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Abstract. We consider the Cauchy problem for the damped wave equation
with absorption

utt — Au+us + [ulP"lu =0, (t,z) € Ry x RN, (%)

with N = 3,4. The behavior of u as t — oo is expected to be the Gauss kernel in the
supercritical case p > pc(N) := 1+ 2/N. In fact, this has been shown by Karch [12]
(Studia Math., 143 (2000), 175-197) for p > 1+%(N =1, 2, 3), Hayashi, Kaikina and
Naumkin [8] (preprint (2004)) for p > p.(N)(N = 1) and by Ikehata, Nishihara and
Zhao [11] (J. Math. Anal. Appl., 313 (2006), 598-610) for p.(N) < p < 1+ %(N =
1,2) and pc(N) < p < 1+ %(N = 3). Developing their result, we will show the
behavior of solutions for p.(N) < p < 1+%(N =3),pc(N)<p< 1+%(N = 4). For
the proof, both the weighted L2?-energy method with an improved weight developed
in Todorova and Yordanov [22] (J. Differential Equations, 174 (2001), 464-489) and
the explicit formula of solutions are still usefully used. This method seems to be
not applicable for N = 5, because the semilinear term is not in C? and the second
derivatives are necessary when the explicit formula of solutions is estimated.

1. Introduction.

We consider the asymptotic behavior of the solution to the Cauchy problem for the
semilinear damped wave equation with absorption:

e — Au+up + [ulf"lu =0, (t,z) € Ry x RY,
(u, us)(0,z) = (ug,ur)(x), z € RN.

(1.1)

Here no restriction of the size of the data is imposed. When p > 1, the critical exponent
pe(IN) on the behavior of solutions is expected to be

peN) =1+ = (12)

The behaviors have been shown in some cases, which are as same as those for the semi-
linear heat equation with absorption, since the damped wave equation has the diffusive
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structure as t — oo (Marcati and Nishihara [14], Hosono and Ogawa [9], Nishihara [18],
[19], Narazaki [16], Ikehata-Nishihara [10]).

In the subcritical case 1 < p < p.(N), the solution u to (1.1) is expected to behave as
the similarity solution wy(t,z) := t=1/(»=1 f(2/4/t) to the corresponding heat equation
with absorption

b — Ao+ g T =0, (t,z) € (0,00) x RV, (1.3)
In fact, when N = 1, Hayashi, Kaikina and Naumkin [7], [8] have shown that

u(t,z) ~wp(t,z) as t— oo, (1.4)

provided that p is near to p.(N), and, when N > 1, Nishihara and Zhao [20] and Ikehata,
Nishihara and Zhao [11] showed that

I(w, Vu)(t, )| L2 :O(t_ﬁ+7,t_m+7_§). (1.5)

Here, the similarity solution wy is given by the ordinary differential equation of g(r) :=

fl@/VE), r=lal/VE:

yo(r N=1\, 1
- - o - E— € 07 9
g <2+ " )9 + 19/t i 7 (0,00)

(1.6)

g'(0) =0, Tim, o7 Tg(r) = b(= 0),

Note that the decay rates of the similarity solution are
wp, Vap) (8, )12 = Ot 755 473 73), (17)

and hence the decay rates of (1.5) are sharp in the sense that (1.5) has the same rates
as those in (1.7).
In the critical case p = p.(IN), the solution ¢ to the Cauchy problem for (1.3) satisfies

B(t, ) ~ 0G(t,z)(logt) "2 as t— o0 (1.8)

(Galaktionov, Kurdyumov and Samarskii [4]), and for (1.1) Hayashi, Kaikina and
Naumkin [6], [8] have shown

u(t, ) ~ 0oG(t,z)(logt)~Y? as t — oo, (1.9)

where 6y is a suitable constant, G is the one-dimesional Gauss kernel and the N-
dimensional Gauss kernel is defined by
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G(t,z) = e, x| =1/2?+ 23+ -+ 2% (1.10)

When N > 2, neither the sharp decay orders nor (1.9) even for small data are obtained
yet.

In the supercritical case p > p.(N), similar to the results by Escobedo and Kavian
[2] and Escobedo, Kavian and Matano [3], it is expected that

u(t,z) ~ 0pG(t,x), t— oo, with

902/ (uo+u1)(:c)dx—/ / P~ u(r, z) dz dr.
RN 0 JRN

Kawashima, Nakao and Ono [13] showed the global existence of solutions for 1 < p <
14+4/(N—-2) (1< p<ooif N=1,2)and the L?-decays of the solution including its
higher derivatives for 1 +4/N < p <14+4/(N—-2) (B3 < N <5),14+4/N <p<
(N = 1,2). Based on their results, Karch [12] showed (1.11) when p > 1 + 4/N with
1 < N < 3, and Hayashi, Kaikina and Naumkin [5], [8] have recently shown (1.11) when
p > pc(N) =3, N =1. Making use of their results, Ikehata, Nishihara and Zhao [11]
have extended to the cases

(1.11)

4

<1+ (V=12)
pe(N) <p 3 (1.12)
< H_N (N =3).

Our aim in this paper is, by developing the method in [11], to show (1.11) when

pe(N) < p A (1.13)
<1+ N (N =4).

The same method does not seem to be applicable to show (1.11) in case of N = 5.
Because the second derivatives of the semilinear term are necessary when we estimate
the explicit formula of solutions, and the semilinear term |u[?~u ¢ C? for p < 1+4/5
(See Remark 4.1 below).

For the related works see the references in [11], [8], etc.

The content of this paper is as follows. Since the proof is following to that in [11], we
remember the results in [11] and its story in Section 2. Our main theorem is also stated.
In Section 3 the basic estimates on the solution to the linear damped wave equation are
derived. In Section 4 the series of Lemmas will be proved. In the final section 5 the proof
of Main Theorem will be completed.

NotATIONS. By f(x) ~ g(x) as |z|] — a we denote limm_)a% = (positive

constant). Especially, f(t,-) ~ g(t,-) as t — oo, f,g: Ry — X (Banach space) denotes
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lf () — gt )llx = o(llg(t, )|l x) as t — oo, so that g(t,-) is an asymptotic profile of
f(t,-) ast — oco. By C(a,b,...),Cap,.. or c(a,b,...), cqp,.. we denote several positive
constants depending on a,b,.... Without confusions, we denote them simply by C,c,
whose quantities are changed line to line.

By LP = LP(R"™) (1 < p < o0) we denote a usual Lebesgue space with its norm
|| - l». When p = 2, its suffix L is often abbreviated. The Sobolev space H™ =
H™(RN)={f: RN - R; 0.f € L?(i = 0,1,...,m)}, and W™4 = W™4(RN) = {f :
RN - R;0:f € LY =0,1,...,m)}. For u(t,z) : Ry — LP, u € LP™ = LP™(R")
means (1 -+ \/It"ﬁ)mu(t7 -) € LP(R") together with

lu(t, Y orm = ( /R ) (1 + %)pﬁu(t,zﬂpd:p)lm.

When ¢ = 0, LP™ becomes a usual weighted LP space of order m. Often ||u(t,-)| L,
|lu(t, )| |Lp.m etc. are written simply as ||u(t)||ze, [|u(t)| Lr.m ete.

2. Known results and the main theorem.

First, we remember the results in [11]. By the weighted energy method with the
improved weight introduced in [22] the following theorem is obtained.

THEOREM 2.1 (Theorem 2.1 in [11]).  Suppose that 1 < p < 1+ 25 (N > 3),
p<oo (N =1,2) with p <1+ + and that (ug,u1) € H'(R™) x L*(R") with

(1 + “r|)m(u03vu07ula |u0|pT+1) S LQ(RN) (21)

Then the solution u € C([0,00); HY(RN))NC*([0,00); L*(RY)) to (1.1) uniquely ezists,
which satisfies for t > 0

[ult, ) p2m < C(Io)(1 + ) 715 (2.2)
lu(t, Y| posrm < C(Io)(1+ 1)~ 71T 205D (2.3)
(Ve ue)(t, )| pom < C(Io)(141) 713 (2.4)

together with

t . L .
/0 (L4 )75 (T, ul ) (7, )| o + (1 P77, ) [ |

CE(IO) (6 < 0)
<3 C(lp)log(2+1t) (e =0) (2.5)
Ce(lo) X+ (>0),

where
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Io = [|(1 41 )™ (w0, Vo, us, |uo|pT+1)||L2 < 00 (2.6)

and

m:ﬁfT(>0) (2.7)

for an arbitrarily fixed constand § > 0.

Very short sketch of the proof will be given in Section 4 before the proof of Lemma
4.2.

Though (2.1) with (2.7) means ug, u; € L*(RY) in the subcritical case, it is necessary
in the supercritical case to assume

N 1

Because

[[uo| L1 =/RN(1+\xl)_m-(lﬂxl)mlw(x)ldx

1/2
< (/ (1+ |x|)_2mdm> luol| L2m < 0. (2.9)
RN

Theorem 2.1 implies the following.

THEOREM 2.2 (Corollary 3.1 in [11]). In addition to the assumptions in Theorem
2.1, both p > p.(N) and (2.8) are supposed. Then, it holds that

lu()lle < CA+077TH . (un, Vu)(@) |0 < CQ+0) 7THEE (2.10)
where
1<p<o (N=1)
l<p<oo  (N=2) /oo (2.11)
1<p< —— 5 (N >3)

The proof of Theorem 2.2 is based on the estimates like (2.9) and the Gagliardo-
Nirenberg inequality.

LEMMA 2.1 (Gagliardo-Nireberg). Let the exponents s,q,7(1 < s,q,r < 00) and
o € [0,1] satisfy

1:a<1—;/_>—|—(1—0); (2.12)



810 K. NISHIHARA

with r < N except for s = 0o orr = N when N > 2. Then it hold that

[ Ls(RV) < C||U||;FRN)||VH| %T‘(RN)' (2.13)
In proving the asymptotic behavior (1.11), it is important to show the boundedness of

|lu(t,)||Lr. Following Hayashi, Kaikina and Naumkin [8], multiplying (1.1) by sgn(u) =

1(u>0),0(u=0), —1(u<0) and integrating it over RY, we have

d
%Hu(t)ﬂp —|—/ (—Au - sgn(u) + |ul?) de = —/ ugesgn(u) dx
RN

RN
and hence
d
o @l < flue (@)l
and
t
[u@®)llzr < [luollzs +/ et ()| L2 dr (2.14)
0
Moreover, since
e ()1 < CO+H) Juaa(®)]| p2m (2.15)

in a similar way to (2.9), it is now important to obtain the faster decay estimate of
luee (8)|| 2.m . To do so, we again use the weighted energy method to

(ur)ee — Aug) + (ue)e + plul’ gy =0, (2.16)

which comes from t-differetiation of (1.1). Though the semilinear term in (1.1) is an
absorbing one, the nonlinear term in (2.16) is not absorbed. Hence, to obtain the energy
estimates on uy by (2.16), we need L>-estimate of u to treat the last term pl|u|?~tu,.
In higher dimensional space we do not have it yet in Theorem 2.2. As in the previous
paper [11], we have applied the explicit formula Sy (t)g of solutions to

Vi — Av 4+ v, =0, t,z) € Ry x RN,
{“ ' (o) € Ry (2.17)

(v,v:)(0,2) = (0,9)(x), € RN.

Concretely, Sy (t)g for N = 3,4 is given by

e t/2 1 L /2 142
[S3(t)g](x) :e_t/Q%/S2 gx+tw) dw+ pp /z|§t Wg(x—i—z) dz (2.18)

and
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e, (e (GVEP)
=G0 | e "

where I, (y) is a modified Bessel function of order v given by

[Sa(t)g](2)

/ g(x + pw) dw dp, (2.19)
S3

I(y) = i W(g)zm“’

m=0

with the Gamma function I" (see e.g. Courant and Hilbert [1], Nikiforov and Ouvarov
[17]. See also Ono [21]), SN~1 is a unit sphere in RY and dw is its surface element. By
the Duhamel principle, the solution u to (1.1) is that of the integral equation

u(t, ) = Sy (t)(ug +u1) + 9 (Sn(t)ug) — /0 Sn(t —7)|u|’~ u(r) dr. (2.20)

In case of N = 3, using the explicit formula (2.20) with (2.18) we can show the
L*>-estimate of v when p.(N) < p < 1+ 4/N. On the other hand, in case of N = 4,
combining (2.19)—(2.20) with the weighted L?-energy estimates on

(V)i — A(Vu) + (V) + plulf ' Vu =0 (2.21)
derived by V(1.1), we can also show the L>-estimate when p.(N) < p < 1+4+4/N. More
precisely, the following key lemma holds, which will be shown in Section 4. We note that

the L°°-estimate is not optimal. The optimal decay estimates and the asymptotic profile
in higher dimensions N = 3,4 will be obtained by a series of Lemmas.

LEMMA 2.2 (Key Lemma). In addition to the assumptions in Theorem 2.2, sup-
pose that (ug,u1) € H* x H'. Then, if

pc(N)<p<14+4/N with N =3, (2.22)
then it holds that
lu@®llz~ < CQ+ )77t (2.23)
for an arbitrarily small p > 0. Moreover, if (ug,u1) € H®> x H? is assumed and
L=](1+]])™(Vuo, Aug, Vur)(+)| 2 < o0, (2.24)

then (2.23) holds for

pe(N) < p<1+44/N with N = 4. (2.25)

Once we have Lemma 2.2, we return to (2.16) to obtain
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LEMMA 2.3.  Under the assumptions in Lemma 2.2 it holds that
t 2 _N.g 9
/ (1+ 7)1 237 gy (7) |2 2m dT < C(I, I). (2.26)
0

From (2.26) and (2.14)—(2.15) we have
t t N
/ uee() | adr < C / (14 7)Y e ()| pam
0 0

t N ) ~ 1/2 t ) N 1/2
SC(/ (1+T)2—p—1+2—3+6d7> (/ (14 7) 72~ 5432y (1) 2o d7>
0 0
C

(Lo, 1) (2.27)

if0<e<1,since N=3or N=4.

LEMMA 2.4.  Under the assumptions in Lemma 2.2, it holds that
[u(t)|[r < C(Io, I1). (2.28)

We again apply the L'-boundedness (2.28) to the integral formula (2.20), then we
can obtain the optimal decay rate.

LEMMA 2.5.  Under the assumptions in Lemma 2.2 it holds that
lu(®)llzs < Co, I)(1+1)~¥0-D) (2.99)

for N =3,4.

Moreover, by the integral formula (2.20) of solutions, we can obtain the asymptotic
formula 0yG(t, z) of the solution u(t, x), and thus reach to our main theorem.

THEOREM 2.3 (Main Theorem). Let N = 3,4 and the exponent p satisfy (1.13).
Suppose that (ug,u1) € H?> x H' (N = 3) or (up,u1) € H®> x H? (N = 4) with

(1 + | . Dm(uo7 V’U,O, A’LLO7 ‘UO|%,U1, Vul) S L2(RN) (230)

and (2.8). Then there exists a umique solution u € C([0,00); H*(RY)) N
C([0,00); HY(RN)) N C2([0,00); L2(RY)) to (1.1) satisfying (u, Vu, ur, Au, Vg, uy) €
L>™(RN). Moreover, for 6y given by (1.11) and 1 < p < oo, it holds that
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_eNa-l
u(t,") = 0oG(t,)r =0(t"2V7%)) as t — oc. (2.31)

REMARK 2.1. When N = 4, the assumption (ug,u;) € H? x H? with (2.29), (2.8)
implies that uy +uy € HIZI N LY and ug € HIZH N LY, and that ||S4(£)(uo + u1)|| e <
C(1+t)720-1/P) and ||0;(S4(t)uo)||zr < C(1+1)720=1/P)=1 (cf. Matsumura [15]). The
situation in the case N = 3 is just similar to these. Those properties will be used in the

final section.

3. Basic estimates for the linear damped wave equation.

For the proof of the key Lemma 2.2, we analyse the explicit formula (2.18)—(2.19) of
the solution to the problem (2.17) for the linear damped wave equation. When N = 3,
we epress the solution S5(t)g as

t e~t/2 L3/ —2?)
S3(t)g](x :e_t/Q—/ T+ tw) dw + / 2 T+ 2)dz
[ 3( )g}( ) An 529( ) An =<t 2\/m g( )
=: e P [Wos(t)g)(x) + [Jos(t)g)(x) (3.1)
and
_ 1 ¢
ousa09@) =] (= 5+ § ) Waaalla) + Wi
+ L /t/ O {e‘t/Qh (1\/162 - |z2> /)2}9(96 + pw) dw dp
Ar Jo J g2 2 2/t% — |z|?
=: [Wis(t)g](z) + [J13(t)g](z). (3.2)
Then we have the following properties.
LEMMA 3.1 (N=3). Forl<q<p<oo,
1 os(D)glle < C+1)72G "D glla, >0, (3.3)
1703 (£)g — Ps(B)gll e <227 lg]l 1o, t>0, (3.4)
1715(®)gllze < CL+172G7D glla, t>0, (3.5)
and, for any constant £ > 0,
[Wos(8)gllzoe < C(t75 gl pos + gVal i), t>0, (3.6)
[Wos(t)gllre < tllgllLa, t>0, (3.7)
Wis(t)glle < C[(1+6)*|lgllza +IVglLa], >0, (3.8)

where
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_ 1212

[Pn(t)g](x) = /RN (meﬁg(x +2)dz = /OOO/SN_l (4;%9(36 + pw)p™N 7t dw dp.
(3.9)

REMARK 3.1. By the Gagliardo-Nirenberg inequality, (3.6) withe = 1 and o = 3/4
imply

o 1/2 1/2
1Wos (gl < C(/1gll 127 IVgl7 + Igl°1Vgl17) < CO+ gl
Hence, combining this with (3.7), we have
—t/2 —BtY 111 (gl 7 1
e Wos(t)glle < CemFlgll " llgllza, 0<B< 3. (3.10)

Moreover, the general estimate

N1
0:Sn gl < CO+ D Fi gl L 20, (3.11)
by Matsumura [15] together with (3.5), (3.8) implies
10:(S5()9) 120 < CU+ 073G glacwra, 20, (3.12)

PrOOF OF LEMMA 3.1. The estimates (3.3)—(3.5) are showed in [18], and (3.6) is
n [11]. By (3.1) and (3.2),

t
Woa(®igler < o= | llglladeo = tlgler
™ )52

and
Wis(glle < (2 + 1 t/u || dw+i/<|| o + ¢ Vgl o)
13 9L<172 3 ) ar 2qu 47Ts2qu gllLa
C((A+1)?(lgllLa + tIVglLa),
which show (3.7) and (3.8), respectively. O

We want to have the similar estimates in Lemma 3.1 even when N = 4. Rewrite
(2.19) as

—t/2

47T2t / ,/ —p /53
—t/2 tcosh (3/12 —p2) — 1
+ & 8,5/ ( 7) p3/ g(x + pw) dw
0 t S3

472t 2 p2

=: e 2 Wou(t)g + Joa(t)g. (3.13)

Su(t)g

(z + pw) dw dp
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By integral by parts
1 t
Woa(t)g = 4—2@/ _ap(\/W) 'p2/ g(@ + pw) dw dp
Tt 0 5
47T2t / \/7[)(2/)/ (z + pw) dw + p? /SVQ(I+pw)~wdw>dp.

Hence

Woal(t x—i—pw)dw—l—p/ Vg(z + pw) - wdw)dp (3.14)

9= 4w2/ﬁ</ss

Also, differentiating the integral in Jyo4(t)g with respect to t, we have

—t/2 [t [sinh (/2 — p2 cosh (1/t2 — p2) — 1
:€47T2 / l: (52 P) _ (2 p) }pg/sgg(x—&-pw)dwdp
0

=) @ — ) e

/Om+/t (t > VA)

t2—A

Joa(t)g

0 +/O (t < VA)
= Joa(t)g+e "2 joalt)g (3.15)

for a constant A > 0. That is, by denoting () = = (z > 0), 0 (z < 0),

- B et/2 V(E=A) Tginh (%M) cosh( m)
JO4(t)g_ 472 /0 |: 2(152—,02) N t2— 2) / :|
-/39(x+pw)dwdp
g (3.15)
os(t)g = 1t |:Sinh (3/t2 = p?) cosh( —-p?) — ]
Joa(t)g = 42 JEAT 212 — p?) - 2)\/7
/ g(x + pw) dw dp.
g3
Also, we put
Sa(t)g = e > (Woa(t)g + joa(t)g) + Joa(t)g
e_t/2V_V04(t)g + j()4(t)g (316)

By differentiating S4(t)g in ¢, we have
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ou(sit)g) = 2| (= 5+ 01) (Was(t)g + 1))

1 Sinh@ COSh@*l 9
— — tt*— A
+47r2< 24 AVA ) ( )+/S3g(x+

L /2 ) _cosh(% 12

+

~ ) dw}

_p2)_1

e=t/2 (VA 1 5 sinh (

Wl e[

><p3/ g(z + pw) dwdp
SB

67t/2W14(t)g + j14(t)g.

Estimates on Wiy (t)g, Jia(t)g (i = 0,1) are given by the following lemma.

LEMMA 3.2 (N =4). For1<¢g<p<oo,

1 oa®)gllr < CU+ )G gllpa, >0,
[ Joa(t)g — Pa(t)glz» < Ot‘Q(T%)_lllglqu, t>VA> V3,

| ha(gllzr < A+ lglla, ¢ >0,
and, for any constants s,5 > 2 and t > 0,

[Woa(t)gl e < C[(#'7% + 27 %)||gllpe + 273

7]

Wos(t)gllze < C[(t+)lgllze + [Vl L], q < oo,

IWia(t)gllze < CIA+6)?gllza + (1 + )IVallLe + 2| AgllLe], g < 0.

REMARK 3.2. Similar to Remark 3.1, even in N = 4 we have

IWoa(8)gllze < C[(1+t%2)gl 27 IV gl 72 + Vgl =71 Ag]72]

<O+ glla

2
2 — p2) (12 — p2) /12 — p2

(3.17)

(3.18)
(3.19)

(3.20)

(3.21)
(3.22)
(3.23)

by the Gagliardo-Nirenberg inequality with s,5 = 4, ¢ = 1/3. Combining this with

(3.22) implies
e 2| Wort)gller < e P llgllaznre, 0<B <1

We also have

18:(S1(t)g) | < C(L+6)"2G7 57 gl gspmwa.a

(3.24)

(3.25)

|
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by combining (3.11) with (3.20), (3.23).
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PROOF OF LEMMA 3.2.  Rewriting (3.14) and taking 5,5 > 2 with 1 + & = 1,

%Jr%fl we have

(Woa(t)g| =

1/ { 2g(z +y) +Vg(ﬂﬂry)‘y}dy‘
Ar? i< LV =Pyl V2 = [yPly)?

1 s’ 1/5'
<o( [ (e=mmp) @)
lyl<t \/1% = |y2|y|?

=/

+C</y<t<m| |>de>1/5l”v9”L5

< C(HFlglloe + 75 IVgllLe)

and

[Woa(t)glla <C

dy
——— 9|1
i<t /12— ly[2|y]?

d
+0 | = |VygL

i<t V2 = |yl
C(tllgllLe + | VgllLa).

Moreover, since

sinh(z) = 2 4+ O(|z|*),

cosh(z) — 1= 5 +O(|z|*),
we have
t o
joa(t)gl(x)] < C/ 7/ T+ pw)|dwd
and, hence
ljoa(t)gll = < Ct*=%
and

ljoa()gllzs < Ct?|g]La.

In fact,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Lo
1/s’
1,,02V—8"/2
= C(/\/W<Iy<t(t ") dy)

¢ 1/3'
gc( / / (tZ—p2>-s’/2p3dwdp) Il
V@A) s

< Ct2/S,Ais,/2+1HgHLs < CtQ*%

and

t

joa(B)gllLa < C/ dp-|lgllzs < C A g|lLa < CF)lgll 1o

3
-
VeE=a; 2= p?

Thus we have (3.21) and (3.22). Though we need tedious but not difficult culculations,
similar to (3.30), we have (3.23).
Noting that V12 — A > t2/3 if t > /A > /3, we set

ty 02

£2/° ViE-A —ata@ smh (l 12 — 2)
, p
Ji P -1
oa(t)g — Pa( ( / ) Tm)4 e

B 4t%e~ t+6 (cosh (%\/f)
AE

o0
—/ p3/ g(x + pw) dw dp
Viz=a (

=: (K11 + K12) + Ks. (331)

)] p3/gsg(w+pw)dwdp

It is easy to show

K2 r = O(e™PY)||gllLe, 0< B <1 (3.32)

For Kz, since VA < \/t2 — p2 < V12 — 43, p?/t > t1/3 and

b, Ve — 473 t4/3 - L
2 2 2(t_~_‘/t2 —t4/3) = 4 ’

we have

_ 541/3
| K12l enns < Ce P |g|| e
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or
_ a41/3
[K12]le < Ce ™ Vlgllra, g <p< oo (3:33)

For the main term K, since p?/t? < t72/3 < A=2/3 and p?/t2 < C(A)p/t,

2
22— 5+ 5% sinh (1 /42 — 52 1 2 2\ 2
by e sinh (3 P)IO(P+<P>>

12— 2 o\t ¢
2
4t2e= 5% (cosh (/12 — p2) — 1 1 2 2\ 2
ey 1= (cosh (; 7) )—1=O<1+’0+(p> )
(2 — p2) /12 — p2 t t ¢

In fact, since

t2
we have
4 —2 2\ —1 2 2\ 2
k1= e_f?(“'\/l_%j) +e Pt lfp— —1:10 &+ P
12 t t t
and
4 2\ —3/2 2 2\ 2
ky = j(efns(Hvlﬁ) - eﬁt) <1 - f;) 10(1 +2 4 (’;) )
Thus

2/3

67% 1 p P >2> 3/
——— 01+ + (5 ) ) + pw)| dw d
WrIh ( ; <t " lg(x + pw)| dw dp

t
1K lon < H /
0

r
< Ct 2G5 7Y gl o (3.34)

Here we have used the Hausdorff-Young inequality:
LEMMA 3.3 (Hausdorff-Young).  For p,q,7 (1 < p,q,7 < 00) satisfying % — % =

1-— %, the inequality
1 * glle < Cllfllzrllgl za

holds, where x denotes the convolution.

Combining (3.31)—(3.34) we have obtained (3.19). Since Jo4(t)g = 0 when 0 < ¢ <
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VA, both (3.19) and the well-known result
IPy(0)gller < Ot %G gllpa, >0

imply (3.18).
For Jy4(t)g, after some calculations we have

Jia(t)g

o—t/2 /MK 1>{sinh((

= 2
47T 0

X p3/ g(z + pw) dw dp. (3.35)
S3

Similar to the estimate on Kjo, when ¢t > /A,

1=

< Ce || gl o (3.36)
Lp

Also, similar to K71,

/tZ/3 0 o —f+fj{ t*sinh (/12 — p?) N 2t2(cosh (§/t? —p2) —-1)
0 0 (\/47rt)4 2 —p? (t2 — p?) — p?
t3 cosh (31/t2 — p?) _ 6t°sinh (31> = p?)
(t2 — p2)\/12 — p? (t* = p?)?
N 12t3(cosh (/t2 — p?) — 1) }

(t2 _ p2)2 t2 _ P2

X p3/ g(x + pw) dw dp.
S3

When we expand the terms in p?/t2, there is the cancellation of the terms of order 0,

and hence
/0 / 1(0(22* (f):)2> +1O(1)>p3 /Sgg(:rerw) dw dp

12/3 £2/3

and



Damped wave equation with absorption 821

$2/3
H/ < Ct2G DY g|lpe, t> VA (3.37)
0 Lpr
Thus, noting Jy4(t)g = 0(0 < t < \/A), we have (3.20) by (3.36)(3.37). O

4. Proof of Lemmas 2.2—2.5.

By the explicit formula Sy (t)g, the solution u(t,x) to (1.1) is expressed by the
integral equation

u(t, ) = [Sn(t)(uo + u1)|(x) + [0:(Sn (t)uo)](z)
- /Ot[SN(t—T)|up_lu(T,-)](x) dr. (4.1)
In the preceding section we have expressed Sy (£)g by
Sa(t)g = e~"*Wos(t)g + Joa(t)g (3.1)
and
Su(t)g = e/ *Woa(t)g + Joa(t)g, (3.16)

and obtained the basic estimates in Lemmas 3.1-3.2.

We are now ready to prove the key Lemma 2.2. In N = 3 we will use the expression
(4.1) only, while both (4.1) and the weighted energy method to (2.21) will be applied in
the case of N = 4.

PROOF OF LEMMA 2.2 (N =3). If (ug,u;) € (H2NWh1) x (H* N L), then

I1S5(¢) (up + u1)|lze < C(1 4+ t)fg(lfi),
10:(S3(t)uo)||zr < C(1+ t)’% 1=3)-1, (4.2)

by (3.3), (3.10), (3.12). In fact, Iy < co with (2.7) shows (ug,u;) € Wh1 x L. By (3.1)

the inhomogeneous term in (4.1) is written as

/ Ss(t — 7)|u|Ptu(r) dr
0

t

t
= / e*t_TTWog(t —)|ulP" u(r) dr + / Jos(t — ) |ulP " u(r) dr
0 0

: ’wg(t, ) + hg(t, ) (43)

Using L>®°-L' and L>°-L3/? estimates in (3.3) together with (2.10)—(2.11), we have
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Ihs(t ||Loo<c/ tt— ) Hu(r d¢+c/ Ft— ) u(r)[e, adr

t/2
g/ (A+t—7)2(14+7) 71 3dr 4 C (1+t—7)—1(1+7)‘(T51—%)dT
0 t/2
<C+t) 7Tlog(2+1)
and hence

Ihs(t)|pe < CA+4) 71T 0<p< 1. (4.4)

To estimate w3(t), by setting

M,(t) = sup [(1+7)7 7 *||u(r)] L] (4.5)
0<r<t
we derive
[wa(t)[| e < COMy ()75 - (1+ )~ GFT1 (4.6)

for a small e > 0. Once (4.6) is available, by (4.1)—(4.6),

M, (t) < C + CM,(t)5=, (4.7)

and hence

M, (t) < Cq, (4.8)

because of % < 1. Hence the desired estimate (2.23) is proved. To prove (4.6), by (3.6)
we estimate ws(t) as

t
[[ws (£)[| oo S/O e~ T [(t = 7)) 04 + a7Vl ()] . (49)

Here we have

1

3+e
A e O I

(8+e)p—3

(14 'r)_(ﬁ_“)'ue (1+ T)*(ﬁfﬂ(:ﬂ-g)p—s] ) are

< M, ()55 - (1+7)"GTH), (4.10)
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In fact, to use Theorem 2.2, we need

ON 9
3 3<6= - <
BHe)p=3sb6=F—7 o psg 7

which is satisfied by p <14+ 4/N =7/3if 0 < e <« 1. Also,

1 1 €
th t of (1 = [ — — ).
e exponent of (1 + 7) (p—l u)—l—(p_l ,u) 51 e

5 3
- (” TEEDE 2<3+e>)

1 .
< —(—u) if 0<ex 1.
Further,
1/4
1/2 _
e A Y R B

5 1/4
< Cllu(r >|3+f( I |<T,x>2<2p-1>-3+edw) IVl
R3

3
€

<(1+ T)f(p%l*”)'H

< OM, ()5

2(2p—1)— 512
(1) P g T G
< CM, ()57 - (14 7)1, (4.11)

We here need

3-4 3
2(2p71)fﬁ<6 if p<2+ﬁ

which is satisfied since p < 7/3if 0 < e < 1. Also,

0 b of (147) (1 >+< 1 ) e (1+ e )
€ exponent o T) = —| ———— — — _ _ - -
P -1 M p—1 Msre 2T Lh-1Bre)

1
<—(—u> if 0<ex 1.
p—1

Applying (4.10)—(4.11) to (4.9), we have (4.6). O

PROOF OF LEMMA 2.2 (N =4).  When Iy,I; < oo, (ug,u;) € (H® N W?21)
x (H? N WH1). Hence, by (3.18), (3.24), (3.25),
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1S4(t) (o + ur) || £r < C(1+£)7207%),

10, (Sa(t)uo)||r < C(1+1)~2075)71, (4.12)

By use of (3.16), the inhomogeneous term is written as

/ Sa(t —7)|ulP " u(r) dr
0

t t
:/ e*tz’v*voél(t_T)\uvflu(f)dm/ Toa(t — 7)|ul~tu(r) dr
0 0

=: Wy (t, ") + ha(t,-). (4.13)
Since p € (1—&-%,1—1—%): (3,2),choosing $,§>2as ps<4= % and 2 < § < 4, we

have

t—T

[w4(t)] < C / e T [{t—7)F + (t— 1) Hu)f

+ (¢ — 1) |[ulP " Vu(r)|| ] dr (4.14)
by (3.21). Here, by setting
M) = sup [(1+ 777 u(r) =] (4.15)
and
Naw(t) = sup [(1+7)77 7 |Au(m)]22], (4.16)
we have
(|6, < CO+7)" G5 < C(1 4 7) "7 (4.17)
and
[[ul?' Vu(r)|| - < Cllu(n) 7= Vel | Au(r)|F2
< OM, ()P 'Nau(@®)? - (1 + 1) w140 = (G +5-35)(1-9)
< CMy(t)P "Nau(t)7 - (14 7) 71 th (4.18)

by the Gagliardo-Nirenberg inequality with & = 4(3—1), 0 < & < 1. Hence (4.14)—(4.18)
imply
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| @a(t)||poe < C(1+ )" 7T + CMy(t)? " Nay(t)? - (14 )71+, (4.19)

The L>°-L! and L*-L? estimates in (3.18) yield
- t/2 ¢ )
a@llie <€ [t =D 2aldr +C [ (14—l dr
0 t/2
t/2 p__4
gc/ (1+t—7)21+7) = 2dr
0

t
+ C’/ A4+t—7)"11+ T)_(%_%)dT
t/2

<C(L+t) 71tk (4.20)
Combining (4.12) with p = oo with (4.19)—(4.20), we have

— i tu p—1 7 — st tu
lu@)|lpe < C(A+¢)" 71"+ CMy(t)"” " Nau(t)? - (1+1t)" 71
and hence
M, (t) < C + CNay ()7 - M, (t)P~! (4.21)
We here prepare the following lemma.

LEMMA 4.1.  Let the constants a, B, D satisfy 0 < o« < 1,B < 1,D > 0, respec-
tively. If the inequality

r<D+Bzx% x>0
holds, then
z<[(D+1)B]T=. (4.22)
Proor. Put
f(x) =D+ Bx® —z,

then

aB

/ _ -1 —
f'(x)=aBz*"" —1= ia

— 1.

Hence f(z) has the maximal value at z = (aB)"/(=®) and f(z¢) = 0 for a unique value
zo > (aB)Y/(1=%) Since
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F((D+1)B]™%) = D+[(D+1)B]™% (B — (D +1)B)
=D(1- B[(D+1)B]™=%) <0,

xo < [(D + 1)B]ﬁ. Hence f(z) > 0 means x < xg and (4.22). O

Without loss of generality, CNa,(¢)° > 1, and hence (4.21) together with Lemma
4.1 implies

M, () < [(C+ 1)ONAL(B)7] 707D < CNpw ()75 (4.23)
Note that
5:4(1—1>, 2<5<4
2 5
and

6—0+ as §—240. (4.24)
Under the conditions (4.23)—(4.24), we return to
(V) — A(Vu) + (V) + plulf ' Vu =0 (2.21)

and apply the weighted energy method to it. Then we have the following estimate on
Nay (t)

LEMMA 4.2. Let N = 4 with (2.25). If (ug,u1) € H® x H? satisfy (2.6) and (2.24),
then it holds that

Nau(t) < CIo, ) (1 + Nau(t)57). (4.25)
By (4.24) we choose & to be small as
g:;& <1,
so that
Nay(t) < C(Ip,Ih) and M, (t) < C(lo, I1). (4.26)
which shows Lemma 2.2 for N = 4. O

It is now necessary to prove Lemma 4.2, which is subsequent to the proof of Theorem
2.1. So, we give a short sketch of that in [11] before proving Lemma 4.2.
Choose the weight as
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2
b(t,w) )= o0 (1 alz| 4.27
", Wt e) = Slog (14 - (4.27)

with m in (2.7) and the parameters 0 < a < 1, o > 1. Multiplying (1.1) by e*¥u; and
ey, we have

0| ap(1 2 2 1 o1
o 2 (0P + 19uP) +

e (1= TR g Y+ 2]

29
(P, V) + %thw R
— ¥t

=0 (4.28)

and

2
aat{ezw <uut + 1;)} + e2w(|vu|2 _ 1/)tu2 + ‘u|p+1)

+ 2V (=2¢huny — ug|* 4+ 2uV - Vu) — V - (e2YuVu)
=0. (4.29)

Note that v satisfies

1 2 2
0< - < %t i Vol = GZLQ < 2am, and,
+ —1y 1+ o
Valz| m K m
f > K, — K . 4.30
O it o T ST ) (4.30)

Hence, integrating (4.28)4v-(4.29), 0 < v < 1, over RY, we get

d - .
thd,(t u) + Hy(t;u)

_i/ e |t| +Vuu+ |VU|Q+M dx
T dt Jg 2 LT 2 p+1
2
" / ew{ (1 - Wz' — = V) Jue]* = 2vipuny + 20uVY - Vu
RN — %t
— v + v|Vul? + ¥ + v ) ulft b de
p+1
<o (4.31)

Multiplying (4.31) by (t + t)2*(P)*¢, |e| < 1, we further have
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d ~ ~ 2 +€
1+ PO Byt + (0100 () - 2T By < 0, (432)
where
1 N
_ _N 4,
o) =~ -5 (433)
Again, noting (4.30), we have the crucial estimate
N 2 .
(t + to)2a()+e (Hw(fQ u) — Mﬂb(t; u))
t+to
> c(t +to)>* P TEH (tu) — Ot +to) 1 (4.34)
with
Hy(t;u) > cHy(t;u),  Hy(tu) :/ e (Juel® + [Vul® + [ul " )(t, ) dar,
RN
CEy(t;u) > Ey(t;u) > cEy(t;u),
Ey(t;u) = / e (Jug]* + | Vul® + u® + [uT) (¢, z) da. (4.35)
RN
Thus, we obtain
(¢ +t0)** D+ (Jue (D) F2m + IV al) |2 + (O] T2 + Jul)I75 2 m)
t
+/0 (7 4 t0)**F= (Jlue (1) 2 + V(T |20 + [l(T) 7541 ) d
t
< C(Ip) + C/ (T +to) "' Tedr. (4.36)
0

We can now multiply [, (4.28) dz by (t + to)?*(P)F1+< using (4.36), so that (2.2)—(2.4)
hold for 0 < ¢ <« 1 and (2.5) does for |¢| < 1, by re-taking to = 1 and changing the
constants.

PROOF OF LEMMA 4.2. Same as the above, operate e*¥(Vu);, e2¥Vu to (2.21) to
have

o 21 2
—_ L(|Vut|2 + \Au|2) +el(1— |VQ/’| — Py |Vut|2 +p€2¢|u|p_1Vu-Vut
ot| 2 —1y
e2¥
-V (e2¥(Au) V) + —wwtm — Vug - V|2 =0 (4.37)
— ¥t

and
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ﬁ 24) |VU|2 29 2 2 p—1 2
% |¢ Vu - Vus + - + € (|Aul® — | Vul> + plul?~Vul?)
+ e (=204 Vu - Vuy — [Vug|? + 2(Vu - Vi) Au) — V- (e*¥ (Au)Vau) =0, (4.38)

corresponding to (4.28) and (4.29). Noting the estimate on the term in (4.37)

’ - / pe?? [ulP 7V u - Vuyda
R4

§V/ 2|V Pz + C, |Ju(t)|20 1/ €2V |Vuldz
R4 R4
(4.39)

for 0 < v < 1, we calculate [5,[(4.37) + v - (4.38)] du:

dt
o d |V |? 5, |Auf?
f%/ < 5 +vVu - Vug + = \Vu\ +T dx
2
/ e?v [(1 _VYE W — 21/) |V |? — 209 Vu - Vg
R4 71/)t

+ 20(Vu - V) Au — vihy | Vul? + v|Aul? + Vp|u|”_1|Vu2} dx
<Gl [ vulas. (4.40)

Like (4.35), for a fixed v(0 < v < 1) we have
cFy(t; Vu) < Fy(t; Vu) < CFy(t; V) (4.41)
with
Fy(t; Vu) == /R4 e (Vg |* + |Aul? + |Vul?) (¢, ) dx, (4.42)
and

Ky(t; Vu) > c/ eV (|Vuel® + [Aul?® + (=) | Vul® + [u| " Vul?) (t,z) do.  (4.43)
R4

Therefore, multiplying (4.40) by (t + to)?*(P+k=¢(¢ > 0, t; > 1) and noting that

2a ()Jrkfs

Kw(t;Vu) - .

Fy(t; Vu)

C
> c/ e (Vg |* + |Aul?) do — 7/ e |Vul?dz, (4.44)
R4 t+t0 R4
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we get
t
(t + to)** A2 Fy (8 V) + / (74 t0)** O (| Vur(T) | Z2.m + | Au(7) |72 ) d7
0

t
OB +C [ (4160 Vulr) fadr
0

t
+0/ (7 + t0)2* 5 () [ 77| Vu(7) | 2 (4.45)
0

Taking to = 1 again and changing the constants C' in (4.45) and using

lu(r) 77" < CM )27 - (14 7)) 2D

2(p—1

< ONpu(t) 4577 (1 4 )220 (4.46)

by (4.15) and (4.23), we obtain
t
(14 t)2PHk=<2 B (+: Vu) + / (1 + 7) 2= (Vg (1) |22 + | Au(T) |2 20 ) dT
0

t
<CI}+C / (14 7)2 @=L 1Ty (1) |13 o, mdr
0

1y t
4 ONpu(t) F77 / (1 + 7)20 (@) HE=2=420=D11|| 7y (1) |2, d7. (4.47)
0

Since the integrals in the right hand side of (4.47) with —e < 0 are finite by (2.5) or
(4.36) if k=0,1, (4.47) is estimated as

t
(1+ )Ty (1 Vu) + / (14 72O (Vg (1) o + [ Au(T) |2, ) dr
0

2(p—1) =

< C(lo, I1) (1 + Nau(t) 27 7). (4.48)

Return to (4.37) again and multiply [p.(4.37) dz by (1 + t)?*(P)+2=¢ to obtain

t
(14642 ([ Vue () [ 2o + | Au(t) |72 ) + / (1+7)22 272 Ty (7) || ol
0
t
< CIi + C/ (1472 O ([ Vawe (7) G2 + | Aul7) 2.0 ) di
0

2 —1) — t
+ CNau(t) 5577 / (14 r)2ePrr2me2 2= m | Gy (1) |72 mdr
0
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and hence, by taking 0 < e = 2 < 1,
(1+ )2 P22 Vg (8) | F 2 + [ Au(t)]|72m)

t
- / (14 7)2 2720 Ty (1) | F 2 dr
0

2(p—1) =

< CIo, I1) (1 + Nau(t) 277 7). (4.49)

Since a(p) +1 =1/(p — 1), the definition (4.16) of Na,(t) and (4.49) yield (4.25). O

REMARK 4.1. Our method used here does not seem to be applicable for the case
of N = 5. Because, since Lemmas 3.1-3.2 are basic to the key Lemma 2.2, the similar
estimates are necesarry. However, some are estimated by ||Ag||re, not ||Vg|/r«. When
we apply them to the nonlinear problem, g corresponds to —|u|?~'u, which is not in C?
for p.(N) < p<1+4/N (N =5). In fact, the solution to (2.17) on R® is given by

82 3

—t2 1 1 o1
S5(t)g = £ <t28t2 — 8t> / Iy (2 V2 — p2> p4/ g(x + pw) dw dp (4.50)
0 54

(see Courant and Hilbert [1], Ono [21]). Calculating S5(¢)g, we set it as

1 1
Ss(t)g=e /%, 2{ <3t + t3) / g(x + pw) dw + t2/ Vy(z + pw) 'wdw}
8 8 S4 54

e—t/2 rt o/ , 1 1
e Inl =/t2 = p2 4
+ Sn? /0 (t2at tsat)[O(Q t p)}p [94g(x+pw)dwdp

=: e P Wos(t)g + Jos (t)g (4.51)

(Note that the solution to the wave equation without damping is given by

52 <3t/ g(x + pw) dw + t*
S4

Vyg(x + pw) - w dw)
S4

for N =5). The second term of Wy5(t)g is estimated as

2
872

1/2
< c(/ t4|Vg(x+tw)2dw>
S4

t ¢ 1/2
C(/ p3/ \Vg(w+pw)\2dwdp+/ p4/ IVglAg(a + pw) dwdp)
0 S4 0 S4

1-5¢

(vl

/ Vyg(x + tw) ~wdw‘
S4

IA

<Ot

1/2
s+ [IVgllagllz) (4.52)

3+
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for 0 < e < 1. Hence we need the second derivative of g.

SKETCH OF THE PROOF OF LEMMA 2.3. The proof is completely same as in [11]
and we give the sketch. For the equation of wy

(ut)tt — A(Ut) + (ut)t + p|u|p71ut = O7 (216)

instead of (2.21) for Vu, the estimate corresponding to (4.45) can be obtained:
t
(14 )2, (tue) + / (14 7)2 O (e (1) | Zom + 1V (7)[[ 72 ) d
0
t
SCUE+ 1D +C [ (W O () s
0
t
+C [ (@ r P ) [ ) (4:53)
0

(to is taken to be 1), where F), is defined in (4.42). We already have (2.23) and hence
the last term of (4.53) is estimated by

t
c / (1 4 7)2elorth=2=e 2= |y, (1) |3 5. dT. (4.54)
0
Hence we can take k = 2 by (2.5) and
t
(14 P02 Fy () + [ (147200 (g (Dl + [ T )

< O, I). (4.55)

Therefore, we can multiply the equation corresponding to fR4 (4.37) dz by (14-t)2e(P)+3-¢
and use (4.55) with u =¢/4(p — 1) to get

t
(1+ 2437 ((lugy (1) G2 + [ Veaa (8)|[F2) + / (14 7)) 372 gy (1) F 5.
0

t
< C(lo, 1) + C/ (1472 O*27 gy (1) [ L2 + Ve (T) 2 ) dr
0
t

+C | (1 —|—7)2’1("”1*8/2||ut(7')|\%2,mdr
0

< C(lo, In), (4.56)

which shows (2.26). O

PROOF OF LEMMA 2.5. When N = 4, using (3.18), (3.25), we apply L>=-L! and



Damped wave equation with absorption 833

L*°-L? estimates to (2.20) and obtain

t/2
[u(t)l|z < C(L+1)7% + C/ 1+t —7) 2 lu() 7= w(r) || 2 dr
0
t

—2(1-1) 2pn1 3
+C [ A+t—7)2 D ()| 2 u(r)l|F.dr
t/2

t/2
< C{(l +1)72 +/ (1+t—7)2(A+7)"HHeNar
0

¢ 2p-1 | 2p-1

+/ (I4+t—7)" YA +7) 2073 “dT}
t/2

< O(1 +t) "7 o e (4.57)
because

2p—1 3 2

1< —— <2 if — =1+ —.

<2(p—1)< 1p>2 +N

The L°-estimate (4.57) is not yet optimal. So, applying the estimate (4.57) to (2.20)
again, we have

t/2 2p—1 2p—1
|u(t)|| e < C(1+1t)~2 +C/ (1+t—7)2(1+7)" "7 He= D+,
0

t
+C [ (L4t—r) Y14 7) PG A
/2

Bdr.

Since % >1(p>3),

()]l < C(1+1)72 + C(1+ )77 ) HET 357+,

Repeating this procedure yields

u(®)||pe < C(1+1)72 4+ (1 +t)~ 77 7 HEFH ot hp (4.58)

and the choice of suitably large k such as p—il(%)k >2and 0 < p < 1 does

lu(t)||pe < C(1+1)"2 (4.59)
The desired estimate (2.29) easily follows from (2.28) and (4.59) when N = 4.

The case N = 3 was proved in [11] by taking the L>-L' and L>-L3/? estimates.
The detail is omitted here. O
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5. Completion of the proof of main theorem.

It is shown following the story in Karch [12] that 6,G(t, ) is the asymptotic profile
of u(t,z) as t — oo, where 6 is defined by (1.11).
First, we write the difference by

u(t, ) = B0G(t,) = (Jo (1) = Pr(t)) (o + ur) + (P (1) (o + w1) — 1G (¢, )
+ e 2 Won () (uo + 1) + Be(Sn (H)uo) — wi (1)

t/2
+/0 (JON—PN)(t—T)f(T7~)dT

-l-/()t/Q(PN(t—T / F(ry) dy>

t o0
[ ot =npeydr e 6w [ [ ) dyar
t/2 t/2 JRN

= F + Fy+ .-+ Fy, (51)

where f(t,r) = —|u[’~tu(t,z) and

00—/RN(uo+u1)(x)dx+/ooo/RNf(T,y)dydT
=0, + (/ot/2+/t:> o f(r,y)dydr. (5.2)

Also, Joy, Wo4 are changed to j04, Wo4 in (5.1). The LP norms of first, third, fourth and
sixth terms in (5.2) are o(t~2!=%)) by Lemmas 3.1-3.2. The second term is well-known

to be O(t72(17%)). Since
[ 1i@ldy = el < €+ 7)o
RN

is integrable, the final term is also o(f?(l*%)). For the fifth term —wy (t), when N = 3,
by (3.1)

[Wos()gllze < Ctllglle=, [Wos()gllLr < Ctligllzr,
and, by (4.3)

sl < [ e = D ludr = o)

and
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sl < € [ 5 = Dutr) e = o),

which show |Jws(t)||r = ot 27%)). When N = 4, (4.41) and (3.21)~(3.22) with
s=00,5=4 and g =1 yield

[wa(t)l| Lo <C/ = (=) () + ()17 [ Au(r) 2) dr

<C/ t—T)[(1+T)—QP+(1+T) 2(p-1) =517 +#:|d

because 2(p — 1) + ﬁ > 2v/2. From (3.22)

[@a(t)]] Lx <C/ Tt =T+ (=), + ¢ = )7L V()] dr

<C/ t—r+(t—¢) )(14_7)2(/)*1)
+(t = )21+ 7) 2GR g
= o(1).

Thus the case of N = 4 also holds. The second to the last is estimated as

t t
| Fsllr < c/ Nl (7) | odr < c/ (14720 Dy
t/2 t/2
= o(t_2(1_%)).
Though F7 is most delicate, the same method in [12] is applicable and
||F7||Lp = O(t_2(1_%)).
Thus we have completed the proof of our main Theorem 2.3.
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