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Abstract. It is a crucial step how to describe the relationship between the
strain, the stress and the temperature field, when we consider the mathematical
modelling for shape memory alloy materials. From the experimental results we know
that the relationship can be described by the hysteresis operators. In this paper we
propose a new system consisting of differential equations as a mathematical model for
shape memory alloy materials occupying the three dimensional domain. The key of
the modelling is the characterization for the generalized stop operators by using the
ordinary differential equations including the subdifferential of the indicator function
for the closed interval. Also, we give a proof of the well-posedness of the system.

1. Introduction.

In our previous works [3], [4], [2] we consider the one-dimensional shape memory
alloy problems. The main idea of our modelling is the characterization for the generalized
stop operators, which was already introduced by Visintin [32]. First, we approximate
the relationship between the stress o, the strain € and the temperature field 6 by the
generalized stop operator defined by Figure 1, where f; and f, are given smooth curves
with f; < f, on R. From engineering point of view f; and f, can be defined from data
obtained by some experimental results.

In this case o is determined by the operator with the input function ¢ if and only if
o is a solution of the following ordinary differential equation:

oy +0I(0,e;0) > cey, (1.1)

where I(0,¢;-) is the indicator function of the closed interval [f;(0,¢), f.(0,¢)], OI is the
subdifferential of I and c is a positive constant corresponding to the slope of the line
in the hysteresis loop. In case f; and f, are independent of the input function, the op-
erator, which is called a stop operator, was dealt by Krejci in [20]. We note that the
equation (1.1) with ¢ = 0 represents the generalized play operator, which appears in
real-time control problems. Kenmochi, Koyama and Meyer studied the system including
an approximation of the generalized play operator in [19]. Also, by the generalized play
operator the solid-liquid phase transition phenomena can be described. The mathemati-
cal model for such a phenomena was investigated by Colli, Kenmochi and Kubo [12] and
Minchev, Okazaki and Kenmochi [23].
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Figure 1.

From now on, by using the above characterization we propose a mathematical model
of the dynamics for three dimensional shape memory alloy materials occupying a bounded
domain 2 C R? with the smooth boundary 92. We refer for the physical background
Brokate-Sprekels [5] and Pawlow-Zochowski [26], [27]. Before the derivation of the model
we introduce the following notations. Let A = (a;;) and B = (b;;) be tensors in R>. We
write A; = (a14,a2;,as;) for each i and A : B = E” a;;bij.

First, we use the following ordinary equation as the description for the relationship
between the stress tensor o = (0;;), the strain tensor € = (g;;) and the temperature field

0:
oijt +01(0,e;04;) 3 ceyj¢ on [0,T] and for each ¢,j =1,2,3, (1.2)

where ¢ > 0 and I(0, €; -) is the indicator function of the closed interval [f. (6, €), f*(6,€)],
and f* and f, are given continuous functions on R x R° with f, < f* on R x R°. Even
if upper and lower curves are different with respect to each i and j, we can obtain the
same results. In this paper, in order to avoid surplus notations we assume the common
lower and upper curves. By some mathematical reasons we assume the viscosity for the
stress, that is,

=0+ pVuy, (1.3)

where & is the total stress, p is a positive constant and w = (u1, ug, u3) is the deformation
vector. Moreover, we assume the linearized strain,

- 1 <8uz + 8’LLJ'

gy =5 oz, 8@) for each 7 and j.

The momentum balance law leads to a basic equation of the dynamics of elastic materials:
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ur = dive;  in Q(T) := (0,T) x 2 fori=1,2,3.

By substituting (1.3) into the momentum balance law and adding the fourth-order term
of w in order to get the regularity of solutions we obtain the following equation:

witt + YA(Au;) — pAuy = dive;  in Q(T) and for each 1. (1.4)
Here, we note that the above fourth-order term is ascribed to the presence of a couple

stress in the material so that systems including this term have been studied in previous
works for shape memory alloys. The heat equation for elastic materials is

0 — kA =6:e inQ(T),
where £ is a positive constant. Hence, the viscosity for the stress implies
O — kA0 =0 : e+ uVu:er in Q(T). (1.5)
Moreover, in order to obtain the regularity of o we approximate (1.2) as follows:
0ijt — VAo + 01(0,e;04;) 3 ceyje  in Q(T) and for each ¢, 7, (1.6)

where v > 0. Also, we consider the homogeneous boundary conditions and the initial
conditions:

00 (%ij o L
u; =0, Au; =0, e 0 and o 0 on X(T):=(0,T) x 012, (1.7)
u(0, ) = wo, ut (0, ) = v9,0(0,-) = 0y and o(0,-) = 0¢ on (2, (1.8)

where n is the outward normal vector on 92, and wug, vg, §y and oy are given initial
functions.

Here, we note the previous works related to shape memory alloys. Beginning from the
one-dimensional theory due to Falk [14], [15], the model based on the Ginzburg-Landau
free energy theory has been the subject of extensive studies, Niezgédka and Sprekels [24],
[25], Sprekels and Zheng [30], Hoffmann and Zochowski [17], Hoffmann, Niezgédka and
Songmu [18], Brokate and Sprekels [5], Bubner and Sprekels [6], [7], Sprekels, Zheng
and Zhu [31], and Aiki [1]. Frémond also has proposed the other one-dimensional model,
which was studied by Colli and Sprekels [9] and Shemetov [29].

In three dimensions there exist different approaches to thermomechanical of shape
memory alloys. The well-known due to Frémond has been studied by Colli, Frémond and
Visintin [11], Hoffmann, Niezgédka and Zheng [18], Colli and Sprekels [10] and Colli [8].
Three dimensional Falk’s model was dealt by Falk and Konopka [13], Pawlow [26] and
Pawlow and Zochowski [27], [28].

Our main purpose of this paper is to give a theorem, which guarantees the exis-
tence and uniqueness of the system (1.4)—(1.8) under the condition u? > 4v. By the
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experimental results it is known that shape memory alloys do not exhibit viscosity which
means that ¢ = 0 so that this condition p? > 4+ is likely to be not satisfied by a true
shape memory alloy. However, by some mathematical difficulty we need to assume this
condition.

At the end of this section we show notations, which are used throughout the present
paper.
i) Let V be a Banach space with a norm |- |y and w € V3 or w € V7. For simplicity we

write
3 1/2 3 1/2
ol = (S llt) (reso ol = (3 i) ).
i=1

ij=1

as the norm of V3 (resp. V?), in case w = (wq,wa, w3) (resp. w = (w;j)).

ii) We put X = H}(£2), X* is the dual space of X and (-,-) is a duality pairing between
X and X™.

iii) For T' > 0 we put

V(T) = L>=(0,T; L*(2)) N L*(0,T; H(2)),

and
1/2
|w|V(T) = |U}|LOO(O7T;L2(Q)) + (/( : szdxdt> for w € V(T)
(T

Immediately, V(T') becomes a Banach space with norm |- |y (7). The following inequality
will play a very important role in our proof:

‘w|L10/3(Q(t)) < Co|w‘v(t) for w € V(t) and 0 <t< T, (19)

where Cj is a positive constant depending only on {2 and T (cf. [21, Chapter 2, Section
3)).

iv) Let T > 0, k > 0, f € L?(Q(T)) and 6y € L*(£2). Now, we denote by Pi(x; f,0)
(resp. Pa(k; f,0p)) the following initial boundary value problem:

0y — kA0 = f in Q(T), (1.10)
o0
e 0 (resp. # =0) on X(T),
6(0) = 6y on 2.

On account of the classical theory [21, Chapter 3] we know: If f € L*(Q(T)) and
0y € H' () (resp. Oy € X), then there exists a unique solution § € W12(0,T; L?(£2)) N
L>(0,T; H(£2)).

v)Let T > 0, a > 0, f = (f1,f2, f3) € L*(Q(T))? and ug € L?(£2), and denote by
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P3(a; f,ug) the following initial boundary value problem:

uy — aAu=divf in Q(T), (1.11)
u=0 on X(T),
u(0) =wup on 2.

Clearly, P3(«; f,ug) has a unique weak solution u € V(T) in the variational sense.
vi) Let E be a measurable subset in {2. We denote by |E| the Lebesgue measure of E.

2. A main result.

We denote by (SMAP) the initial boundary value problem, (1.4)-(1.8). Now, we
begin with the precise assumptions for data.

(A1) &, p, 7, v and c are positive constants.

(A2) f., f* € CH{R x R®)NWY°(R x R?) with f. < f* on R x R. We denote by
L the common Lipschitz constant of f, and f* and put

Lo = max {|f.| L (rxro): | /|1 (RxR?) }-

(A3) For given 6 € L?(f2) and € € L?(2)° we denote by I(6,e;-) the function on
L?($2) defined by

0 ifwe K(0,¢e),
I(0,e;w) =

400 otherwise,

where K (0,e) = {w € L?(2) : f.(0,e) <w < f*(6,€) a.e. on 2}.

Clearly, I(f,e;-) is proper, lLs.c. and convex on L?({2), the effective domain
D(I(0,e;-)) = K(0,e), and its subdifferential dI(6,¢e;-) is a multivalued operator in
L?(£2) which has the following property: ¢ € 9I(6,e;w) if and only if w € L?(£2) with
f«(0,€) <w < f*(0,€) a.e. on 2 and & € L?(£2) satisfying

/ &(z—w)dr <0 for any z € K(0,¢). (2.1)
2

(A4) Uy = (um,uog,uog) c H4(_Q)3 ﬁXg, Aug € )(37 vy € X3 ﬂHQ(_Q)S, 0y €
Hl(Q), oy = (UOij) S Hl(Q)g, and

J«(00,€0) < 00ij < f*(00,€0) on 2 and o = 0¢j; for each i, j.

Now, we give a definition of a solution to (SMAP).

DEFINITION 2.1.  We say that a triplet {u,6,0} of functions uw : Q(T) — R3,
0:Q(T) — Rand o : Q(T) — R’ is a solution of (SMAP) on [0,T], T > 0, if the
following conditions hold:
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S1) w € L(0,T; HA(2)?) N Wh(0, T; H2(2)3) n W12(0, T; H3(2)3).
S2) 0 € WhH2(0,T; L*(£2)) N L*°(0,T; H(£2)).

S3) o € WH2(0,T; L2(£2)°) N L>(0,T; H*(£2)?).

S4) uw € L*(0,T; X?) and Au € L*(0,T; X3).

S5) wir + YA(Au;) — pAuy = dive;  a.e. on Q(T) for each <.

)

S6 / O:ndxdt + H/ VO .- Vndxdt = / (o : e+ pVuy : er)ndadt
Q(T) Q(T) Q(T)

for n € L?(0,T; H*(£2)).
(S7) For each i and j there exists &; € L?(0,T; L?(£2)) such that

&i;j(t) € 01(0(t),e(t); 045(t)) for ae. t € [0,T] and

&ijndrdt = c/ gijendadt
Q(T)

for n € L?(0,T; H*(£2)).

/ U,‘jtndl‘dt +v V(Tij . V?]dl‘dt + /
Q(T) Q(T) Q(T)

(S8) u(0) = up, us(0) = vy, 0(0) = 6y and o(0) = 0¢ a.e. on 2.

The following theorem is concerned with the existence and the uniqueness of a
solution to (SMAP).

THEOREM 2.1.  Assume T > 0, (A1)—(A4) and p?® > 4. Then we have:
(i) (Uniqueness) If Aug € W2=2/P2(02)3 and vy € W?=2/PP(2)3 where p = 30, then
(SMAP) has at most one solution on [0,T].
(i) (Existence) (SMAP) has at least one solution on [0,T].

We shall prove Theorem 2.1 in the following way. In Section 3 we investigate the
properties concerned with estimates for initial boundary value problems P;, Ps and
P3. By decomposing 4th order equation to two parabolic equations we can apply the
properties to (1.4) and obtain some a priori estimates. The estimates will play a very
important role in the proof. The aim of Section 4 is to give a proof of the uniqueness
in a similar way to those of [3], [4], [2]. In order to prove the existence we consider the
following approximate problem (SMAP)(M, ) for M > 0 and A > 0:

wy + YA(Au) — pAu, = dive  in Q(T), (2.2)

O — kA0 =0 :e,+pVur e, in Q(T), (2.3)

oijt — VAo + MOI\(0,e;0,5) = ceijy  in Q(T) and for each ¢, 7, (2.4)
o0 80'1']' o

u; =0, Au; =0, o 0 and o = 0 on X(T), (2.5)

u(0, ) = wo, u(0,-) = v0,6(0,-) = 6y and 0(0,-) = o9 on 2, (2.6)

where I is the Yosida-approximation of I, which will be discussed in Section 4, precisely.
Let {ux, 0,0} be a solution of (SMAP)(M, ) for M > 0 and A > 0. In Section 4 we
give uniform estimates for approximate solutions with respect to A € (0, 1] for sufficiently
large M. The uniform estimates imply the existence of a solution (SMAP)(M), which is
the system (2.2)—(2.6) with (2.7) instead of (2.4):
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oijt — VAo + MOI(0,e;0;5) 3 ceijr  in Q(T') and for each 1, j. (2.7
Since MOI = JI, we can obtain a solution of (SMAP).

3. Auxiliary lemmas.

The aim of this section is to give useful inequalities on the estimate for solutions of
P1, P2 and (1.4). The following three lemmas are the classical results concerned with
parabolic equation.

LEMMA 3.1 ([21, Chapter 4, Corollary of Theorem 9.1]). Let « > 0, f €
LYQ(T)), ¢ > 2 and 8 be a solution of Py1(k; f,0) on [0,T). If ¢ > g, then there
exists a positive constant Ch4 such that

10l @) < CiglflraQuyy for0<t<T.
LEMMA 3.2 ([16, Lemma 2.1]). LetT > 0, a > 0, ¢ > 2, f € LY(Q(T))? and
ug € W2=2/94(0), and denote by u a weak solution of P3(c; f,uo) on [0,T]. Then there
exists a positive constant Coq such that

\Vulpaqey) < Coq(|FlLa@eey) + [uolwe-2/a.0(0)) for0 <t <T.

Moreover, let r > 1 and p > 1 with

If p < 2 and ug = 0, then there exists a positive constant Cy. 4 such that

lulr@ry) < Crgl Flraeryy for 0 <t <T.

PRrROOF. First, let u; and ugz be solutions of P3(a; f,0) and Ps(«; 0, ug) on [0,T].
The uniqueness of Ps(«; f,up) leads to u = uy + us. Here, by applying the classical
theory [16, Lemma 2.1] and [21, Chapter 4, Theorem 9.1] it holds that

\Vuilrager)) < Colflraqery) and [Vuo|Laqer)) < Coluolwz-2/a.a(0)

where Cs is a positive constant.
In order to prove the second assertion we consider first the case 2 = R? and f €
Cs°((0,T) x R?). Let u be a solution of

uy —aAu=divf in (0,T) x R?,

u =0 at |z| = oo and u(0,2) = 0 for € R>.
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Since div f € C§°(Q(T)), u can be represented by the Green function of the heat equation
as follows:

t
u(t,z) = /0/R3 I(x —y,t—7)divf(r,y)dydr for (t,z) € (0,T) x R3,

where I'(x,t) is the Green function. See [21, Chapter 4] for the precise definition and
basic properties of I'(z,t). Let 1/g+1/¢' =1 and s¢’ = p. By using Holder’s inequality
we obtain

tm|< or(x y, -7)

— fi(r,y) ‘dydT
R3

<§</;/m

for (t,x) € (0,T) x R3. Here, we put p = r/q so that p > 1. Accordingly,

(/OT/R3 |u(t,$)|pqdmdt>1/p

(1-s)q s

or'(x —y,t—7)

%

1/q
|fi(T,y) quyd7>

Ay LP((0,T)x R3)

3 s 1—s
< 30 Z or | /T/ (x—yt—1) ( )q|fi(7.7 y)|2dydr
— | Oy Lr((0,T)xR3)| Jo JR3 O Le((0,T)x R3)
3 s 1-—s
< 39 Z or|[™ /T/ (x—yt—7) ( )q|fz.(7.7 y)|? dydr
10l o0,y <R3y Jo JRs O Lo((0.T)x B®)
3 (1=s)r q/r
or|? (// oI (z,t) )
<3 dxdt filt, .
; ayl Lr((0.T) x %) i axl ‘ |L (0, T)x R3)

Clearly, r(1 — s) = p. Therefore,

or

fu dy;

ulLr((0,1)xR3) < 3Z|f1\m ((0.T)x R?)
i=1

Lr((0,T)x R3)
The assumption 1 < p < 2 1mphes |ay |Lp( (0.6)% RY) < C for 0 <t < T where C is a
positive constant.

In order to apply the above results to general domains, we use partition of unity and
proceed as in the derivation of L7 estimates for parabolic equations (see [21, Chapter

4]). O

LEMMA 3.3 ([21, Chapter 4, Corollary of Theorem 9.1]). LetT >0, o > 0, f €

LU(Q(T)), ¢ > 2 and u be a solution of Pa(c; f,0) on [0,T]. If ¢ > 5, then there exists
a positive constant Csq such that
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\Vulre ey < Caqglflraqeyy for0<t<T.

The next lemma will be applied when we prove Lemma 3.5.

LEMMA 3.4. LetT >0 and a >0, f € L*((Q(T))3, divf € L*(Q(T)), Aug € X,
and u be a solution of Ps(a; f,ug) on [0,T]. Then there exists a positive constant Cy
such that

Vulpaquy < Ca(lfloiqeuy) + luolmz(a) for0<t<T.

PROOF. Let u; and wus be solutions of P3(a; f,0) and Pa(«;0,up), respectively.
According to the uniqueness of Ps(a; f, ug), we have u = u1 +u2. By Lemma 3.2 it holds
that

IVuilpaoery) < Copl Flraery)-
Hence, it is sufficient to show

\Vuz|paory) < C'luolm2(0), (3.2)

where C’ is a positive constant.
First, we note that ug € W2(0,T; L?(£2)) N L>(0,T; X) N L*(0,T; H*(£2)) and

[uge|L2(Q(ry) + [u2| Lo (0,1:x) + U2l 20,1 52(0)) < C”|uolx,

where C” is a positive constant. Also, on account of the maximum principle it is clear
that

[uz| Lo Q1)) < |wolr=(2) < Coluolg2(0),

where C|, is a positive constant determined by Sobolev’s embedding Theorem.
Secondly, putting v = wug¢, we know that v is a weak solution of P3(a; 0, aAug) on
[0,7]. Then we obtain

Vug, € L*(0,T; X). (3.3)

Next, we multiply ug; — aAus = 0 by |Vus|?us and integrate it over 2. Thus we
see that

/ o ()| Pz (1) s () — o / Aus () Vs () Pus(t)dz = 0 for ae. £ € [0,T]. (3.4)
(9] (%}

Here, the left hand side in (3.4) is well-defined because us € L>(Q(T)) and Vus(t) €
L5(02)3 for a.e. t € [0,T]. Also, it is easy to see that
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d

7 |Vu2( ) ug(t)?dx

= U2t VU (5 2 X (5 2U2 U2t X
—2/9(\7 (1) - Vs (£) un(t)*d +2/Q|\7 (1) Pus (£ (1)

for a.e. t € [0,77.

By (3.3) the first term of the right hand side in the above equation has a meaning. We
continue to calculate only the first term in the following way:

2 / (Vuse(£) - Vo (£) s (t)2dz
Q
= —4/ Vg () P ug () ug (t)da — 2/ Aug (t)ug (t)|ug(t)|*dz for a.e. t € [0,T).
Q Q
From the above equations we have
4 / Vs () P (£)2d
dt /o,
= 72/ Vg () |Pus () ug (t)da — 2/ Ausg (t)ug(t)|ug(t)?de for a.e. t € [0,T].
Q Q
On the other hand, using integrating by parts, we observe that
/Au2(t)|Vu2(t)\2u2(t)dx
Q
——/ \Vug(t)|4dx—/ Vus(t) - V(|Vus(t)2)us(t)da  for ace. t € [0,T].
Q Q
From the above argument we have
a/ |Vuo (t)|da
I?)
d 2 2 2
= @i/, [Vua(8)*|ue(t)|“de + 2 | Aug(t)uge(t)|ua(t)|*dz
o)
—a/ Vuy(t) - V(|Vug(t)]?)ug (t)de
< & | IWuaPluaPds +2 [ |Auollua e o
+ SOy + ool gy luaO) iz for ae. € 0,7]
B U2 L4(Q) 2a u LOC(Q(T)) u2 HQ(Q) or a.e. s .

Integrating it over [0, 7], we obtain



A model of 3D shape memory alloy materials 913

T
a / / Vs () [Adadt
2 0 (9]

T
< [ Pual)Plus(T)Pdo + 2l iy [ ualt)laconl Aus(t) oot
2 0

T
+§|u2\2m / [ () |52 o dt.
20 2= @) | H2($2)

Hence, we can show that this lemma is true. [l
At the end of this section we consider the fourth order equation (1.4).

LEMMA 3.5. LetT >0,v>0, u>0,q>2, f=_(f1,f2 f3) € LYQ(T))3, up €
HA(2) and vo € H?(R2), and assume that u : Q(T) — R satisfies u € L>(0,T; H*(£2))N
Whee(0,T; H3(2)) nWh2(0,T; H3(£2)) and

u +yA(Au) — pAuy = divf in Q(T),
u=0 and Au=0 on X(T), (3.5)
w(0,2) = up and us(t,0) = vy for x € §2.

i) If u? > 4~, then there exists a positive constant Cs, such that
(i) If p* > 4y q
Vel Lagqesy) < Coq(|FlLa(qisy) + 1Auolwa-2/a.0(0) + |volwa-2/a0())  for 0 < s <T.

.o 2 oy . . . 5
(i) If p* > 4, and positive constants p, q and r satisfy (3.1) with r > 5 and p < 7,
ug = 0 and vg = 0, then there exists a positive constant Cg such that

Vulr=qes) = Colflrsqey for0=s<T.
(iii) If pu? > 4, then there exists a positive constant C7 such that
Vuelpaqes)) < Cr(lflpaqes) + lvolaz(a) + [Auolm2())  for 0 < s <T.

PROOF. By the assumption u? > 4+ there exist positive numbers o and /3 satisfying
a+ B =pand af = v with a > (. Here, we put w = u; — aAu. Then we observe that

wy — BAw =divf in Q(T), w=0on X(T), w(0,-) = vy — aduy on 2
so that w is a solution of P3(8; f,vo — aAup). Hence, Lemma 3.2 guarantees
IVwlpary) < Coq(IFlLaery) + [volwa-2/0.0(0) + alAuglyz-2/0.4(0))- (3.6)

Obviously,
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ug — aAuy = div(fVw + f) in Q(T), us =0 on X(T') and u(0) = vo on £2.  (3.7)
It follows from Lemma 3.2 that
Vel Looery) < Coq(BIVw|Laery + 1 FlLaery) + [volwa-2/a.0(a))-
By substituting (3.6) into the above inequality we have proved the first assertion of this
lemma.

Now, we shall show (ii). As mentioned before w is a solution of P3(0; f,0). Then
Lemma 3.2 implies

|w

@) < CralflLa@ry:
Also, u is a solution of Po(a;w, 0). It follows from Lemma 3.3 that
Vulp=@er)) < CarlwlLr ey
By combing the above two inequalities, we know that (ii) is valid.
Finally, we prove (iii). In this proof we also use the decomposition of 4th order
differential equation. Lemma 3.4 implies

Vwlsoery < Callfls@ry) + vo — aduoln2(a)).

Since u; satisfies (3.7), by using Lemma 3.4, again, we can infer that (iii) is true. O

4. Proof of uniqueness.

The aim of this section is to prove the uniqueness of (SMAP). The main idea of
the proof is due to [19]. The proof is rather long so that we divide it into several
steps. Throughout this section we use the following notations. Let {u1,601,01} and
{uz, 03,02} be solutions of (SMAP) on [0,7] and put u = u; — ua, v = (ug, uz,us),
wp = (upr, ug2, wes), 0 = 01—05, 0 = 01 —02, 0 = (045), 00 = (00i5), €0 = 3(Vur+Vuy),
er = (gvij), £ =1,2, e = &1 — &3, and

M (s) = max {|f.(01,61) — fu(02,€2)| Lo (q(s))s |/ (01,61) — F* (02, €2) | L (q(s)) }
for0<s<T.

Moreover, let &;; € L*(Q(T)) satisfying opir — vAoi; + &y = cenijr, £ = 1,2 and i, j.

18T STEP. It holds that
+ +12
531 [ o0 = Mo+ v [ [Plow () = M) o

c it () — s)| T da;
< /n[ S(t) = M(s)]"d
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371 L -ou® = MO Pdo+v [ [Pyt - M) o
< —c/ ije(t)[—oi;(t) — M(s)]Tdx  for a.e. t €[0,s],0<s<T andi,j.
2
Proor. We fix s € (0,77, 7 and j, and put
21ij = 0145 — |03 — M(8)]F, 2215 = 0245 + |03 — M(s)] "

Clearly, z1,5(t) € K(61(t),e1(t)) and z9;;(t) € K(02(t),e2(t)) for 0 <t < s. Then we can
multiply o1;s — VAo +&1ij = ceije by 0145 — 2145 and integrate it over £2. Thus by (2.1)
we obtain

/Q o5t (t)(0145(t) — 2145 () )da + v /Q Vorij - V(o (t) — z14(t))de
<ec /{ w0 (1) = 215 (0)dsTor ae. ¢ € (03]
Similarly, we have
/ﬁ 02ijt(t)(02i5(t) — 22:5(t))dx + v /Q Voaij - V(02 (t) — 22:(t))dx
< C/Q £2ijt(t)(0145(t) — 2245 (t))dz  for a.e. t € (0, s].
By adding two inequalities it follows that
331 L (0 = M e+ v [ [Plos(0) — M) P
< C/ﬂ&jt(ﬂ[%j (t) — M(s)]Tdx for a.e. t € (0,s].

We can obtain the second inequality in the assertion of this step in a similar way. O

2ND STEP. It holds that

1d ,
5@/Q|ut()| dx+2dt/ | At |dx+u/ Ve ()2
6U]t
=- Z 0” ( Ydz  for a.e. t € [0,T). (4.1)
1,9=1

PROOF. It is clear that
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Uy + YA(Au) — pAuy = dive  in Q(T). (4.2)

We multiply (4.2) by u; and integrate it over {2. Thus we can obtain (4.1). O

3RD STEP. o1 and oy are symmetric tensors, that is, oei; = o¢j; for £ = 1,2 and
i,7=1,2,3.

PRrROOF. Immediately, for each ¢, i and j we have

O¢jit — I/Adzji + 0](9@, IS Ulji) D CEyijt in Q(T),

Do (4.3)

on

=0 on X(T) and 0¢;;(0) = 00ij,

because oy and g, are symmetric tensors. According to the uniqueness of the initial
boundary value problem (4.3), we show that the assertion of this step holds. U

4TH STEP.  There exists a positive constant K1 depending only on p, ¢ and |2
such that

3
Z( / oy (£) — M(s)]*[2da + v / V{03 (t) — M(s)] " *da
Sz \2dt
L 14 / =0 (t) — M(s)]*[2da + v / |\7[—aij<t>—M<s>1+|2dx)
2dt o
)2 ey d 2 CH 2
2dt/ lu (t)|°de + — 5 dt/ﬂ\Au(tﬂ dx + 5 /Q|Vut(t)| dx
< KiM(s)? forae te[0,s] and0<s<T.

PrROOF. Let 0 < s <T. It follows from 1st and 2nd steps that

.z.:<2dt/| oij(t) = M(s)]"P? df””/ V]os;(t) — M(s)] " [*dz

2dt/‘ —oi;(t (S)]+|2dm+l//n|v[—0ij(t)—M(S)]+|2dx>

ca cy d 2 2
+2dt/ (1) + dt/ﬂ|Au(t)| dac+c,u/Q|Vut(t)| do

3

<ecy. (/Qé‘ijt(t)[%(t) — M(s)]"dz — /Q&jt(t)[*%(t) - M(S)}erz)

—CZ/UU aal;ﬂ )dz  for a.e. ¢t € [0, s]. (4.4)

i,j=1
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Here, 3rd step implies that

23: (/Qgijt(t)[aij(t) —M(S)}J”d:c—/

ij=1 Q

(1) =iy () M(s)]*dx)

3
=3 [, (Gl - M = G los) - MO )i

ij=1
for a.e. t €10, s].

Then we can calculate the right hand side of (4.4) in the following way.

ey ( | cont0los) = Mo - [

()=o) — M(s)]*dx)

ij=1 2
3
ou ¢
—c o (t) =L (t)d
DI RCE 0
2 ou
it
<e Y [ (5 0)lios0 - MO - o0 - MO - o0l
ij=1 J
for a.e. t €10, s].
It is easy to obtain
lloij — M(s)]" — [—0ij — M(s)]T — 04| < M(s) a.e. on Q(s) for i, j. (4.5)
By applying Holder’s inequality to (4.5) we can get the assertion of this step. O

5TH STEP. Ifq > %, then the following inequality holds:

0] Lo (0(s)) < Crq (Ve : €1¢|pa(qes)) + 1V 82t : €] Laq(s)
+ o e1tlraos)) oz : €t|Lq(Q(s))) for0<s<T. (4.6)

PrOOF. Since the left hand side of (1.10) is linear, it holds that
975 — kAO = Ot : €1t — 09t : €9t + M(Vult €1t — V’LLQt : Egt) in Q(T)

Therefore, this step is a direct consequence of Lemma 3.1. (|
The next step is obtained from Lemma 3.5(i) and (4.2).

6TH STEP. For p > 2 and each i it holds that

VUit Lo (Qes)) < Csploileqs)) for0<s<T.
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From now on, we fix positive numbers pg, qo and 7o as follows:

10 11 110
= — T = — = —.
do 30 0 9 Po 97

Clearly, po, qo and rq satisfy (3.1), po < 2, go > 5 and ro > 5. Obviously, by Lemma
3.5(ii) we have:

7TH STEP. There exists a positive constant Ko such that

|VU|L00(Q(S)) < K2|0"ng(Q(s)) for0<s<T. (4.7)

For simplicity, we put

2!2

3
Bolt) = 3 (5 [ ) = Mot 5 [ (103 = Mo

ij=1

+f/ |ut(t)|2dx+9/ | Au(t)|2dz,
2 2 2 (9]

B =Y (v [ Wlowt) a4 v [ [91-ote) - dr(e)* P )

ij=1
cp 9
+?/ Vui(t)]?de for 0 <t<s<T.
o)

8TH STEP. For q > g there exists a positive constant K3 such that

d
aEO(t) + El(t) SK3{|V'U:t . €1t|%q(Q(s)) + |Vu2t : €t|%q(Q(s)) + ‘0’ : €1t|iq(Q(s))

3
+os: 5t|%<1(Q(s)) + Z |Jij%q0(@(s))}
4,j=1

fora.e. t€0,s] and0<s<T. (4.8)

PROOF. From 4th step it follows

iEo(t) + By (t) < K1M(s)? forae. t€[0,s] and 0 < s <T. (4.9)

dt
Due to (A2) we observe that

M(s) < L(10] = (qs)) + lel=(@s)) < L(18]L=(qes)) + [Vulr=(qs)y) for 0 < s < T.

By substituting (4.6) and (4.7) into (4.9) we get (4.8). O
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9TH STEP. For {=1,2 and 1 <p <30 gy € LP(Q(T))°.

PrRoOOF. For ¢/ = 1,2 the definition of a solution shows that
f*(eg,éfg) <opy < f*(og,eg) on Q(T) for 4, j.

Thus oy € L>(Q(T))? because of the assumption (A2). Hence, in case p = 30 Lemma
3.5(1) and the assumption imply

V| Lo oery) < Csp(loel ey + [Auolwe-2/0.0(0) + [Wolwe-2/0.0(0))

so that this step holds. O

Here, in order to apply the Holder inequality we set

10 1 1
= 3, = — d —_ - = ]_
q p=rg an 7
Clearly, pg = 10/3 = q¢ and p'q = 30.
10TH STEP. There exists a positive constant K, depending on |€1t\L,,/q(Q(S)),

lo2| Lo (Q(T)) and \Vuzt|Lp/q(Q(T)) such that

o+ €1elTa(o(e))
3

< Ky Z (\[Uij - M(S)]+|2qu(Q(s)) + (045 — M(s)]+|%q0(Q(s))) + K4M(3)252/(p @
ij=1

o Et\Lq Q(s))

3
< Ki Y (o = M [Fao ey + 11701 = M) [Fao sy + KaM (5)*s%7;
ij=1
Vu, : E1t‘Lq(Q( N > K4|Vut|L<10(Q( )’

3

|Vu2t st‘Lq Q(s)) < K4 Z |U'L]|LQO(Q(S)) fOT 0 S S S T.
,j=1

PrOOF. First let s € (0,T]. (4.5) implies
|o: E1t|Lq Q(s)) <9? Z( Oij — ]+51wt|m Q(s))

+ |[=0ij — M(s)] Tevijel Loy + M(S)2\€1z’jt|2Lq(Q(s))>-

By applying Hélder’s inequality for ¢ and j we have
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i = M ()] erijel 2o < lloi = M) [Loagoeplerisel e (o)
and
1t Taoiey < 121D Dleriiil? oy
Thus on account of 9th step and pg = %, p'q = 30 we obtain the first inequality of this

step.
Easily from 6th step, we show

3uit

3 2
CPE Et|%q(Q(s)) < |0'2|%°C(Q(T))< Z €z‘jt|L‘I(Q(s))>
3
2
< loafiqer) < 2 |,

ij=1
2
i,j=1 L‘I(Q(S))>

3 2
< |oalL ey (Z Gi|L‘1(Q(S))>

i=1

3

< 92|U2|2Loo(Q(T))( Z (llosj = M () [1a(qs))

4,j=1

Fllos — M) Baiorey) + M<s>2|rz|2/q52/q).

This is the second inequality of this step since gy > q. The rest assertions of this step

can be proved, similarly. O
11TH STEP. Put A = mln{p 70 50 } Then there exists a positive constant Ky such
that
d 3
%EO( )+ Ei(t) < K Z (Iloij — M(S)]+|%QO(Q(S)) +|[-0i; — M(S)]ﬂ%qo(cg(s)))
i,j=1

(4.10)
+ s KsM(s)*>  fora.e. t €[0,s] and 0 < s <T.

PROOF. By elementary calculations we can prove this step together with help of
6th, 8th and 10th steps. O

Moreover, we put
3
Z (i) = M) o) + =03 = M(s)] ") for 0<s <T.

12TH STEP. For some positive number Kg it holds that
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A(s) < Kg(sA(s) + 8" M(s)?) for0<s<T. (4.11)

PROOF. Let 0 < s <T. By integrating (4.10) over [0,7], 0 < 7 < s, we see that

sup Ey(t / Eq(t

0<t<s

< sKj Z O’w S)]+|%‘70(Q(s)) + |[*Uij 7M(S)]+|2LQO(Q(3))) +51+)\K5M(5)2
1,7=1
3
< sCoK5 Y (loig = M(s)] i) + |[=05 = M()]F[3()) + 5" KM (5)°
i,j=1

< SO()K5A(S) + K551+)\M(8)2.

Here, we have applied (1.9) because gy = 1,—30.

On the other hand, we have

1 1
sup Ep(t / Ei(t)dt > mln{ V}A(S)
0<t<s 18 2’
Therefore, putting K5(Co + 1)/ min {3, v} = Kg, we get (4.11). O

13TH STEP. There exists a positive constant K; such that
M(s)? < K7(A(s) + s*M(s)?) for0<s<T. (4.12)

PROOF. From the proof of 8th step we observe that

M(s)* < K3{|Vut 1tlTa(qesy T VU2t - €l Taqesy) + 10 €1elTai0(s)

3
+ o2 etlLaoey T D f’ij@qo(cz(s))} for0<s<T.

ij=1
From 10th—12th steps it follows the conclusion of this step. O

Now, we arrive at just before the point to accomplish the proof of the uniqueness.

PROOF OF THE UNIQUENESS. Taking a small positive number s; satisfying s; Kg <
1, (4.12) implies

A(s) < 25" KgM(s)? for 0 < s < s1.

By substituting the above inequality into (4.12) we observe
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M(s)?* < K7(2s" T KM (s)? + s*M(s)?)

< K7(2K¢T +1)s*M(s)* for 0 < s < ;.

Here, we choose a positive number sy < s1 with K7(2KgT + 1)s5 < % Then we have
M(s)* < £M(s)? for 0 < s < sy. Therefore, M(s2) = 0 and A(s2) = 0. It yields that
o =0,u=0and 6 =0on Q(s2). In the above argument the choice of s is independent
of initial values. Thus we have proved the uniqueness on the whole interval [0,7]. O

5. Approximate solutions.

First, we approximate the indicator function I by using the Yosida approximation.
For A > 0 let I, be the Yosida-approximation of I. Easily, we have:

LEMMA 5.1 (cf. [19, Section 4]) and [4, Theorem 2.1]). Let A > 0. If § € L*(2)
and € € L?(2)°, then for o € L*(02) it holds

I\(0,e50) = %{HU — £ 0.0 a0y + |[f(0.€) = 0] 22 (0}

OL\(0, €50) = %{[o 0, — [fu(8,6) — o]} ace. on 2.

2
Next, let M be a positive number satisfying M > w. Here, we consider the

approximate problem (SMAP)(A, M). The following lemma is concerned with the well-
posedness of the approximate problem.

LEMMA 5.2.  Let A > 0. If ug, v, 0o and o satisfy (Ad), then there exist Ty €
(0,T) and a solution {u, 8,0} of (SMAP)(A\, M) on [0,T)], that is, (2.2)-(2.6) and (S1)-
(S4) hold.

By using the Banach fixed point theorem we can prove Lemma 5.2, because 0I
is Lipschitz continuous. From now on, we write 7" as T in order to avoid surplus
notations. The purpose of this section is to give uniform estimates for approximate
solutions {wuy, 8,0} with respect to A. Here, we put uy = (ux1,un2, urs) and oy =

(oxij)-
LEMMA 5.3. There exists a positive constant Ry independent of A such that
loaii (£) = Lol Tl 2(2) + [[=oxij (£) = Lol T|r2(2) < R1 for 0 <t < T and i, j;

T T
[ llosss®) = Lol Byt + [ =ris®) = Lol s oyt < R for .
0 0

ure(t)[72() + | Aua()lZ20) < B for 0 <t < Ty

T
/ Vs ()22 oydt < Ry for A € (0,1].
0
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PROOF. We multiply (2.4) by [ox;;(t) — Lo]t and integrate it over 2. Then we
have

Zdt/ |O’)\Zj L0]+|2d$+y/ |V 0’,\2]( )—L0]+|2d$

<ec / exist (o (8) — Lol Fdz for ae. ¢ € [0,7] and i, j, (5.1)
2
since I (0x,€x;0xij)[onij — Lo]™ > 0 a.e. on Q(T'). Similarly, we obtain

/ | 0')\” L(]]+|2d$ + V/ |V 0')\”( ) — L()}+‘2d!ﬂ
2 dt
< —c/ exijt(t)[—oxij(t) — Lo]Tdx  for a.e. t € [0,T] and 4, j. (5.2)
Q

It is obvious that

1d d , )
5@/9‘UM( )|*dx + 2dt/ | Auy(t)] d$+,u/Q|Vu)\t(t)| dx

= - Z/Qow(t) -Vauyi(t)de for a.e. t €[0,T). (5.3)

By adding (5.1)—(5.3) we see that

(2dt/ |U)\zg L0]+| d1'+l// |V UAZJ()—Lo]—i_Qd(E)

(M [ ors(0) - Lal* P+ [ [Pl-ais(0) - Lol P )
i,5=1

4 A
th/\ukt ) 2ds + 2dt/| ux(®)| daz—l—c,u/ V() 2dz

<c Z / exijt(t)[orij(t) — Lol tda — ¢ Z / exijt(t)[—oxij(t) — Lo| Tda

3,5=1

1,j=1 i,j=1
au}\zt )
—c Z UMJ dx for ae. t €[0,T]. (5.4)
i,j=1

Here, similarly to 3rd step of the proof of the uniqueness we can show that ox;; = ojs
for ¢ and j. Accordingly, we infer that
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CZ/E)\”t )oaij(t) — Lo] +dx—cZ/5>\”t an(t)—Loﬁdx

3,j=1 i,j=1
~e3 [ %
,j=1
au)\zt + +
Z oxij(t) = Lol™ = [=oxij(t) — Lo]™ — oxij(t))dz
3,7=1
0
th ‘ for a.e. t € [0,7T].
1,7=1
Here, we use |[ox;;(t) — Lo]™ — [—oxi;j () — Lo]™ — oxij(t)| < Lo. Hence, it follows

2dt/ [[oxi(t LO]+|2dx+1// |V [oxi;(t) — Lo) T |2da

2@/ | O’)\” L()]+|2dl'+l// |V O’)\Z]()—L(]}+|2d$

_~_§%/ [ (t |d3;+ /|Au |dx+ /|VU/\t )[*dz

< L3|rz| for a.e. t € [0, 7). (5.5)

We integrate (5.5) over [0,7], 0 <7 < T, and get the assertion of this lemma. O

LEMMA 5.4. Put p =10/3. Then there exists a positive constant Rs independent
of X such that

\Vurlrry) < Re(|oaleery) + [volaz(o) + [Auwolmz(a))  for A€ (0,1],  (5.6)
lextlLrery) < Rz for A€ (0,1].

PROOF.  (5.6) is due to Lemma 3.5(i) since the embedding relation H?({2) C
W?2=2/P2(0) holds with p = 10/3 (cf. [33, Theorem 9.2.1]). Clearly, it holds that

|O’,\ij| S |[0')\'L'j — L0]+| + H_U)\'L'j — L0}+| + Lo a.e. on Q(T)

Hence, Lemma 5.3 and (1.9) imply that {oy} is the bounded set in L'%/3(Q(T))°. O

LEMMA 5.5.  There exists a positive constant Rs such that
loxij(t,z)| < Rs  for a.e. (t,xz) € Q(T), and A € (0,1] and 3, .

PrROOF. We shall prove this lemma in a similar way to those of [21, Theorem
7.1, Chapter 3] and [3, Lemma 4.3]. In this proof we fix i and j. First for £ > ¢y :=
max{LO, |UOij|L°C(Q) + 1} we put
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A(t) ={x € 2:0x;(t,z) > ¢}
The inequality (5.1) still holds with ¢ instead of Ly. On account of £ > 1 we observe that

1d / o2 (7) — € Pdz + v / V{ossy(r) — O [2de
2d’7’ 0 0

= C/ E)\iﬁ'(T)[O’)\ij(T) — E]_‘—dl‘
Q
= c/ Exijr (T)(02ij(T) — £)dx
Ag(T)
< C»/Ae(‘l') lexijr (T)|(|oxij (T) = £ + £2)da

3/10 7/10
< c< / |ijT(T)|10/3dx> ( / (Joxis (1) —€|2+€2)10/7dx)
Ap(T) A1)

for a.e. 7 €[0,7T].
Integrating the above inequality over [0,¢], 0 < t < T, we have

lloais — A7

(1)
t 3/10 t 7/10
gNl( / 6Mj7(7')|10/3dxd7'> ( / / (|an(T)—62+e2)1°/7dxdr>
0JA(r) 0JAg(T)

t 7/10
< NlRQ<// (Joxij (T) — € + 62)10/7dxd7> for ¢ € [0, 7],
0JA(T)

where N7 is a positive constant depending only on v and c¢. By applying Holder’s in-
equality we obtain

t 7/10
( ) PRCTCE a%mﬁdm) < 0110 — 0 R oo

and

t 7/10 t 7/10
( / / (£2)10/7dxdr> gﬁ( / |Ag(7-)|d7-> for t € [0, 7).
0 Ag(‘l’) 0

Therefore, (1.9) implies

t 7/20
|m—a+v<t>s¢N1R2{co<t|9|>1/2°|m—aﬂvmw( / |Ae<7>|dr) }
0

for t € [0, 7.
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Now, we choose T € (0,T)] such that /Ny RaCoT;/*°|02|1/20 < 1. Thus we infer that
t 7/20
o — O v < 2€\/N1R2(/ |A((7’)d7’) for 0<t<T)and £ >4y. (5.7)
0
Putting k, = (2 —279)¢; for {1 > ¢y and ¢ =0,1,2,---, (5.7) and (1.9) guarantee that

(i1 — kq>( / : |Akq+1<r>|dr)3 < ( / : [ lloristr) - kq]+|10/3dxd7-)3/10

< Collonij (1) = kgl T lv ()

8 7/20
<ty [ 140, (nler)
0

for each ¢ =0,1,2,---, (5.8)

/10

where Ny = 2Cy/ N1 Ry. Here, we put ag = (fOTl | A, (T)|d7')3/10 for each ¢ = 0,1,2,---.
Immediately, we have

Qg1 < N32qaz/6 forq=0,1,2,---,

where N3 = 4N5. Also, we set /1 = Ny for N > 1 and obtain the following inequality
in a similar way to that of (5.8):

(6 — o) ( / "4 <t>|dt)3

/10

T 7/20
< N2€0< / |Ago(t)|dt)
0

so that

B n 3/10 No 7/20 y17/20
vo=( [ 1Anmr) < i,
0 _

Thus we can take N satisfying
NoT{/*°|0T/0N$2% +1 < N.

Clearly, ag < W Then by applying [21, Lemma 5.6 in Chapter 2] it holds that a; — 0
as ¢ — 0o so that ox;; < 2N¥¢ on Q(T1).

Analogous arguments are valid on the cylinder (77,277) x 2. Thus after a finite
number of steps we get the required estimate. Of course the lower bound can be shown,

similarly. O

The following lemma is useful in order to get uniform estimate and can be proved
easily.
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LEMMA 5.6. {ex} and {Vuy} are bounded sets in L*(Q(T))°.

PROOF. For eachiand A € (0,1] uy; satisfies (3.5) with o, instead of f. Therefore,
this lemma is a direct consequence of Lemmas 3.5(iii) and 5.5. g

LEMMA 5.7.  The set {0)} is bounded in W12(0,T; L?(£2)) and L>(0,T; H'(£2)).

PROOF. By Lemmas 5.5 and 5.6 the right hand side in (2.3) belongs to L?(Q(T))
for each A\ € (0,1], that is, {ox : ext + uVuy; : €x¢} is the bounded set in L2(Q(T)).
Hence, this lemma is trivial. O

LEMMA 5.8.  There exists a positive constant Ry such that

[Ix(Ox, €x500i5) | L~ (0,7) < Ra for i, j,
|OIN(Ox, €x;00ij) | L2 (0,1;L2(02)) < R for i, 4,
‘Vo-)\(t)|L2(Q) < R4 fO’I‘OStST, fO?”/\E (071]

loAl 20,1312 (02)) < Ra,

loatlL2 () < Ra,

PRrROOF. In this proof we fix i and j and out OIx(0x,ex;0x5) = &xij for A € (0,1].
Multiplying (2.4) by ox,j¢, we obtain

vd
|oxije (D) 720y + 5%\V®ia‘(t)\%2(m +M/wa(t)®ijt(t)d$

1 2
< 7/ |oxije(t)2de + C—/ lexije(t)Pdz  for a.e. t € [0,T).
2/)a 2 Ja

Here, we calculate the time derivative of Iy as follows (see Lemma 5.1):

%IA(%(t),EA(f);JW(t))
= %/Q <U>\ijt(t) - gtf*(ex(t),@\(t)g [oxij(t) — FH0x(1), ex(t)]Fda

+ % /_Q <§tf*(9)\(t)7€)\(t)) - Jmt(t)> [£e(0x(8), €x(t)) — o (1)) Tdw
~ [ euionnds— 5 [ 5100, exO)lons(0) - £ Or(0) er )] o
0 2
+ % /Q %f*(ﬁx(t), ex(t))[f«(Ox(t), ex(t)) — Ux\ij(t)]+d$

< /Qé-)\ij(t)d,\ijt(t)dl'-i-/QF)\(t”f)\ij(t”d.’I} for a.e. t € [O,T], (59)
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where F\ = |%f*(9,\,ek)‘ + |%f*(0>\,s,\)|. We note that

[« (0x,€x) — oxis] 7] < Ménizls o — F5(0x,ex)]T] < Alénij|  ace. on Q(T).

From the above two inequalities it follows

1 vd d
5\%\@&@\%2(9) + 5%\%&@'@)\%2(9) + M%L\(GA(t)aEk(t%UAij(t))

2
< %/ |E,\ijt(t)|2daj+M/ F\(t)€xij(t)dx  for a.e. t € [0,T]. (5.10)
o 7

Next, multiplying (2.4) by &xi;, we see that
/ Jth(t)fAij(t)dx—V/ AUAij(t)ﬁxij(t)dx+M/ ISYIGIRCE:
7] 7] o)
= c/ exijt(£)€xij(t)dx  for a.e. t € [0,T).
0

By substituting (5.9) into the above inequality we get

GO0, xBi s 0) 1 [ (6050

<v /Q Ay (8)]|Exis (1) da + /Q exije (8)|Eni; (1) + /Q P (1) iy () de

< 02/ lenij (t)|2dx+y/ |€ --(t)|2dw+l/2/ |A --(t)|2dx+3/ |F(t)2dx
= 9M o ENijt S o Aij M o O \ij M o A

so that
d M
%Ix(ax(t)’ ex(t);onij(t)) + §|§Ai]‘(t)|2m(9)
¢ 2 V2 2 2 2
< m\f?kijt(t)h?(n) + M|A0Mj(t)|L2(Q) + MWAU)\H(Q) for a.e. t € [0,T].
(5.11)

Similarly to (5.10) and (5.11), by multiplying (2.4) by —Aocy;; we can show

d v
awakz‘j(tﬂiz(m T3 [ Ao i (8)[72(0)

2

M 4 c
< T6|5Aij(t)|%2(n) + M|A0Mj(t)|%2(0) + 5|5th(t)|2m(n) for a.e. t € [072;]' |
5.12
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(5.11) and (5.12) imply that

d M d v
DN OA (), ex(t); o5 (1)) + @\ﬁw(t)@zm) + £|V0Mj(t)|%2(n) + §\A0Mj(t)\%2(n)

c? ? V2 —|—4 9 2 9
< (2M + 21/) lexije(D)|7200) + —— A0 ()7 2(0) + M|F>\(t)|L2(Q)
for a.e. t €[0,T].

2

Now, it satisfies “7+* < &. Thus we have
d M d v
%I,\(Q,\( ),ex(t); oniz(t) + g\fx\ij(t)ﬁ?(n) + %WU/\M(t)ﬁz(n) + Z\AUMj(t)\%z(n)
c? c? 9 2 9
S m + g |€)\ijt(t)‘L2(_Q) + M‘F)\(t”LQ(Q) for a.e. t € [O7T] (513)

Integrating (5.13), we get the required estimates except for |ox¢|r2(q(r)) < Ra. In fact,
it holds that

3
|F>\(t)|L2(Q) < 2L(|9)\t(t)|L2(Q) + Z 5/\ijt(t>|L2(Q)) for t € [0,T7.

i=1

The rest estimate of this lemma is easily obtained from (5.10). O

LEMMA 5.9.  The set {uy} is bounded in W1>°(0,T; H*(£2)3), L>=(0,T; H*(£2)?3)
and W12(0,T; H3(2)?). Therefore, {uxu} is bounded in L>(0,T; L?(£2)3).

ProOOF. We multiply (2.2) by A(Auy:). Then by elementary calculation we see
that

1
§|Au>\t( )|L2(Q) +5 |A(AU/\)( )|L2(Q) +35 / IV (Au,)(7 )|L2(Q)d7'
< o [ IV () ar + 3l Avoltsioy + LAy Tort € [0.7)

Also, (1.2) implies that {uys} is bounded in L°°(0,T; L?(£2)3). Thus we have proved
this lemma. O

6. Proof of the existence.

The purpose of this section is give the proof of the existence of solutions. Before the
proof we show the global existence of approximate solutions in time.

PROPOSITION 6.1.  Let T > 0 and assume (A1)—(A4) and p?> > 4v. Then for
A€ (0,1] and M > 0 with M > 2 G +4) (SMAP)(M, ) has a solution on [0,T].
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PrOOF.  Let [0,7)\) be the maximal interval of existence of a solution to
(SMAP)(M, X). Suppose that T < T. Then uniform estimates obtained in the previous
section show that we can extend the solution beyond T. Thus this proposition has been
proved. O

PROOF OF THE EXISTENCE. The uniform estimates shown in the previous section

guarantee that we can take a subsequence {A;} of {\} and functions u, 6 and o satisfying
(S1)~(54),

O := 0y, — 0 weakly in W12(0,T; L?(2)),
weakly* in L®°(0,T; H'(£2)),
in ([0, 7]; I2(2)),
o =0y, — o weakly in Wh2(0,T; L%(02)?),
weakly* in L>(0,T; H'(£2)?),
in 0((0,7); L2(2)°),
uy, = uy, —u  weakly* in WH°(0,T; H2(£2)?) and L*°(0,T; H*(2)?),
weakly in W12(0,T; H3(£2)%) and W?22(0,T; L*(£2)3),
I, Ok, e; 0kij) — fij weakly* in L>°(0,T) for i, 7,
OI, Ok, €x; onij) — &; weakly in L*(Q(T)) for i, 7,

as k — oo, where o, = (01;) and e = €3,
Hence, for each ¢ we have

/ (uire + YA(Au;) — pAug)ndedt = / ndiveydedt  for n € L*(Q(T)).
Q(T) Q(T)

where w = (uq1,ug, u3). Thus we know that (S5) is valid. Clearly, the initial conditions
for u hold.

Next, by putting ¢ = 3(Vu +'Vu) it is obvious that er; — & weakly in
L?(0,T; L*(£2)°). Then we obtain

/ oijendxdt + v Vo - Vndxdt + M/ &ijndxdt
Q(T) Q(T) Q(T)
= c/ eiendxdt  for n € L*(0,T; H'(£2)) and 1, 4,
Q(T)

where € = (g;5). Accordingly, in order to prove (S7) it is sufficient to show that
M¢;; € 01(0,e;04;) a.e. on Q(T) for each ¢ and j. (6.1)

To do so, for ¢ and j it holds that
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l[oxig = £ (Ox, )] = [fx(Ox,€2) — oxig] Tlr2(@ery) = Méxilraaery) — 0 as A |0,
and oy;; — oy in C([0,T); L*(2)) as k — oo. Also, the above convergences imply
[*(Or,er) — f*(0,€) and f.(0k,ex) — fo(0,€) in L*(Q(T)) as k — oo, since ux — w in

L?(0,T; X?). Hence, we have

lloij — F(0,€)]" = [f+(0,€) — 03] T | L2(@(ry) = O

so that f.(0,e) < 0;; < f*(0,€) a.e. on Q(T). As the next step let z € L*(Q(T)) with
fe(0,6) <2< f*(0,¢) a.e. on Q(T) and put

2z, = max{min{ f*(0x, ex), 2}, f« Ok, €x)}-
It is easy to see that
Fe(Or, 1) < 21 < f*(Ok, €x) a.e. on Q(T) and 2z, — z in L*(Q(T)) as k — ooc.

Consequently, we observe that

/ Eij (26 — Okij)dadt — &ij(z — 045)dadt as k — oo,
Q(T) Q(T)

/ Ekij (26 — ORij)dadt <0 for k.
Q(T)

Hence, fQ(T) M&;;(z — 045)dzdt < 0. This means (6.1), that is, (S7) holds.
In order to prove (S6) it is sufficient to show that

o€kt + W g epy — o g + pVuy : egweakly in Lz(Q(T)). (6.2)

Now, we know that the set {uy;} is bounded in L>(0,T; H2(£2)3), L*(0,T; H3(£2)3) and
W1oo(0,T; L?(£2)3). By applying Aubin’s compact theorem (see [22, Theorem 5.1]) we
know that wy; — wy in L2(0,T; H?(£2)3) as k — oco. It yields that Vug, — Vg and
ext — & in L2(0,T; L?(2)%) as k — oo. Hence, we have

/ (o) : €kt + pVugy : €x)ndadt — (o : e+ pVuy : ey)ndadt
Q(T) Q(T)

for n € C5°(Q(T)).

Obviously, (6.2) holds, because {Vuy} and {ej;} are bounded in L>°(0,T’; L5(12)). From
the above argument we conclude that {u, 0, o} is the solution of (SMAP) on [0,7]. O
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