 (—1)""2py qu (2-q!\ n-1

The casés # SO2m—1,1): First, we rewritd,, as
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n=a 2 [ (24 p§) ()
wherea, po and(r) are defined in (2.1). We calculakeby using the residue theorem. Since
H(r) has simple poles &= po +k for k > 0 (see (2.2)), we have

In=2mia~2" Res (24 p8) "u(s)
K=o s=i(Potk)

(3.5)

||
3
|
R
M s
5=
=

=2nC;t'y nia™™ Res (¢ "P(s :
G kzoma &.(p‘ifk)( +p5) "P(s)a(s) 2,

Since the order of the pole at=ipg of the integrand i, isn+ 1, Ir(]o) is calculated as follows.

9= 1y & s Pl s o)

a—2" n/n\ d =l 1\ dm n—l—-m o
= mlsmj{z <I>d§(nscothns)ngo< )wlP(s+|po)d§lm(s+2lpo)

Itis easy to see that

if =0
I )
(by : )llls'Ln :jjé riscothrts) = if | is odd
—1)'2Z(1) iflis even
dam d—m—
lim d—lP s+ipg) = ZJ pq+m| iPo)?
n—l—m
iaN—N _ n—l—m( _I_m_l)! iA \—2n+l4+m
lim —— (s+2p0) "= (1) oo (2R) .

Hence we obtain

. (Zn—(r::l)'—l)' (Ziﬁo)72n+l+m

n d-1
= (2po) " I;i' (—1)'(2P0)'bx ngoimlﬁé“pm

T e

= <2po>2"{—Aé”> +Iia<”><1+ (—1>”>z<l>}. (3.6)

On the other hand, sinee=i(po +k) (k> 1) is a simple pole, it follows that
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1 = a=2"(p8 — (Po+K)?) P (i(Po+K)).- 3.7)
We now writeiP (i(po + k)) by

d-1 m
mt1 m\ sm-ayq
gy Qe
iP(i(Po+k)) = 1 (3.8)

> pri™ i(ﬁ)( o)™ (k- 250"
m= g=

Hence, using (3.2) and (3.8), we have

d-1 m n
(K) on e impl 2n—|—1> (m) A o4l amq
In’ =a i 2
n 2 sz l;( o1 )q) @8

< {(=1)'K" 4 (=)™ Uk +2p0)% " }
2n o | Al—q
<%>mum%;z<n1X)ﬂ>%
X{ k-|-2po a- I}
If we put
2n—| -1
a;:( n-1 >2|’
- (e
& = Pb{ (—K) ™" — (k+2p0) '},
=i(iPo)" Pm,
we have
1 = (2p0) an Zl%amq Gq (3.9)

We rewrite the sum (3.9) as

n
( = (2p0)~ [ {Zicn I Zoan qb| q g 1Cn I Zoa{n+n I— qu—
m<n m+ g

n+m m+n—| (m)
I I JEARERU o} + zan{zq "3 a i,
I=n+1 g=0
m m n+m n+m-|
*%ﬁmQMMWWf%ﬁm%%”m'ﬂ

Since the suny -1 Ir(,k) converges (see, (3.7)), the coefficientsidbrt < 1 must be disappeared.
Hence we have



224 Y. HASHIMOTO

+y emZZCI Zoaq by ]

n d—1 min(n—I,m)

= (2pp) 2 2 Clm:lem Z} ag1by"
- (zpo)*zf*l;w {— (=K +(k+2p0) '} (3.10)

Therefore, combining (3.6) and (3.10), we obtain

[oe]

10+ 3 189 = (200) {ZZA (1+(=1)"Hz1) —AY

k=1

+|§2A\(”> ((1—<—1>'>z<l> —Zﬁ%k—)}

= (2po)” {Zf* (2( > Agm}. (3.11)

This completes the proof of Theorem 2.1 O

4. The caseG = SLy(R).

WhenG = SLy(R) andl™ is a co-compact torsion free discrete subgrouplof R), Theorem
2.1is written as

ZA(n)::zl(—l) <2nn k1 2) o _ (2nn_—11)

=0

AR R )L

whereH is the upper half plane. In Section 4.1, we treat with the case Whisrto-compact but
have elliptic elements. Furthermore, in Section 4.2, we also consider the casé¢ WHea not
compact, and give the formulas fbr= Sly(Z) similar to (4.1).

4.1. The contributions of elliptic elements.
When' is co-compact and has elliptic elements, the trace formula is as follows.

8

e logN(dy) vol(F\H) > -
2 f(r,)_VEH%WN(V)UZ_N(V)1/2f(logN(y))+M/_wf(r)rtanhnrdr
v(o)-1

L5 S (v(a)sin%)_l/if(r)coswl_zk/v(a))mdra 4.2)

ocfl(r) k=1 (0) coshrr
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whereEll(I") is the set of the primitive elliptic conjugacy classedoéndv (o) is the order of

o € Ell(I). Hence, similar to Theorem 2.1, we can obtain the relation betyge) andf/,(-k)’s
In fact, whenl” has elliptic elements of order 2 and 3, the following formula holds.

THEOREM4.1. Forn> 2, we have

ZA(n)zz(—l) (2”n k1 2) i (Zn 1)
*ml(zcr\m[é{(zn_l -2 ) fewam)
+t5 Z( > IH?’\%Lél(lr:imm <2nn_mll> (g)mam

2B P ez (7 e e

where

V3 if miseven
am = . .
1 ifmisodd

< k11 _ Jlog2 if =1,
= _{(1—21')60) it 1>2,

(—1)k‘1cos%kk" if | is odd

(—1)"’1sin%kk’| if | is even

=
Y
e

and vy, v are the number of the primitive elliptic conjugacy classes of ogj&respectively.

4.2. Non-compact case.
When/"\H is not compact buol(I" \H) < o, the trace formula reads as follows.

J: f(r;) = yeH;)(r) N(y)ij)g_Nf“é(V;)1/2f(logN(y))+\ml(Al:n\l_|)/: f(r)rtanhrrdr
V(-1 7k \-1 /® . cosh(1—2k/v(o))m
+UEE"( . kZ1 (v(o)smm /_mf(r) coshrT dr

+%Tr(| —o(1/2) + 4171 | i f (r)wdﬁ (4.4)
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where ®(s) is the scattering matrixj (s) = det®(s) andv., is the number of cusps. Since the
explicit expressions o (s) are not obtained in many cases, it is difficult to get the formulas sim-
ilar to (4.1). However, whef is SLy(Z) and the congruence subgroupSib(Z), the scattering
matrix is obtained explicitly (seéHe1] and [Hu]), hence we can obtain the formulas. Now, we
denote by

Fo(N) : = {(&j)i,j=1,2 € Slo(Z)|az1 = 0 modN},

2
I

{(@j)i,j=12 € Slo(Z)|a11 = app = +1,a; = 0 modN},
I(N) : = {(aj)i,j=1,2 € Slo(Z)|a11 = a2 = +1,a12, 821 = 0 modN},

and, for simplicity, we assume thiitis odd and square free.

THEOREM4.2. Letl beSly(Z) or a congruence subgroup &lp(Z). Forn> 2, we
have

=S (2 (3))
SRV (7 e
5,00 e 5L ST () ()
+2[nf] nfl %Emmam (2”_ i'__lm_ 1) £(2) +2£1 (2”;_' L 1) a|+1n(l)]

I=1 m=0

'i <2n”—| 1 1) 220+ <2nn_ 12 ) (log2m+y) —2*"1

wherev, is the number of cusps anléf') is as follows.

Jg&(z) _ :‘Zt 2(|—!2)I (2nn—_| 1— 2) (2/) (|>(2)7
s [E3 (1) (g 2 A e} (2- ) o

g ow(N)+2n-2
g2 _ 3(2n 2) N+” 12'+1(2n—|_2) A(k)(logk)'
2 Z) I! n-1 kzignodN k

SO 51 (01), 5, 0

k=p™m

Ven +3, (4.5)

+Veo
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Iy =-2"7 1o+
p|N

2n—2 1ol fon—1-2 A
(a3 (), B o
k==+1 modN

+p|N cr(;\liri){<2nn_—f> logp+ Tzl |2.| (Znn_ll ) k_ﬂ;odwp/\lf;) (logk) }1

=p™

+2Ve

Here,c(1) = 2 andc(k) = 1 whenk > 2.

5. Numerical estimates ofA ; for quaternion groups.

In this section, we give a numerical computatiordgfn) for the quaternion groups by using
Theorem 4.1, and estimate the first eigenvalueNow, we define the quaternion group.

Leta, b be positive integers which are relatively prime and square freeBainel quaternion
algebra oveiQ defined byB = Q + Qu + QB + QaB, wherea? = a, f? =b, af = —Ba.
For an elemeng = qo+qla + 2B +qza P (g € Q), we defineq = do — cpa — 023 — gza B,
n(q) =qq= q% qla q2b+q3ab andtrg = q+q= 2qo. We choose and fix a maximal order
0 of B. LetB! (resp.¢!) be the group consisting of all elemengsf B (resp. &) with n(q) = 1.
The groups! can be identified with a discrete subgragpof SLy(R) by the map.

H( Qo+ d1v/a qzﬁ+q3@) (5.1)

Rvb—gvab p-qv/a

The discriminantg of B is defined bydg := |det(tr (u;,u;))|*?, where{u} is the basis ot/
overZ. The numbeds is independent of the choice &f and{u;}, and equals the product of
prime numbers which ramify &/Q. It is known that the number of prime factorsdy is even.
The groupl, is a co-compact subgroup &l,(R) and may have elliptic elements of order
or 3. The valuess,, vs andvol(ls\H) are respectively determined as follows (see, etg?],
[Sh]).

vol(T\H) = |:| ﬂ(l—(_pl)) v = ﬂ(l_(f)) 5.2)

where
0 (p=2), 0 (p=3),
(=1/p)=<¢ 1 (p=1mod 4, (=3/p)=¢ 1 (p=1mod 3,
—1(p=3mod}4, —1(p=2mod 3.

Hence, Theorem 4.1 applies in this case. In the formula of Theorem 4.1, the terms ottfé'F)than
are exactly computable, the computation{afn) consequently is reduced to that y"zﬁf). The
(higher) Euler-Selberg constants are also computed as follows.

WhenG = SI(R y<k s are expressed as
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a0 _ (D, { logN(&) _ (logx-?
7 = im oo (OGN () = === — 1, (5.3)
r K| fm Niy) -1 k+1
N(y)<x
whereHyp(I") is the set of the hyperbolic conjugacy classes ofsee HIKW ]). WhenT is
the quaternion groups of discriminaay, according to AKN ], the expressions ofﬁk) (5.3) are
rewritten by

. (_1)k. T
7 = N T||an{t2 um;t% h(d(t,u))A (d(t,u))

d(t,u)=0,1 mod 4

k+1
Z'S"é?;;fvlu)(z loge (1)) (Zliﬂ} 64

where

{10 = B0+ VE ) = 2t uyaE ),

NI =

f1 1 “
Eo(t,u):mln{z(to—FUo\/d(t,u))‘(2(t0—|—Uo\/d(t,U))> =¢g(t), Ik> l},

0 if p?|d andd/p? = 0,1 mod 4for somep|dg,

Ald) = F!“dls (1_ <Q(p\@>) otherwise((+/p) is the Artin symbo,

andh(d) is the class number of the binary quadratic forms of discrimidantO in the narrow
sense. Since the algorithm of computation of the class number is well-known (see, for example,
[Sq or [Wa]), we can compute the approximate vaIue?,g?. Hence, applicating Theorem 4.1,

we can also computéx(n). Now, we consideda(n)~Y/" and {a(m)/{a(m+ 1) for nm> 2.

Since
n n -1/n
ZA(n)‘l/”—)\1<1+ Gi) +<t) +> ,
{a(m) _ 1+ (A1/A2)M+ (A1 /A3)™+ ...
a(m+1) 1 (A /A (A /ALy
we have
~1/n ZA(m)
{a(n) </\1<7ZA(m+1> (Yn,m> 2), (5.5)
—1/n ZA(m) N oo
{a(n) ’f(m-i-l) A1 as nm . (5.6)

Computingla(n) and using the fact above, we can estimat@umerically.
We denote by
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o T

- (T) {Z m%f u))A (d(t,u))
=0,1 mod 4
2Iog£o(t u) (2logT)k+L

Et? 1 (2loge(t)) ~ =" }

n-1
(W(n,T):= k;(—1) (Znn kl 2> rk (Znn_11> +--- (see Theorem 4)1

and compute these values < 3.0 x 10° (in this computation, we use ‘C++’). When we write

d:=dg=p1p2--- P2,
v:=vol(M\H)/(1/3) = (p1—1)(p2—1)--- (pa — 1),
2a(n,3.0x 1) — Za(n,T) ‘ B 0.01}

N:= > 2|2. 10° < VT < 3. 1
max{n_ ’ 0x 10° < VT <3.0x 1¢F, Za(n30<10F)

L:=a(N,3.0x 10°) /N,
R:={n(N—1,3.0x10°%)/a(N,3.0x 10P),

the values above are computed as follows.

d v Vv» vz N L R d v w vz N L R

6 2 2 2 2 4922 — 93 60 4 0 5 0.452 0.502

10 4 0 4 3 2278 3.031 94 46 2 4 7 0.323 0.324
14 6 2 0 2 2251 — 95 72 0 0 6 0.393 0.419

15 8 0 2 2 1.605 — 106 52 0 4 5 0.453 0.595

21 12 4 0 3 1.022 1.494 112 72 0 O 6 0.331 0.336
22 10 2 4 3 1.204 1.898 115 88 0 4 4 0.460 0.761
26 12 0 0 3 1.797 3.506 118 58 2 4 4 0540 0.822
33 20 4 2 4 0.69 0.770 119 9% 0 0 7 0.317 0.336
34 16 0 4 4 0.691 0.796 122 60 0O O 4 0.689 1.154
35 24 0 0 3 0925 1.810 123 80 0 2 5 0.518 0.685
38 18 2 0 3 1.218 2.428 129 84 4 0 5 0.382 0.490
39 24 0 0 4 0.738 0.827 133 108 4 0 5 0.357 0431
46 22 2 4 5 0.422 0.439 134 66 2 0 4 0.401 0.532
51 32 0 2 3 0.652 1.295 141 92 4 2 6 0.353 0.379
55 40 0 4 4 0.633 0.872 142 70 2 4 6 0.359 0.369
57 36 4 0 4 0.480 0.548 143 120 0 O 6 0.362 0.426
58 28 0 4 4 0.550 0.646 145 112 0 4 5 0.341 0.449
62 30 2 0 3 0.692 1.255 146 72 0 0 6 0.355 0.367
65 48 0 0 3 059 1.332 155 120 0 O 5 0.408 0.555
69 44 4 2 4 0514 0.716 158 78 2 0 5 0.412 0.457
74 36 0 0 4 0.728 0.975 159 104 0 2 7 0311 0.333
77 60 4 0 4 0572 0.869 161 132 4 0 5 0.370 0.485
82 40 0 4 3 0573 1.171 166 82 2 4 5 0.381 0.503
85 64 0 4 5 0.459 0.600 177 116 4 2 5 0.361 0.467
86 42 2 0 4 0.627 0.935 178 88 0 4 5 0.342 0.384
87 56 0 2 5 0417 0.467 183 120 0 O 5 0.403 0.539
91 72 0 0 5 0.455 0.547 185 144 0 O 6 0.328 0.365
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d v v vz N L R d v v vz N L R

187 160 O 4 5 0.391 0.567 249 164 4 2 10 0.258 0.261
194 96 0 0 6 0339 0.384 253 220 4 4 5 0.328 0.502
201 132 4 0 5 0.348 0.484 254 126 2 0 5 0.433 0.648
202 100 O 4 5 0433 0.575 259 216 O 0 6 0330 0.426
203 168 0O O 5 0.389 0.578 262 130 2 4 4 0.413 0.762
205 160 O 4 6 0337 0.424 265 208 O 4 6 0.291 0.372
206 102 2 0 8 0.295 0.304 267 176 0 2 9 0.255 0.256
209 180 4 0 5 0.338 0.483 274 136 O 4 7 0.293 0.327
210 48 0 0 6 0377 0.399 278 138 2 0 4 0.372 0.658
213 140 4 2 4 0.382 0.676 287 240 O 0 7 0.294 0.333
214 106 2 4 7 0.289 0.319 291 192 O 0 6 0344 0.434
215 168 0 0 10 0.259 0.263 295 232 0 4 6 0316 0.406
217 180 4 0 7 0.271 0.286 298 148 O 4 6 0308 0.379
218 108 0O 0 4 0501 0.907 299 264 0 0 8 0.267 0.284
219 144 O 0 6 0.397 0.469 301 252 4 0 6 0.280 0.353
221 192 0 0 6 0.319 0.388 302 150 2 0 6 0.335 0.396
226 112 O 4 6 0.350 0.425 303 200 O 2 6 0.359 0.485
235 184 0 4 5 0.329 0.461 305 240 0 O 5 0.319 0.444
237 156 4 0 7 0.323 0.373 309 204 4 0 7 0312 0.374
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The dotted line - - of the figure above expresses the bound of Selberg’s conjekfurel /4 for

the congruence subgroups 8f,(Z) (see Bd). In the data above, all's are bigger thari/4,

hence it could be suggested that the Selberg conjecture holds for the quaternion groups of “small”
discriminant (or “small” volume). On the other hand, in many case of the “large” discriminant
(or “large” volume), we obtain the data thiat< 1/4 andR > 1/4. For example, in the case
d=30030=2x3x5x7x11x13(v=576Q v, = v3 =0), we haveL = 0.214andR= 0.301

for N =10, and in the casd = 255255=3x5x 7x 11x 13x 17 (v=9216Q v, = v3 = 0), we

havelL = 0.189andR= 0.283for N = 14. In such cases, we cannot confirm whether the Selberg
conjecture holds.

REMARK 5.1. In[Sd, A1 > 3/16was proved for the congruence subgroups. Then, several
studies have been made on the estimat®;adnd the best estimate at the present timk;is
975/4096= 0.238... by [Ki] (see, alsollRS] and [KS]).

REMARK 5.2. In [H], we computef/é?_l(z) numerically by using the correspondence be-
tween the primitive hyperbolic conjugacy classesStf(Z) and the equivalence classes of the
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primitive indefinite binary quadratic forms. Hence we can also com{u(te, T) by using The-
orem 4.2. However, the valu€ga(n) are very small, becausg, Ao, ... are large:

AL =915229-., A,=1484319--, A3=1901315.-, ... (seeHel]).

Thus it is hard to obtain the approximate value€gfn)’s by computingda(n, T)’s.
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